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1. Introduction. Notations and Methods for pricing.

We aim to obtain accurate bounds for option prices

CT = Ee−RTFT (S),

where Rt =
∫ t
0 rsds, rs is an interest rate, rs ≥ 0, FT (S) is an Asian-type

payoff of the option written on the stock price S = (St,0 ≤ t ≤ T ), T

is the maturity time. The typical payoff for Asian-type options is

FT (S) = (
∫ T

0
Sudµ(u)− ξT )+, (1)

where x+ = max[x,0] = (−x)− for any x, ξT = K is a fixed strike

or ξT = ST is a floating strike, µ(u) is a distribution function on the

interval [0, T ].
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(We assume that all random processes are defined on the same filtered

probability space (Ω, {Ft}t≥0, P ).)

The Asian option was “invented by Phelim P. Boyle and David Emanuel

in 1979, but The Journal of Finance rejected their paper since the asset

was not traded at that time” (Foufasa & Larson (2008)).

Asian options were introduced partly to avoid a problem common for

European options, where the speculators could drive up the gains from

the option by manipulating the price of the underlying asset near to

the maturity date (Wall Street Journal, Jan. 21, 1982, p. 4).
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From Carr et al (2009).

“According to the Handbook of Exotic Options (Nelken, 1996) the

name Asian option was coined by employees of Bankers Trust, which

sold this type of options to Japanese firms that wanted to hedge their

foreign currency exposure. These firms used these options because

their annual reports were also based on average exchange rates over

the year. Average type options are particularly suited to hedge risk

at foreign exchange markets and by reason of the averaging effect,

significantly cheaper than plain vanilla options.”
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“Effectively such options are traded since the mid 1980’s and first ap-

peared in the form of commodity linked bonds. Specific examples are

the Mexican Petro Bond and the Delaware Gold Index Bond. Asian

options are OTC traded, however market and trading volume appear

to grow very fast. A recent study of Canadian Imperial Bank of Com-

merce world markets revealed that Asian style options are the most

commonly traded exotic options.”
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Using the notation

h =
∫ T

0
huµ(du), h ∈ H,

where H is the class of adapted random processes h = (hs,0 ≤ s ≤
T ) such that

∫ T
0 |hu|µ(du) = |h| < ∞ a.s., we can rewrite (??) as

follows

FT (S) = (S −K)
+

= (S −K)+. (2)

In relation to discretely monitored options (DMO) or continuously

monitored options (CMO) the distribution function µ can be discrete

or continuous respectively.
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This setup also includes the case of call options on the volume-

weighted average price (VWAP), that is

VT :=

∑
tj≤T

StjUtj∑
tj≤T

Utj
, FT (S) = (VT −K)+,

where Utj is a traded volume at the moment tj. By setting

µ(u) =

∑
tj≤u

Utj∑
tj≤T

Utj
,0 ≤ u ≤ T,

we obtain the representations (??) and (??) for options on VWAP.

Our motivations to consider such options: requests from the elec-

tric generator company and NAB (National Australia Bank), rules of

Australian Taxation Law.
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The presentation of classical Asian payoffs in the form (??) was men-

tioned by Rogers and Shi (1995) and Večěr (2005) where they used the

PDE approach for finding CT for CMO under the geometric Brownian

motion (gBm) model and constant interest rates.

The paper Rogers and Shi (1995) generated a flow of related results

about lower and upper bounds under different settings. We would

like to mention here the pioneering paper by Curran (1994) and the

unpublished paper by Thompson (2000); in fact, the latter contains

some ideas which we are developing further here.

Note that all above cited papers assume that the interest rate process

is constant.
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Other methods of pricing:

Matching moments: Milevsky at al (1998), for VWAP: Stace (2007),

Novikov at al (2013);

Recurrent integration: Fusai et al (2008), March (2008);

Laplace transform, series expansions: Geman&Yor (1993), Dufresne

D. (2000), Dassios &Nagaradjasarma (2006), Cai&Kou (2012);
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PDE or PIDE, finite-differences or finite elements: (Fouque &

Han (2003), Foufasa & Larson (2008));

Lower/Upper bounds: (Rogers and Shi (1995), Lord (2006), Chen

and Lyuu (2007), Lemmens et al (2010) and others);

Monte-Carlo.

The case of floating strikes, that is options with the payoff FT (S) =

(S − ST )+, can be reduced to the case (??).
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2. Monotonicity of prices as functions of some parameters.

Consider the setup for models with log-returns in the form

Xu = Ru + σWu − uσ2/2, Ru =
∫ u

0
rsds, u ≤ T

where Wu is a Brownian motion with variance u.

Recall that under these assumptions the discounted stock price

e−RtSt := S0e
σWt−σ2/2 t+Qt

is a martingale with respect to the natural filtration, as required by

the non-arbitrage theory.

Simple Upper Bounds for the case of fixed strike ξT = K :

CT (σ) := Ee−RT (S −K)+ ≤ Ee−RT (S −K)+ ≤ Ee−RT (ST −K)+.
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Proposition 1. The price CT (σ) is an increasing function of σ.

Remark. The first result of this type was proved by Carr et al (2008).

They showed that under the Black Scholes assumption the price of an

arithmetic average Asian call option with fixed strike increases with

the level of volatility. They noted that this statement is not trivial

to prove and for other models in general wrong (e.g. Binomial two-

period). Next it was Baker and Yor (2009) who found a simple proof

which we follow here.
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Generalisations:

1. instead of Wu one can substitute any continuous martingale Yu i.e.

Xu = Ru + σYu − σ2/2 < Y >u, u ≤ T ;

2. instead of the payoff function (S − K)+ one can substitute any

convex function g(S)

(Baker and Yor calls this: ”increasing in the convex order”.

3. if rt = r =const then the monotonicity with respect T holds too;

4. the result holds for Bermudian-type options as well etc.
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Proof of Proposition 1. It is very simple! Note that

{σWu, u ≤ T}
d
= {Bu,σ2, u ≤ T}

(in distribution), where {Bu,v, u ≥ 0, v ≥ 0} is a two-parameter Gaussian

random field with

E(Bu,v) = 0, Cov(Bu1,v1, Bu2,v2) = min(u1, u2) min(v1, v2).

Obviously, the process Bu, := (Bu,v, v ≥ 0) is a martingale with respect

to the filtration G,v = σ{Bu,s, u ≤ T, s ≤ v} which can be assumed to

be independent on the original filtration {Ft}t≥0.
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This implies that

E(Bu,σ2
2
−Bu,σ2

1
)2 = u|σ2

2 − σ
2
1|

and hence that the process

Yσ =
∫ T

0
(Su −K)dµ(u), σ ≥ 0

is also a martingale with respect to the filtration G,σ2 (“Peacock” by

the terminology of Yor & others).
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Indeed, for σ2 > σ1

E(Yσ2|G,σ1) =
∫ T

0
(E(Su|G,σ1)−K)dµ(u)

=
∫ T

0
(E(S0e

B
u,σ2

1
+B

u,σ2
2
−B

u,σ2
1
−σ2

2/2 u+Qu
|G,σ1)−K)dµ(u)

=
∫ T

0
(S0e

B
u,σ2

1
+σ2

2/2 u−σ2
1/2 u−σ2

2/2 u+Qu
−K)dµ(u) = Yσ1.

Therefore by Jensen’s inequality we have for any convex function g(x)

E(g(Yσ2)|G,σ1) ≥ g(Yσ1)

and hence Theorem 1 does hold because

CT (σ2) ≥ Ee−RTE(S(σ2)|G,σ1)−K)+)

= Ee−RT (S(σ1)−K)+ = CT (σ1).
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3. Lower and upper bounds.

Technical tool.

Proposition 2. Let z be a real number. Then

CT = sup
z,h∈H

Ee−RT (S −K)I{h > z} (3)

= inf
h∈H

Ee−RT (S −K(1 + h− h))+, (4)

where both supremum and infimum are attained by taking

hu = Su/K (5)

and z = 1.
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Proof. For any h ∈ H and z

(S −K)+I{h > z} = (S −K)I{h > z}+ (S −K)−I{h > z}

≥ (S −K)I{h > z},

thus we obtain

CT = Ee−RT (S −K)+ ≥ sup
z,h∈H

Ee−RT (S −K)I{h > z}. (6)

Since (S − K)+ = (S − K)I{S/K > 1}, the equalities in (??) and

correspondingly in (??) are attained when z = 1 and hu = Su/K since

for the latter case h = S/K.
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To prove (??) we note that for any h ∈ H

CT = Ee−RT (S −K)
+

= Ee−RT (S −K(1 + h− h)) + ≤ Ee−RT (S −K(1 + h− h))+, (7)

where the last inequality is due to convexity of x+. This implies that

the CT is not greater than infimum of the RHS of (??) over h ∈ H. The

equality in (??) is attained when hu = Su/K since for the latter case

(S −K(1 + h− h))+ = (S −K(1 + S/K − S/K))+

= (S −K)
+

= (S −K)+.
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Further we use the notation

X = (Xt := log(St/S0), t ≤ T )

and assume that the discounted process e−RtSt = S0e
Xt−Rt is a mar-

tingale with respect to the filtration {Ft}t≥0, as required by the non-
arbitrage theory.
Of course, if the distribution of S̄ (or its Laplace/Fourier transform) is
known there is no need to use Theorem 2. But besides the cases when
r = const and St is a gBm (Geman&Yor (1993)) or square-root process
(Dassios & Nagaradjasarma, J. (2006) or jump-diffiusion with expo-
nential jumps (Cai& Kou(2012)) there are no other cases when the
distribution of S̄ is known. Contrarily, the joint distribution of (X, X̄)
(or its Laplace/Fourier transform) can be found easily for many cases.
Theorem 2 implies that, for all h ∈ H, the following lower and upper
bounds hold

CT ≥ LB := S0 sup
z
Ee−RT (eX −

K

S0
)I{h > z}, (8)

CT ≤ UB := S0Ee
−RT (eX −

K

S0
(1 + h− h))+. (9)
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How to find a proper h ?

To find a process h producing accurate bounds we need to take into

account the complexity of calculations of the joint distribution of

(X,h, h). Obviously, the problem can be made computationally afford-

able when hu is a linear function of Xu, that is under the choice

hu = a(u)Xu + b(u)

with some nonrandom functions a(u) and b(u). Since both inequalities

(??) and (??) are, in fact, equalities when (??) holds, one may try to

match the first moments of hu and Su/K, that is to set

Ehu = E(Su/K), V ar(hu) = V ar(Su/K).
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Here we apply a simpler choice with a(u) = a = const and b(u) = 0,

i.e.

hu = aXu , (10)

where the constant a needs to be chosen in the upper bound. For the

latter case we have

CT ≥ LB1 := S0 sup
z
Ee−RT (eX −

K

S0
)I{X > z}, (11)

CT ≤ UB1 := S0 inf
a
Ee−RT (eX −

K

S0
(1 + aX − aX))+. (12)

Note that the calculation of the lower bound (??) does not depend on

a choice of the constant a.
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Remark 1. Assuming that R = (Rt,0 ≤ t ≤ T ) and X = (Xt,0 ≤ t ≤ T )

are independent processes, one may use another lower bound

CT ≥ LB2 := S0Ee
−RT (E(eX |X)−

K

S0
)+ (13)

which holds due to the equality CT = S0Ee
−RT{E(eX − K

S0
)

+
|X)}

and convexity of x+. (This bound was used by Curran (1994) and

Rogers&Shi (1995) and many others.)
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Note that under the additional assumption

g(x) := E(eX |X = x) is an increasing function of x (14)

we have

LB1 ≥ LB2.

Indeed, one can see that

LB2 = S0Ee
−RT (E(eX |X)−

K

S0
)I{E(eX |X) >

K

S0
}

= S0Ee
−RT (E(eX |X)−

K

S0
)I{X > g−1(

K

S0
)},

where g−1 is the inverse function.
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Now it is clear that LB2 does not exceed LB1 since one can use the

obvious representation

LB1 = S0 sup
z
Ee−RT (E(eX |X)−

K

S0
)I{X > z}.

It is easy to check that the condition (??) holds in the classical model

where X is a Brownian motion and r is a nonrandom function.
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4. Numerical illustration for Gaussian models

Here we suppose that the process X = (Xu,0 ≤ u ≤ T ) is a continuous

Gaussian process. To simplify the exposition further we suppose

that the process rt is a nonrandom bounded function. The case

of stochastic interest rates which are independent of St, can be treated

in a similar way.

The pair (Xu, X), obviously, has a Gaussian distribution with

Cov(Xu, X) =
∫ T

0
Cov(Xu, Xs)dµ(s), (15)

V ar(X) =
∫ T

0

∫ T
0
Cov(Xu, Xs)dµ(u)dµ(s).
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Below we consider a numerical example which corresponds to the gBm
model with

Xu = Ru + σWu − σ2/2 u,

where Wu is a standard Bm. For the case of DMO we assume that
µ(u) is an uniform discrete distribution on (0,T] with jumps at points

ui =
i

N
T, i = 1, ..., N,

where N is the number of time units (e.g. trading days). In terms of
this notation

CT = Ee−RTFT (S) = E
e−RT

N

∑
ti≤T

(Sti −K)+.

From (??) we obtain

κ(ui) := cov(Wui,W ) =
N∑
j=1

min(ui, sj)T/N = ui(T −
ui
2

+
T

2N
),

VN := V ar(W ) =
T

3
(1 +

3

2N
+

1

2N2
).
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Note that letting N → ∞ one can obtain the characteristics needed

for the pricing of CMO as well.

For numerical illustrations and comparisons we consider the set of

parameters S0 = K = 100, σ = 0.3, the interest rate

rs = 0.09(1 + c/2 sin(2πs)), (16)

where the parameter c = 0 or c = 1.
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One can speed up calculations of the bounds using the function erfc(x).

For example, using the Girsanov transformation we have obtained the

following expression for the lower bound

LB1 =

e−RTS0

2T N
max
z

[
∑
i

eRui erfc{
√
VN/2(z − σκ(ui))} −

K

S0
erfc{

√
VN/2z}].
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It takes less than a quarter of a second with Mathematica for any σ

to find this lower bound. Computing the upper bound UB2 is also

relatively fast (up to 7 seconds using Mathematica for fixed a) but

essentially slower with use of the command FindMinimum in Mathe-

matica. The optimal value of a for the upper bound (??) is usually

found in the interval (0.7,1). In fact, we found that UB1 with the

choice a = 0.9 produces a reasonable accuracy for approximated prices

(the errors are less than 0.5% for wide ranges of T, σ and K).
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In Table 1 the numerical results for LB1 and UB1 obtained with Math-

ematica are reported with three decimal digits. We provide the cal-

culated bounds for two cases c = 0 and c = 1 in (??); the results for

c = 1 are formatted in bold and placed in brackets. As an estimate for

the price we consider a midpoint of the interval (LB1, UB1):

ĈT =
LB1 + UB1

2
.

The following bound is valid for the relative error of ĈT :

|ĈT/CT − 1|100% ≤ (UB1/LB1− 1)50%.
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Table 1. Lower/Upper bounds, gBm model

===================================

T N LB1 UB1 error % for ĈT

1
10
50
∞

12.162 (12.135)
11.782 (11.785)
11.718 (11.741)

12.259 (12.239)
11.829 (11.807)
11.731 (11.769)

0.4 (0.42)
0.1 (0.11)
0.03 (0.11)

9
10
50
∞

56.344 (60.769)
56.073 (60.066)
56.012 (60.014)

57.233 (61.568)
56.419 (60.506)
56.146 (60.197)

0.78 (0.68)
0.3 (0.37)
0.17 (0.15)

===================================

As one might anticipate, the prices for options with longer maturities

(here T = 9) depend essentially on the term structure of interest rates.
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5. The case of VWAP

We applied the method of matching moments for finding approxi-

mations for VWAP option prices in Novikov et al (2010) under the

assumptions that St is a gBm, the volume process Ut is a squared

Ornstein-Uhlenbeck process, that St and Ut are independent and rt =

r = const. The key point in the approach used in Novikov et al (2010)

was the development of technique for finding the function

g = (gt := E
Ut

U
,0 ≤ t ≤ T ).
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With the choice of ht = aXt, Theorem 2 implies the following bounds

CT ≥ S0e
−rT sup

z
E (eX −

K

S0
)gI{X > z},

CT ≤ S0e
−rT inf

a
E (eX −

K

S0
(1 + aX − aX))+g,

where the averaging is supposed to be with respect to a uniform dis-

crete or continuous distribution on (0, T ] for DMO or CMO cases

respectively.

The method for calculation of the function g :

gt =
∫ ∞

0

∂

∂z
E
(
ezUt−qVT

) ∣∣∣∣∣
z=0

dq,
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Numerical example.

We consider the case of CMO with the following parameters (to match

the result from Stace (2007)):

dSt = 0.1 Stdt+ σStdWt, S0 = 110, T = 1, K = 100

Ut = X2
t , dXt = 2(22−Xt)dt+ 5dWt, X0 = 22

The function g is known in an analytical form (Novikov et al (2013)).
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Table 2. Lower/Upper bounds and MC results, gBm model

===================================

σ LB1 MC (error) UB1
0.1 14.1985 14.1991 (0.0019) 14.2042
0.5 19.6127 19.6406 (0.0083) 19.6503
0.8 25.5914 25.6424 (0.0142) 25.7845

===================================

For Monte Carlo we used 10 million trajectories and 500 discretisation

points.
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6. The case of Levy processes

Set

Xu = Ru + Lu, Lu = σWu − σ2/2 u+ Ju, Ru =
∫ u

0
rsds,

where Wu is a standard Brownian motion (Bm), Ju is the jump part

of the Levy process Lu,

E exp{Lu} = 1.

Under these assumptions the discounted stock price

Mt = e−RtSt = S0e
Lt

is a martingale with respect to the natural filtration, as required by

the non-arbitrage theory.
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The following Lemma 1 allows us to find the joint characteristic func-

tion of the pair (Lu,
∫ T
0 Lub(u)dµ(u)) and (Xu,

∫ T
0 Xub(u)dµ(u)) as well

when the cumulant of the characteristic function of Lt i.e. the function

φ(λ) =
1

t
log(EeiλLt), λ ∈ (−∞,∞),

is known explicitly.
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Set

G(t) =
∫ t

0
b(u)dµ(u).

Proposition 3. Assume g(u) is a non-random function of finite vari-

ation. Then for λ ∈ (−∞,∞) and z ∈ (−∞,∞)

E exp{iλLt + iz
∫ T

0
Lub(u)dµ(u)} (17)

= exp{
∫ T

0
φ(λI{t > u}+ z(G(T )−G(u−)))du}.

Proof. Integrating by parts we obtain∫ T
0
Lub(u)dµ(u) =

∫ T
0
LudG(u) =

LTG(T )−
∫ T

0
G(u−)dLu =

∫ T
0

(G(T )−G(u−))dLu.

Similarly,

λLt + z
∫ T

0
Lub(u)dµ(u) =

∫ T
0

[λI{t > u}+ z(G(T )−G(u−))]dLu.
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The characteristic function of r.v.
∫ T
0 f(u)dLu for continuous nonran-

dom f(u) was found by Lukacs (1969):

E exp{iz
∫ T

0
f(u)dLu} = exp{

∫ T
0
φ(zf(u))ds}. (18)

The fact that this result does hold under the assumption that f(u) is a

function of bounded variation can be shown with the help of a proper

limit procedure or directly with use of tools of stochastic calculus,

e.g. semimartingale representation of jump processes, see Liptser &

Shiryayev (1989).

Since the function f(u) = λI{t > u}+ z(G(T )−G(u−)) has a bounded

variation, we obtain (??).
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7. Rate of convergence of prices of DMO to CMO

As one may note, the price of options in Table1 for n = 50 and n =∞
are not very different. The following result can be used as an expla-

nation of this phenomenon and also, it can be used for a justification

of an interpolation formula (Richardson extrapolation).

Consider the setup for models with log-returns in the form

dSt = rtStdt+ StdYt

Yt is a continuous square-integrable martingale (e.g. a Heston model)

such that d < Y >t= σ2
t dt,

sup
t
ES4

t <∞, sup
t
Er2

t <∞, sup
t
Eσ4

t <∞.

Assume that the discounted stock price e−RtSt is a martingale with re-

spect to the natural filtration, as required by the non-arbitrage theory.
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Set

CT := Ee−RT (
1

T

∫ T
0
Sudu−K)+, CT,N := Ee−RT (

1

N

∑
ti≤T

Sti −K)+.

Proposition 4. Let ti = iT
N , i = 1, ..., N. Then:

1) for any N ≥ 1

|CT − CT,N | ≤
Const

N
;

2) as N →∞

N(
1

T

∫ T
0
Sudu−

1

N

∑
ti≤T

Sti)→
S0 − ST

2
(in probability);

3)

CT,N = Ee−RT (
1

T

∫ T
0
Sudu−K +

ST − S0

2NT
)+ + o(

1

N
), N →∞.

47



Richardson extrapolation formula:

CT,N u CT +
A

N

where A can be estimated when we know CT and CT,50 (e.g.).
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Proof of Proposition 4, 1). Due to the elementary inequality

|x+ − y+| ≤ |x− y|

we have

|CT − CT,N | ≤ E|
1

T

∫ T
0
Sudu−

1

N

∑
ti≤T

Sti| =
1

T
E|
∫ T

0
(t(N) − t)dSt|,

where to obtain the last equality we have applied “integration by parts”

and used the notation t(N) for a piece-wise constant function such

that t(N) = iT
N for t ∈ (ti−1, ti).
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We have:

E|
∫ T

0
(t(N)− t)dSt| ≤

∫ T
0
|t(N)− t|ErtStdt+ (

∫ T
0

(t(N)− t)2E(S2
t σ

2
t )dt)1/2

where the last inequality is due to the isometry of stochastic integrals.

Since maxt |t(N)− t| = T
N and all other functions are bounded, one can

see that Theorem 3 does hold.
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Remark. Part 2 of Proposition 4 is in fact a stochastic version of

“Trapezoid rule” for numerical approximation of integrals:

1

T

∫ T
0
Sudu ≈

1

N

N∑
i=1

Sti +
S0 − ST

2N
=

1

N

N−1∑
i=1

Sti +
S0 + ST

2
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8. Future research: the Square-root, Heston models, Hedging

issues.

Consider a stock price modelled by a square root (SR) process of the

form

dSt = rStdt+ σ
√
StdWt.

Dassios and Nagaradjasarma (2006) developed a series expansion for

the price of an arithmetic fixed-strike Asian CMO under a SR process.

They compared their method to the gBm case but provided no direct

numerical comparison for the SR case.

Table 3a demonstrates that their results are in line with those from

Monte Carlo methods. Table 3b shows a Richardson extrapolation for

a DMO with 50 averaging points based on the Monte Carlo prices of

a CMO and a DMO with 10 averaging points. For all examples T = 1

and an order-2 scheme with reflection about St = 0 has been used.
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Table 3a.

===================================

S r σ K MC (error) D&N
1.9 0.05 0.69 2.0 0.1909 (1.9e-04) 0.1902
2.0 0.02 0.14 2.0 0.0556 (3.5e-05) 0.0197
2.1 0.05 0.72 2.0 0.3091 (2.1e-04) 0.3098
2.0 0.05 0.71 1.0 1.0020 (8.2e-05) 1.0017
2.0 0.05 0.71 3.0 0.0218 (7.8e-05) 0.0210

===================================

1 million trajectories each with 1000 discretisation points have been

used. Note the discrepancy in the second D&N price when compared

to the MC output (in italics).
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Table 3b.

===================================

S r σ K MC10 (error) MC50 (error) RE
1.9 0.05 0.69 2.0 0.2090 (2.e-04) 0.1945 (2.e-04) 0.1945
2.0 0.02 0.14 2.0 0.0600 (4.e-05) 0.0564 (4.e-05) 0.0564
2.1 0.05 0.72 2.0 0.3287 (2.e-04) 0.3129 (2.e-04) 0.3130
2.0 0.05 0.71 1.0 1.0085 (1.e-04) 1.0032 (8.e-05) 1.0033
2.0 0.05 0.71 3.0 0.0293 (9.e-05) 0.0232 (8.e-05) 0.0233

===================================

1 million trajectories each with 1000 discretisation points have been

used. “MC10” and “MC50” are the MC prices of DMOs with 10

averaging points and 50 averaging points respectively and “RE” is the

Richardson extrapolation for DMOs with 50 averaging points.
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