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Optimal discretizations

Problem: There are many discretizations of the
same system.
What is an Optimal Discretization of the
Continuous System?
The same problem we have for Quantization. In
both cases the answer is:
It should preserve as many ”symmetry” of the
original system as possible.
The Group Symmetry leads to Integrals of Motion
in the Hamiltonian Structures. There are other
symmetries like conservation of diff forms. Good
discretizations preserve some of these properties as
much as possible.
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Factorizations as special symmetries

Huge Phys and Math Literature is dedicated to the
study of Completely Integrable Classical and
Quantum Systems based on the various more
complicated types of Symmetry. Our case today is
following.
Consider the KdV Type Nonlinear PDE Systems. A
lot of such systems are known now in the
dimensions 1 + 1 and 2 + 1. They are based on the
very special ”Symmetry” of the 1D and 2D linear
Schrodinger operators:
We call this property ”Factorization”:
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Factorizations as special symmetries

We have 2-parametric family of Strong
Factorization for D=1

L = −∂2
x + u(x) = Q+Q + const,

Q = ∂x + a(x),Q+ = −∂x − a(x)

Here u = ax + a2 + const.
For every eigenfunction Lψ = λψ and every
factorization the function ψ′ = Qψ satisfies to the
equation

L′ψ′ = λψ′, L′ = QQ+ + const
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Darboux transformations

We consider Darboux transformations L→ L′ as a
symmetry of the whole class of such operators. It
generates the theory of “isospectral” KdV type
systems deforming operators within this class.
The optimal discretization of this class is

L = anT + an−1T
−1 + bn

where T : n→ n + 1 is a shift.
We have family of Right and Left Factorizations

L = Q+Q + const = P+P + const

Q = xn + ynT ,P = un + vnT
−1
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Darboux transformations

There is an integrable system here in the variables
x , n (The whole 1D Toda Lattice Hierarhy)
deforming operators within this class.
The standard discretization of second derivative
T + T−1 + u used before is not invariant under
Darboux Transformations. It is not optimal.
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Hyperbolic Laplace transformations

For D = 2 we have Weak Right and Left
Factorization for the hyperbolic and elliptic cases:
Hyperbolic

L = ∂x∂y + a∂x + b∂y + c =

= Q1Q2 + W = Q2Q1 + V

Q1 = a + ∂y ,Q2 = b + ∂x and equation Lψ = 0.
The Laplace Transformation is

ψ′ = Q2ψ, L
′ = WQ2W

−1Q1 + W

. The gauge equivalence group has a form

L→ fLg , ψ → g−1ψ
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Elliptic Laplace transformations

Elliptic Self-Adjoint

L = −∂∂̄ + a∂ + b∂̄ + W =

= −∂̄∂ + a∂ + b∂̄ + V =

= Q+Q + W = QQ+ + V

Here ∂ = ∂x − i∂y ,Q1 = Q̄2, Laplace
Transformation is the same, but the gauge group is
L→ fLf , ψ → f −1ψ for the zero level Lψ = 0.
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Elliptic Laplace transformations

The sequence of Laplace Transformations (right
only)

...→ Ln → Ln+1 → ...

where Ln+1 = L′n, is equivalent to the famous 2D
Toda Lattice System in the variables x , y , n
(Hyperbolic) or z , z̄ , n (Elliptic).
The Hyperbolic case was studied since XIX Century
and used by the Darboux school in the 3D
Geometry.
S.P. Novikov and Veselov used the elliptic case in
1990s studying spectrum of 2D Schrodinger
operators in periodic magnetic field
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The Optimal Discretizations

The Optimal Discretizations are:
Hyperbolic Case: Take Square Lattice with shifts
T1,T2 and Equation Lψ = 0 where

L = a + bT1 + cT2 + dT1T2

with Right and Left Factorizations

L = f [(1 + uT1)(1 + vT2) + W ] =

= g [(1 + vT2)(1 + uT1) + V ]

Fig 1 (Hyperbolic Case)

The operator

L = 1 + iT2 − T1T2 − iT1

has been used as discrete analog of the
Cauchy-Rieman operator ∂̄ since 1940s.
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The Optimal Discretizations

Elliptic Case: Take Equilateral Triangle Lattice with
basic shifts T1,T2. Consider class of real selfadjoint
second order operators

L = a + bT1 + cT2 + dT−1
1 T2+

+T−1
1 b + T−1

2 c + T1T
−1
2 d

Fig 2 (Elliptic case)
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The Optimal Discretizations

It can be weakly
factorized:L = Q+

b Qb + W = Q+
wQw + V ,

Qb = u + vT1 + wT2 (black triangle operator),
Qw = x + yT−1

1 + zT−1
2 (white triangle operator)
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Laplace transformations

Laplace transformations–Right and Left– were
invented in 1997, ψ → Qbψ and ψ → Qwψ They
are inverse to each other up to gauge equivalence.
Every nonzero solution Lf = 0 allows to choose
representative L̃ in the gauge class such that
L̃(1) = 0 taking L̃ = fLf
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Examples

1.Complex Analysis is the best known Completely
Integrable System. The operators
Qb = 1 + T1 + T2,Qw = 1 + T−1

1 + T−1
2 were taken

by S.P. Novikov and I.Dynnikov as discrete analogs
of Cauchy-Rieman operators constructing New
(Triangular) Discretization of Complex Analysis in
2002-2003. Ring structure is missing in this
discretization (as well as in the standard one).
There is a unique canonical definition of
holomorphic polynomials and rational functions in
this discretization. Factorization property of the
standard 2D Laplace-Beltrami Operator ∆ = ∂∂̄ is
preserved here −∆ = QbQw + Const.
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Examples

2.A number of discrete 2D operators with
remarkable ”solvable” spectrum were constructed
for this lattice in 1997 including q-analog of the
famous Landau Operator in the constant
(homogeneous) magnetic field. There are 3D
examples among them with solvable infinitely
degenerate ground state.
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Examples

3.Every pair of operators
Qb = u + vT1 + wT2,Qw = x + yT1 + zT2 define
the operator Q = Qb

⊕
Qw . It maps the space of

functions of vertices into functions of triangles
because every triangle is either black or white. We
call formal equation Qψ = 0 ”The Discrete
GL2–Connection.” Theory of such connections (see
below) was constructed in the series of works of
S.P. Novikov in collaboration with Dynnikov and
Grinevich.
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Discrete GLn Connections and Operators

Discrete GLn Connections and Operators:
Let K be a n-dimensional simplicial complex and X
selected family of n-simplices. The operator QX

below is called Triangle

QX
T =

∑
P∈T

bP:TψP ,T ∈ X .

Fig 3 (Curvature, Colorings)
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Discrete GLn Connections and Operators

QX is a first order difference operator.
We call formal equation Qψ = 0 GLn Connection if
family X consists of all n-simplices in K .
Important examples:
1.X contains all n-simplices. It is GLn-connection
characterized by the set of data µTPP ′ = bP:T/bP ′:T
2.N-simplices in K are black-white colored, and X
consists of all black or white simplices.
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Discrete GLn Connections and Operators

We call triangulation K Even if every closed thick
path

γ = [T0,T1,T2, ...,Tm = T0]

consists of even number of n-simplices m = 2k .
Here Ti

⋂
Ti+1 is an (n − 1)-face ∆i .

Fig 4 (Thick Paths)
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Discrete GLn Connections and Operators

A natural Holonomy homomorphism is defined from
the semigroup of thick paths with fixed initial
n − 1-simplex ∆0 = T0

⋂
T1 into the group GLn

γ ∈ Ωthick
∆0
→ GLn

The Nonabelian Curvature corresponds to the thick
paths belonging to simplicial star of one vertex. For
n-manifolds K = Mn Curvature is completely
characterized by the thick paths around
n − 2-simplices.
For the case of Trivial Curvature corresponding
Holonomy map depends only on fundamental group.

P.G. Grinevich, S.P. Novikov Laplace transformations and electric curcuits



Discrete GLn Connections and Operators

Complex K is Even iff n-simplices can be
black-white colored.
Framed Path

γfr =< P0,P1, ...,Pm;T1,T2, ...Tm >

consists of edges Pi−1Pi belonging to the n-simplex
Ti .
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Discrete GLn Connections and Operators

Every closed framed path Pm = P0 determines a
Framed Abelian Holonomy

µ(γfr) =
∏
i

µTi

Pi−1Pi
∈ k∗

where k∗ is multiplicative group of our basic field.
We assume now that k = R and all coefficients are
positive. Existence of such invariants is specific for
the discrete case. Nothing like that appears in the
continuous case.
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Discrete GLn Connections and Operators

Fig 5 (Local Framed Invariants)

γfr =< P ,P ′,P ;T ,T ′ >

The Inverse Problem is: How to reconstruct
Connection from the Holonomy?

P.G. Grinevich, S.P. Novikov Laplace transformations and electric curcuits



Discrete GLn Connections and Operators

Framed Abelian Holonomy (FAH) determines the
Nonabelian Holonomy and (generically) back.
Inverse Problem was solved for manifolds by S.P.
Novikov few years ago. No theory of Characteristic
classes has been constructed yet. The ”curvature
type” local gauge invariants are ρTT

′

PP ′ = µTPP ′/µ
T ′

P ′P

for PP ′ ∈ T
⋂

T ′ and framed path
< PP ′P ,T ,T ′,T >. They determine connection
jointly with 1-dimensional homological invariants of
FAH.
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Discrete SL2 Connections and Operators

Operators and SL2 Reductions. Let K be a 2D
simplicial complex with 2nd order real self-adjoint
difference operator L acting on vertices as above.
We assume that every edge belongs to so some
2-simplex in K , and every vertex belongs to 3 or
more 2-simplices.
Fig 6 (SL2 Reductions)

x = bP:T

y = bP ′:T
x ′ = bP:T ′

y ′ = bP ′:T ′

SL±2 : xy ′ = x ′y .
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Discrete SL2 Connections and Operators

Theorem 1. 1.There exists a SL±2 Connection with
Triangle Operator Q such that

L = Q+Q + W

where W is a scalar function (potential).
2.For Even Complex K = M2 with black-white
colored triangulation operator L can be uniquely
presented in the forms

L = Q+
b Qb + U = Q+

wQw + V = 1/2Q+Q + W

Here U ,V ,W are potentials and the connection
Q = Qb

⊕
Qw is SL2. Here SL±2 ⊂ GL2 is subgroup

with detA = ±1
P.G. Grinevich, S.P. Novikov Laplace transformations and electric curcuits



Discrete SL2 Connections and Operators

Theorem 2. Let Q be a GL2-Connection operator in
K , and PP ′ = T

⋂
T ′ with following property:

bP:TbP ′:T = bP:T ′bP ′:T ′. Then Connection is SL±2 . If
K = M2 is black-white colored then this condition is
necessary and sufficient to be SL2 Connection.
Remark: We proved that for K = Mn, n > 2 every
SL±n Connection is equivalent to the Canonical
Connection with all µTPP ′ = 1. So our reductions are
nontrivial only for n = 2.
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Discrete SL2 Connections and Operators

We define Right and Left Laplace Transformations
for all black-white colored K = M2 as above using
factorizations L = Q+

b Qb + U = Q+
wQw + V

mapping ψ → Qbψ and ψ → Qwψ correspondingly
As results we get operators L′b and L′w acting on the
functions of black (or white) triangles.
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Electric Chains

Electric Chains:
Let us compare these transformations with some
XIX Century constructions in the Theory of Electric
Chains. Electric Chain is realized as a 1-dimensional
graph Γ with edges I = P1P2 having electrical
resistance equal to rI = 1/cI where c is
Conductivity.
Applying Voltage function UP to every vertex P ∈ Γ
we obtain currents through the oriented edge
I = P1P2 equal to JI = cI (UP2

− UP1
).
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Electric Chains

The current through vertex P is equal to the sum of
currents entering P . So we have for the remaining
currents in the vertices

JP = ∂C∂∗(U)

in the standard topological notations.
Here C is diagonal Conductivity operator acting on
edges I → cI I . All cI are positive. As we can see,
this is our standard real selfadjoint difference
operator written in the gauge form such that
constant belongs to the Kernel.
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Electric Chains

Fig 7

c ′i = (c1c2 + c1c3 + c2c3)/ci =
= σ2(c)/ci ,
Ui = UPi

U0 = UT =
(c1c2U3+c1c3U2+c2c3U1)/(σ2(c))
UextT = QU .

The Star-Triangle Transformation:
Take any triangle of edges P1P2P3 with
conductivities c3, c2, c1 for the edges 12, 13, 23.
Introduce one new vertex T . Join it by new edges
I1, I2, I3 with vertices P1,P2,P3 with conductivities
c ′i .
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Electric Chains

Lemma 1. With this choice of Voltage function Uext

and conductivities C new the total current through
vertex T is equal to zero. The currents through the
new edges Ij are equal to the sum of currents
through the old edges PiPk entering the same
vertex. In the new graph Γnew with T , Ij added to
the set of vertices and edges, and edges PjPk

removed, we have the same set of currents through
vertices

LextUext = ∂C new∂∗(Uext)|Γnew = ∂C∂∗(U)|Γ

and Uext = [U(P),QU(T )]
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Electric Chains

Now we consider the ”2D Lattices” (maybe
irregular), which are by definition the graphs
Γ = K 1 ⊂ K . Here K is a 2D simplicial complex,
and graph coincides with 1D skeleton. We assume
that every edge belongs to exactly one 2-simplex of
K , like black (or white) triangles in the colored
2-manifold K ⊂ M2. We call 2D simplices in K
”black”. Let the structure of Electric Chain be
given in K , i.e. set of conductivities cI for all edges
I . Consider the operator L = ∂C∂∗ in Γ = K 1. The
Inner Part of K is set of vertices belonging to 3 or
more 2D black simplices.
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Electric Chains

Fig 8 (Star-Triangle and 2D Lattices)

Theorem. The operator L can be factorized in the
form:

L = Q+(C ′)−1Q −W

with diagonal operator C ′ : T → (
∑

i c
′
i (T ))T and

black triangle operator
(QU)T =

∑
i c
′
iUPi∈T
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Electric Chains

We perform the Star-Triangle Transformation along
all (black) triangles.
It defines Laplace Transformation

UP → (QU)T

which is set of values of extended Voltage function
Uext in the centers of black triangles T . It maps the
Kernel (LU)P = 0 into the Kernel of Laplace
Transformed Operator L′

L′ = QW−1Q+ − C ′, L′(QU)T = 0

.
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Electric Chains

So we conclude that the triangular Laplace
Transformation admits physical interpretation in the
theory of electric chains. New extended operator
Lext acts on the union of old and new vertices P ,T .
If function U(P) belongs to the Kernel of original
operator LU = 0, its extension Uext

T restricted to the
subset of new vertices T , satisfies to the equation
L′Uext(T ) = 0 on this subset only:
LextU(T ) = L′U(T )
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