Commuting ordinary differential operators

of arbitrary genus and arbitrary rank
with polynomial coefficients

Oleg I. Mokhov

Novikov Day
Moscow, June 17, 2013

Oleg I. Mokhov Commuting ordinary differential operators of arbitrary genus



Theorem. The operators Lo and M4 1), of orders 2r and
(29 + 1)r, respectively,

B d , d? d 5, \° d
Loy = <aTr (dX) - X W_:BX&'FX +b> —ar g(g+1) dX

M(zngH) L —|— aggL + ...+ ailoy + ao,

where a; are some constants, T:(x) is the Chebyshev
polynomial of the first kind, of degree r, r > 1, the notation

T, (&) means the ordinary differential operator, which is the
Chebyshev polynomial T, of %, a is an arbitrary nonzero
constant, b is an arbitrary constant, are commuting operators of
rank r, genus g, [Lar, M(2g+1)] = 0, the coefficients of the
operator Moy, 1), are expressed polynomially in terms of the
coefficients of the operator Lo, and their derivatives. Forr > 3
the commuting operators Lo, and M24.,1), have the standard
canonical form (for a=1/2"~"). For r = 1 this pair of operators
is commuting one of rank 2 and genus g.
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Burchnall-Chaundy lemma. There is a polynomial Q(\, 1), in
two variables, such that Q(L, M) = 0.

The algebraic spectral curve I': Q(\, 1) = 0.

To a generic point (A, 1) on the curve there corresponds at
least one common eigenfunction ¢ = ¢(x, A\, u) of L and M:

L= Mp, M = .

The dimension r of the vector bundle of common
eigenfunctions v (x, A, 1) at a generic point of the spectral curve
Q(\, 1) = 0 is called the rank of the commuting pair.
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The rank of any pair of commuting operators is a common
divisor of the orders of these commuting operators.

For commuting operators of relatively prime orders r = 1.

In the case of rank r = 1 the commutation equations have been
integrated by Burchnall, Chaundy, Baker, Krichever. In this case
the common eigenfunctions and the coefficients of commuting
operators are expressed explicitly in terms of the ©-function of
the spectral curve (Krichever).

The case r > 1 for spectral curves of nontrivial genus g > 0 is
much more complicated.

The operators are usually assumed to be in the standard
canonical form (Burchnall, Chaundy), i.e.

Un(X) = Vm(x) =1, Up-1(x) =0.

For a pair of commuting operators this can always be achieved
by a change of variables and a suitable conjugacy (Burchnall,
Chaundy).
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The first examples of commuting scalar ordinary differential
operators of the nontrivial ranks 2 and 3 and the nontrivial
genus g = 1 were constructed by Dixmier for the nonsingular
elliptic spectral curve ;2 = A3 — a, where « is an arbitrary
nonzero constant:

d2 ?
L:(() +X3+a> + 2x,
ax

3
(9N, d\? ,d 3
M_(<dx) + x —i—a) +3x(dx> +3a+3x(x + a),

where L and M is the commuting pair of the Dixmier operators
of rank 2 and genus 1,

M?=13—a, [LM]=0,

the orders of the commuting operators L and M are 4 and 6,
rank 2;
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where L and M is the commuting pair of the Dixmier operators
of rank 3 and genus 1,

M2 =13—a, [LM=0,
the orders of the commuting operators L and M are 6 and 9,
rank 3.
These remarkable unusual examples of commuting scalar
ordinary differential operators with polynomial coefficients were
found by Dixmier as commutative subalgebras of the Weyl
algebra W; by a quite nontrivial, purely algebraic way without
any connection to the spectral theory of commuting operators.
Both the Dixmier examples are in the standard canonical form.
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The general classification of commuting scalar ordinary
differential operators of nontrivial ranks r > 1 was obtained by
Krichever: a pair of commuting operators of rank r is
determined by specifying the curve I', a point Py € I, a local
parameter k~1(P) in a neighbourhood of Py, by specifying r?g
(9 is the genus of the curve I') constants («j;,v;), 1 < i < rg,

0 <j < r— 2, called the Tyurin parameters, and by specifying
r — 1 arbitrary functions w;(x).

The common eigenfunctions v;(x, P; xp), 0 <j<r—1,PecT,
normalized by the condition

di
(dxi vi(x, P; x0)>

have the following analytic properties (Krichever):

=04, 0<ij<r—1,
X=Xop
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1. The common eigenfunctions v;(x, P; X9),0 < j < r —1, are
meromorphic on the spectral curve I outside Py, and each one
has rg simple poles ;(xp), with

wij(xv XO)
Z —7i(x0)’

in a neighbourhood of the pole vi(xp).
2. All the residues (X, Xo) are proportional to one of them:

Vi(X, Z; Xo) ~ 0<j<r—-1, 1<i<ng,

Vi(X, X0) = cj(Xo)Vir—1(X, %), 0<j<r—2.
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3. If k~'(P) is a local parameter on T in a neighbourhood of Py,
then we have the asymptotics

(X, P; Xo) (Z Es(x > ®o(x, k; X0),

where (x, P Xo) = (Yo(X, P: Xo), ..., ¥r—1(X, P: Xo)),
&(x) = (1,0,...,0), &(xp) = 0 for s > 1, and

do(x, k; xo) = (cbg) a solution of the matrix equation
d;))(O:S(Do, ¢g(Xo,k;Xo):5ij, 0§i,j§r—1,
and
0 1 0 0 0
0 0 1 0 0
0 0 0 0 1
k+wo(x) wi(x) wo(x) -+ wro(x) O
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The analytic properties 1, 2 and 3, the arbitrary constants
(vi,ajj), 1 <i<rg, 0<j<r—2, and the arbitrary functions
Wo(X), ..., W,_2(x) determine a vector-valued function

J(x, P; xp) and a commuting pair L, M of rank r and genus g in
general position (Krichever).

In order to find commuting operators Krichever and Novikov
proposed the method of deforming the Tyurin parameters
(7i(X0), @ji(xo)) that allowed to obtain the general form of
commuting ordinary scalar differential operators of rank r = 2
for arbitrary elliptic spectral curve (genus g = 1).
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Let us consider the Wronskian matrix

7/)9 T,Z)j U
IxPg)=| o T e
w(()r—1) wgr—ﬂ o wﬁr_—ﬂ)

—

of the vector-valued function ¢ (x, P; Xp), and

0 1 0 0
0 0 1 - 0
b= ]
0 0 0 - 1
Xo X1 X2 - Xr—t

where x;(x, P) are meromorphic functions on T
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For x = xp the poles of x;(xo, P) coincide with
Y1(X0), - - -, 7rg(X0), and the ratios of the residues of the
functions x;(xo, P) at the points ~;(xp) coincide with the
parameters «;i(xp):
€S+, (x0) Xj
aij(XO) — Yi(X0) XJ .
T€8+;(x0) Xr—1
In a neighbourhood of Py on I the functions x;(xo, P) have the
form
XO(X7 P) =K+ WO(X) + O(k_1)7
Xs(X,P) = ws(x) + O(k™"), 1<s<r-2,
Xr—1(x, P) = O(k™").
The expansion of x; in a neighbourhood of the pole v;(x) has
the form
cji(X)
(X, k) = ———= + djj(x) + O(k — 7i(x)),
Xj( ) k_’Y/(X) Ij( ) ( ’YI( ))
Cj = @jjCir_1, 0<j<r-1,1<i<n.
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Krichever and Novikov proved that the functional parameters
7i(x) and aji(x), 1 <i<rg, 0 <j<r—2,satisfy the system
(the Krichever—Novikov system of equations of deformation of
the Tyurin parameters)
7; = —Cir—1,
ajo = QigQir—2 + o dir—1 — dio,
a;-j = Qjjtjr_2 — a1 + a,'jd,'rq — d,'j, j>1.
For arbitrary functions w;j(x), 0 < i < r — 2, the solution of the
Krichever—Novikov system uniquely determine an array of
meromorphic functions x;(xo, P) with the required analytic
properties (Krichever, Novikov).
By the asymptotics of x;(xo, P) in a neighbourhood of Py on I
one can reconstruct the commuting operators.
Note that the coefficients of one from a pair of commuting
operators are always expressed polynomially in terms of the
coefficients of the second operator of the commuting pair and
their derivatives.
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The general form of commuting scalar ordinary differential
operators (L4, Lg) of rank 2 for an arbitrary elliptic spectral curve

2 =4x% — go) — g3
was found by Krichever and Novikov:

(Le)? = 4(La)° — gola — g5,

2 2
L= (g —V0) —261(0 5~ 2640 — 2ol

po(X) = 5 (p(r0 + ¢(x)) + p(r0 — ¢(x))) -

N =

_% (' (%) (p(70 + ¢(x)) — p(70 — (X)), »

p1(x) = /(%) (p(v0 + (X)) — p(70 — ¢(x))),
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1 @R e
)= 4R T A (@E T2 o)

+20(x)c”(x) + P3(x)('(x))? + de(x)(¢/(x))?,

+

(x) = 1900+ e(x)) + ¢/(20 — o))
2 (70 + ¢(x)) — p(r0 — (X)) ’
where y9 = const, ¢(x) is an arbitrary function,

2 3 3 2
Lo =2 5~ V1))~ 661(4) g — 8v0l) + 261(4)) 0~

~2(Bgs(x) + Birh(x) + 7(3) — BV(x)p1 (X)) o -

=8¢ (X) — 6p2(x) — 12¢4(x) — 1495 (x) + 6V(X)po(X),
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220 = =2 (11067 (20 + €(30) — ma0)ef (20 — €()).
e300 = - C (/00 + 6(x)) — 30— ()
1 1¢'(x)

M) = 5500~ 3 g0~ PXICK).

) =50 - 3 )~ PR

Rational parametrization:

w(x) = p(c(x))-
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A(X) = p(70) + 1)(@)//57;)(%)

o? 2 o d

—2X(X) = A3 (A(x) — p(70))* — AX"(x),

©'(70)
A= 2@”(70) = const,
) TR 4%(x) — gA(X) — g
=330 " FNWE T AV
(A(X) = p(10))* = (¢"(10)/2)?
e TIC

Self-adjoint commuting operators of rank 2 and genus 1: A= 0.
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Self-adjoint commuting operators (L4, Lg) of rank 2 and genus
1:
WP =4X% — go\ — g,
a2 2
Ly = ( - v(x)) —2X(x),

dx?

2 3 2
Lg =2 <cz(2 — v(x)> —BA(x );(2—6 "(x )CZ(—SA”(X)+6V(X))\(X),

_IN) T (V)P ANS(X) — geA(X) —

=20 T a0 AV(P
Generalization of the Dixmier examples to the general elliptic
curve:
A(x) = —x,
9, G
v(x) = —x3+ 2 X" 4
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dx? 4 4
3 2
(9 3 9%, O @ _
Lg 2<d2+x 4X+4> +6de2+6d 6v(x)x.

The functional parameter corresponding to the Dixmier
example of rank 2, genus 1 among all the Krichever—Novikov
commuting operators of rank 2, genus 1 was found by
Grinevich. The class of self-adjoint Krichever—Novikov
commuting operators of rank 2, genus 1 was singled out by
Grinevich and Novikov. Various other approaches and
representations for commuting operators of rank 2, genus 1
were also proposed by Dehornoy, Griinbaum, Latham, Previato
and Wilson. We found explicit formulae for self-adjoint
commuting operators of rank 2, genus 2 depending on two
functional parameters connected by a third-order nonlinear
ordinary differential relation, but this relation was not resolved.
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The general form of commuting ordinary scalar differential
operators of rank 3 for an arbitrary elliptic spectral curve (the
general commuting operators of rank 3, genus 1 are
parametrized by two arbitrary functions) was found by Mokhov,
where also the functional parameters corresponding to the
Dixmier example of rank 3, genus 1 among all the commuting
operators of rank 3, genus 1 were found and all commuting
operators of rank 3, genus 1 with rational coefficients were
singled out.

Moreover, examples of commuting ordinary scalar differential
operators of genus 1 with polynomial coefficients were
constructed for any rank r (some commutative subalgebras of
the Weyl algebra Wj).

The description of commuting ordinary scalar differential
operators with polynomial coefficients (commutative
subalgebras of the Weyl algebra W) is a separate nontrivial
problem, and this problem has not been solved completely yet
even for the Krichever—Novikov commuting operators of rank 2,
genus 1.
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Rankr=4,g=1.

Gelfand question on existing of commuting scalar ordinary
differential operators with polynomial or rational coefficients for
any given genus g and any given rank r (the Gelfand seminar,
1981).

Recently Mironov proved that for commuting operators L, M of
rank 2 with hyperelliptic spectral curve I of arbitrary genus g,

M2 =294 4 ap N0 )+ a,

where a; are some constants, the operator L of order 4 is
self-adjoint if and only if

X1(X7 P) = X1 (Xa U(P))7
where ¢ is the involution
U()\a ,U/) = ()‘7 _N)

on the hyperelliptic curve T'.

Oleg I. Mokhov Commuting ordinary differential operators of arbitrary genus



Any self-adjoint operator L of order 4 in the standard canonical
form can be represented as

L= <:22 + V(x )>2 + W(x). (%)

Mironov proved that if the operator L of order 4 from a pair of
commuting operators L, M of rank 2 with hyperelliptic spectral
curve I of arbitrary genus g is self-adjoint, then the operator L,
obviously, has the form (x) and the corresponding functions
xo(X, P), x1(x, P) have the form

1 Qxx i H
2Q(x,A)  Q(x,\)

where P = (\, 1) and Q(x, \) is a polynomial in A of degree g
with coefficients depending on x,

QU A) = (A= A1(x)) - (A = Ag(x)),
such that the following relation holds:
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XO(Xv'D):_ Q(X,)\)’

—V(x), xi(x,P)=




(0= WEN)QE M) = V(@ + 5(Qun)? — Qs Qut

’
+Q <VXQX +2V(X)Qux + ZQXXXX) = N2 1 a5 N9+ +aj M tag.

Using this approach Mironov constructed for any genus g > 1
remarkable examples of commuting ordinary scalar differential
operators of ranks 2 and 3 with polynomial coefficients that
generalize naturally the Dixmier examples of ranks 2 and 3,
genus 1:

2 2
L= ((Cz() +X3—i-a> +9g(g + 1)x,

M? = [29F1 4 25,129 1.+ asL + ay,
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where a; are some constants, « is an arbitrary nonzero
constant, L and M are the Mironov commuting operators of
rank 2, genus g (the orders of the operators L and M are 4 and
49 + 2, respectively), the coefficients of the operator M are
expressed polynomially in terms of the coefficients of the
operator L and their derivatives, [L, M] = 0O;

2
d\® d
L((dx) + X +a> +g(g+1)a,

M? = 12911 4 25,129 .+ asL + ay,

where a; are some constants, « is an arbitrary nonzero
constant, L and M are the Mironov commuting operators of
rank 3, genus g (the orders of the operators L and M are 6 and
6g + 3, respectively), the coefficients of the operator M are
expressed polynomially in terms of the coefficients of the
operator L and their derivatives, [L, M] = 0.

Oleg I. Mokhov Commuting ordinary differential operators of arbitrary genus



Using Mironov’s results, we constructed examples of
commuting ordinary scalar differential operators with
polynomial coefficients that are related to a spectral curve of an
arbitrary genus g for an arbitrary even rank r = 2k, k > 1, and
for an arbitrary rank of the form r = 3k, k > 1.

The operators L and M of orders 4k and 4kg + 2k, respectively,

2
d \ 2K d \ d \ k-1 d\3
L={ (- —2x|{—) —k[— hall 2
((dx) o) () +(a) )
d
1)—
+9(g+ 1)
M? = 1291 4 a50129 ... + aiL + ap,
where a; are some constants, « is an arbitrary nonzero
constant, are commuting operators of rank r = 2k, k > 1,
genus g, [L, M] = 0, the coefficients of the operator M are
expressed polynomially in terms of the coefficients of the

operator L and their derivatives. For k > 2 the commuting
operators L and M have the standard canonical form.
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The operators L and M of orders 6k and 6kg + 3k, respectively,

d 3k d 2k d 2k—1 » d k
2
d k—1 d k—2 d 2 3
o () ke (L) (L) - ra) -

—-9(9 + 1)x,
M? = 129%7 4 g5 129 + ...+ ayL + ay,

where a; are some constants, « is an arbitrary nonzero
constant, are commuting operators of rank 3k, kK > 1, genus g,
[L, M] = 0, the coefficients of the operator M are expressed
polynomially in terms of the coefficients of the operator L and
their derivatives. For k > 1 the commuting operators L and M
have the standard canonical form.
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Moreover, Mironov proved the following theorem: the
self-adjoint operator

o2 2
L= <d 5 +a1S(X)+ao> + a169(9 + 1)S(x),

where the function S(x) satisfies the equation
(Sx)2 = c2(S(x))? + ¢1S(x) + o,

a4 and ¢ are arbitrary nonzero constants, ag, ¢; and ¢; are
arbitrary constants, form a pair of commuting operators L, M of
rank 2 with a certain hyperelliptic spectral curve I of genus g.
In particular, if S(x) = coshx, c; =1, ¢y =0, ¢y = —1, then all
the conditions are satisfied and the operator

> 2
L= (:2 + a4 cosh(x )+ao> +a19(g+1)coshx, (%)
is the first operator of order 4 from the commuting pair L, M of
genus g and rank 2 with a hyperelliptic spectral curve.
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Let us consider the change of variable
x =InP(2),

where P(z) is an arbitrary nonconstant function. Then the
operator (xx) is transformed to the form

L ((P@P & PP = P2)Pe) d
(o o (P dz

(P@)P+1

2 2
(F’(Z))+1+a0) +a1g(g+1)T(Z)

TTop()
In particular, if P(z) is an arbitrary nonconstant rational
function, then we get an operator of order 4 from the
commuting pair of genus g and rank 2 with rational coefficients,
but this operator is not in the standard canonical form.
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Let us consider the special case
P(z)=(z+Vz2—-1), r==+1,+2,...
Then the operator L can be represented as

2
L:<(1—z):22 :Z+ar,(z)+b) —ar’g(g+1)T,(2),

where r is an arbitrary nonvanishing integer, T,(z) is the
Chebyshev polynomial of the first kind, of degree r or —r, ais
an arbitrary nonzero constant, b is an arbitrary constant.
Recall that

To(z) =1, TH(2)=2z, T/(2)=2zT,_1(2)-T,—2(2), T-r(2) = T:(2)

It is very interesting that the Chebyshev polynomials of the first
kind T,(z) are commuting polynomials

To(Tm(2)) = Tom(2) = Tm(Th(2)).
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Examples.
1) Rank 4, genus g:

2
(9N 2 d\? ., d
LB((dx) —(x +1)<dx> —3xa+x +a] —

A 2
~2%9(g+1) <<> ~a (dx) 16dx> '
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3) Rank 6, genus g:

(3 2(5) % (5))
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4) Rank 7, genus g:

d\' 7/d\°> 7/d\® 7 d
—499(g +1) (dx) _4(0’)() +8(dx) _64dx>'
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