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Toric topology

Canonical correspondence

simplicial complex K moment-angle complex ZK
dim K = n − 1 −→ dimZK = m + n

number of vertices = m canonical T m-action

Combinatorics of K ←→ Topology of ZK
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K -power

A ⊂ X – a pair of topological spaces.

(X ,A)K =
⋃
σ∈K

Xσ × A[m]\σ ⊂ X m,

where Xσ × A[m]\σ = X1 × · · · × Xm, Xi =

{
X , i ∈ σ
A, i ∈ [m] \ σ

Special cases

D2 = {z ∈ C : |z| 6 1}, S1 = {z ∈ C : |z| = 1},

(D2,S1)K – a moment-angle complex ZK .

D1 = {x ∈ R : |x | 6 1}, S0 = {±1}

(D1,S1)K – a real moment-angle complex RZK ⊂ ZK .
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There are canonical coordinate actions of T m = (S1)m on ZK ,
and (S0)m ' Zm

2 on RZK .

Definition
A Buchstaber invariant s(K ) is the maximal dimension r of toric
subgroups H ⊂ T m, H ' T r , that act freely on ZK .
A real Buchstaber invariant sR(K ) is the maximal dimension s
of subgroups H2 ⊂ Zm

2 that act freely on RZK .

s(∆n−1) = sR(∆n−1) = 0,

1 6 s(K ) 6 sR(K ) 6 m − n, K 6= ∆n−1
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Buchstaber problem

Problem (V. M. Buchstaber, 02)

To find an EFFECTIVE combinatorial description of s(K ).

Modifications (V. M. Buchstaber, 12)

Problem’
For any n to calculate s(K ) for all simplicial complexes with
dim K = n − 1.

Problem”
For any r to characterize combinatorially simplicial complexes
K with s(K ) = r .
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Two descriptions of a toric subgroup⇒
(S) s(K ) is the maximal r that admits a matrix S ∈ Zm×r such

that for any σ ∈ K , the rows {Si : i ∈ [m] \ σ} span Zr ;
(Λ) s(K ) is the maximal r that admits a mapping

Λ: [m]→ Zm−r such that for any simplex σ ∈ K the vectors
Λ(σ) form part of a basis in Zm−r .

Two descriptions of a linear subspace in Zm
2 ⇒

(S2) sR(K ) is the maximal r that admits a matrix S ∈ Zm×r
2 such

that for any σ ∈ K , the rows {Si : i ∈ [m] \ σ} span Zr
2;

(Λ2) sR(K ) is the maximal r that admits a mapping
Λ: [m]→ Zm−r

2 such that for any simplex σ ∈ K the vectors
Λ(σ) are linearly independent.
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Generalized chromatic number

Classical chromatic number γ(K ) – minimal r such that there
exists a non-degenerate simplicial mapping K → ∆r−1.

Simplicial complex U(r)
vertices ←→ vectors in Zr \ {0}

simplices ←→ parts of bases in Zr

s(K ) is the maximal r such that there exists a non-degenerate
simplicial mapping K → U(m − r).
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Lemma

1 s(K ) > r ⇐⇒ sR(K ) > r for r = 1,2,3.
2 s(K ) = sR(K ) for dim K = 0,1,2.

The proof is based on the following fact

Lemma
For a matrix A ∈ {0,1}r×r , r = 1,2,3, the equality
det A = 1 mod 2 implies det A = ±1. For r > 4 this is not true.
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Some known results

s(K ) has been studied since 2001 by I. Izmestiev,
A. Ayzenberg, M. Masuda and Y. Fukukawa, E and others.

Proposition (Izmestiev, 01)

s(K ) > m − γ(K );

Proposition (E, 08)

s(K ) > m − γ(K ) + s(∆γ−1
n−1).

M. Masuda and Y. Fukukawa (09) obtained nice results for the
real Buchstaber invariant of skeleta of simplices.
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Simple polytopes

Let KP = ∂P∆, P – simple convex n-polytope with m facets.
Then ZP is a smooth manifold (V. M. Buchstaber,
T. E. Panov) such that ZP/T m = P.
s(pt) = 0. We have 1 6 s(P) 6 m − n for dim P > 0.
If s(P) = m − n, then ZP/T m−n is a quasitoric manifold –
topological generalization of an algebraic toric manifold.
The 4-colors theorem =⇒ s(P) = m − n for n = 3.
I. Izmestiev (2001) found the lower bound in terms of the
Joswig group of projectivities of P.
There are polytopes P and Q with equal numbers of faces
and chromatic numbers but s(P) 6= s(Q) (E, 08).
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Minimal non-simplices

Definition
The set ω ⊂ [m] is called a non-simplex, if ω /∈ K . Non-simplex
ω is minimal, if it’s any proper subset belongs to K .

Denote by N(K ) the set of all minimal non-simplices.

σ ∈ K ⇔ @ω ∈ N(K ) : ω ⊂ σ

Thus, N(K ) determines K in a unique way.
K = ∆n ⇔ N(K ) = ∅;

Theorem (E, 09)
1 Let [m] = ω1 t · · · t ωr , where ωi /∈ K . Then s(K ) > r .
2 Let P be a simple polytope with m − n = 3. Then

s(P) = 3⇔ |N(KP)| 6 7.
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Problem’: Polytopes

s(P0) = 0;
s(P1) = 1;
s(P2) = m − 2;
s(P3) = m − 3 due to the 4-colors theorem;
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Problem’: Simplicial complexes

If dim K = 0 then s(K ) = m − 1.

Theorem (Ayzenberg, 09)

If dim K = 1, then s(K ) = m − dlog2(γ(K ) + 1)e.
In general case s(K ) 6 m − dlog2(γ(K ) + 1)e.

Proposition (E, 13)
If dim K = 2, then

m − 1− dlog2(γ(K ))e 6 s(K ) 6 m − dlog2(γ(K ) + 1)e.

In particular, if γ(K ) = 2k , then s(K ) = m − k − 1.
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Problem”: Polytopes

Proposition
1 s(P) = 1 if and only if P = ∆n, n > 0 (⇐⇒ m − n = 1).
2 For any k > 2 there exists P with m − n = k and s(P) = 2;
3 If s(P) = 2, then 2 6 m − n 6 2 +

[n
2

]
. In this case either

P = I ×∆n, or any two facets of P intersect. Moreover any
(m − n − 2) facets of P intersect. We have:

if m − n = 2, then P = ∆i ×∆j ;
if m − n = 3, then |N(KP)| 6 7;
if n = 2, then P = I × I;
if n = 3, then P = I ×∆2.
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Problem”: Simplicial complexes

Proposition

s(K ) > 1 if and only if N(K ) 6= ∅, i.e. K 6= ∆n.

Proposition

s(K ) > 2 if and only if N(K ) contains one of the subsets:
1 {τ1, τ2, τ3}: τ1 ∩ τ2 ∩ τ3 = ∅;
2 {τ1, τ2}: τ1 ∩ τ2 = ∅.
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Theorem
s(K ) > 3 if and only if N(K ) contains one of the subsets:

1 {τ1, τ2, τ3, τ4, τ5, τ6, τ7}: τ1 ∩ τ2 ∩ τ4 = ∅;
τ1 ∩ τ3 ∩ τ5 = ∅; τ1 ∩ τ6 ∩ τ7 = ∅; τ2 ∩ τ3 ∩ τ6 = ∅;
τ2 ∩ τ5 ∩ τ7 = ∅; τ3 ∩ τ4 ∩ τ7 = ∅; τ4 ∩ τ5 ∩ τ6 = ∅;

2 {τ1, τ2, τ3, τ4, τ5, τ6}: τ1 ∩ τ3 = ∅; τ1 ∩ τ2 ∩ τ4 = ∅;
τ1 ∩ τ2 ∩ τ5 = ∅; τ1 ∩ τ4 ∩ τ6 = ∅; τ1 ∩ τ5 ∩ τ6 = ∅;
τ2 ∩ τ3 ∩ τ6 = ∅; τ3 ∩ τ4 ∩ τ5 = ∅;

3 {τ1, τ2, τ3, τ4, τ5}: τ1 ∩ τ2 = ∅; τ1 ∩ τ5 = ∅;
τ1 ∩ τ3 ∩ τ4 = ∅; τ2 ∩ τ3 ∩ τ5 = ∅; τ2 ∩ τ4 ∩ τ5 = ∅;

4 {τ1, τ2, τ3, τ4}: τ1 ∩ (τ2 ∪ τ3 ∪ τ4) = ∅; τ2 ∩ τ3 ∩ τ4 = ∅;
5 {τ1, τ2, τ3}: τ1 ∩ τ2 = τ1 ∩ τ3 = τ2 ∩ τ3 = ∅.
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Proposition

Condition (S2) is equivalent to the following condition (S∗2): for
any nonzero vector a ∈ Zk

2 there exists ω(a) ∈ N(K ) such that
〈a,Si〉 = 1 in Z2 for all i ∈ ω(a).

Proposition

We have sR(K ) > r if and only if there exists a mapping
ξ : Zr

2 \{0} → N(K ) such that ξ(a1) ∩ · · · ∩ ξ(a2l+1) = ∅ for any
minimal linear dependence a1 + · · ·+ a2l+1 = 0.

Corollary

Condition sR(K ) > 3 is equivalent to the existence of the
mapping ξ : Z3

2 \{0} → N(K ) such that ξ(a) ∩ ξ(b) ∩ ξ(c) = ∅
for any triple of pairwise distinct vectors a,b,c with
a + b + c = 0.
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Problem
To classify all simplicial complexes K with s(K ) = 2 and all
polytopes P with s(P) = 2.

Minimal non-simplices are closely related to other combinatorial
characteristics of simplicial complexes such as bigraded Betti
numbers

β−i,2j(K ) = rank Tor−i,2j
Z[v1,...,vm](Z[K ],Z)

For example,
∑

j β
−1,2j = |N(K )|.

Problem
To find a criterion for s(K ) = 2 in terms of bigraded Betti
numbers.

Problem
To find an exact formula for s(K ) in the case dim K = 2.
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Thank You for Your Attention!
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