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n—2 . m—2 '
n=20y+ Y ui(x)d,, Lm=08"+ > wv;(x)d;.

There is a classification of commuting operators (I.M. Krichever)

Examples

1. w;,v; are constant

2. Lp=F(L), Ly = F>(L), Fy,F> are polynomials



Wallenberg, 1903:
1. n=1, Lo = F(Lq).

2. n=2,m=3.

L= +u(),  La=03+ u(@)de+ (@),

where u(x) satisfies the equation

(u)? + 2u3 + squ+ sg = 0.



Lemma (Schur, 1905)

If L1Lo, = LoLq1 and L1L3z = L3Lq (L1 # const), then

LoLs = L3Lo.

There is a formal operator S =1 +v1(2)0~ 1 + vy ()07 2. ..

El = SLls_l = 0", EQ = SLQS_l

!
S
=

> = L>L1 = L> has constant coefficients

il
=
=

3 = L3[1 = L3 has constant coefficients

E2E3 = E3E2 = L2L3 = L3L2



Lemma (Burchnall, Chaundy, 1923)

If L1L> = LoLq, then there exist a non-trivial polynomial Q(\, n) of

two commuting variables such that Q(L1,L>) = 0.

Example

d2 2 3 3d 3
I=—s— La=—g— 5+
dx2 2 dx3 z2dzx x3

L3=13 QO p) =X —u2
Spectral curve

r={(\pn) €C*:Q(\ p) =0}
If L1 = M) and Loy = uy, then (\, p) €T.

rank of L1 and Lo is

[ =dim{y: L1y = XY, Lo = pp}.



Baker—Akhiezer function ¢ (z, P)

Spectral data

{I_7Q7 k_17717 <. 7/79}

[ is algebraic curve, q € I, k—1is a local parameter near q, k—l(q) = 0,

The Baker—Akhiezer function has the property:

1=k (14 10 4 )
2. on ['\q the BA-function ¢ is meromorphic with the poles in v1,...,qg

For ~1,...,7¢ in general position the BA-function ¢ there exists and

unique.



Let f(P) be a meromorphic function on I with a unique pole in g of

order n
f:k”—l—cn_lkn_l—l—---—l—co—l—%—l—...

1

O + w1 ()08 1+ - uo(a)p = fo+ e (01 )).

From the uniqueness of BA-function it follows that

Liy(z, P) = f(p)¢(x, P).

Let g(P) be a meromorphic function with unique pole in ¢ of order m
Loy(z, P) = g(P)¢(x, P).

We have

(L1Lo — LoLqy)Y(x,P) =0 = LiLo = LoLj.
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Example T =CPl, g=o00, k=2
Baker—Akhiezer function ¢ = e*~
f=2"+cp 12"+ +co,

Ot 4 cn10y 4 copp = fo.
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Example

r=C/{2wZ + 24'Z}, ¢ =0,

—((z) 7zt 2)
o(x)o(2)’

(82 — 2p(x))P(z, 2) = p(2)v(z, 2),

Y =

(02 = 30(2)0: — 2¢/(@) ) (. 2) = S0/ (Db, 2).

Lame operators

Ly =—02 4 g(g+ 1)p(z)
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Rank [ > 1

Spectral data (Krichever)
{I_7 q, k‘_laf}/l? sy Vg XLy - - 7alg}

a; = (a14,...,05_1) — vector

(v, ) — Turin parameters define stable (in the sense of Mumford) vec-

tor bundle of rank [ degree Ig on ' with holomorphic sections ny,...,m

-1
m(vi) = Y ami(y)-
j=1

13



Vector Baker—Akhiezer function ¢ (x, P) = (¢g(x, P),...,¥;_1(x, P)):

1. y(z, P) = (L3 &s(x)k™2) Wo(z, P), §o = (1,0,...,0), fwg = Awy,

© 1 0 ... 0 0)
0 0 1 0
0 0 0 0 1
\ k+uo(z) ui(x) wa(z) ... w_1(z) O )
2. on I —{q} ¥ is meromorphic with the simple poles in Y15+ 5 Vg

3. Resy; = a;jRes 4.

If f(P) is meromorphic function with the pole in g of order n, then
there exist L(f) such that

L(f)y(z, P) = f(P)Y(x, P), ordL(f) = In.
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Method of Turin parameters deformation (Krichever—Novikov

method)

dl dl—l
@%‘ = XZ—1W%' o+ Xo¥y
Xs — meromorphic on I, xs has lg simple poles Py(z),...,F,(z). In

the neighbourhood of g the functions xs have the form
xo(z, P) = k+ go(z) + O(k™ 1),
xj(x, P) = gj(@) +O0(k™1), j<i-1,

xi—1(z, P) = O(k™1).
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At the point P;(x)

c;i(x)
= d; O(k — ~;(x)).
X = (@) + d;i;i(x) + O(k — ~;(x))
'heorem Parameters ~;(x), a;;(z) = % and d;;(z),0 < j <1~

2,1 <1 <lg satisfy the equation
¢ij—1(x) = —vi(=),
dio(z) = ajo(@) o y—o(@) + ajo(x)d; 1—1(x) — g (@),

dij(x) = ajj(w)a;—o(x) — oy j_1(x) + oyj(x)d; 1 (x) — aj(x), 5 > 1.
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Krichever, Novikov: g =1, | =2 : u?2 = P3(\) = 4)\3 + go)\ + g3
2
Ly = (82 + u) +2ca(p(12) —p(11)) 0+ (cx(p(12) —0(11) )z —p(12) —p(11).

v1(x) = 70 + c(z), v2(x) = 70 — c(x),

1 1c2, Caxx
u(r) = ——+—">242d , Co—
( ) 4C% 2 C% _I_ (71 /72) 4y 2Caj

P (v1,72) = (2 —71) + C(v1) — ¢(2).

Operator Ly can be find from the equation L3 = P3(L1).

+c2(Pc(yo+e, Y0—) =P (71,72)),

Dixmier: g=1, [ =2

3
d2
L2=<——w3—a> —



Theorem (Grinevich)

Commuting operators L1 and Lo, corresponding to an elliptic curve
have rational coefficients if and only if

where q(t) is a rational function.
If vg = 0, and ¢g(x) = z, we have the Dixmier operators.

Theorem (Grinevich, Novikov) Operator Ly is formally self-adjoint
if and only i @(71) = p(’yQ).

Mokhov: g=1, [ =3
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Rank [ =2, g > 1: self-adjoint case

Let L be an operator of the forth order of rank 2, then
M w? = F(2) =z29+1—|—029z29—|—---—|—co,
q IS a branch point,
o: =T, o(lz,w) = (2, —w).
We have
V" = xo¢ + x1¢,

where ¥ = (¢1,v>) is a Baker—Akhiezer function.

19



Theorem (M.) The operator L, is self-adjoint if and only if

x1(z, P) = x1(z,0(P)).

At g = 1 the Theorem was proved by Grinevich and Novikov.
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Theorem (M.) If L, is self-adjoint

Ly = (82 4+ V(2))? + W (),
then

where

Q= (z—71(x))...(z2 = 7(x)).

Function () satisfies the equation
4Fy(2) = 4(z — W)Q? — 4V(Q)? + (Q")? - 2Q'Q™

+2Q(2V'Q' + 4vQ" 4+ Q)),
where Q',Q", Q%) mean 8.Q, 52Q, 8kQ.
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Corollary (M.) The function @ satisfies the linear equation
LsQ = (02 +2(V,03) +2(z =W —V",0,)) Q =0,
where (A, B) = AB + BA. Potentials V,W have the form

( Q"2 - 2Q'Q®) — 4Fg<z>)
|Z:’7j7
W

4(Q"?
= 2(v1+ -+ ) — C2g-

The functions y1(x),...,v¢(x) satisfy the equations

QM2 —2Q'QB) — 4F,(2) Q"2 —2Q'Q3) — 4Fy(2)

4@ = 4@ =
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Finite-gap Schrodinger operator

(=02 +u(@))yp = 2p, Logy19 = wip,

—92 +u(x) — 2z = (=8 —ix0) Bz — ix0), X0 = —= + —,

4F,(2) = 4(z — u)Q? — (@)% +2QQ"

Qazacx — 4Qa:(u($) — Z) — qu(x)Q = 0.

The potential v has the form

u=—2(y1 + - +79) — c2g.

Dubrovin equations

) n 2’%/Fg(7j)

Y4 :
/ [Tk (v — v4)
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Examples.

1. Ly = (82 4 azz3 + ax2? + a1z + ag)? + g(g + 1)asz,

2. Ly = (02 + aj cos(z) + ag)? — a1g(g + 1) cos(z),

3. Ly = (02 4+ a1€” 4+ ag)? 4+ a19(g + 1)e* (V.Davletshina),

4. Ly = (02 + a1p(z) + ag)? + s1p(x) + sop?(z),

a1 = 3 —29%—2g,s0 = —4g(g+2) (92— 1), 51 = 39(g+1)(1609+59)2),

(p'(2))? = 403 (x) + g20°(z) + g10(z) + g0
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At g = 1 we have

V =

 —16F () 4+ W2 —2ww”

4W'2

Ly = (82 4+ V(2))? + W(z).
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Evolution equations of Krichever—Novikov type
[La, atn — Ap] =0,
Ly = (07 + V(z,tn))* + W(z, tn),
—Ar = Ay =02 4
Az =87 + gV(QZ, t)0z + gv’(a;, t),

1 / / " 1 / "
Vi, = Z(6VV +6W +V ), Wy = 5(—3VW —-W ),

Drinfeld and Sokolov found solutions of rank 1

[La,Log41] = 0.
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Solutions of rank two

[L4,0t, — An] =0, [La,Lag42] =0

Theorem (Davletshina, M.)

1 / "
Qt, = 5(—3VQ - Q ),

1 / / 14 / 124 1)
Qtzzé(—éLQW 4+2VQ +Q(82—5V2+2W -V ) —-2VQ ).

These equations give symmetries of

4Fy(2) =4Q%(z— W) —4VQ2+Q 2 -2Q Q" +2Q(2QV +4VQ +Q%).
At g = 1,n =1 we have the Krichever—Novikov equation

_48F () —W 24 2Ww'W" - W

Wi

1 8W/ y Y >
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Krichever—Novikov operators up to the conjugations are self-adjoint

operators.

Theorem (Latham, Previato)

La= 02+ V(@)?+W(zx), g=1

L4 — 20 — AQT, L6 — Wwo — A4T, T = (9% — Xl(?x — X0-
We have
Lgn =TAs=T(La—20)T 1, Lxn =TAs =T(Le —wo)T !

To prove an analog of the Theorem for g > 1.
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Kadomtsev—Petviashvili equation

3
4

3 1
Uyy — aCB(Ut + EUUaE — ZUZECBQU)

IS equivalent to
[0y — M, 0y — A] = 0,
where

3
M = 8323 —U(x,y,t), A= 8£—§U8x—|—5(:v,y,t),

3 3 3 U. 3
Sg = —ZUy — ZU:B:E, Sy = —U; — Zny + e —UUyg

4 2
Krichever found rank one solutions of KP

U = 202109 0(Viz + Voy + Vat + Va, Q).

Shiota proved the Novikov conjecture.
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Rank two, g = 1 solutions of KP were found by Krichever and Novikov
[LKN7ay T M] — 07
Ly = (82 —U)2 + f102 + 811 + fo,

—2W'2 4 2(co + W + 22(y))

U=-V— ,
(co 4+ W 4+ 22(y))?
—16F1 (7)) + W2 —2w'w"” —eo— W
V — /2 ) ’y — ?
4W 2

W = W (x,t) satisfies the Krichever—Novikov equation

_48F(y) - W24 ow'w"”
B sw'

Wi

z(y) satisfies the following equation
()2 = 4F;(2).

To find rank two solutions of KP (g > 1).
30



Difference commuting operators

Ny | My |
L, = Z u;(n)T", Ly = Z v;(n)T",
N_ M_

where n € 7, T' — shift operator
Tf(n) =f(n+1),

31



Theorem (I.M.Krichever, S.P.Novikov)
Lgn = L3 — p(m) — p(7n-1),
where
Lo =T+ vy, + cn T 1,
4epr1 = (52— DF (Va1 v0) F (vn—1, 1),

2Un—l—l — SRF('Yn—I—la'Yn) — Sn—|—1F(’Yna’Yn + 1),

F(’U,,’U) — C(U _I_ U) o C(u o ’U) o 2C(”)7

sn, Yn — functional parameters.
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Rank two one-point operators. Spectral curve

2g—1
w2 = Fyg(z) = 2291 4 czgz29 + cog—12°97 " + ... + ¢,

2 _ 2g+1 ,
La= )Y, w(m)T', Lagqyo= >,  v(n)T",
=2 i=—(29+1)

Loy = zvp,  Lagiop = wih.

Common eigenfunctions satisfy

w(n_l_ 17P) — Xl(nap)w(n_ 17P) +X2(n7 P)w(n7 P)

Functions x1(n, P), xo(n,P) are rational on I'".
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Theorem (G.Mauleshova, M.) If

X]_(TL,P) — X]_(’n,O'(P)), XQ(na P) — —XQ(’I’L,O'(P)),

then L4 has the form

Lo = (T+ V()T 1?2+ W(n),

V(n)Q(n+1) o (n) = w
Q(n) ’ Q(n)’
where Q(n) = (z —v1(n)) ... (2 —vg(n)), V(n),W(n),Q(n) satisfy

Fy(z) =V(n)(Q(n—1) - Q(n))Q(n + 1)+

x1(n) = —

+R(M)(V(n+1)Q(n+2)+Q(n+1)(z—V(n+1) - W(n))),
RQ(n—1)V(n)+Q(n)(z—V(n)-V(n+1)-W(n))+Q(n+2)(—2+V(n+1)+

+Vn+2)+Wh+1)-Qn+3)V(n+2) =0.



Theorem (G.Mauleshova, M.) The operator
Ly = (T + (r3n® 4+ ron® 4+ rin+ro)T"1)% 4+ g(g+ L)ran, r3 #0.

commutes with an operator Lagyo.

Theorem (G.Mauleshova, M.) The operator

Lo = (T + (r1a" +10)T 1)? 4+ g(g+ 1)r1a™, 71 # 0.

commutes with an operator Lagyo.
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Def. (I.M. Krichever, S.P. Novikov)

2D-Schrodinger operator H is called rank two operator, if there are

operators L1, Lo such that
[H, L;] = B;H, [L1,Lo] = B3H,
common eigenvalues

Hp = Erp, L1 = 29, Lot = wy

satisfy R(z,w) = 0, and the dimension of solutions is two.

Let p(z) be an elliptic function satisfying

(©'(2))? = b3p(2)3 + bop(2)? + b1p(2) + bo,

1 7bg  20b3a?
by = —— by # O, by = — -
3 27 1 100,02 49

Y

2a2’
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Theorem (M., B.Saparbaeva) Operator

" — 02 n 7Tap'(az + b2) ] 8_ n bo(az + b2)
020z  20aby — 14p(az + bz) 0z 2a
is rank two operator of rank two with an elliptic spectral curve, and
([H,L4] = B1H, ([H,L4] = B1H,
( [H, Lg] = BoH, {[H, Lg] = BoH [L4,L4] = BH,
L :L47 L6] — 07 L :z47 z6] — 07
where
>, 15 2
( —|— olaz 4+ b2))° + 1 ““bra’p(az + bz) + p(az + bz)“,
_ o4 14bo’ (az + bz 53
Ly — o' ( ) n

9z%  10bra2 — Tp(az + bz) 973

+b2(686b0 — 100boa® 4 1540b5a2p(az + bz) — 735bsp(az + b2)?) 92

70a2b5(10b5a2 — 7Tp(az + bZ)) az2+

+b3(343b0 — 100b3a®* 4 980b3a°p(az + bz) — 735bop(az + b2)?) o' (az + bZ)) O

10b5(10bsa2 — 7Tp(az + bZ2))? 0z
36






The group of automorphisms of the first Weyl algebra Aut(Aq) acts
on the moduli spaces of operators with polynomial coefficients. For

example, with the help of the automorphism

e1(x) = ax + B0, ©1(0z) = yx + 60z, ( : g ) € SlLo

one can get from LZ,Lig_l_Q the operators of rank 3

Ly = (02 + azz® + ana? + a1z 4+ a0)2 + glg + 1)azz, a3 #0.

Another example of automorphisms are

po(x) =z + P1(0z), ©2(0z) = Ox,

p3(z) = =, p3(0x) = Ox + Po(x),

where Py, P> are polynomials. Dixmier proved that Aut(A7) is gener-
ated by ¢,;. It would be very interesting to understand how Aut(Aq)

acts on the spectral data.
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T he equation
2 2941 2
Y2 = X291 4 o5 X294 .- 4 co

has nonconstant solutions X = Lﬂ4,Y = Lig+2 c Ay for some c;.

It is easy to see that the group Aut(Aq1) preserves the space of all
such solutions, i.e. if (X,Y) is a solution to the polynomial equation
above, with XY € A1, then (¢(X),p(Y)) is also a solution for any
o € Aut(Aq1). Then, a natural question is to describe the orbits of
Aut(Aq) in the space of solutions under the action of Aut(Aq).

Yu. Berest has proposed the following conjecture: If g > 1, then
there are only finitely many such orbits, i.e. the equation f(X,Y) =
E]szo @;; X'Y7 = 0 with generic a;; € C has at most finitely many

solutions in Ay up to the action of Aut(Aq).
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