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The problem

In this talk, we present the time and space FD approximation to
the Cauchy problem for a linear parabolic PDE

gl: = Lu+fin [0, T] xR?, u(0,x)=g(x)in R?
where
e [ is the second-order partial differential operator with real
coefficients

2

L(t,x) = a"f(t,x)L + bi(t, x) 0

OxOxJ Ox’ + et x);

e f and g are real-valued given functions;

e T €(0,00) is a constant.

The coefficients a¥ and b', and the free data f and g are allowed
to grow in the spatial variables.



Connection with the BS model

The equation we consider generalizes the multidimensional
version of the Black-Scholes equation
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e by dropping the assumption that p, o, r, and d are constant
and allowing their dependence of space and time;

e by considering the more general nonhomogenous case.



Possible applications to finance

Some very common types of options, with fixed exercise, are

modeled by the multidimensional version of the B-S equation.

In general, they comprise the class of non path-dependent
options written on multiple assets (e.g., basket options).

o



Stages of the study

The study is developed under the strong assumption that the
PDE does not degenerate, in the following stages:

(i) Discretisation of a linear evolution equation in abstract spaces

(in which our problem will later be cast into)
(i) Semi-discretisation in space of the PDE

(i) Discretisation of the PDE in space and time
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@ Discretisation of a linear evolution equation in abstract spaces
A general framework — classical results
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Gelfand triple
V— H=H"— V¥,

with continuous and dense embeddings.

Evolution equation problem
du :
Fr A(t)u+ f(t) in [0, T], u(0)=g, (Evol.Eq.)
where
e A(t) is a linear operator from V to V* for every t € [0, T];
o A(-)v: [0, T] = V* is measurable for fixed v € V;

e f:[0,T] — V* is measurable and g € H.
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Assumption (Abstract setting — AS)

There exist constants A\ > 0, K, M, and N such that:
0 (A(t)v,v) + )\Hv||%/ < KHv||f_,, Vv eV andVt € [0, T];

@ ||A(t)v]v- < Mllv|ly, VveVandVtel0,T]

)
o / 1F(6)2-dt < N and [lg]ln < N.
0
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Definition (Generalised solution)

u € C([0, T]; H) is a generalised solution of (Evol.Eq.) on [0, T]
if

® uc %o, T]; V)

@ (o)) = (1) + | (A(s)u(s). v)ds + / (F(s). v)ds,

YveV, veelo, T
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Theorem (Existence-uniqueness)

If

e Assumption AS is satisfied,

then the problem (Evol.Eq.) has a unique generalised solution on
[0, T].

Moreover

te[0,T]

T T
sup [|u(t)Il% + /0 ||u<r)\|2vdt§/v(ugr%+ /0 ||f(t)H%/*dt>,

where N is a constant.
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@ Discretisation of a linear evolution equation in abstract spaces

Euler implicit discretisation
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Grid
e T €(0,00);
* n, a non-negative integer such that k := T /n € (0,1];
e the n-grid on [0, T]:

T,={te[0,T]:t=jk, j=0,1,...,n};

o Ay, fi, some discrete versions of A and f, respectively.

Discretised version of the problem (Evol.Eq.) — implicit scheme

A7 Vig1 = Akig1Vigl + fiipr for i=0,1,...,n—1, w=g,
(TimeDiscr.)
where A~ is the backward finite difference quotient.
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Assumption (Implicit discretisation — ID)

O (Acjtv, V) FAv]2, < K||v||f4, YveV,j=0,1,...,n-1,
0 |Acjrivlv- < Mllvly, VveV,j=01,...,n-1,

© 375 fijnlly-k <N and |gllu <N,

where \, K, M, and N are the constants in Assumption AS.

14 /48



Theorem (Existence-uniqueness)
If

e Assumption ID is satisfied

then, for small k and for all n € IN, there exists a unique vector
Vo, V1, ..., Vy in V satisfying the problem (TimeDiscr.).
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Theorem (Stability)

If

e Assumption ID is satisfied;

e vij, with j=0,1,...,n, is the unique solution to
(TimeDiscr.);

then there exists a constant N independent of k such that

n
2 2
@ max [lvisllEy < N | llgllhy + > l1fiiliV-k |-
j=1

0 > lviillvk < N { Nl + D Ifiglli-

j=0 j=1
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Assumption (Smoothness — S)
There exist a fixed number § € (0,1] and a constant C such that

1 tiva 5
- / lu(tisn) — u(s)lvds < CK°,
t

i

forall i =0,1,...,n—1, where u is the solution to (Evol.Eq.).
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Theorem (Convergence)

Suppose that

o Assumption AS is satisfied;

Assumption ID is satisfied;

Assumption S is satisfied;

u(t) is the unique solution to (Evol.Eq.);

Vkj, J =0,1,...,n, is the unique solution to (TimeDiscr.).
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Then, for k small enough, there exists a constant N independent of k such
that

2

\V&

0 max |vi—u(t)l|? < N(k25+ZkHAk,,-u(tj)k—/ A(s)u(5)ds|
j=1 E

0<<n 1
n .
1 i 2
lfsx= [ fs)as| )

2

V/*

&
0> lu-u(t )||vk<N(k25+ZHAk, k= [As)utas
t,

Jj=0 -1

+ii”fhjk/tj f(s)dstﬂ).
j=1 tj-1

19/48



An example
If A and fi are specified by the integral averages
tj+1

_ 1 [+t _ 1
Ak j1Z = / A(s)zds and  fr;,, = / f(s)ds,
k J: " k J:

J J

forallze V,j=0,1,...,n—1, then Assumption ID is satisfied.
Moreover,
£ 2
HAk,ju(tj)k - / A(s)u(t)ds|
_ ti—1

Jj=

- Z ka/ u(tj)ds k — /tt A(s)u(tj)dsHi* =

and

S iHﬁ(Jk—/tjtjlf(s)dsHi*:jzj; %H% /tjtjlf(s)dsk—/tjtjlf(s)ds‘ i*:o.
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© Semi-discretisation in space of the PDE
A particular framework — classical results
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The PDE problem

%:wa in Q, u(0,x)=g(x) in RY, (PDE)

where

e L is the second-order partial differential operator with real
coefficients
L(t,x) = al(t X)i + bi(t x)i + c(t, x);
’ T OXTOx T OxX e
e Q=10,T] x R?, with T € (0,00) a constant;

e f and g are real-valued given functions.

The coefficients a/ and b', and the free data f and g are allowed
to grow in the spatial variables.



The well-weighted Sobolev space W™2(r, p)

e The family of the so-called well-weighted Sobolev spaces was
first introduced in [Purtukhia (1984)],

e and further generalised in [Gyongy & Krylov (1990)].

Let r > 0 and p > 0 smooth functions in U, a domain in R?, and
m > 0 an integer. The weighted Sobolev space W™2(U; r, p) is the
Banach space of locally integrable functions v : U — R such that

e D%y exists in the weak sense, for each multi-index «, with

la] < m;
5 1/2
dx) < 00.

Endowed with the inner product which generates the above norm
W™2(U; r,p) is a Hilbert space.

When U = IR? we simply write W™2(r, p) := W™2(IR9; r, p).

= o

laj<m

° ”VHW’"vQ(U;r,p) = (



Assumption (Weights — W)

Let m > 0 be an integer, and r, p > 0 smooth functions on IR,

There exists a constant K such that
® |D%p| < Kp'~lel, for all o such that |o| < m—1if m>2;
® |Dr| < K%, for all o such that || < m.
p
Example

p0) = (L xRy <5 and ()= (14 WP B ER
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Assumption (PDE)
Let r,p > 0 be smooth functions on IR?, and m > 0 an integer.

@ There exists a constant \ > 0 such that
d

> al(t,x)E¢ = AP ()€,

ij=1
for all t > 0, x € R and £ € RY;
® The coefficients in L and their derivatives in x up to the order

m are measurable functions in [0, T] x IRY such that

o [D&al| < Kp?~lol Vo] <mv1,
o |DOb| < Kpt-lel V]a| < m,
o |[Dlc| <K VY|al <m,

for any t € [0, T],x € R, with K a constant;

© f € L2([0, T|; W™ 12(r, p)) and g € W™2(r, p).
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Definition (Generalised solution)

u € C([0, T]; WO2(r, p)) is a generalized solution to the problem
(PDE) on [0, T] if

O uc ([0, T, Wh2(r, p));
® Forevery t € [0, T,
(u(t), ) = (g,9) + /0 { — (a¥(s)Dyu(s), D)
+ (bi(S)Din(S) — ijaij(s)DX;u(s), ®)

+(c(s)u(s), @) + (f(s), @) }ds

holds for all ¢ € C5°.
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The following existence-uniqueness result for the solution of the
problem (PDE) can be obtained from the corresponding general
result for an evolution equation by using the suitable triple of
spaces.
Theorem (Existence-uniqueness)
Under

o Assumption W, with m+ 1 in place of m;

o Assumption PDE;
the problem (PDE) admits a unique generalised solution u on
[0, T]. Moreover

ue C ([0, T W™2(r, p)) N L2 ([0, T]; W™2(r, p))

and, with N a constant,

]
2 2
Iy R PO e

)
< N(llniep + [ IFOFun-sag ).
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© Semi-discretisation in space of the PDE

The discrete framework
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h-grid on IR?
d
Zg:{xemd:X:hZein;, n;:O,jzl,j:2,...}.
i=1
with h € (0, 1].

Discrete operator

La(t,x) = a"(t,x)0; 0F + b'(£,x)8;F + c(t,x)

where 0. and 8i+ are the backward and forward difference
quotients in space, respectively.
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Discrete problem

u = Lpu+fy in Q(h), u(0,x)=gn(x) in Zg, (SpaceDiscr.)

where
e Q(h)=1[0,T]xZf,;
o f:Q(h) = IR,

ogh:Zﬂ—>IR.

30/48



Discrete version of the weighted Sobolev space W%2(r, p)

For functions v : Zﬂ — IR, we define the space
192(r) = {v : [[v]p2gy < oo},
where the norm [[v||,0.2(,) is given by
1/2
Miowy = (X ACIvRH)
XEZ;,’

We define, for any v, w € I0’2(r), the inner product
(v, wW)papy = Y P)v(x)w(x)h?,
XGZ;,j
which induces the norm.

The inner product space /%2(r) has a good structure: it can be
easily shown that it is complete, therefore a Hilbert space.
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Discrete version of the weighted Sobolev space W2(r, p)

For functions w : Z,ﬁ’ — IR, we define also the space
P21 p) = {w: [Wllnag < ),

with norm

d
HW”%I,z(r,p) = HW||%0,2(,) + Z ||P8,-+WH%0,2(r)-
i=1

We endow /12(r, p) with the inner product, inducing the norm,

d

(W,Z)p,z(r’p) = (W,Z)lo,z(,) + Z(pai—’_w,paﬁ-z)lo,z(,),
i=1

for any functions w,z € I*2(r, p).
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Assumption (Data — D)
© £, c 12([0, T]; P2(r));
® gy € I°(r),

where r > 0 is a smooth function on IRY.

Definition (Generalised solution)

u € C([0, T]; 1°2(r)) N L2([0, T]; I*2(r, p)) is a generalized solution
of the discrete problem (SpaceDiscr.) if, for every t € [0, T],

(u(t), %) = (gn) /{ (a7(5)05 u(s), )
(s >a+ (s) — 0} a¥()9} u(s), )
T (()u(s), 2) + {fa(s). ) }ls

holds for all ¢ € I12(r, p).
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The following existence-uniqueness (and stability) result for the
solution of the discrete problem (SpaceDiscr.) is obtained as a
consequence of the corresponding general result for an evolution
equation, by showing that the discrete framework we have set is a
particular case of the general framework.

Theorem (Existence-uniqueness)
Under

o Assumption PDE;

o Assumption D;

the problem (SpaceDiscr.) has a unique generalised solution u in
[0, T]. Moreover, for N a constant independent of h,

)
sup_[|u(O)/Bagpy+ / Ju() oyt
0<t<T 0

]
< N<|rgh(r)||%o,2(,) - Hfh(r)n%g(,)dt)-



Outline

© Semi-discretisation in space of the PDE

Approximation results
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e We first investigate the consistency of the discrete scheme,
and prove that the difference quotients approximate the partial
derivatives.

e The result is obtained by using a Sobolev inequality, and
imposing that the weights p are bounded from below by a
positive constant.

e In practice, the latter restriction amounts to assume that the
weights p are increasing functions of |x|, which is precisely the
case we are interested in.



Theorem (Consistency)

Let r > 0 and p > 0 be functions on IRY, and m an integer strictly
greater than d /2. If

e Assumption W is satisfied;
e p(x) > C on IR?, with C > 0 a constant;
o u(t) € WMH22(r p), v(t) € WMT32(r p), for all t € [0, T];

then there exists a constant N independent of h such that, for all
tel0,T],

(1] Z ‘u (t,x) 6+ (t,x ‘ p hd
XGZd ) 2
< PNU()2ymina )
(2] Z Vyiri (t, X) — 8 8+v(t x)‘ pH( hd
XGZd 2
< PNV 2ymsir
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e Finally, owing to the stability and consistency properties of
the discrete scheme, we prove the convergence of the discrete
problem’s solution to the PDE problem’s solution, and
compute a rate of convergence.

e The accuracy obtained is of order 1.

e Note that the way we set our discrete framework, in
strong connection with the framework for problem
(PDE), plays a crucial role in obtaining the convergence
rate.



Theorem (Convergence)
Let r >0 and p > 0 be functions on RY, and m an integer strictly
greater than d /2. Suppose that
e Assumption W is satisfied;
e Assumption PDE is satisfied;
e Assumption D is satisfied;
p(x) > C, with C > 0 a constant;
u is the unique solution to (PDE);

up is the unique solution to (SpaceDiscr.);
u e L2(]0, T|; W™32(r, p).

Then T
sup_[al®) ~ un(O)r + / Ju(t) = un() 3yt

)
<N / lu(t)|? M,Z(,,p)drw(Hg—ghufo,zm+ /0 \f(t)—fh(t>u,2o,2(,)dt),

with N a constant independent of h.
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O Discretisation of the PDE in space and time
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The problem

We considered the Cauchy problem for a linear parabolic PDE

%:Lu+f in Q@ u(0,x)=g(x) in RY (PDE)

where

e L is the second-order partial differential operator with real
coefficients

” 92 : 0
i v i v )
L(t,x)=a (t’X)ax"c‘)xJ +b (t’X)axf + c(t, x);
e @=10,T] x RY with T € (0,00) is a constant;
e f and g are real-valued given functions;

and allowed the growth, in the spatial variables, of the coefficients
a¥ and b', and the free data f and g.



Space-discretised problem

We obtained problem (PDE) FD discretisation in space

up = Lyu+f, in Q(h), u(0,x)=gn(x) in Zg, (SpaceDiscr.)

where

Q(h) =0, T] x Z¢;

Li(t,x) = a¥(t,x)8; 0] + b'(t,x)d;" + c(t,x), with &; and
;" respectively the backward and forward difference quotients
in space.

fn: Q(h) — R;

gh:Z,‘f—>IR.
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Fully discretised problem

We consider now the time-discretization of the problem
(SpaceDiscr.), by using the implicit FD scheme

A7 vip1 = Lpkiv1vigr + freipr for i=0,1,....,n—1, vy = gy,
(FullyDiscr.)

where A~ and AT are the backward and the forward difference
quotients in time, respectively.
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e The existence-uniqueness results for the problems PDE and
(SpaceDiscr.) were proved by showing that the frameworks
they were set in are particular cases of the general framework
for an evolution equation.

e Therefore, under the hypotheses for the existence and
uniqueness of the generalised solutions to problems (PDE),
(TimeDiscr.), and (SpaceDiscr.), the problem (FullyDiscr.) has
a unique generalised solution.

e It remains only to determine the rate of convergence when the
discretisation is considered both in space and time.



Theorem (Convergence)
Let r >0 and p > 0 be functions on RY, and m an integer strictly
greater than d /2. Suppose that

e Assumption ID is satisfied;

e Assumption W is satisfied;

e Assumption PDE is satisfied;

e Assumption D is satisfied;

e p(x) > C, with C > 0 a constant.

e u be the unique solution to (PDE);

e uy be the unique solution to (SpaceDiscr.);

® Vpej. j =0,1,...,n, be the unique solution to (FullyDiscr.).
Assume further that

e u satisfies Assumption S;
o ue L([0, T]; Wm32(r, p)).



Theorem (cont.)

Then

max [[vikj — u(t)lfozy + D Ilvikj — u(t)lfaq, )k
0<jsn 0<j<n

)
<N (KB [ 1Oy )

1 tj+1 2
+ N< Z k‘ Lhk,juh(tj)k — / Lh(S)Uh(tj)dS
1<j<n t 192(r)
1 fi1 2
+ Z E fhk,jk — / fh(S)dS
1<j<n tj 192(r)

;
+lg — gnllipaq +/0 IF(t) — fh(t)ﬁo!z(r)dt)’

with N a constant independent of h and k.
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