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Sophie's world: the story of the history of integrability

Le probléme de la rotation d'un corps solide
“ point fixe peut sc ramener, comme on sait,
d'équations ﬂiﬂ'éi'enliellis suivant:

3 d;
AF = (B— O + Wby’ —nr) ==

T
) BR=C— At Moy —rg) T E=w—m,
O = A= Byt Mylet — i) g —

Les constantes 4, B, C, My, ,,y,, 7, qui figurent dans ces fqm-
tions ont la signification suivante.

pesant
I‘iﬁégntinn du systéme

A, B, C sont les axes principaux de Tellipsoide d'inertie du corps

cqmidéré, relativement au point fixe,
© M est la masse du corps;
o Vintensité de la force do gravité;

* Co mémoirs st lo résumé d'un travail auquel 'Académic dos Seiences de Paris,
dans sa séance solownclle du 24 décembro’ 1888, a décerné lo prix Bordin élevé de 3000
4 5000 francs.

s matbemati, 13, Tmprim 1o 12 janeier 1900

Acta Mathematica, 188?: }
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Sophie's world or Too much happiness

Alice Munro: Too Much Happiness
Man Booker International Prize 2009




Kowalevski case
1888

Kowalevski problem

Describe parameters (A, B, C, xo, Yo, 20) for which the
Euler-Poisson equations have general solution in form of uniform
(meromorphic) functions having only moving poles as singularities.

.

Kowalevski top
Defined by
A=B=2C, x=(x,0,0).

Additional, the Kowalevski integral is of fourth order in impulses

Fa= (98— 93+ 210)? + (20 + 2T2),
3 3




Euler-Poisson equations, | group

2p = gqr

2= —pr—cy’

F=cy
c is a constant.

Integral surface

Common level set of the four integrals
6h = H := 2(p*> + ¢°) + r* — 2c7,
2l =L:=2(py+q¥) +r",

K =K:=(p>— ¢+ c7)* + (2pq + cv')?,
with the condition (I',I') = 1,is two-dimensional.




Kowalevski polynomials

Kowalevski coordinates

x1=p+aqi
X2 =p—qi
e1 =x¢ + (g +ig1)
& =x+(g—ig)




First integrals

k= ere
r=E+e+e
rgs = F —x1e1 — xoe

g = G+xge +xie

E=6hF— (X1 + Xg)2
F=2l+ X1X2(X1 + Xg)

G=1-k>—x}x3

IN-1v —1?=0

e1 G E+2x0F + G+ e[} E4+2x1 F+Gl4+EG—F?+k*(x1—x0)* = 0.

DA™



Kowalevski procedure

P(x2) = X3E +2xoF + G

R(Xl,Xz) = Exyxo + F(Xl +X2) +G
Rl(Xl,Xz) = EF — G2

P(X2)61 =+ P(X1)62 = —Rl — kz(Xl — X2)2

e1e = k?

(VP(x)er +/P(x1)e)

2 —_—

Rl — kz(Xl —X2)2 :i:2\/ P(Xl)P(XQ)k‘



(VP(Xz)el L VPla)e
X1 — X2

2
—_— ) = (s1 £ k)(s2 F k)
2R R
s2— s— ! =0.
(a—x)?"  (a—x)?
Q(s,x1,x2) = (x1 — x2)2s2 —2R(x1,x2)s — Ri(x1, x2)-




Pencil of conics

Two conics and tangential pencil
G
G o

aowl2 + 32W22 + a4W§ + 2a3wows + 2aswyws + 2aiwiws =0
w2 — 4wiws = 0
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Darboux coordinates

tc, (ﬁo) : Zlf% — 220 +23=0
2102 — 220+ 23 =0
51=1, 2

X1+ x
Zy = 5 5

23 = x1X

Pencil equation in the Darboux coordinates

F(s,x1, %) = L(x1,%)s* + K(x1,%2)s + H(x1, x2).




Theorem [V. D. (2010)]

(i)

There exists a polynomial P = P(x) such that the
discriminant of the polynomial F in s as a polynomial in
variables x; and x> separates the variables:

Ds(F)(x1,x2) = P(x1)P(x2). (1)

There exists a polynomial J = J(s) such that the discriminant
of the polynomial F in x> as a polynomial in variables x; and s
separates the variables:

Dio(F)(s,x1) = J(s)P(xa)- (2)

Due to the symmetry between x; and x, the last statement
remains valid after exchanging the places of x; and x.




Gauge equivalence

Gauge transformations

ax -+ b1
X+ d1
ay + b
oy + d
a3z + b3
C3Z + d3




Discriminantly separable polynomials — definition

For a polynomial F(xi,...,x,) we say that it is discriminantly
separable if there exist polynomials f;(x;) such that for every
i=1,...,n

DyF(xa, % oxm) = [ ] £i(x):
J#i
It is symmetrically discriminantly separable if
fh=fi==f,
while it is strongly discriminatly separable if
h=h=Hh=-=f

It is weakly discriminantly separable if there exist polynomials fl-j(x,-)
such that for every i=1,...,n

Dy F(xa, .. %) = [ £ 09).



Geometric interpretation of the Kowalevski fundamental
equation

Q(w, x1,x) = (x1 — x2)2w2 —2R(x1, x)w — Ri(x1,x2) =0

R(x1,x) = — x2x3 + 601 x1x0 + 20c(x1 + x2) + c? — k2
R]_(X]_7X2) = — 6€1X12X2 — (C2 — k2)(X1 + X2)2 — 4C€X1X2(X1 + X2)

+601(c® — k?) — 4c%0?

ag= —2 a=0 a5 =0
dp = 3€1 a3z = —2c/ dq = 2(C2 — k2)



Geometric interpretation of the Kowalevski fundamental
equation

Theorem [V. D. (2010)]
The Kowalevski fundamental equation represents a point pencil of
conics given by their tangential equations
Cr: —2w? +3hw? +2(c? — K?)w2 — dclwyws = 0;
G W22 —4dwywz = 0.
The Kowalevski variables w, x1, x> in this geometric settings are the

pencil parameter, and the Darboux coordinates with respect to the
conic C, respectively.




n-valued Buchstaber-Novikov groups
n-valued groups, local (formal) - Buchstaber-Novikov 1970
m: XxX—(X)", m(x,y) =x*xy =|[z1,...,2,]

(X)" — symmetric n-th power of X

Associativity

Equality of two n*-sets:

[x*(y*2)1,...,x*x(y*2)s] and [(x*xy)1x2z,...,(x*y)p*2Z]

for every triplet (x,y,z) € X3.

Unity e

exx =xxe=|[x,...,x| for each x € X.

[nverse inv : X — X

e € inv(x) * x, e € x *inv(x) for each x € X.

PENGd



n-valued Buchstaber-Novikov groups

Action of n-valued group X on the set Y

b XxY > (Y)

P(x,y) =xoy
Two n?-multi-subsets in Y:

X1 © (X2 oy)

and (xy xxp)oy
are equal for every triplet x;,x € X, y € Y.
Additionally , we assume:

eoy=Jy,....y]
for each y € Y.

S
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Two-valued group on CP*-V. M Buchstaber 1990

The equation of a pencil
F(S,Xl,Xg) =0

Isomorphic elliptic curves

Mo y?=P(x) degP =14
M @ t2=J(s) degJ=3

Canonical equation of the curve ',

M t2 = JI(S) = 453 — &25 — 83

Birational morphism of curves b : [, — T

Induced by fractional-linear mapping ) which maps zeros of the

polynomial J' and oo to the four zeros of the polynomial P.
- - = (PN e




Two-valued group on CP? - V. M. Buchstaber 1990

There is a group structure on the cubic 5. Together with its
subgroup Z, it defines the standard two-valued group structure on
cpPl:

2 2
t1 —t 1+t
Sixc=|-s1— S+ |77 ,—51— S+ || 77— )
‘ [ (2(51 - 52)) (2(51 - 52)> ]

where t; = J'(s;), i = 1,2.

Theorem [V. D. (2010)]

The general pencil equation after fractional-linear transformations

F(s, 97 (), 7 (x)) = 0

defines the two valued coset group structure (2, Zy).




iry Xiry Xm P Ixyp~Ixid

F1><F1><(C F2><F2><<C

(C4

. . o iaXiaXm .
iry Xiry Xid x id p1 X p1Xid

M xT1 xCxC CP!' xCP! x C

p1Xp1Xid

P1Xp2 P Ixdp~1xid

ma2 Mc XTe

f

CP? x C/ ~



Two-valued group CP!
Theorem [V. D. (2009/2010)]

Associativity conditions for the group structure of the two-valued
coset group (I'2,Z) and for its action on CP! are equivalent to the
great Poncelet theorem for a triangle.

Q>



Systems of the Kowalevski type

Given a system and coordinates x3, x2, €1, €, r, ¥3, such that

X1 = —if
xp = if

él = —me
& = mey

where

ﬂ2 = P(Xl) + elA(Xl,Xg)

1‘22 = P(x2) + e2A(x1, x2).

(3)

(4)

<
V)

9]
¢



Additional assumption is that the first integrals and invariant
relations can be rewritten in a form

P(X2)61 =+ P(X1)62 + e1e2A(x1,x2) — C(X]_,Xz) =0.
which is equivalent to

— 2x1x = B(x1, x2).




Additional assumption is that the first integrals and invariant
relations can be rewritten in a form

P(X2)61 =+ P(X1)62 + e1e2A(x1,x2) — C(X]_,Xz) =0.
which is equivalent to

— 2x1x = B(x1, x2).




Theorem [V. D.-K. Kuki¢, 2011]

Given a system of the Kowalevski type. Such a system can be
integrated by solving the system

dsy n ds; 0
VO(s)  Vo(s2)
51d51 52d52

VO(s1) i V(s2) =

where

®(s) = J(s)(s — k)(s + k),

and s1, s, are the solutions of the equation F(x1,x2,s) =0 and k is
a constant such that
e16; = k°.

The system is linearized on I : y? = ®(s).




Sokolov system [Theor. Math. Phys. (2001)]
Consider the Hamiltonian

H = M + M5 +2M3 + 2c1m + 2¢2(72 M3 — y3Mp)
on e(3) with the Lie-Poisson structure:

(7)
{Mi, M} = €My, {Mi,~;} = €jjivi,
It holds

{vi,v} =0

(8)

4B+ =a,
MMy + 2 My + y3M3 = b.




New variables:
71 = My + iMa,
2= My — iMs,
e1 =27 —2a(n+in)—Ga
— @(272M3 — 23 Ma + 2i(y3 My — 11 M3)),
e =7 —2a(n—in)-ca
— (272 M3 — 293Ms + 2i(y1 M3 — v3My)).

Additional first integral can be written in the form:

e16; = k°.




The equations of motion in the new variables

P(z)

It holds

e = —4//\/’361,

& = 4iMze,

—2'12 = P(Zl) + 61(21 — 22)2,

—2'22 = P(Z2) + 62(21 — 22)2
where P is a polynomial of degree four

—2* 4 2Hz? —8c bz — k® +4ac} —2c3(2b* — Ha) +c3a. (9)

71z =—(F(z1,2) + (H+ Ga)(z1 — 2)?),

where F(z1,2;) is a biquadratic polynomial given with:

Flz1,2) = —% (P(z1) + P(z2) + (£

[m]

2

2)2) )

(10)

v

=

nl
i
<
V)

9]
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The identity is satisfied

(z1 — 22)2[2F(21,22)(H + C223) + (71 — 22)2(H + C223)2 — P(z1)e
— P(z)er — e1ex(z1 — 22)?] + F3(z1, 22) — P(z1)P(z2) = 0.

Let C(z1,22) denotes a biquadratic polynomial such that
F2(z1,22) — P(21)P(z) = (z1 — 2)%C(z1, 2),

then we have

P(Zl)62 + P(22)61 = C(Zl,Zz) — e1e2(21 — 22)2, (11)

C(Zl7 22) = C(Zl7 22) + 2F(21, 22)(H + C223) + (H + C223)2(Zl — 22)2.




The polynomial equation I:_(zl,ZQ,s) = 0 with
F(z1,22,5) = (21 — 22)%s* + B(z1, z2)s + C(z1, 22)
with the coefficients
B(z1,2) = F(z1,22) + (H + Ga)(z1 — z)?
has the discriminants: Ds(F)(z1,22) = P(z1)P(z2)
Dy, (F)(s, 22) = J(s)P(22), D(Q)(s,21) = J(5)P(21)
where J is a polynomial of degree three

J = —8s3 + 4(H 4 3ac3)s® + (8csb* + 2k* — 8ac? — 8c5a® — 8¢5 H

—8c2b? — 4cyabicia’ e — k®cia — Hk? + 2aH?c3 — 4Hb?c3

+ 4Hc?a 4 4cs Ha? +2c8a°.

It plays the role of the Kowalevski fundamental equation.



With 3, 3, denote the roots of F(z1,2,s) = 0 as a quadratic
equation in s

—B(Zl,ZQ) + \/32(21722) - 4(21 - 22)26(21722)

5]_72 = 2(21 — 22)2 (12)
Then
dz 1 dz; . ds;
VP@) VP VIE) )
le d22 d§2

VP(z) P(z) ()
The Sokolov system can be integrated in the theta functions of
genus two:

da |, dy
VoG VoR) 1)
51d5; 5 d%,

oG e

where ®(s) = —4J(s)(s — k)(s + k).




Remark:
Komarov, Sokolov, Tsiganov [J.Phys. A (2003)| introduced:

F(z1,20) £ \/P(z1)P(z2) (15)

S12 =

2(21 — 22)2
. Ps(s1) . Ps(s2)
U= 2T g 5(s) = Ps(s)Pa(s)

P3(s) = s(4s> + 4sH + H? — k? + 4c?a+ 2c5(Ha — 2b%)
+ c3a°) + 4cib?,
Py(s) = 4s® + 4(H + c3a)s + H? — k* + 2c3ha+ ¢
Our variables §; and their s; are connected by:

H+ c2a
5

si=si+




Deformation

Deformation of the Kowalevski top

F(X1,X2,S) =s?A+sB+C=0.
A gauge transformation
S—t+a.

Fo(x1, %0, t) = t2A+ t(B + 20A) + (C + aB + a?A) = 0.

C=F>-EGA=(x—x)




A= A
Ca:C+OéB+a2A
Fo=F+ah

Ea:E+aE1
Ga=G+@G1

B=2FF1—E1G_EG1
A=F12_E1G1

(16)




From

we get

One easily checks

B = —2(Exyx + F(x1 + x2) + G)

Fl - _(Xl + X2)

E =2

F?2 —E1G, = A.

(19)




E, =6/ — (X1 -|-X2)2 + 2«

Fo =2cl + x1x0(x1 + x2) — a(x1 + x2)
Go = 2 — k? — x3x3 + 20x1x

(20)




Elastic deformation

Jurdjevic considered a deformation of the Kowalevski case
associated to a Kirchhoff elastic problem. The systems are defined
by the Hamiltonians

H=M3;+ M3 +2M3; + v
where deformed Poisson structures {-, -}, are defined by
{Mi, M} = €My,  {Mi,vi}r = €iwvi, {7Vt = TeijeMy,

the deformation parameter takes values 7 = 0,1, —1. The classical
Kowalevski case corresponds to the case 7 = 0.




DenOte

€ = Xl (71 + /,),2) g
€ = X2 (71 /,),2) 4
where .
Ml + [M2
X102 = :




Integrals of motion

The integrals of motion

/1 = €16

bL=H

I3 =1 My + 2 Mz +y3Ms3

Iy =73 + 93+ 93 + 7(M? + M2 + M3)
may be rewritten in the form:

k2 = /1 = €1 e
M2 = e; + e + E(x1, %)
M3y3 = —xpe1 — X160 + /:_(X17X2)

2 _ 2 2 >
75 = x3e1 + xj e + G(x1, %),




where

Gx1,%) = —xB@ — 2rx100 — 2r(h — 7) + 72 — b
/A:(lex2) =(axx+7)x1+x)+h

E(X17X2) = _(Xl + X2)2 + 2(/1 — 7'),




Theorem

A gauge transformation

the formulae

s—t+a«o

T=—U
h = 3/1
I3 = 2cl

b =c*—k? +2a(3h + a) + o?

transforms the Kowalevski top to Jurdjevic elasticae according to

A5



Classification of the strongly discriminantly separable
polynomials

Natural question: to classify discriminantly separable polynomials of
degree two in each of three variables, up to gauge transformations.

Theorem (V. D. - K. Kuki¢, 2010)

All strongly discrimiantly separable polynomials in three variables of
degree two in each variable, with polynomial P with four simple
roots, are gauge equivalent to the two valued group defined by the
equation:

(et y + 2+ Zxyz)? - (4+ g3392) oy + yz + 2¢) = 0.







Experimental Math
Other n-valued groups
P = sf — 225y, Dpp = Xy .
ps =s; — 3’53

Dps = y*x*(x — y)*.

ps = sy — 23525y 4+ 2%s2 — 27s;53

Dps = y3x3(x — y)*(y + 4x)*(4y + x)*.

ps = sir’ — 54sf53 + 5°sp53

Dps = y*x*(x — y)*(—y? — 11xy + x?)?(—y? + 11xy + x?)2.

V.
- D ar
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