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Formulation
Toric manifolds

@ M?" - projective toric variety, T" < M?",
@ u:MP" - R"— moment map, T"-invariant;
@ Imu = P — simple convex polytope.

u splits as:
M2n i) M2n/-,-n i) P
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Formulation of the problem
Topological analogous - Quasitoric manifolds

@ M?" — smooth, closed, oriented manifold; T" < M?";

@ The action is locally isomorphic to the standard action 7" — C";
@ There exists u : M — P, P — simple convex polytope;

@ u~'(x) is an orbit of T"-action for any x € P.

Again u splits as:
M2n i) M2n/Tn i) P
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Formulation of the problem

Our generalization

We consider the following setting:

@ M?" — smooth, closed manifold;

@ TK s M?" k < n— effective action;

@ There exists u : M?" — RK, T¥ -invariant;

@ Imu = P — convex polytope (not necessarily simple!).
It is defined a map

f:M"TK — P by p=nof
Note: f — is not a homeomorphism

Problem: Provide the class of manifolds M2" with a moment map u for
which M?"/ Tk and the map f can be effectively described.
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We demonstrate our approach in the case of G4 and CP®:

For the canonical action T* < G, we obtain effective action of T3

We prove:
@ P = A4 — octahedron
°
Guo/T* = 40 + CP?,
°

f:0040 % CP" = A4p — — — projection

@ Moreover from topological results:

G4,2/T4 = SS.
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For the action T# — CP®
defined by the representation T4 — T° :

(t, b, b3, ta) = (tito, tits, tita, bots, bota, Bals)

we obtain effective action T° < CP®
We prove:
e P= A4’2
o
CP%/T* = 045 * CP?,

f: 0040 % CP? = A4p — — — projection
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Classes of manifolds
CcP"

o M?" = CP™,
e T"t' < CP" — canonical;

Assume that representation p : TK — T"+' k < nis a regular and
givenby t — (ao(t),...,an(t));
@ : Tk - S' are characters of TX;

The weight vectors we denote by the same letters a;, 0 < j < n
It is defined the action TX < CP";
The moment map u« : CP" — RX,

]
ur(2) = 2 D lzlay,

0<j<n

e 6 6 o

z=1(z0,---,2n)],
@ Imu = P = convh(ay,...,an)
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Classes of manifolds
Gn.k

@ G - Grassmann manifold (k-dimensional subspaces in C");
@ T" — Gy acts by the canonical action on C";
e T™' c T" acts effectively
Gk are represented by n x k matrices A, rangA = Kk, for a fixed base in

Cn
P(A) = (P’(A)) = (detA,) — Pliicker coordinates,

Jc{1,...,n}, |Jl =k, _ o _
Jareordered by J = {j; < o} <J = {j1 < jo} © ji < Ji,
AYis k x k-matrix given by the columns of A indexed by J.

@ Plicker coordinates, up to constant, are uniquely defined;
@ Pliicker coordinates give the embedding of G, into CP®-1.
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Classes of manifolds
Gn.k

Gel'fand-Serganova moment map u : Gpx — R¥ is defined by
SIPY(X)Péy
1(X) = "=y
%IPJ(X)I2
(PY(X) are Plgker coordinates for X and §, € R" is given by
(6J)] =1, ied, (6J)[ =0, i¢d.

— pis T"-invariant;
— Imu = convh(é,) — denoted by A, » — called hypersimplex.
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Classes of manifolds
Gk - algebraic orbits

T" < Gpx extends to (C*)" < Gpk. The well known results for the
orbits of (C*)"-action:

@ (C*)"- X is a compact algebraic manifold;
@ (C*)"- X —(C*)"- X consists of finitely many (C*)" - orbits of lower
dimension;
@ (C*)"- X is unique everywhere dense open orbit in (C*)" - X;
e (C*)"- X is a toric manifold.
The classical result (Atiyah, Guillemin-Sternberg, Gelfand-MacPherson):

Q@ 1((C*)"- X) = convh(V)), {Vi} C{du};
© 1 gives a bijection between p-dimensional (C*)"-orbits in (C*)" - X
and p-dimensional open faces of the polytope u((C*)" - X).
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Classes of manifolds
Stratification of Grassmannians

The subpolytope P C A, is called admissible if u(C*)" - X) = P for
some X € Gp;

@ Xy, X> € G are said to belong to the same stratum I' of G, if they
have the same admissible polytopes.

All strata {I'} gives partition of G, x — stratification;
Admissible polytopes = the polytopes of strata;
P = A, —T is called main stratum (generic orbits).
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Classes of manifolds
The action in local chart for Gy, «

Atlas for Gpx: (My, uy), Jc{1,...,n}, |J| = k — given by

My ={X € Gnx | PY(X) 0}, uy: M, — CKk),
X € M, = it can be represented by matrix A such that A; = Iy and

uy(X) = (a(X)) e CKR)jgy
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Classes of manifolds
The action in local chart for Gy, «

Atlas for Gpx: (My, uy), Jc{1,...,n}, |J| = k — given by

My = {X € Gox | PY(X) 20}, uy: My — CK=h),
X € M, = it can be represented by matrix A such that A; = Iy and
uy(X) = (aj(X)) e CK 0, gy

Note:

@ the charts M, are invariant under the action of (C*)" and (C*)""
acts effectively on M,

@ (C*)"-action, by the homeomorphism u,, induces the action of (C*)"
on CK(n=k),
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Orbit space G4/ T3

Admissible polytopes for G4 2

@ 1(Gsp) = Conv(6j) = A4» — octahedron;
°
612 =(1,1,0,0),613 = (1,0,1,0),614 = (1,0,,0,1),
623 = (0,1,1,0),824 = (0,1,0,1),834 = (0,0,1,1).
@ §j, 1 <i<j <4 belong to the hyperplane in R* given by the
equation x; + X2 + x3 + x4 = 0;
@ P admissible — its vertices are some of ¢j;.

c
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Lemma

The admissible polytopes are:
Q Asy;
@ any four-sided pyrhamid;
© three diagonal squares;
© any face on the boundary for Ag..

<

To summarize — the number of admissible polytopes in each dimension:

3 2 1 0
7 11 12 6 [
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Orbit space G4/ T3

Stratification of G4

In local chart My, the orbit of (ay, @z, as, a4) is given by

t 0 1 0
0 t B 0 1
ka; Bas o % ai ;‘2 as
ha> Ilias % as % aa

The strata with admissible polytopes:
°
@ (0,0,0,0) —if & = O for all i — point &y2;
@ C'—if a; = 0 for three i — edge on A, having vertex 615 ;
@ (C*)?—if 4 = 0 for two i — triangle on A, or diagonal square
having vertex d12;
@ (C*)®—if a; = 0 for one i — pyramid having vertex d1» at the base;
Q % =1 -if ajay = a,a; — pyramid having top-vertex ;2.
@ The hypersurface:
Z124 aiag

, a#0,i=1,...,4, c#1
2273 aas

Admissible polytope is A4 — main stratum;
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Orbit space Ggp/ T3

We obtain the description of stratification for Ga ».

Corollary

The strata on Grassmannian Ga 2, dimension and the number:

8 6 4 2 0
1 6 11 12 6 [

@ the strata of dimension 8 is an open everywhere dense in Ga;

@ each strata of dimension < 6 consists of one orbit.
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Orbit space Gso/T°

Q ((C)*- X)/T® = IntA4, for a generic point X ;

© these orbits (of the main stratum I') are parametrized by
ceC-{0,1}

Q I = IntA4, x (C - {0,1)).

Using this we continuously parametrize by ¢ € CP! all orbits for
(C*)*-action on Gg.».

Svjetlana Terzi¢ Geometric Grassmannians



Orbit space Ggp/ T3

Proposition
The points of 6-dimensional non-generic (C*)3-orbit with admissible
polytope K; can be continuously parametrized by ¢ = 0, 1, co:

@ for Kis = Ayp — 614 Or Kog = Ay — 63 — ¢ = 0;

@ for K1z = Asp — 013 0r Kog = Aygp — 624 — € = 0;

o fOfK12 = A4,2 —512 OFK34 = A4,2 —534 —c=1.

Proposition

The points of 2/-dimensional orbit, where | < 2, with admissible polytope
K can be continuously parametrized using the parametrization of
6-dimensional orbits:

@ ifl=0,1— anyce CP';

@ ifl =2 andK is a triangle — any c € CP";

@ ifl=2andK is a square:

Q Kisps = Dy — {014,023} — ¢ =0,
Q Kizps = Ayp — {613,624} — € = 0,
©Q Kizgs = Dyo— {612,634} — c = 1.
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Orbit space Gso/T°

0 Kis UKoz UKigpz =AD42—¢c=0,
@ Kiz UKo UKiyzps = Agp — € = oo,
@ Kio UKz U K12!34 = A4’2 —c=1.

This leads to:

X = G2/ T® is homeomorphic to the quotient space

(A42x CP")/ ~ where (x,c) ~ (y,¢') @ x =y € d40.
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Orbit space Gso/T°

0 Kis UKoz UKigpz =AD42—¢c=0,
@ Kiz UKo UKiyzps = Agp — € = oo,
@ Kio UKz U K12!34 = A4’2 —c=1.

This leads to:

X = G2/ T® is homeomorphic to the quotient space

(A42x CP")/ ~ where (x,c) ~ (y,¢') @ x =y € d40.

Ga.2/ T2 is homeomorphic to the join S? x S2.
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Orbit space Gso/T°

Generalized Poincare conjecture:

Ga.2/ T2 is a topological manifold without boundary, and, thus,
G2/ T3 is homeomorphic to the sphere S°.

We have:
f:Gap/T® = 0040+ S — NA4p — — — projection

pu=mof.
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Orbit space CP°/T?

The action T* — CPS is defined by the representation p : T* — T°:

(t, b2, 13, 14) — (tito, titg, tyta, tots, toly, B3ls)

and the canonical action T8 < CP.
By this action we obtain effective action T2 on CP®.
The moment map:

u(2)

1
= W(Ia PS12 + 12212013 + 123P514 + |241P623 + 125524 + 1267 534)

@ This action extends to the action of (C*)3;

@ Easy to see: any polytope spanned by some subset of vertices for
A4 is admissible polytope;
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Orbit space CP°/ T3
In local charts

Mo = {zo # 0} — chart on CP® — coordinates (z1, ..., Zs5);

) ) Iy ) Iy Izt
CH* (ay,...,a5) = (Zay, —an, a3, —as, —ag) =
(C* - (a4 5) t21t22t13t14t1t25)

_ _ _ it _
(tiat, bay, t3as, %34, thizas).
|

The strata with admissible polytopes:
@ (0,0,0,0) — point d12;
@ C* — edges having vertex 61 ;
@ (C*)? — triangles having vertex ¢12;

Q surfaces:
2023 2124
z21=2,=0, —=cor 22=2=0, —
Zs Z5

=c¢, c#0

— squares having vertex d12;
Q (C*)°—ifa = a = 0for{i,j} # {1,4}, (2,3} — tetrahedra having

vertex 01o;
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@ surfaces:

V4, V4 Z2273
z1=0 A —3:0, or zz=0 AN — =g,
Z5 Z5
2124 2124
Z2=0A —=¢, orz3=0 AN — =g,
Z5 Z5
22273
zs=0AN —=¢, c#0
Z124

— four-sided pyramids having vertex &12;

@ surfaces (main stratum) :
2023 Z124

—— =C¢ AN — =20Cp, C,C0#0
Z5 Z5
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Orbit space CP°/T?

The generic orbits of the main stratum are parametrized by (¢; : ¢z : 1),
Ci,C # 0,

Theorem

Using the parametrization of the main stratum, each non-generic orbit
which are not on 04
@ can be parametrized by (0: ¢, :1),c1 #0o0r(c1 :0:1),c #0 or
(0:0:1)or(c1:c:0), cy,c0 € C, (c1,c2) #(0,0).
@ They can be divided into four groups such that:

@ All orbits from the same group are equally parametrized;
@ The admissible polytopes for the orbits from the same groups glue
together to give A4 5.

The orbits on dA4» can be parametrized by CP?,
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Orbit space CP°/T?

This leads:

CP®%/T® = (A42 x CP?)/ ~ where (x,c) = (y,C) & x =y € 042
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Orbit space CP°/T?

This leads:

CP®%/T® = (A42 x CP?)/ ~ where (x,c) = (y,C) & x =y € 042

Corollary

CP°/T® = S « CP?
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Orbit space CP°/T?

This leads:

CP%/T® = (A42 x CP?)/ ~ where (x,¢) ~ (y,¢) © x =y € 04>

Corollary

CP°/T® = S% « CP?

Remark: Embedding G4 c CP® by the Pliicker coordinates is
equivariant for T3-action = G4,/ T° c CP®/T3.
In homogeneous coordinates:

G472 C CP5 D Z4Zg + Z3Z4 = ZoZ5
Ga2/T3 c CP5/T3: S%2x CP'c S? c CP?, where CP' c CP?
(c,1) > (c:1:(1-¢)), (1,0) - (0,0,1).
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Quotients of algebraic torus orbits

X € Gsz, ((C*)3-X)/T? with a admissible polytope P :

@ has 6 or 1 singular points, otherwise it is a manifold with corners, if
P = Ay or P is four-sided pyramid;

@ is a manifold with corners if P is a triangle, square or interval.
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Differentiable structure on G4,/ T3 = S°

@ S5 has unique differentiable structure, the standard one;

@ suggests: no differentiable structure on X = G/ T* such that
1 Gap — X is a smooth map;
otherwise X would be diffeomoirphic to the standard sphere S°,
S' — 8% smoothly, while it is not clear where such an action on X
would come from.

— We prove the quotient structure is not differentiable;

— Describe the corresponding smooth and singular points;
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Differentiable structure on G4,/ T3

Slice theorem

We use the slice or equivariant tubular neighborhood theorem:
M — a smooth manifold, G — M — smooth action, G - compact group
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Differentiable structure on G4,/ T3

Slice theorem

We use the slice or equivariant tubular neighborhood theorem:
M — a smooth manifold, G — M — smooth action, G - compact group
The slice theorem states:

For a fixed point p there exist G-equivariant diffeomorphism from a
neighbourhood of the origin in T,M onto neioghbourhood of p in M.
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Differentiable structure on G4,/ T3

Slice theorem

We use the slice or equivariant tubular neighborhood theorem:
M — a smooth manifold, G — M — smooth action, G - compact group
The slice theorem states:

For a fixed point p there exist G-equivariant diffeomorphism from a
neighbourhood of the origin in T,M onto neioghbourhood of p in M.

— If p is not a fixed point, let H be its stabilizer, a proper subgroup of G;
— The slice representation V for p:

the normal bundle in the tangent bundle for M along the points of orbit
G - p, to the tangent bundle T(G - p) of the orbit. It is taken related to
some G-invariant metric on M. We obtain representation of Hin V.
The general slice theorem states:

There exists G-equivariant difffomorphism from the vector bundle
G %y V onto neighbourhood of the orbit G - p in M.
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n: Gy — Gyo/T* — a natural projection.

The point g € Gy o/ T* is:
@ a smooth point if dimz~'(q) = 3;
@ a cone-like singularity point if dim z='(q) < 2 which has the
neighborhood of the form
@ D?xcone(S?) for dima'(q) = 2;
@ D' xcone(S%/T?) for dimzx'(g)=1;
© cone(S7/T3) for dimni(q) =0,
with the induced actions of T? on S® and T3 on S”.
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Proposition

The orbit space S°/T? has three cone-like singular points, while all other
points are smooth. Moreover, the singular points have a neghbourhood of
the form cone(S?).

Proposition

The points of the orbit space S’/ T2 which correspond to the:
@ three-dimensional orbits are smooth points;

@ two-dimensional orbits are cone - like singularities with a
neioghbourhood of the form D' x cone(S?);

@ one-dimensional orbits are cone-like singularirities with a
neighborhood of the form cone(S®°/T?).
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H<— V=V =VHaL related to some G-invariant metric, V" is the
subspace of the vectors fixed by H.

GxuyV=0Gxu(V'eL)=V"x(Gxyl).
If further implies that
(Gxy V)/G=V"xL/H.

We have fixed some G-invariant Riemannian metric = the action of H on
L preserves the scalar product meaning that H(S(L)) € S(L) where
S(L) is an unitary sphere whose center is at origin p of L. Therefore

L/H = ([0, %) x S(L))/H = cone(S(L)/H),

what gives
(G xy V)/G = V" x cone(S(L)/H).
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