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Motivation

Stratification of a topological space/algebraic variety X into “nice” cells
 nice homological/intersection-theoretic properties of X .

Source of stratifications in algebraic geometry:

Suppose that a connected solvable algebraic group B acts on X with
finitely many orbits.

Each B-orbit is isomorphic to C× · · · × C× (C \ 0)× · · · × (C \ 0) =⇒
B-orbital decomposition yields a nice stratification of X .

Main goal: provide more natural examples of algebraic varieties stratified
by orbital decomposition.
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Preliminaries and setup Algebraic varieties

Algebraic varieties

We consider algebraic varieties over C.

An affine algebraic variety X ⊆ Cn is given by polynomial equations

p1(x1, . . . , xn) = · · · = pk(x1, . . . , xn) = 0.

Zarisky topology: closed subsets = affine subvarieties.

Coordinate algebra:

C[X ] = {polynomial functions in x1, . . . , xn restricted to X}.

Conversely:
given any finitely generated commutative C-algebra A without nilpotents
=⇒ A ' C[x1, . . . , xn]/(p1, . . . , pk) affine variety X = SpecA ⊆ Cn.

Arbitrary algebraic varieties are patched from affine open pieces.
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Preliminaries and setup Spherical varieties

Orbital stratification

Suppose that a connected solvable linear algebraic group B acts on an
algebraic variety X .

X affine =⇒ may assume X ⊆ Cn, H ⊆


∗ . . .*
0 ∗




How to guarantee that B has finitely many orbits on X ?

D. A. Timashev (Moscow) Quotients by unipotent subgroups Buchstaber-70, 2013 5 / 20



Preliminaries and setup Spherical varieties

Orbital stratification

Suppose that a connected solvable linear algebraic group B acts on an
algebraic variety X .

X affine =⇒ may assume X ⊆ Cn, H ⊆


∗ . . .*
0 ∗




How to guarantee that B has finitely many orbits on X ?

D. A. Timashev (Moscow) Quotients by unipotent subgroups Buchstaber-70, 2013 5 / 20



Preliminaries and setup Spherical varieties

Orbital stratification

Suppose that a connected solvable linear algebraic group B acts on an
algebraic variety X .

X affine =⇒ may assume X ⊆ Cn, H ⊆


∗ . . .*
0 ∗




How to guarantee that B has finitely many orbits on X ?

D. A. Timashev (Moscow) Quotients by unipotent subgroups Buchstaber-70, 2013 5 / 20



Preliminaries and setup Spherical varieties

Spherical varieties

Suppose B ⊆ G , a Borel (=maximal connected solvable) subgroup in a
bigger reductive group acting on X (e.g.: G = GLn(C), SLn(C), On(C),
SOn(C), Sp2n(C), any semisimple group, any finite group, (C \ 0)n, etc).

Example

G = GLn(C), B =


∗ . . .*
0 ∗


 .

Definition

A G -variety X is spherical if B has a dense open orbit in X .

Affine case: X spherical ⇐⇒ representation G y C[X ] multiplicity free
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Preliminaries and setup Spherical varieties

Spherical varieties

Examples:

toric varieties;

(partial, generalized) flag varieties X = G/P, P ⊃ B;

determinantal varieties X = {x ∈ Matm×n(C) | rk(x) ≤ r};
(algebraic) symmetric spaces X = G/G θ, θ ∈ AutG , θ2 = id;

in particular, (complex) sphere
Sn−1 = {x ∈ Cn | x2

1 + · · ·+ x2
n = 1} ' SOn(C)/SOn−1(C).

Theorem (M. Brion, E. B. Vinberg, 1986)

X spherical =⇒ B has finitely many orbits on X .

Problem

Extend to a wider class of varieties having finite B-orbital decomposition.
Specifically: push down the finiteness property to quotients.
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Preliminaries and setup Quotients

Categorical quotients

Let a linear algebraic group H act on an affine algebraic variety X .
May assume: H ⊆ GLn(C), X ⊆ Cn.

Suppose that C[X ]H = C[f1, . . . , fm] is finitely generated.

Definition

Categorical quotient:

X//H = SpecC[X ]H
� _

��

X
π=πHoo

Cm 3 (f1(x), . . . , fm(x)) x�oo

Idea behind: H-invariant functions on X = those pulled back from X//H.

H reductive =⇒ X//H exists, π surjective, π separates closed orbits +
other good properties. False in general!
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Preliminaries and setup Quotients

Example: a bad quotient

Example

H =


1 ∗ ∗

0 1 ∗
0 0 1

 acts on X = Mat3×3(C) by left multiplication:

X 3 x =
∗ ∗ ∗
∗

x31

∗ ∗
x32 x33

}
∆23

∆

C[X ]H = C[x31, x32, x33,∆12,∆23,∆31,∆]

X//H = {x31∆23 + x32∆31 + x33∆12 = 0} ⊂ C7

π is non-surjective:

(X//H) \ π(X ) = {x31 = x32 = x33 = 0, ∃∆ij 6= 0 or ∆ 6= 0}
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Preliminaries and setup Quotients

Transfer Principle

Suppose H ⊆ G , a bigger reductive group acting on X .

Transfer Principle

C[X ]H ' C[G/H × X ]G ' (C[G/H]⊗ C[X ])G

finitely generated whenever C[G/H] = C[G ]H is so.

Geometrically: ∃G//H =⇒ ∃X//H ' (G//H × X )//G
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Preliminaries and setup Quotients

Grosshans subgroups

Definition

H ⊆ G is a Grosshans subgroup if:

G/H is quasiaffine,

C[G/H] is finitely generated.

Example

H = U, a maximal unipotent subgroup in G .

For instance: G = GLn(C), U =


1

. . .*
0 1


.
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Preliminaries and setup Main problem

Quotients by unipotent subgroups

Observation: X spherical =⇒ B/U = T y X//U toric =⇒ finitely
many orbits

Replace U with H ⊂ U, H C B, H Grosshans.

Conjecture (V. L. Popov, K. Pommerening)

H ⊆ U normalized by a maximal torus T ⊆ B =⇒ H Grosshans.

Question (D. I. Panyushev, 2012)

Does B/H have finitely many orbits on X//H?

Caution: π : X → X//H may be non-surjective.
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Preliminaries and setup Main problem

Particular cases

Easy cases: (Answer: yes)

B ⊆ P ⊆ G , H = unipotent radical of P;

XG = {0}, dimπ−1(π(0)) = dim Hx , x ∈ X general point.

From now on assume: H = U ′ = [U,U].

Example

G = GLn(C), U ′ =




1 0 ∗

1 0
. . .*

. . .
. . . ∗
1 0

0 1




.
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Results Conjecture of Panyushev

Panyushev’s conjecture

Conjecture (D. I. Panyushev, 2012)

X affine spherical =⇒ B/U ′ has finitely many orbits on X//U ′.

Theorem

Conjecture is true for any X (with G fixed) ⇐⇒ all simple factors of G
are A1, B2, G2.

Is the conjecture true under certain restrictions on X ?
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Results Positive solution

Representation theory

All (algebraic) representations of G are completely reducible.

∀ irreducible G -module V ∃ unique B-stable line 〈v〉 ⊆ V .

b · v = λ(b)v , ∀b ∈ B, where λ : B → C \ 0 is the highest weight.

Weight lattice Λ 3 λ : B = U h T → T ' (C \ 0)n → C \ 0,
λ(tu) = t`11 · · · t`nn , `1, . . . , `n ∈ Z.

Monoid of dominant weights Λ+ = Λ ∩ C , C ⊆ Λ⊗Z R positive Weyl
chamber.

{dominant weights} = {highest weights of irreducible G -modules}
V = V (λ) is uniquely determined by its highest weight λ ∈ Λ+.

May assume w.l.o.g.: G = Z × G ′, Z torus, G ′ semisimple simply
connected =⇒ B = Z × (B ∩ G ′), U ⊆ G ′, T = Z × (T ∩ G ′),
Λ+|B∩G ′ = 〈ω1, . . . , ωr 〉Z+ ,

ωi are fundamental weights ←→ nodes of the Dynkin diagram of G .
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Results Positive solution

Representation theory

Example

G = GLn(C), G ′ = SLn(C),

B =


∗ . . .*
0 ∗


 , U =


1

. . .*
0 1


 , T =


t1

. . .

tn


 .

Λ = 〈ε1, . . . , εn〉Z, εi (t) = ti ,

Λ+ = {`1ε1 + . . . `nεn | `1 ≥ · · · ≥ `n},
ωk = ε1 + · · ·+ εk , k = 1, . . . , n − 1.

V (ωk) =
∧k Cn, highest weight vector: v = e1 ∧ · · · ∧ ek .
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Results Positive solution

Positive solution

Definition

Weight monoid Λ+(X ) = {λ ∈ Λ+ | V (λ) ↪→ C[X ]}

Theorem

Suppose Λ+(X )|B∩G ′ ⊆ 〈ωi1 , . . . , ωim〉, so that ik and il are not connected
by a single edge in the Dynkin diagram, ∀k , l .

Then B/U ′ acts on X//U ′ with finitely many orbits.

Example

X = GL2n(C)/Sp2n(C), moduli space of symplectic structures on C2n.

Λ+(X )|B∩G ′ = 〈ω2, ω4, . . . , ω2n−2〉Z.
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Results Ideas of proofs

Ideas of proofs

Main problem: non-surjectivity of πH : X → X//H.
Solution: use the Transfer Principle.

X �
� //

πH
��

G//H × X

πGyyyy
X//H

G//H ←↩ G/H, canonical embedding

B/H y G/H, bH ∗ gH = gb−1H  B/H y G//H × X

{orbits of B/H y X//H}� {orbits of Ĝ = G × B/H y G//H × X} = O
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Results Ideas of proofs

Ideas of proofs

{orbits of B/H y X//H}� {orbits of Ĝ = G × B/H y G//H × X} = O

G//H =
⊔

i Ĝ · vi =⇒ O =
⊔

i Oi ,

Oi = {orbits of Ĝ y Ĝ vi × X} ←→ {orbits of Ni y X},

Ĝvi � Ni ⊆ G .

Crucial issue: examine the structure of G//H.

Can be done efficiently for H = U ′.
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Oi = {orbits of Ĝ y Ĝ vi × X} ←→ {orbits of Ni y X},
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Can be done efficiently for H = U ′.
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