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Def] Complx pwiective tower ( CP -tower) of
height m  (Cor m- stage Cp - tower)

c MTm=
Cmiﬂ’ Cmﬂ—m"’ “““ < - A i 4 Co={ptk

whoe C. = P(5;.) : pmyectivization of §;_,
b §ia —Ciq : C-vechr bundle over G- .

Foch G w called the 1t Stage of the tower

On ponkiclar,  Co= CF* for aome me W .



Exomples

(1) Hirzebruch Surface

= P(VPe €y — o

where Y — ¢ w the tautologicad Ime bundle
S = 9@ ----@7
$ -times

Facls (. Hf = «b 00 o&jebmc. varieties
S Il =4
(b Hy = Hg  (diffeomorphicd
< P=E$ (mod 2)
< H(Hp:2) S H(Hg: 2D co graded Tumgs



(2) Bott towers of height m

Bn— Bma — R '*B\_"Bo=‘lpt}
"

where By = p(YVia ®C) cp*
% Yoqg — Big - C€- Line bundle over Ri- .

In panticullor, Hirzebruch surfaces are  Bott towers
of heght 2.
(3) Generaied Bott +towers of height m

Bn— Bmy — --- " -~ = B2 Be={pt)
where Bi = P(Q-) o .
& %4 = ©C-Line bundles pver Bi-



(Genemﬂjéuﬂ Bott towe have toric man<fold

Structures, mamely  they ane Mons: T\JU&AS\. noymal
varieties Wwith the half dimenSional Complex

thus action ﬁo\uwﬁ o dense ovbit.



(4) Flog mamifolds .
FLLE™ = {o cuc ----chcC \ dim Vg = #3

o Uln -rl)/Tnﬂ

nt | \
n > T = S X--- x5
Hote  thal = Um"’/um % UL
* M = M W) .
L/ < (&
Uemsnx (Umx (Dm-ux---- (OB x  Cp'r--=) = Cnm
olY)xo(n)  Jlxulpnq) DUXVLIM) LUIXY(2) J
v Y
v n-2 = (C
Um+d x (U < CP D - -3
UNxXYy Linx Bin-})
.
vin) uﬁ)z bM) = C 2

) l

GF‘W = C,



o Cofomological Rigidity  Problem

@e_g_f—_l A cla/w. of  Smooth mamifolds ( nasp. topologiod
moniflle) F w  sud to be C'Dhomo\ogiad\j T'\gicl
4 YM.NeF

M amd N ore difeomorphic. Cnesp. homeomovphic)

S H*(M ) = B¥%(N:2) ao aroded. ¥ings.

Cohovnoloaica& RA&AA\BL @Question or toric mamfolds]

&95 the claca of tovic manifolds cohomoloz&ca.llj 713:4,?



So for here is no megative onswer To the Ruestion
but some positive pantia onswers for

(generalliged) Bott towers

[ Masudo.- Ponov] [ choi - Masuda - S]
Bm:= M- Stoﬂe 3eneraﬂ4;é‘ecl ~Bott tower.,
3¢ H¥(Bm:z) = HCT C:z),

\

then Bm &= T (difieomomphic)

[ choi- Masuda- S3 . Lchojl

Jhe class of m-stuge Bott towers s
Cohomologically  TUgid Jor m < ¢,



[C,hbi -Masuda~- S
Jne clags of 2-stage gen.Bott towers is coh.vig. OO

[choi - 83
Jhe class of Bott towers with ne -twist is Coh hig . g

A gemeralized Bott tower Bm o ®- tyvivial
Mo H¥(Bm:iR)Y <« H*(Tcpm QL .

Vy={
['Pwva. S)
An ® - triviel 3e'n Bott tower uxith Mz 2 Viat.-um
o d‘f{eomorphko o',

v=\



Fov neall @eﬂera%ad.) Bolt towers .

Reall @eﬂerW) Bott tower is defined omilandy
t the Complex Case  except thadt o oolved
Cundles are  sum of Yweal Quma bundles

T Kamishima - Masudal
Twd ol Bott towers Bm omd Bm are
diteomorphic <= H*(Bm: Z.) = H*(Bm: Za)

L Measudal
3 o generalized Bott towers Bm and Bm’
with H¥(Bm ; Z.) = W (Bm;Z) , 4l

B‘W\ % B'm/ .



&Cohomo\ogﬁlmﬂ &?Adﬂ Question. for

other clandes of manifolds .

e For Quasitoric maniolds :
Jhete ave some positive ponkial answers
bt mo Megative exomple yeb.

¢ For torus mamifod
[Kaoki) M=@pxS* . M= s’zca‘:@rvt"'U
M & M odmits TH'- actisn with Fixed pombs .

v+ Jhey are torus momifuds.
H¥(M1Z) S W(M(Z) bt M &M



Jhe conshuction of CP tbwers rtesembles that of
Jenerolized Bott towers, but Cp towers are
ot toric manfolds 3enem9. .

Ques‘hon\ Js the claco of  @p -towers coh.7iq. %

(Hr\suoerx
(D VYes, for Cp towers of dimension =< €.
@ No, for @ towers of dimension = 8.

Tndeed, ihere are ‘c;m Cp towers ©of dm =&
Co ™ Ci= @p — G
. — Cc'= CPa —2 Co

ot Gl & Co ( fecamwoe Ts(CI% Te(C))
bt  HfCGiZ) & WeQ 1),




Note thal the obpve C. amd C. are mot

2~ Stadze, jeneraﬁcbed Bott towers Oecamae we
alreadj ®oow that 2 - stage g,enemhézd. Bott
man:flds are (‘oholeoaim\\j Yigid,

for 1), we classify all €p towers of dim <4
wp Xo diffeomorphism, amd shoad thal  their

Coho\ogfj Tings  are oll distinct,



S Some  Prelimmaries

[ Bore| - Hirzebruchl
X5 topo\oaica& space
% . €-vector burdle of nambk m over X |
S
H*(P(8):2) = r\*cx-.zz.)tsy "o .
< 5 (1 6 () 0>

where TE v 4he pul dock of & a.OAY\.g = PE)->X,
2 = Ist Chern Clags of the teutological Qime bundle
over PLE)
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'P\‘D?bs‘«tion.i
€ - @-vector bundle over X.
Y: €- me bundle Over X,
= P(E) w difeomorphic B PEST)

—

“'Proj?os:tzun ?1
€. (@-vedor bundle of nk 2 over X
Y : € me bundle over X .

S (3®Y) = C;(%)I:LC:('I)
CLCE®Y) = (T + arcd) + Gu(B).




Proof of Proposition 2
Consider TE® W — E®@Y

’s'l ) X ;
PE®Y) — X

" CV

‘f\ PC’S’)/T;g

ok 'VS :‘Laui‘o\ogi.caﬂ Dime bundle TC: (%)

(e(SeY) = c(UE®Y)Y

c(n*s @)

c( ¢* mgg ® ¥7)

c(g*(Yg@W ) @)

c( 4™ @) c(4¥L¥g®n*v))

Cut ‘g* C.(Vg) + Gl Ci+ ‘[’* Cl”{) i i (V)

L

n o

(1



LT al§0Y) = 4¥e, (1) A + PG+ Tl
TG BON = (@a(Tg +1* Gr)) (g% a (V) +TeR)

On the other hand
TXa(¥) = FCl(RED = F (@ 75D

‘-(’* C: C "g.‘) * ‘f* C‘;CY{-)
®¥ ¢ (M) oD

T G(8) = 97 (%)

i

o

6o E* C.(%@'Y) - E*C)(gj T J.E*Q(.'Y).
T
¥ CalE@ 1) = TFG(Z) + Tra(§IR*alr)+ TX¢ 1Y)

Since T ¥ — H'CPO) w  imjedive,
we flawe 4he  cleavied szﬁtzes,



im < 6.
Clossification 05 € tpwers 2§ dim

i

dm 2 C?-‘tower\ = C‘P

\H o

i dim 4 P -towers

o>
(O height 1 p

height 2 srzebruch  surfoces
) t
Q-z H _ CP.'X CP{ —_— Qi — eljt}

b=

He = PlIBE) — €@ — &t
= @ ep



IL.

dm 6 CP- towers

(1) height & €
(.’L) hCTgn 2 vt C.—C — {Ptk

Jhere are two Caas (@) ¢ = €' Case
& Bk o= @6 (a2 .

& F 6= @. ten G =PED
whoe £, 0 o nk 3 C-vecor bundle over CP'.
By the dimension nLaasm,
€. = V@%@ ¥z : sum of Lime bundles
= CGw a Q-Stng.e, Bott tower.




In  [Chsi-Nosuda~S]  such 2 -stoge Bott towers
are  Clagafled wp o diffeomorphisms -

Co = P('Yke.zc) L k=o.t. 2
where TV — @' w the tautologicall fume bundlle .

b & ¢ = G'.'pl, then  C.= P($) where

E' _ CP’“ 'U, oo nk 2 c,ym‘;[ex vector Lm\dle

tmeorevA[ Sdmwzenl:erjer I‘M\}
Jdhere is o Byection
Ved™ CCP) P W cep) ® Reeg)
7 - — (@ . Gp)




By Pwposition L &2, in order I clasify Co=pGE)
wp to dz{feu'morfrman, We Moy adoume that
Cl(%.) =00 NL € Za,

S AN b-dimensinal height 2 €P-towers are

C;'—*—P(’Yﬁ@a_a_:) — Cl-"-q:'——-; {P-t)
for &=0, 1, 2

omd.

o= P, L) — G=@
whone C'(?Ls.ao)'-‘s

C"(Z ) = &
‘S:DY amg s-=os’n.1. omd. ol € 1



We Roawe the following classfication neswit of
C-dim. Cptowess of Meght 2.

Lt CPT, = the claao of n-dim €P-tovers /
with height + . diffeom

Theorem, lj

CPTf, Consists of the Following dustinet P ~towers
PY®2c) — O
P(Y®agy — @
PC Y)Y — €& for dels
PO p) = b for peL .
Morover the cohomology rwnﬁ,o o5 sudnu manthlde are
MWually NoN- iSomorphic -




(3 bheight 3 : G—C—C— ¢t

Im this Caee G = Hirzebruch surfmee Hg , &=o.4
vector bund®e over  Hy .

We fave a similan resutts m nk 2 complex
vectoy bundles o He T [Schw'angen.berder r96] .

\%posrtim.B Jhere 1§ o bijection

\/eciz CCp) 7‘ —2 H’.CH{L) ® H“C Hy.)
7 = —> (@) . Gp)
Ho =

For



Sketch Proe§ of Propositisn 3

Since d«mml—l; =4, We @n see +hat

Vects ( He) — Ko | & — IF]
1S Pijective. It w enough B show that
¢ K —— Wi @t%e) |

[ (a(®) . ad)
is B edive

Considon @ v €4 —> Be — Ho/ gdv oot
T A —
MSQSPC«[e S;bov = S




> K — k) — K(egvep)d
v 0 b Vv ocaLen

0 — 4 — WLHD@HL‘(HQ — 407 — ©
9

(z02)® 2,

Sf we pwove that ¢’ w sugective, then
fom. the exactnead of  hovizontal seguence amdl
the Commutodivity of the diagrom.

we Cn howe the dasived. -?/faedfwztj .

Shoving the  Suvjedivity  of ¢ b ot difficult . -



Al 6-dimensionall CP-towers of height 3 are

= — = ‘——: t
(?a%*ol))_—, (2 =Ho G=0 1Pt

GG = P(7
ond
(s = 'P( §(r,s/ P)) — Ca=H4 — G = @P’ — f()tb
WRow €L, ) = (hPE HCHo = 281
Ca.(‘zq 2)‘“) = o € Hk(_Ho') =1 .
ond  similary for g g) € KHo

Agaimn By Propsition 4 & 2, we Moy osume that
P.g.7.8 €L,



\Thesrem2| CpTE comaists of the Follpiorg  dietinet
Cp-towers
TP(-QZw,o,a.)) — Ho Tor L e€eZy,
P o) — He  for o €2y
P ) — Bo for & € N
pC §co.o,e>) — Hy Tor g€ N
P(?Cl,o, F)) — H, Jor F‘:Zzo
P8, p) — B for  pei.

Morevwer the cohomology g of +these. monifolds are

muiually  non-isomorphuce . n



Remank

We Raove the Fplowing diffeomorphisms -
n

PCYCI,O,-Q) = P('?,(o,:, oc.))

P( ?(o,o, ) E ?C'Zto,o,-—d)>
®  PCUue.ay) = Plhaso, -a))
€5 P((Z(l,l ) = PP, —a)

(5) Pl ?(o,o,(n) =3 P(§ (o,o,~F1)
© P(Sct, o, P) = PQ§U»DJ~F>)
) P(g(o"'F» < ?(Scn,r,-p>

® Yoy ) = PEwo0,0)



Proof of  Remank

M Po,wn) & P wy) Pllows fom  the
el ddf?t\wmim@'xcﬁ S («, Y) — (Y, 1.
(23  P( ?(o,o, n) £ ’PC'ZIO,OJ-’dQ
® Pue.ar) = Phao, -a)
€5) P((Z(m.e{)) = PP, —at)
follows from the  followmg argunent .

Consider the self difeomorphism
Fith=0Ox¢ O (x.pr— LY.
Jhen § v an oviedafion noversing mowp.

O e(:S"'("Z“,‘M_)))= C’:.G”(?cp,g,wﬂ: “‘-'*('ZLP
H*CQp < € Y% ZL2, N /¢ ¢ >

307



> " Yep, g0 = TPX+39) = Pr-3y.

°°° ff(?(?,o)d)) E 'ZCP‘,O_,‘d.)
which proves ihe isomorphisms (2 &= Q).

ot Ya bhe the Lime bundle dverL GZP'xcp' with G =Y.

= c‘(f*(ezuaw)®~y,_) =@ Oaa) FRem
= x-yYy+ay = Xty
C"cf*((?c“l,w)@y") = QeW tama G er, 109
+ G (Y )
= ';’-1— 4 (x-4) ~olxy
= (=)%Y

o Jtaf(n?“",“®y) = 7Ual,l—°0
Which 1nduces the iasmorpuism (4D .



(5 P(fco,o,(s?) = P(§(o,o,~{s9
) P(§u,o,e>) = 'P(§(|.o,~F))
Q) P(§(o,t,F)) <= 'P(s(l,l,—F))
follows  Fom. the followimg argument.
Noke, that

H, = SBX’P(:&LGGQ

S
whene, :f’:C]o ihe iYYeA.C\bp aj’ é } 3._3=3f'-.2 ,
omd_

H*(Hl) = Z[X.}}sza ,1'-1+x#>

Now considn Hne self difieomorphiom o Hy
£ SxpEe0 o8 pien = Sxptec)
o T g X
( OYi . Naversing \[ QY \

Pye €©) °*5*;’ij piie ) Plroe



3 0 W) O maps (O =% ® F(P=-1-y
Jhen we Rove the Bundle raomovphisms
‘f*§co,o,‘5) = g(0,0.-P)
P8 uep & EUJOJ*&J
which proves the  Lasmorphisms D R ), omd
'E*§C0,l;e') = EH,-\,@.
otd. 'yu.} the Lme bundle on Hi with Ct(.'fx-ea):?cfj

=
(Yx_q-\}@ EC—(,‘\,?) = §CI)I."F)

thich proves the  isomorphism (7D

® (90,000 ) S P(3¢0,0,0) v obvious .
pu!



\Corol\a@ [Cohomo\oai,a&. Rigidily of C€P towers of dim < €]

Jhe clasg of €p wets of dumension < 6 is
Cohomloa'«mlly ru.g(xcl :

Method Df Proof

We use Borel - Hirzebruch -fmana Jor cohomology
ungo  €p-towers, pus  fong  ComPuwtakions o
trunceled po]j‘nom.‘a& nngs




g Cohomsological mon-vigidity Jor  CP towers of dim =8

Consder 8 dim Cp-towers 0of hegh 2 wWith
Cq = CPQ , tTe.

Ca.= chl) — (= CPl —_— {vﬂ)
Whore. 7 w o nk 2 complex vechr bundle oven. @F .

(Theomm\ Y_Pr\'.yah ~ Rees 1974
2 imjective mop
b : Vect, () —— 2. © 2@ 7,
£ > (B, (B . Ca(®D
where AE =0 A  GEISL (moda)d




oo Pl &-dim P -tower of height 2 with ¢ = @ are

M MHolw) = 'PCQI. (o, o, u))
(&H) Mi(uw)y = P(?(uo,u))

(2 N = PLYco, 1., w)
( Agaim we Moy assume thak ci(P=0or1 )

Theorem 3\ TFAE

(0 Nw) o diffeomorphic to N(u)
() H*(NawpiZ) € H*X (N> T
3 wu=w e¢Z.




Theorem ﬂ Assume wlutd)fa & 4

dut
() MNelw = Mgy <= w,u)=cP,u') e Lx].
() HE(He) = BHpuw) & u=w €1 1:

|Coro lla.ma

Jhe cloas of €P towers of dimg is mot

(‘D?xomolog«c&zﬂ rugAA




& Sketfch of  Prof of Theovem 4 <)
Consider the Ppud- fuck dip.g_ro.m

=

cp =— ¢pt s . ep'
} b \

p(s, ) =PF(Mm) — Ma) —> EUW x ¢p*

| L |

st— § 1 o —es

From the -homslopy exadt agguznces 05 the FibraXions,
we can. aee thak

T, (P&, ) ——— Ta(Ma) For %23,



Theotem 4 (1) llows From the Pllowing .

\ Proposction | Assume  uwry/ja € Z.
" Jhen we Rave the following isomovphisms

(0 TP(E,W) = Zia a ol= Wu+jia (nel2)
(» T pCEaw) & Zg A A ) (mad)

proos -
() Assume o = uwwHd A, (nod 2)
In this mae., by [ Atysh- Rees]
J nk 2 Ccomplex vector Lundle //zf:(,u. — @p"

50 thal  the followmg s o pull-bmck
ou/aé?/l.am-_




2
[ )
— s FUIX @
3 — Hau £ U
ol.U (o,0.W) l L

l s

8'7 —_— @1{3

a?f" — BUW

Since T (C*) & W (SD =16,

7 )
> 5., — 6 b a trividl dundle_
hence =~ pPléewd & & x op

o T (PELL) = Tl x T (€Y & Zp,

(2) Assume PEE, ulusdia (mod 2)
(amd Q0 o = ucuta (moda)

Lok Ma,u Cp° — Bub) he the class:fying
ma’f DJ’ the  bundle (ZCoL,o.ow .



Jhen  the clacaifyng map Hpow: CpP — BUlz
b"' the “euv\el]e % Ffachors ‘m‘roudh,

(f,o.u)
3 f ¢ Maw¥ X
/‘4(5,“: Cp T—» cpV S BUl2)
Pnching
D 1o o pomd

whoe O io o disk nbd of =€ @@
Here [kl € M (BU(M) ©Za w the generntor.

or We Rave tha -fv\lowmg poll -Bock duagram
6§ Cp ~ fibrokions -



! —— ! —> ¢p!
& b :
P(Sp.u) — Hplw) — EUCJ-)Susf-?' = EU)x (U @)/, a)

l | \ s

BT
g - & — - ¢ Lers Buw

Lf /
P
& vs'
Fom the ‘?\om'o‘l'o}y ot e.e-%ue'nces of the ﬂ’"‘f;bvahms
& — PGay — S amd € —sEDxep' — BUL2),
We fave v
1,652 — T TP — M(§) =0

(Hf,u"f)x b ~ &I s l) Y
Tg (BUE Zpo. = "T&(CP') — [ (BTI=D —> (oD N

i




s We Rave the followmg exoct peguence -

TG (s )MP-—.'Q? Ty (BUIY) — Ts(P(85.4) —2 0
Sl I F
y/A Z,,,

It o enough o show that (UguoPe (12 = 6 €Z,
to Conclude 'ITg(P(gf,uﬁ = M Mglud & Ly .

Blkt /“f)uO? = (/»td)uvx)ofo?

= (/(ol,u."fo\;)v (xeopeop)

= %

v homstopre k»  the following, composition.



§ 5 ap L pvs gt 200
Wwhinch  induces
T (8) 8222 (5 T 7d) s 90, (8oL

s Sy su |
Z z , L, Lya
v ® v S
1 > L — 4 T °

thie follows Hecamner
K e Ts(BU) = Z,
o the generntor,

a



