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Sophie’s world: the story of the history of integrability

Acta Mathematica, 1889



Sophie’s world or Too much happiness

Alice Munro: Too Much Happiness
Man Booker International Prize 2009



Kowalevski case
1888

Kowalevski problem

Describe parameters (A,B ,C , x0, y0, z0) for which the
Euler-Poisson equations have general solution in form of uniform
(meromorphic) functions having only moving poles as singularities.

Kowalevski top

Defined by
A = B = 2C , χ = (x0, 0, 0).

Additional, the Kowalevski integral is of fourth order in impulses

F4 = (Ω2
1 − Ω2

2 +
x0

I3
Γ1)

2 + (2Ω1Ω2 +
x0

I3
Γ2)

2.



Euler-Poisson equations, I group

2ṗ = qr

2q̇ = −pr − cγ′′

ṙ = cγ′

c is a constant.

Integral surface

Common level set of the four integrals

6h = H := 2(p2 + q2) + r2 − 2cγ,

2l = L := 2(pγ + qγ′) + rγ′′,

k2 = K := (p2 − q2 + cγ)2 + (2pq + cγ′)2,

with the condition (Γ,Γ) = 1,is two-dimensional.



Kowalevski polynomials

Kowalevski coordinates

x1 = p + qi

x2 = p − qi

e1 = x2
1 + (g + ig1)

e2 = x2
2 + (g − ig1)



First integrals

k2 = e1e2

r2 = E + e1 + e2

rg3 = F − x1e1 − x2e2

g2
3 = G + x2

2 e1 + x2
1 e2

E = 6l1 − (x1 + x2)
2

F = 2l + x1x2(x1 + x2)

G = 1 − k2 − x2
1 x2

2

II · IV − III
2

= 0

e1[x
2
2E+2x2F+G ]+e2[x

2
1E+2x1F+G ]+EG−F 2+k2(x1−x2)

2 = 0.



Kowalevski procedure

P(x2) = x2
2E + 2x2F + G

R(x1, x2) = Ex1x2 + F (x1 + x2) + G

R1(x1, x2) = EF − G 2

P(x2)e1 + P(x1)e2 = −R1 − k2(x1 − x2)
2

e1e2 = k2

(
√

P(x2)e1 ±
√

P(x1)e2)
2 = −R1 − k2(x1 − x2)

2 ± 2
√

P(x1)P(x2)k



(

√

P(x2)e1

x1 − x2
±

√

P(x1)e2

x1 − x2

)2

= (s1 ± k)(s2 ∓ k)

s2 −
2R

(x1 − x2)2
s −

R1

(x1 − x2)2
= 0.

Q(s, x1, x2) = (x1 − x2)
2s2 − 2R(x1, x2)s − R1(x1, x2).



Pencil of conics

Two conics and tangential pencil

C1 : a0w
2
1 + a2w

2
2 + a4w

2
3 + 2a3w2w3 + 2a5w1w3 + 2a1w1w2 = 0

C2 : w2
2 − 4w1w3 = 0



Darboux coordinates

tC2
(ℓ0) : z1ℓ

2
0 − 2z2ℓ0 + z3 = 0

ẑ1ℓ
2 − 2ẑ2ℓ+ ẑ3 = 0

ẑ1 = 1, ẑ2 =
x1 + x2

2
, ẑ3 = x1x2

Pencil equation in the Darboux coordinates

F (s, x1, x2) = L(x1, x2)s
2 + K (x1, x2)s + H(x1, x2).



Тheorem [V. D. (2010)]

(i) There exists a polynomial P = P(x) such that the
discriminant of the polynomial F in s as a polynomial in
variables x1 and x2 separates the variables:

Ds(F )(x1, x2) = P(x1)P(x2). (1)

(ii) There exists a polynomial J = J(s) such that the discriminant
of the polynomial F in x2 as a polynomial in variables x1 and s

separates the variables:

Dx2
(F )(s, x1) = J(s)P(x1). (2)

Due to the symmetry between x1 and x2 the last statement
remains valid after exchanging the places of x1 and x2.



Gauge equivalence

Gauge transformations

x 7→
a1x + b1

c1x + d1

y 7→
a2y + b2

c2y + d2

z 7→
a3z + b3

c3z + d3



Discriminantly separable polynomials – definition
For a polynomial F (x1, . . . , xn) we say that it is discriminantly
separable if there exist polynomials fi(xi ) such that for every
i = 1, . . . , n

Dxi
F (x1, . . . , x̂i , . . . , xn) =

∏

j 6=i

fj(xj ).

It is symmetrically discriminantly separable if

f2 = f3 = · · · = fn,

while it is strongly discriminatly separable if

f1 = f2 = f3 = · · · = fn.

It is weakly discriminantly separable if there exist polynomials f
j
i (xi )

such that for every i = 1, . . . , n

Dxi
F (x1, . . . , x̂i , . . . , xn) =

∏

j 6=i

f i
j (xj ).



Geometric interpretation of the Kowalevski fundamental

equation

Q(w , x1, x2) := (x1 − x2)
2w2 − 2R(x1, x2)w − R1(x1, x2) = 0

R(x1, x2) = − x2
1 x2

2 + 6ℓ1x1x2 + 2ℓc(x1 + x2) + c2 − k2

R1(x1, x2) = − 6ℓ1x
2
1 x2

2 − (c2 − k2)(x1 + x2)
2 − 4cℓx1x2(x1 + x2)

+ 6ℓ1(c
2 − k2) − 4c2ℓ2

a0 = − 2 a1 = 0 a5 = 0

a2 = 3ℓ1 a3 = −2cℓ a4 = 2(c2 − k2)



Geometric interpretation of the Kowalevski fundamental

equation

Тhеоrem [V. D. (2010)]

The Kowalevski fundamental equation represents a point pencil of
conics given by their tangential equations

Ĉ1 : − 2w2
1 + 3l1w

2
2 + 2(c2 − k2)w2

3 − 4clw2w3 = 0;

C2 : w2
2 − 4w1w3 = 0.

The Kowalevski variables w , x1, x2 in this geometric settings are the
pencil parameter, and the Darboux coordinates with respect to the
conic C2 respectively.



n-valued Buchstaber-Novikov groups

n-valued groups, local (formal) - Buchstaber-Novikov 1970

m : X × X → (X )n, m(x , y) = x ∗ y = [z1, . . . , zn]

(X )n — symmetric n-th power of X

Associativity

Equality of two n2-sets:

[x ∗ (y ∗ z)1, . . . , x ∗ (y ∗ z)n] and [(x ∗ y)1 ∗ z , . . . , (x ∗ y)n ∗ z]

for every triplet (x , y , z) ∈ X 3.

Unity e

e ∗ x = x ∗ e = [x , . . . , x] for each x ∈ X .

Inverse inv : X → X

e ∈ inv(x) ∗ x , e ∈ x ∗ inv(x) for each x ∈ X .



n-valued Buchstaber-Novikov groups

Action of n-valued group X on the set Y

φ : X × Y → (Y )n

φ(x , y) = x ◦ y

Two n2-multi-subsets in Y :

x1 ◦ (x2 ◦ y) and (x1 ∗ x2) ◦ y

are equal for every triplet x1, x2 ∈ X , y ∈ Y .
Additionally , we assume:

e ◦ y = [y , . . . , y ]

for each y ∈ Y .



Two-valued group on CP
1-V. M Buchstaber 1990

The equation of a pencil

F (s, x1, x2) = 0

Isomorphic elliptic curves

Γ1 : y2 = P(x) deg P = 4

Γ2 : t2 = J(s) deg J = 3

Canonical equation of the curve Γ2

Γ2 : t2 = J ′(s) = 4s3 − g2s − g3

Birational morphism of curves ψ : Γ2 → Γ1

Induced by fractional-linear mapping ψ̂ which maps zeros of the
polynomial J ′ and ∞ to the four zeros of the polynomial P .



Two-valued group on CP
1 - V. M. Buchstaber 1990

There is a group structure on the cubic Γ2. Together with its
subgroup Z2, it defines the standard two-valued group structure on
CP

1:

s1∗c s2 =

[

−s1 − s2 +

(

t1 − t2

2(s1 − s2)

)2

,−s1 − s2 +

(

t1 + t2

2(s1 − s2)

)2
]

,

where ti = J ′(si), i = 1, 2.

Theorem [V. D. (2010)]

The general pencil equation after fractional-linear transformations

F (s, ψ̂−1(x1), ψ̂
−1(x2)) = 0

defines the two valued coset group structure (Γ2,Z2).



C
4 Γ1 × Γ1 × C Γ2 × Γ2 × C

Γ1 × Γ1 × C × C CP
1 × CP

1 × C

C × C CP
1 × CP

1 × C

CP
2 CP

2 × C/ ∼

-
iΓ1

×iΓ1
×m

?

iΓ1
×iΓ1

×id×id

Q
Q

Q
Q

QQs

ia×ia×m

?

p1×p1×id

-
ψ−1×ψ−1×id

�
�

�
�

�
�

�
�

�
�

�
�

��+

p1×p1×id

?

ϕ1×ϕ2

?

ψ̂−1×ψ̂−1×id

?

m2

?

mc×τc

� f



Two-valued group CP
1

Thеоrem [V. D. (2009/2010)]

Associativity conditions for the group structure of the two-valued
coset group (Γ2,Z2) and for its action on CP

1 are equivalent to the
great Poncelet theorem for a triangle.



Systems of the Kowalevski type

Given a system and coordinates x1, x2, e1, e2, r , γ3, such that

ẋ1 = −if1

ẋ2 = if2

ė1 = −me1

ė2 = me2

(3)

where
f 2
1 = P(x1) + e1A(x1, x2)

f 2
2 = P(x2) + e2A(x1, x2).

(4)



Additional assumption is that the first integrals and invariant
relations can be rewritten in a form

P(x2)e1 + P(x1)e2 + e1e2A(x1, x2) − C (x1, x2) = 0. (5)

which is equivalent to

− 2ẋ1ẋ2 = B(x1, x2). (6)



Additional assumption is that the first integrals and invariant
relations can be rewritten in a form

P(x2)e1 + P(x1)e2 + e1e2A(x1, x2) − C (x1, x2) = 0. (5)

which is equivalent to

− 2ẋ1ẋ2 = B(x1, x2). (6)



Theorem [V. D.-K. Kukić, 2011]

Given a system of the Kowalevski type. Such a system can be
integrated by solving the system

ds1
√

Φ(s1)
+

ds2
√

Φ(s2)
= 0

s1ds1
√

Φ(s1)
+

s2ds2
√

Φ(s2)
= −ıdt,

where
Φ(s) = J(s)(s − k)(s + k),

and s1, s2 are the solutions of the equation F(x1, x2, s) = 0 and k is
a constant such that

e1e2 = k2.

The system is linearized on Γ : y2 = Φ(s).



Sokolov system [Theor. Math. Phys. (2001)]

Consider the Hamiltonian

Ĥ = M2
1 + M2

2 + 2M2
3 + 2c1γ1 + 2c2(γ2M3 − γ3M2) (7)

on e(3) with the Lie-Poisson structure:

{Mi ,Mj} = ǫijkMk , {Mi , γj} = ǫijkγk , {γi , γj} = 0 (8)

It holds
γ2
1 + γ2

2 + γ2
3 = a,

γ1M1 + γ2M2 + γ3M3 = b.



New variables:

z1 = M1 + iM2,

z2 = M1 − iM2,

e1 = z2
1 − 2c1(γ1 + iγ2) − c2

2a

− c2(2γ2M3 − 2γ3M2 + 2i(γ3M1 − γ1M3)),

e2 = z2
2 − 2c1(γ1 − iγ2) − c2

2a

− c2(2γ2M3 − 2γ3M2 + 2i(γ1M3 − γ3M1)).

Additional first integral can be written in the form:

e1e2 = k2.



The equations of motion in the new variables

ė1 = −4iM3e1,

ė2 = 4iM3e2,

−ż1
2 = P(z1) + e1(z1 − z2)

2,

−ż2
2 = P(z2) + e2(z1 − z2)

2

where P is a polynomial of degree four

P(z) = −z4+2Hz2−8c1bz−k2+4ac2
1 −2c2

2 (2b2−Ha)+c4
2a. (9)

It holds

ż1 · ż2 = −
(

F (z1, z2) + (H + c2
2a)(z1 − z2)

2
)

,

where F (z1, z2) is a biquadratic polynomial given with:

F (z1, z2) = −
1

2

(

P(z1) + P(z2) + (z2
1 − z2

2 )2
)

. (10)



The identity is satisfied

(z1 − z2)
2[2F (z1, z2)(H + c2

2a) + (z1 − z2)
2(H + c2

2a)2 − P(z1)e2

− P(z2)e1 − e1e2(z1 − z2)
2] + F 2(z1, z2) − P(z1)P(z2) = 0.

Let C (z1, z2) denotes a biquadratic polynomial such that

F 2(z1, z2) − P(z1)P(z2) = (z1 − z2)
2C (z1, z2),

then we have

P(z1)e2 + P(z2)e1 = C̃ (z1, z2) − e1e2(z1 − z2)
2, (11)

C̃ (z1, z2) = C (z1, z2)+ 2F (z1, z2)(H + c2
2a)+ (H + c2

2a)2(z1 − z2)
2.



The polynomial equation F̃ (z1, z2, s) = 0 with

F̃ (z1, z2, s) = (z1 − z2)
2s2 + B̃(z1, z2)s + C̃(z1, z2)

with the coefficients

B̃(z1, z2) = F (z1, z2) + (H + c2
2a)(z1 − z2)

2

has the discriminants: Ds(F̃ )(z1, z2) = P(z1)P(z2)

Dz1
(F̃ )(s, z2) = J(s)P(z2), Dz2

(Q)(s, z1) = J(s)P(z1)

where J is a polynomial of degree three

J = −8s3 + 4(H + 3ac2
2 )s2 + (8c2

2b2 + 2k2 − 8ac2
1 − 8c4

2a2 − 8c2
2Ha)s

− 8c2
1b2 − 4c4

2ab2
4c

2
1a2c2

2 − k2c2
2a − Hk2 + 2aH2c2

2 − 4Hb2c2
2

+ 4Hc2
1a + 4c4

2Ha2 + 2c6
2a3.

It plays the role of the Kowalevski fundamental equation.



With s̃1, s̃2 denote the roots of F(z1, z2, s) = 0 as a quadratic
equation in s

s̃1,2 =
−B̃(z1, z2) ±

√

B̃2(z1, z2) − 4(z1 − z2)2C̃ (z1, z2)

2(z1 − z2)2
. (12)

Then
dz1

√

P(z1)
+

dz2
√

P(z2)
=

ds̃1
√

J(s̃1)

−
dz1

√

P(z1)
+

dz2
√

P(z2)
=

ds̃2
√

J(s̃2)
.

(13)

The Sokolov system can be integrated in the theta functions of
genus two:

ds̃1
√

Φ(s̃1)
+

ds̃2
√

Φ(s̃2)
= 0

s̃1 ds̃1
√

Φ(s̃1)
+

s̃2 ds̃2
√

Φ(s̃2)
= dt,

(14)

where Φ(s) = −4J(s)(s − k)(s + k).



Remark:

Komarov, Sokolov, Tsiganov [J.Phys. A (2003)] introduced:

s1,2 =
F (z1, z2) ±

√

P(z1)P(z2)

2(z1 − z2)2
, (15)

ṡ1 =

√

P5(s1)

s1 − s2
, ṡ2 =

√

P5(s2)

s2 − s1
, P5(s) = P3(s)P2(s)

P3(s) = s(4s2 + 4sH + H2 − k2 + 4c2
1a + 2c2

2 (Ha − 2b2)

+ c4
2a2) + 4c2

1b2,

P2(s) = 4s2 + 4(H + c2
2a)s + H2 − k2 + 2c2

2ha + c4
2a2.

Our variables s̃i and their si are connected by:

s̃i = si +
H + c2

2a

2
.



Deformation

Deformation of the Kowalevski top

F (x1, x2, s) := s2A + sB + C = 0.

A gauge transformation

s 7→ t + α.

Fα(x1, x2, t) = t2A + t(B + 2αA) + (C + αB + α2A) = 0.

C = F 2 − EG ,A = (x1 − x2)
2



Aα = A

Bα = B + 2αA

Cα = C + αB + α2A

(16)

Fα = F + αF1

Eα = E + αE1

Gα = G + αG1

(17)

B = 2FF1 − E1G − EG1

A = F 2
1 − E1G1

(18)



From

B = −2(Ex1x2 + F (x1 + x2) + G )

we get

F1 = −(x1 + x2)

G1 = 2x1x2

E1 = 2

(19)

One easily checks
F 2

1 − E1G1 = A.



Eα = 6l1 − (x1 + x2)
2 + 2α

Fα = 2cl + x1x2(x1 + x2) − α(x1 + x2)

Gα = c2 − k2 − x2
1 x2

2 + 2αx1x2

(20)



Elastic deformation

Jurdjevic considered a deformation of the Kowalevski case
associated to a Kirchhoff elastic problem. The systems are defined
by the Hamiltonians

H = M2
1 + M2

2 + 2M2
3 + γ1

where deformed Poisson structures {·, ·}τ are defined by

{Mi ,Mj}τ = ǫijkMk , {Mi , γj}τ = ǫijkγk , {γi , γj}τ = τǫijkMk ,

the deformation parameter takes values τ = 0, 1,−1. The classical
Kowalevski case corresponds to the case τ = 0.



Denote
e1 = x2

1 − (γ1 + iγ2) + τ

e2 = x2
2 − (γ1 − iγ2) + τ,

where

x1,2 =
M1 ± iM2

2
.



Integrals of motion

The integrals of motion

I1 = e1e2

I2 = H

I3 = γ1M1 + γ2M2 + γ3M3

I4 = γ2
1 + γ2

2 + γ2
3 + τ(M2

1 + M2
2 + M2

3 )

may be rewritten in the form:

k2 = I1 = e1 · e2

M2
3 = e1 + e2 + Ê(x1, x2)

M3γ3 = −x2e1 − x1e2 + F̂ (x1, x2)

γ2
3 = x2

2 e1 + x2
1 e2 + Ĝ (x1, x2),



where

Ĝ (x1, x2) = −x2
1 x2

2 − 2τx1x2 − 2τ(I1 − τ) + τ2 − I2

F̂ (x1, x2) = (x1x2 + τ)(x1 + x2) + I3

Ê (x1, x2) = −(x1 + x2)
2 + 2(I1 − τ).



Theorem

A gauge transformation

s 7→ t + α

transforms the Kowalevski top to Jurdjevic elasticae according to

the formulae

τ = −α

I1 = 3l1

I3 = 2cl

I2 = c2 − k2 + 2α(3l1 + α) + α2



Classification of the strongly discriminantly separable

polynomials

Natural question: to classify discriminantly separable polynomials of
degree two in each of three variables, up to gauge transformations.

Theorem (V. D. - K. Kukić, 2010)

All strongly discrimiantly separable polynomials in three variables of

degree two in each variable, with polynomial P with four simple

roots, are gauge equivalent to the two valued group defined by the

equation:

(x + y + z +
g2

4
xyz)2 − (4 + g3xyz)(xy + yz + zx) = 0.





Experimental Math

Other n-valued groups

p2 = s2
1 − 22s2, Dp2 = xy .

p3 = s3
1 − 33s3

Dp3 = y2x2(x − y)2.

p4 = s4
1 − 23s2

1 s2 + 24s2
2 − 27s1s3

Dp4 = y3x3(x − y)2(y + 4x)2(4y + x)2.

p5 = s5
1 − 54s2

1 s3 + 55s2s3

Dp5 = y4x4(x − y)4(−y2 − 11xy + x2)2(−y2 + 11xy + x2)2.
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