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2.1. Ïðÿìî-äâîéñòâåííûå ìåòîäû äëÿ íåãëàäêèõ çàäà÷

Çàäà÷à: min
x∈Q

f(x), ãäå

Q - ïðîñòîå âûïóêëîå çàìêíóòîå ìíîæåñòâî (âîçìîæíî,

íåîãðàíè÷åííîå).

f -âûïóêëàÿ ôóíêöèÿ ñ îãðàíè÷åííûìè ñóáãðàäèåíòàìè.

Ñòàíäàðòíûé ìåòîä: xk+1 = πQ(xk − hk∇f(xk)), hk ≈ R
L
√
k
.

Íîâûé ìåòîä:

xk+1 = arg min
x∈Q

[
1

k+1

k∑
i=0
〈∇f(xi), x〉+ βk‖x− x0‖2

]
, βk ≈ L

R
√
k
.

Ïðåèìóùåñòâà: à) äâå óïðàâëÿþùèå ïîñëåäîâàòåëüíîñòè.

á) Âîçìîæíîñòü âîññòàíîâëåíèÿ äâîéñòâåííîãî ðåøåíèÿ ïî

ðåøåíèÿì âñïîìîãàòåëüíîé çàäà÷è.

Íóæíà ñòðóêòóðà f(x).
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L
√
k
.
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R
√
k
.
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2.2. Áàðüåðíûé ñóáãðàäèåíòûé ìåòîä

Çàäà÷à: max
x∈Q

f(x), ãäå

Q - âûïóêëîå ìíîæåñòâî, çàäàííîå ñàìîñîãë. áàð. F (x).

f -âîãíóòàÿ ôóíêöèÿ. Ââåäåì ‖s‖∗x
def
= 〈s, [∇2F (x)]−1s〉1/2.

Âñïîìîãàòåëüíàÿ çàäà÷à: ïóñòü x0 = arg min
x∈Q

F (x). Íàéäåì

u?β(s) = arg max
x∈Q
{〈s, x− x0〉 − β[F (x)− F (x0)]}, s ∈ E∗, β > 0.

Ìåòîä: s0 = 0. Âûáèðàåì βk, λk è âû÷èñëÿåì

xk = u?β(sk), sk+1 = sk + λk∇f(xk).
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âûáåðåì λk = 1, k ≥ 0, β0 = β1, βk = M ·
(

1 +
√

k
ν

)
, k ≥ 1.

Ñêîðîñòü: f∗ − f(xk) ≤ O(M
√

ν
k+1).

Ïðèìåð: Åñëè ψ > 0 íà Q, òî ó f = lnψ áóäåò M = 1.
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2.3. Ãðàäèåíòíûå ìåòîäû äëÿ ñîñòàâíûõ ôóíêöèé

Çàäà÷à: min
x∈Q

[ f(x) + Ψ(x) ] , ãäå

Q - âûïóêëîå çàìêíóòîå ìíîæåñòâî,

f -âûïóêëàÿ ãëàäêàÿ ôóíêöèÿ,

Ψ - âûïóêëàÿ çàìêíóòàÿ ïðîñòàÿ ôóíêöèÿ.

Âñïîìîãàòåëüíàÿ çàäà÷à: Íàéòè

min
x∈Q

{
〈s, x〉+ β‖x− x̄‖2 + Ψ(x)

}
Ðåçóëüòàòû:

Îáû÷íûå ãðàäèåíòíûå ìåòîäû ñõîäÿòñÿ êàê O(1/k).

Áûñòðûå ãðàäèåíòíûå ìåòîäû ñõîäÿòñÿ êàê O(1/k2).

Ïðèìåð: f(x) = 1
2‖Ax− b‖

2 + ‖x‖1.
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2 + ‖x‖1.
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3.1. Âàðèàöèîííûå îïåðàòîðû ñ ãëàäêèì îïåðàòîðîì

Çàäà÷à: Íàéòè x∗ ∈ Q : 〈g(x), x− x∗〉 ≥ 0 ∀x ∈ Q ãäå

Q - âûïóêëîå çàìêíóòîå ìíîæåñòâî,

g - ìîíîòîííûé ëèïøèöåâ îïåðàòîð.
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y∈Q
{〈g(y), x− y〉 : ‖x̄− y‖ ≤ D}.

Îáîçíà÷èì Tβ(z, s) = argmax
x
{〈s, x− z〉 − β

2 ‖x− z‖
2 : x ∈ Q}.

Èòåðàöèÿ: s→ s+ ãäå

Eβ,λ(s) = (x, y, s+) = ⇔


x = Tβ(x̄, s),
y = Tβ(x,−λ g(x)),
s+ = s− λ g(y).

Òåîðåìà: Ïóñòü β = L, λ = 1, ỹk = 1
k+1

k∑
i=0

yi. Òîãäà

fD(ỹk) ≤ LD
σ·(k+1) , k ≥ 0.

Ïóñòü ‖g(x1)− g(x2)‖∗ ≤M è βk = M
√

k+1
σD , òîãäà

fD(ỹk) ≤ 2M
√

D
σ·(k+1) .
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fD(ỹk) ≤ 2M
√

D
σ·(k+1) .



3.1. Âàðèàöèîííûå îïåðàòîðû ñ ãëàäêèì îïåðàòîðîì

Çàäà÷à: Íàéòè x∗ ∈ Q : 〈g(x), x− x∗〉 ≥ 0 ∀x ∈ Q ãäå

Q - âûïóêëîå çàìêíóòîå ìíîæåñòâî,

g - ìîíîòîííûé ëèïøèöåâ îïåðàòîð.

Ìåðà áëèçîñòè: fD(x) = max
y∈Q
{〈g(y), x− y〉 : ‖x̄− y‖ ≤ D}.

Îáîçíà÷èì Tβ(z, s) = argmax
x
{〈s, x− z〉 − β

2 ‖x− z‖
2 : x ∈ Q}.

Èòåðàöèÿ: s→ s+ ãäå

Eβ,λ(s) = (x, y, s+) = ⇔


x = Tβ(x̄, s),
y = Tβ(x,−λ g(x)),
s+ = s− λ g(y).

Òåîðåìà: Ïóñòü β = L, λ = 1, ỹk = 1
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3.2. Ñèëüíî ìîíîòîííûå îïåðàòîðû è
êâàçèâàðèàöèîííûå íåðàâåíñòâà

Ñèëüíàÿ ìîíîòîííîñòü: 〈g(x)− g(y), x− y〉 ≥ µ ‖x− y‖2

Ìåðà áëèçîñòè: f(x) = sup
y∈Q

{
〈g(y), x− y〉+ 1

2µ‖y − x‖
2
}
.

Äëÿ β > 0 îáîçíà÷èì ψβy (x) = 〈g(y), y − x〉 − 1
2β‖x− y‖

2,

Ψk(x) =
k∑
i=0

λiψ
µ
yi(x), Sk =

k∑
i=0

λi.

Îáîçíà÷èì ÷åðåç γ = L
µ ≥ 1 ÷èñëî îáóñëîâëåííîñòè g.

Èòåðàöèÿ (*): (y0 = x̄)
xk = arg max

x∈Q
Ψk(x), yk+1 = arg max

x∈Q
ψLxk(x), λk+1 = 1

γ · Sk.

Òåîðåìà: Äëÿ ỹk = 1
Sk

k∑
i=0

λiyi èìååì

f(ỹk) ≤ f(x̄) · γ2 · exp
{
− k
γ+1

}
.
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Êâàçèâàðàèöèîííîå íåðàâåíñòâî:

Íàéòè x∗ ∈ Q(x∗) : 〈g(x∗), y − x∗〉 ≥ 0, ∀y ∈ Q(x∗),
ãäå ò-ì îòîáðàæåíèå Q ïðèíèìàåò âûï. è çàìê. çíà÷åíèÿ.

Óñëîâèå: ‖πQ(x)(z)− πQ(y)(z)‖ ≤ α‖x− y‖, ∀x, y, z ∈ E.

Îáîçíà÷èì ỹN (Q, x̂) ðåç-ò N -øàãîâîãî Ìåòîäà (*),

ïðèìåíÿåìîãî ê g íà Q íà÷èíàÿ ñ x̄ = arg max
x∈Q

ψLx̂ (x).

Ïóñòü αγ < 1. Çàäàäèì N̂ = b2(γ + 1) ln 12γ
1−αγ c+ 1.

Ðàññìîòðèì ñõåìó
Âûáèðàåì u0 ∈ E. Äëÿ k ≥ 0 ïîâòîðÿåì:

x̂k = πQ(uk)(uk), uk+1 = ỹN̂ (Q(uk), x̂k).

Òåîðåìà: Ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå x∗ è
‖uk − x∗‖ ≤ 1

δ · exp
{
− δ

2k
}
· ‖u0 − T (u0)‖.
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4.1. Êóáè÷åñêàÿ ðåãóëÿðèçàöèÿ ìåòîäà Íüþòîíà

Ìåòîä: xk+1 = xk − [∇2f(xk)]
−1∇f(xk). Íåäîñòàòêè:

Íå ðàçëè÷àåò ìàêñèìóì, ìèíèìóì, ñåäëîâóþ òî÷êó.

Ìîæåò ðàñõîäèòñÿ.

Íå âñåãäà êîððåêòíî îïðåäåëåí.

Íåò ãëîáàëüíûõ îöåíîê.

Ìîäåëü: äëÿ ‖∇2f(x)−∇2f(y)‖ ≤ L‖x− y‖ îïðåäåëèì
ξ2,x(h) = f(x) + 〈∇f(x), h〉+ 1

2〈∇
2f(x)h, h〉+ L

6 ‖h‖
3

Òîãäà f(x+ h) ≤ ξ2,x(h), ∀h ∈ Rn, è ìîæíî ïðèìåíèòü

xk+1 ∈ xk + Argmin
h

ξ2,xk(h) (≡ TL(xk))

Ïðåèìóùåñòâà: (âñïîì. çàäà÷à ýêâèâàëåíòíà âûïóêëîé)

Óõîäèò èç ìàêñèìóìîâ è ñåäëîâûõ òî÷åê.

Íà âûïóêëûõ ôóíêöèÿõ ñõîäèòñÿ êàê O(1/k2).

Ëîêàëüíàÿ êâàäðàòè÷íàÿ ñõîäèìîñòü.
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h
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(âñïîì. çàäà÷à ýêâèâàëåíòíà âûïóêëîé)

Óõîäèò èç ìàêñèìóìîâ è ñåäëîâûõ òî÷åê.
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4.2. Óñêîðåííàÿ êóáè÷åñêàÿ ðåãóëÿðèçàöèÿ

Çàäà÷à: âûïóêëàÿ ôóíêöèÿ, ëèïøèöåâ ãåññèàí.

Èíèöèàëèçàöèÿ: Âûáåðåì x0 ∈ E, M = 2L è N = 12L.

Âû÷èñëèì x1 = TL(x0) è ïîëîæèì ψ1(x) = f(x1) + N
6 ‖x− x0‖

3.

Èòåðàöèÿ k, (k ≥ 1):

1. Âû÷èñëèì vk = arg min
x∈E

ψk(x) è ïîëîæèì yk = k
k+3xk + 3

k+3vk.

2. Âû÷èñëèì xk+1 = TM (yk) è ïåðåñ÷èòàåì

ψk+1(x) = ψk(x) + (k+1)(k+2)
2 · [f(xk+1) + 〈∇f(xk+1), x− xk+1〉].

Òåîðåìà: f(xk)− f(x∗) ≤ 14 L ‖x0−x∗‖3
k(k+1)(k+2) .

NB:

Èñïîëüçóåòñÿ àïïàðàò îöåíî÷íûõ ôóíêöèé (ñð. ñ ÁÃÌ).

Íàêàïëèâàåìàÿ ìîäåëü î÷åíü ïðîñòàÿ.
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4.3. Ìîäèôèöèðîâàííûé ìåòîä Ãàóññà-Íüþòîíà

Çàäà÷à: ðåøèòü ñèñòåìó F (x) = 0, x ∈ E1.

Ñòàíäàðòíûé ïîäõîä:

Âûáðàòü ôóíêöèþ áëèçîñòè φ(u) (âûï., ≥ 0, Ëèï.=1).
Ðåøàòü çàäà÷ó min

x∈E1

{ f(x) ≡ φ(F (x)) } ñ ïîìîùüþ

ëîêàëüíîé ìîäåëè ψ(x; y) = φ (F (x) +∇F (x)(y − x)).

Ïîëó÷àåì ìåòîä Ãàóññà-Íüþòîíà:

xk+1 ∈ Arg min
y∈E1

ψ(xk; y)(íåò ãëîáàëüíûõ îöåíîê).

Çàìåòèì: åñëè ‖∇F (x)−∇F (y)‖ ≤M‖x− y‖, òî
f(y) ≤ ψ(x, y) + 1

2M‖y − x‖
2.

Ìåòîä: xk+1 ∈ Arg min
y∈E1

[
ψ(x; y) + 1

2M‖y − x‖
2
]
.

Ïðåèìóùåñòâà: (âñïîìîãàòåëüíàÿ çàäà÷à âûïóêëà)

Ìîíîòîííîå óáûâàíèå öåëåâîé ôóíêöèè.

Ãëîáàëüíûå îöåíêè ñêîðîñòè ñõîäèìîñòè.

Ëîêàëüíàÿ êâàäðàòè÷íàÿ ñõîäèìîñòü.
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5.1. Ñãëàæèâàíèå äëÿ ÿâíîé ìîäåëè öåëåâîé ôóíêöèè

Îöåíêè Òåîðèè Ñëîæíîñòè: (íåóëó÷øàåìûå)

Íåãëàäêèå çàäà÷è: O(L0(f)2/ε2).

Ãëàäêèå çàäà÷è: O(L1(f)1/2/ε1/2).

Ñëèøêîì áîëüøàÿ ðàçíèöà!

Ìîäåëü: f(x) = max
u∈Q2

〈Ax, u〉2 → min
x∈Q1

.

Ñãëàæèâàíèå: fµ(x) = max
u∈Q2

{〈Ax, u〉2 − µd2(u)}, µ ≥ 0.

(Îáîçíà÷èì ÷åðåç uµ(x) ðåøåíèå ýòîé çàäà÷è.)

Òåîðåìà: f(x) ≥ fµ(x) ≥ f(x)− µD2, L1(fµ) = ‖A‖2/µ.
Ñòðàòåãèÿ ìèíèìèçàöèè:

Âûáèðàåì µ ≈ ε è ïðèìåíÿåì ÁÃÌ ê fµ.

Ïîëó÷àåì ñõåìó ñ îöåíêîé ñëîæíîñòè O(L0(f)/ε).
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5.2. Óñëîâèå îáðàòíîãî çàçîðà

Ñîïðÿæåííàÿ çàäà÷à: min
u∈Q2

[
φ(u)

def
= max

x∈Q1

〈Ax, u〉2
]
.

NB: φ(u) ≤ f(x), íî fµ2(x) ≤ f(x) è φ(u) ≤ φµ1(u).

Âîçìîæíî îáåñïå÷èòü âûïîëíåíèå óñëîâèÿ îáðàòíîãî çàçîðà:

(∗∗) : fµ2(x̄) ≤ φµ1(ū).
Òîãäà äëÿ D1 = max

x∈Q1

d1(x), è D2 = max
u∈Q2

d2(u) èìååì

0 ≤ max{f(x̄)− f∗, f∗ − φ(ū)} ≤ f(x̄)− φ(ū) ≤ µ1D1 + µ2D2,

Ïóñòü Tµ2(x) = arg min
y∈Q1

{
〈∇fµ2(x), y − x〉1 +

L1(fµ2 )
2 ‖y − x‖21

}
.

Òåîðåìà:Ïóñòü x̄ ∈ Q1 è ū ∈ Q2 óäîâëåòâîðÿþò (**).

Âûáåðåì µ+1 = (1− τ)µ1, è x̂ = (1− τ)x̄+ τxµ1(ū),
ū+ = (1− τ)ū+ τuµ2(x̂), x̄+ = Tµ2(x̂).

Òîãäà äëÿ (x̄+, ū+) âåðíî (**) ñ µ+1 è µ2 ïðè τ :
τ2

1−τ ≤
µ1

L1(fµ2 )
.

NB: Ïåðåêëþ÷àþùàÿñÿ ñòðàòåãèÿ äàåò O(1/ε).
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Òîãäà äëÿ D1 = max

x∈Q1

d1(x), è D2 = max
u∈Q2

d2(u) èìååì

0 ≤ max{f(x̄)− f∗, f∗ − φ(ū)} ≤ f(x̄)− φ(ū) ≤ µ1D1 + µ2D2,

Ïóñòü Tµ2(x) = arg min
y∈Q1

{
〈∇fµ2(x), y − x〉1 +

L1(fµ2 )
2 ‖y − x‖21

}
.

Òåîðåìà:Ïóñòü x̄ ∈ Q1 è ū ∈ Q2 óäîâëåòâîðÿþò (**).
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ū+ = (1− τ)ū+ τuµ2(x̂), x̄+ = Tµ2(x̂).
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5.3. Ñãëàæèâàíèå â ïîëóîïðåäåëåííîé îïòèìèçàöèè

Êàê ñãëàæèâàòü ñèììåòðè÷íûå ôóíêöèè ñîáñòâåííûõ

çíà÷åíèé?

Ïóñòü ôóíêöèÿ f(τ) çàäàíà ðÿäîì f(τ) = a0 +
∞∑
k=1

akτ
k

ñ ak ≥ 0 ïðè k ≥ 2.
Äëÿ ñèììåòðè÷åñêîé ìàòðèöû X ðàññìîòðèì ñëåäóþùóþ

ñèììåòðè÷íóþ ôóíêöèþ ñîáñòâåííûõ çíà÷åíèé:

F (X) =
n∑
i=1

f(λ(i)(X)).

Òåîðåìà: Äëÿ ëþáîãî X ∈ domF è H ∈ Sn èìååì
〈∇2F (X)H,H〉 ≤

n∑
i=1
∇2f(λ(i)(|X|))(λ(i)(|H|))2.
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Ïðèìåðû:

1. Êâàäðàò ìàòðè÷íîé lp-íîðìû:

Fp(X) = 1
2‖λ(X)‖2(2p) = 1

2〈X
2p, In〉1/pM .

Òîãäà äëÿ ëþáîãî ìàòðè÷íîãî íàïðàâëåíèÿ H èìååì:

〈∇2Fp(X)H,H〉M ≤ (2p− 1)‖λ(H)‖2(2p) = (2p− 1)‖H‖2(2p).
2. Ýíòðîïèéíîå ñãëàæèâàíèå ìàêñèìàëüíîãî

ñîáñòâåííîãî çíà÷åíèÿ. Ðàññìîòðèì ôóíêöèþ

E(X) = ln
n∑
i=1

eλ
(i)(X).Òîãäà ïðè ëþáîì H

〈∇2E(X)H,H〉M ≤
[
n∑
i=1

eλ
(i)(X)

]−1 n∑
i=1

eλ
(i)(X)(λ(i)(|H|))2 ≤ ‖H‖2(∞).

Ïðèìåíåíèÿ: λmax(A(x), ρ(A(x)).

Îöåíêà òðóäîåìêîñòè ñîîòâåòñòâóþùèõ ìåòîäîâ èìååò

ïîðÿäîê O(1/ε).
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6.1. Îòíîñèòåëüíàÿ òî÷íîñòü: îäíîðîäíàÿ ìîäåëü

Çàäà÷à: Íàéòè f∗ = min
x
{f(x) : x ∈ L}, ãäå
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Îáíîâëåíèå

Ïîëîæèì N̂ =
⌊
e
α2 ·

(
1 + 1

δ

)2⌋
.
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1
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)
;

åñëè f(x̂t) ≥ 1√
e
f(x̂t−1) òî T := t è ÑÒÎÏ.

Òåîðåìà: T ≤ 1 + 2 ln 1
α . Ïðè ýòîì f(x̂T ) ≤ (1 + δ)f∗.

Îáùåå ÷èñëî ãðàäèåíòíûõ øàãîâ íå ïðåâîñõîäèò
e
α2 ·

(
1 + 1

δ

)2 · (1 + 2 ln 1
α

)
.

NB: Äëÿ ìîäåëè F (Ax) ïðèìåíÿÿ ñãëàæèâàíèå ê F ìîæíî

äîáèòüñÿ îöåíêè O( 1
αδ ).
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6.2. Ýëëèïñîèäàëüíàÿ àïïðîêñèìàöèÿ âûïóêëûõ òåë

NB: õîðîøàÿ àïïðîêñèìàöèÿ ∂f(0) ñíèæàåò òðóäîåìêîñòü.

Äëÿ G � 0 îáîçíà÷èì Wr(v,G) = {s ∈ E∗ : ‖s− v‖∗G ≤ r}.
β-àïïðîêñèìàöèÿ òåëà C : W1(v,G) ⊆ C ⊆Wβ(v,G).
Ïàðàìåòð β íàçûâàåòñÿ ðàäèóñîì àïïðîêñèìàöèè.

Ìåòîä ýëëèïñîèäîâ (Õà÷èÿí): (O(n) èòåðàöèé)

Öåíòðàëüíî-ñèììåòðè÷íûå òåëà: β = O(n1/2).

Ìíîæåñòâà îáùåãî âèäà: β = O(n).
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