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Modeling and Basic Properties

Consider the optimization problem

MinazEX F(x,f) (1)
subject to ¢;(z,£) <0,i=1,...,q.
Here X C R™ and £ € = C RY is a parameter vector representing
“uncertainty’ of the problem.
Robust (worst case) approach:

Minxex {f(a:) L= maX€€E F(Z‘,f)} (2)
subjectto ¢;(z,£) <0,i=1,...,q, £ € =.
Here = is viewed as the uncertainty set for parameter vector =.

Stochastic optimization approach: view & as a random vector
with a known (given) probability measure (distribution) on =.
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T he Newsvendor Problem

Suppose that a company has to decide about order quantity =z
of a certain product to satisfy demand d. The cost of ordering
IS ¢ > 0 per unit. If the demand d is larger than x, then the
newsvendor makes an additional order for the unit price b > 0.
The cost of this is equal to b(d—=x) if d > z, and is zero otherwise.
On the other hand, if d < x, then holding cost of h(z —d) > 0 is
incurred. The total cost is then equal* to

F(x,d) = cx + bld — x] 4 + hlx — d] 4. (3)

We assume that b > ¢, i.e., the back order penalty cost is larger
than the ordering cost. The objective is to minimize the total
cost F'(xz,d).

*Recall that [a]+ = max{0,a}.



Consider the case when the ordering decision should be made
before a realization of the demand becomes known. One possible
way to proceed in such situation is to view the demand D as a
random variable. By capital D we denote the demand when
viewed as a random variable in order to distinguish it from its
particular realization d. We assume, further, that the probability
distribution of D is known. This makes sense in situations where
the ordering procedure repeats itself and the distribution of D
can be estimated from historical data. Then it makes sense to
talk about the expected value, denoted E[F(x, D)], of the total
cost viewed as a function of the order quantity x. Consequently,
we can write the corresponding optimization problem

Min {f(a:) = RB[F(z, D)]}. (4)

x>0



The above problem gives a very simple example of a recourse
action. At the first stage, before a realization of the demand D
iIs known, one has to make a decision about ordering quantity
x. At the second stage after demand D becomes known, it may
happen that d > x. In that case the company takes the recourse
action of ordering the required quantity d — z at the higher cost
of b > c.

In the present case problem (4) can be solved in a closed form.
Consider the cumulative distribution function (cdf)

H(x) := Prob(D < z)

of the random variable D. Note that H(x) = 0 for all z < O,

because the demand cannot be negative. It is possible to show

that an optimal solution of problem (4) is equal to the quantile
b—rc

T=H 1(k), with /{:b—l—h' (5)




Worst case approach.

Suppose that we know upper and lower bounds on the demand
d, i.e., £ <d<wu. Consider the problem

Min x) = max F(x,d) ;. §)
vir {f( ) i= max F( >} (6)
Clearly we have to look at x € [¢,u], in which case

f(x) = max {cx ~+ hlz — 4]y, cx + blu — .CU]_|_},

and hence z* = % is the optimal solution of problem (6). This

solution is quite different from solution “on average” of problem
(4). In particular, if the holding cost h = 0, then z* = .



Example of financial planning

Suppose that we want to invest an amount of Wy in n assets,
x;, t=1,...,n, in each. That is,

After one period of time our wealth becomes
Wi =" 1 &y, (8)

where & = 1 4+ R; and R; is the return of the :-th asset. We
would like to maximize W7 by making an “optimal’ distribution
of our initial wealth. Of course, we have to make a decision
about xz; before a realization of the returns R; (of &) becomes
known.



Suppose that we have an idea, may be from historical data,
about probability distribution of ¢ = (&9, ...,&,). Then we may
think about maximizing W7 on average. That is, we would like
to maximize the expected value E[W7] of our wealth subject to
the budget constraint (7) and “no borrowing” constraints x; > 0.
This leads to the optimization problem

Max >0 E[W7] subjectto Y7 ;z; = Wp. (9)
We have that

E[W1] = E [0 &) = Y0 q piw,

where u; = E[£;]. Consequently, problem (9) has the simple
optimal solution of investing everything into the asset with the
maximal expected return.



Suppose now that we have a target wealth of . If W falls short
of 7 we are penalized by q(W71 — 1), and if W7 exceeds = we are
rewarded by r(W7 — 1), with ¢ > r. This leads to the concept of
utility function

r(w—r71), if w>r,

U(w):{q(w—T), if w<r

and to the optimization problem
Max >0 E[F(x,&)] subjectto > x; = W, (10)
where F(z,£) = U (S &m;).



Chance (probabilistic) constraints formulation

Maxxzo ,uTa:

| . (11)
subject to Prob (R x < —b) <a, YIqx; = Wy,

where RTz = Y%, Ryz;, p = E[R] and « € (0,1) is a chosen
significance level. The above probability constraint means that
the probability of loosing more than a given amount b > O is
no more than «, and is called the Value at Risk constraint. If
R has a (multivariate) normal distribution N(u,X), then Rz ~
N(u'z,2"=z) and the probabilistic constraint is equivalent to:

b+ ulz — za(zT= 2)1/2 > 0, (12)

where zo is the (1 — a)-quantile of the standard normal distri-
bution. Note that zo, > 0 and the left hand side of (12) is a
concave function of z, provided that a € (0,1/2).



By convex duality, there exists A > 0 such that problem (11) is
equivalent to the problem

Max ;>0 Wz — ANzl x)l/2

subjectto >, x; = Wo.
The above problem can be viewed as a compromise between
optimizing (maximizing) the expected return /,LTZU and minimizing
risk term A(z"= z)1/2. In general (for non-normal distributions

or nonlinear return functions), it could be difficult to handle
probabilistic constraints numerically.

(13)

Risk averse formulation (Markowitz, 1952):

/LTZU DI
/_A_I_‘ - - T
Max,>o E[R'z] —AVar[R ] (14)

subject to 71", x; = Wo.
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Equivalent formulations:

S.t. A

Min ;>0 SR

S.t. 1
s.t. g

s.t. 1

iT; — P ADN
Ly — W07
pixi > T, >oiq x; = Wo,

iy
x; = W, DI y.

Hi g
2 = Wo, (aTE2)H/2 < 93/2,
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Supply Chain Network Design

A supply chain is a network of suppliers, manufacturing plants,
warehouses, and distribution channels organized to acquire raw
materials, convert these raw materials to finished products, and
distribute these products to customers. Denote by S,P and C
the respective (finite) sets of suppliers, processing facilities and
customers. The union N := SUPUC of these sets is viewed as the
set of nodes of a directed graph (N, A), where A is a set of arcs
(directed links) connecting these nodes in a way representing flow
of the products. The processing facilities include manufacturing
centers M, finishing facilities &/ and warehouses W, i.e., P =
MUFUW. Further, a manufacturing center : € M or a finishing
facility ¢+ € F consists of a set of manufacturing or finishing
machines H;. Thus the set P includes the processing centers
as well as the machines in these centers. Let K be the set of
products flowing through the supply chain.

12



The supply chain configuration decisions consist of deciding which
of the processing centers to build (major configuration deci-
sions), and which processing and finishing machines to procure
(minor configuration decisions). Assign a binary variable z; = 1,
if a processing facility 2 is built or machine ¢ is procured, and
x; = 0 otherwise. The operational decisions consist of routing
the flow of product k£ € K from the supplier to the customers.
By yfj we denote the flow of product k£ from a node ¢ to a node
j of the network where (ij) € A. A deterministic mathematical
model for the supply chain design problem can be written as
follows

13



xel}(/l)lgzo 21673 cix; + ZkEIC Z(z])EA YESY)

Zz@vyw dz, 7 €C, k e IC, (15)
ZZENyz <S], ]ES ke lC,

Here ¢; denotes the mvestment cost for building facility ¢z or
procuring machine 1, qu denotes the per-unit cost of process-
ing product k at facility ¢« and/or transporting product k£ on arc

k

(ij) € A, d;? denotes the demand of product k£ at node j, 85

denotes the supply of product k£ at node 5, r f denotes per-unit
processing requirement for product £ at node j, m; denotes ca-
pacity of facility 5, X C {0, 1}‘73‘ IS a set of binary varlables and
Yy € RIAIXIKl is a vector with components yz The set X repre-
sents logical dependencies and restrictions.

14



The objective function of (15) is aimed at minimizing total in-
vestment and operational costs. Assume that at time a decision
about vector x € X should be made, i.e., which facilities to
built and machines to procure, there is an uncertainty about pa-
rameters involved in operational decisions represented by vector
y € RMIXIKI This naturally classifies decision variables z as first
stage decision variables and y as second stage decision variables.
Note that problem (15) can be written in the following equivalent
form as a two stage program:

Minec'z + Q(x, £), (16)
reX

where Q(x, &) is the optimal value of the second stage problem

15



M>|8 >_ieP CGi%i T 2Zkek Z(Z])EA ngyw

s.t. ZzEN%] Zée/\/y]e:o 7€P, ke,
Zze/\/yz]>d’£, jEC, keEK, (17)
ZzEN?JZ] 5%, j€S, keKk,

Zke/cr (Zze/\/yw) < mjx;, 7€P.

with ¢ = (q,d,s, R,M) being vector of the involved parame-
ters. The above optimization problem depends on the data vector
¢ and decision vector z. If some of the data parameters are un-
certain, then the deterministic problem (16) does not make much
sense since it depends on unknown parameters.

16



Suppose that we can model uncertain components of the data
vector £ as random variables with a specified probability distribu-
tion. Then we can formulate the following stochastic program-
ming problem

Minec'z + E[Q(z, O)], (18)
reX

where the expectation is taken with respect to the probability
distribution of the random vector &. That is, the cost of the sec-
ond stage problem enters the objective of the first stage prob-
lem on average. A distinctive feature of the above stochastic
programming problem is that the first stage problem here is a
combinatorial problem with binary decision variables and finite
feasible set X. On the other hand, the second stage problem
is a linear programming problem and its optimal value Q(x,€) is
convex in z (if = is viewed as a vector in RIPD.

17



Multistage models.

Consider the newsvendor problem. Suppose now that the com-
pany has a planning horizon of T periods. We model the demand
as a random process D; indexed by the time ¢t =1,..., 7. At the
beginning, at ¢t = 1, there is (known) inventory level y1. At each
period t =1,...,T the company first observes the current inven-
tory level y+ and then places an order to replenish the inventory
level to x+. This results in order quantity z; — y; which clearly
should be nonnegative, i.e., x+ > y;. After the inventory is re-
plenished, demand d; is realized and hence the next inventory
level, at the beginning of period ¢t + 1, becomes Yi41 = T¢ — di.
We allow backlogging and the inventory level y; may become
negative.

18



The total cost incurred in period t is

ct(xt — yt) + beldt — ] 4 + helxr — di] 4,

where ¢, by, hy are the ordering cost, holding cost and backorder
penalty cost per unit, respectively, at time t. We assume that
bt >ct>0and hy >0, t=1,...,T.

The objective is to minimize the expected value of the total cost
over the planning horizon. This can be written as the following
optimization problem

T
Min >~ E{Ct(fﬂt —yt) + be[Dy — x] 4 + hi[xs — Dt]+}

S.t. Y41 = Tt — Dy, t=1,...7T — 1.

19



Consider the demand process Dy, t = 1,...,T. We denote by
D[t] .= (D1, ..., D¢) the history of the demand process up to time ¢,
and by dp 1= (dq,...,d;) its particular realization. At each period
(stage) t, our decision about the inventory level x; should depend
only on information available at the time of the decision, i.e., on
an observed realization d[t_l] of the demand process, and not on
future observations. This principle is called the nonanticipativity
constraint.

At the last stage t =T, for observed inventory level yr, we need

to solve the problem:
Min cp(zr —yr) + E{bT[DT —z7] 4
T >YT (20)

20



The expectation in (20) is conditional on the realization dp_q;
of the demand process prior to the considered time T..

The optimal value (and the set of optimal solutions) of problem
(20) depends on yr and djp_q), and is denoted Qr(yr,dir_q13)-
At stage t =T — 1 we solve the problem

Min = er1(@r—1 —yr-1)
rr—_1-Yr—1
+ E{bT—l[DT—l —xr_1l4 + hr_1ler_1 — Dpr_1]4+
+ Qr (SUT—l — Dp_1, D[T—l]) |D[T—2] = d[T—Q]}'

Its optimal value is denoted Qr_1(yr—1,d[7_2))-

21



Proceeding in this way backwards in time we write the following
dynamic programming equations
Qu(yt, dp—1)) = Min ce(@r —yr) + E{bt[Dt — x|y

Tt>Yt

+ helxe — De]4 + Q41 (fL't — Dy, D[t]> ‘D[t_l] = d[t_l]},
t=1T-1,...,2. Finally, at the first stage we need to solve problem
xll/l>|21 c1 (fEl—yl)-l-E{bl[D1—$1]++h1[5131—D1]++Q2 (r1 — D1, D1q) }
Letz;,, t=T-1,...,1, be an optimal solution of the corresponding
dynamic programming equation. We see that x; is a function
of y+ and dj,_q, for t = 2,...,T, while the first stage (optimal)
decision x1 is independent of the data.

22



Under the assumption of the stagewise independence, z; = T+(yt)
becomes a function of y; alone. Note that y, in itself, is a func-
tion of dj,_q1) = (dq,...,d;_1) and decisions (x1,...,24_1). There-
fore we may think about a sequence of possible decisions x; =
xt(d[t_l]), t=1,...,T, as functions of realizations of the demand
process available at the time of the decision (with the convention
that x1 is independent of the data). Such a sequence of decisions
xt(d[t_l]) is called a policy. That is, a policy is a rule which spec-
ifies our decisions, based on information available at the current
stage, for any possible realization of the demand process. By
definition, a policy z; = xt(d[t_l]) satisfies the nonanticipativity
constraint. A policy is said to be feasible if it satisfies other con-
straints with probability one (w.p.1). In the present case a policy
is feasible if x > y¢, t = 1,..., 1", for almost every realization of
the demand process.
23



We can formulate optimization problem (19) as the problem of
minimization of the expectation in (19) with respect to all fea-
Sible policies. An optimal solution of such problem will give us
an optimal policy. We have that a policy x; is optimal if it is
given by optimal solutions of the respective dynamic program-
ming equations. In the present case under the assumption of
stagewise independence, an optimal policy r+ = Z+(y:) is a func-
tion of y; alone. Moreover, in that case it is possible to give the
following characterization of the optimal policy. Let zy be an
(unconstrained) minimizer of

crxt + E{bt[Dt — x¢]4+ + helxy — Dily + Qpy1 (x¢ — Dy) }, (21)

t=1T,...,1. By using convexity of the value functions Q:(-) it is
not difficult to show that z; = max{y;, z;} is an optimal policy.
Such policy is called the basestock policy.

24



Multistage portfolio selection.

Suppose that we can rebalance our portfolio at several, say T,
periods of time. That is, at the beginning we choose values z;g
of our assets subject to the budget constraint

> o1 Tio = Wo. (22)
At the period t =1,...,7, our wealth is
Wiy =311 &t 1—1, (23)

where &; = (1 4+ R;;) and Ry is the return of the i-th asset at
the period t. Our objective is to maximize the expected utility
Max E [U(Wr)] (24)

at the end of the considered period, subject to the balance con-
straints %' y iy =Wiand 24 >0, t=0,...,T — 1.

25



We use notation zy = (x14,...,xnt) and & = (€14, ...,&nt), and
§y) = (&1, ..,&) for the history of the process & up to time ¢t.
The values of the decision vector x¢;, chosen at stage t, may
depend on the information f[t] available up to time ¢, but not on
the future observations. Dynamic programming equations: the
cost-to-go function Qt(Wt,E[t]) is given by the optimal value of

xtzl\él,%ﬂ E{Qt+1(Wt—|—17f[t+1])‘€[t]}

mn n
st. Wig1 = D &irg1Tiy, ) Tix = Wi

If the process &; is stagewise independent, i.e., & is (stochasti-
cally) independent of &1,...,&_1, for t = 2,...,T, then the cost-
to-go (value) function Q:(Wy), t=1,...,T — 1, does not depend

on g[t]

(25)
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Consider the logarithmic utility function U(W) := InW. At stage
t =T — 1 we solve the problem

|\/|aX ]E {ln (Z gi’Twi,T_l) £[T1]} S.t. Z x’l:,T—]_ pm— WT_]_

r7-120 i=1 i=1
(26)

Its optimal value is
Qr-1 (WT—1,€[T_1]) = vr—1 <€[T—1]) +InWr_q,

where vp_q (g[T_l]) denotes the optimal value of (26) for Wp_q1 =
1. At stage t =T — 2 we solve problem

Max K {VTl (g[T—l]) + In (Z gi,Tlxi,TQ) 'g[TQ]}
1=1

xr_~>0
=== (27)

n
S.t. Z Ty T—2 = W _o.
1=1

27



Of course, we have that

E {I/T_l (S[T_l]) + In ( §¢,T—15L‘i,T—2) E[TQ]}
=E {VT_l <§[T_1]) ‘ﬁ[T_Q]}-I-E {'ﬂ (f: ﬁi,T—lfIfi,T—Q) §[T2]} »

=1

n

1

and hence the optimal value of (27) can be written as
Qr—2 (Wr_2.§r-2)) = E{vr_1(§7-1) ‘E[T—z]}
+Ur_2 (S[T—z]) + InWr_o,
where vp_o (g[T_Q]) is the optimal value of the problem
n n
m’}/_lggo E {In (i:1§i,T1$i,T2) E[Tz]} s.t. z; ;72 = 1.
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An identical argument applies at earlier stages. Therefore, it
suffices to solve at each staget=17-1,...,1,0, the corresponding
optimization problem

n n
Max E<In Z 5i,t—|—1xi,t |€[t] S.t. Z Tjt = Wi, (28)
720 i=1 i=1

in a completely myopic fashion.

By definition, we set & to be constant, so that for the first
stage problem, at t = 0, the corresponding expectation is un-
conditional. An optimal solution z; = (W, §;) of problem
(28) gives an optimal policy.

29



If the random process & is stagewise independent, then con-
ditional expectations in (28) are the same as the corresponding
unconditional expectations, and hence optimal values ut(g[t]) = 1y
do not depend on g[t] and are given by the optimal value of the
problem

n n
Max E<In | ) & y1miy s.t. )z =1. (29)
zt>0 i=1 7 i=1

Also in the stagewise independent case the optimal policy can
be described as follows. Let z; = (x3,,...,x,;) be the optimal
solution of (29), t =0,...,T — 1. Such optimal solution is unique
by strict concavity of the logarithm function. Then

ot (Wy) 1= Wtw;gk, t=20,..,T —1,

defines the optimal policy.
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Two and multistage stochastic programming

The concept of two-stage (linear) stochastic programming prob-
lem with recourse

%i}? c'z + E[Q(x, £)], (30)

where X = {z : Ax = b, x > 0} and Q(x,&) is the optimal value
of the second stage problem

I\/Iyin qu st. Te +Wy=h, y >0, (31)

with &€ = (¢, T, W, h). In general, the feasible set X can be finite,
i.e., integer first stage problem. Both stages can be integer
(mixed integer) problems.
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Suppose that the probability distribution P of & has a finite sup-
port, i.e., & can take values &q,...,&x (called scenarios) with
respective probabilities py,...,pr. In that case

K
EP[QCBaé)] — Z ka(magk)a

k=1
where
Qz, &) = inf{qluyp : Thr + Wiye = b, yp > 0} .

It follows that we can write problem (30)-(31) as one large linear
program:

Min T K T
ehMN e 2 PRy Yk
subject to Az = b, (32)

Tkm —I— Wk,yk — hka k= 1, ...,K,
t>0, 9y >0, k=1,.., K.

32



Even crude discretization of the distribution of the data vector &
leads to an exponential growth of the number of scenarios with
increase of its dimension d.

Could stochastic programming problems be solved numer-
ically?

What does it mean to solve a stochastic program?

How do we know the probability distribution of the random
data vector?

Why do we optimize the expected value of the objective
(cost) function?

33



Basic properties

For any realization &, the function Q(-,£) is convex piecewise
linear. By the duality theory of linear programming we can write
it in the following equivalent form

Q(z, &) = sup {WT(h —Tz)  Wing < q} . (33)

It follows that the expectation function Q(z) = E[Q(x, &)] is con-
vex, and if P has a finite support (i.e., the number of scenarios
is finite), then Q(x) is piecewise linear. Note that it can hap-
pen that, for some (x,£), the feasible set of problem (31) is
empty. In that case, by the definition, Q(x,£) = +co. It also can
happen that problem (31) is unbounded from below, and hence
Q(x, &) = —oo. That is, we can view Q(x,£) as an extended real

valued function.
34



Since Q(-, &) is a piecewise linear function, it can be differentiable
everywhere only in the trivial case when it is linear. Nevertheless,
if Q(-,€) is finite at a point z, then it has a nonempty set of
subgradients. The set of all subgradients is called subdifferential
and denoted by 0Q(x,£). Recall that z € 9Q(x,€) if

Q(z, &) > Q(z,8) + 2 (z — ), forall z.

The function Q(+, &) is differentiable at a point z iff 0Q(x, &) = {z}
is a singleton, in which case V;Q(z,£) = z. The set 0Q(x,&) is
convex, and since Q(-, &) is piecewise linear, is polyhedral. By
duality theory we have that

0Q(x,8) = —T'9(x,), (34)
where D (x, &) := arg max {WT(h —Tz) Wlr < q} .
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If P has a finite support, then the subdifferential of the expec-
tation function Q(-) is given* by

0Q(z) = Y1 proQ(x, &) (35)

Therefore, Q(-) is differentiable at z iff all functions Q(-, &),
k=1,..., K, are differentiable at x. If the probability distribution
P is continuous, then the situation is more subtle. It is possible
to show that if Q(-) is finite valued in a neighborhood of z, then

90(x) = Jq 0Q(z,w)dP(w). (36)

For a given x, the above integral is understood as the set of all
vectors of the form [o G(w)dP(w) such that G(w) € 9Q(z,w) is
an integrable selection of 9Q(x,w).

*The summation of the sets is understood here pointwise, i.e., the sum of two sets A and
B istheset {a+b:a€ A, be B}.
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It follows from (36) that 90Q(x) is a singleton, and hence Q(-)
is differentiable at z, iff 0Q(xz,w) is a singleton with probability
one, i.e., for P-almost every w € €2.

LLoosely speaking we may say that, typically, for continuous dis-
tributions the expectation function E[Q(x,&)] is differentiable,
while in the case of discrete distributions it is not.

We can formulate optimality conditions for the stochastic prob-
lem (30) as follows: a feasible point z € X is an optimal solution
of (30) iff

0€09(x)+ Ny(z), (37)

where Ny () is the normal cone to X at z € X,

Ny(Z) = {z 2 (x—%) <0, forallz € X}.

37



General formulation of two-stage stochastic programming prob-
lems

Min { f(x) := E[F(z, )]}, (38)

where F'(xz,w) is the optimal value of the second stage problem
Min T,Y,w). 39

yeﬂw)g( Y, w) (39)

Here (2, F, P) is a probability space, X CR"?, g :R"xRMx Q2 — R
and X : R" x 2 = R™ is a multifunction. In particular, the linear
two-stage problem can be formulated in the above form with

g(z,y,w) :=c'z + q(w)Ty and

X(z,w) ={y: T(w)x + W(w)y = h(w), y > 0}. (40)
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The second stage problem (39) can be also written in the fol-
lowing equivalent form

Min g(z,y,w), (41)
ycR™M

where

_ _ J9(z,y,w), ifyeX(z,w)
g(z,y,w) = .
—~+ o0, otherwise.

By the interchangeability principle we have

E

yeR™ yc

F(z,w)
where ) is a functional space, e.g., 9 = Lp(2, F, P;R™) with
p € [1,4o0].

inf g_](ac,y,w)] = inf E|g(z,y(w),w)], (42)

N
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Consequently, we can write two-stage problem (38)—(39) as one
large problem:

L Min_E gz, y(w),w)] .

st.xe X, y(w) € X(z,w) a.e. w € Q2.

In particular, if Q = {wi,...,wg} is finite, then problem (43)
becomes

K
Min YL,

st.xe X, y. € X(x,wp) k=1,..., K.
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Decision rules

Recall that the two stage problem (30) can be formulated as
an optimization problem over x € X and second stage decision
y(-) considered as a function of the data. Suppose now that the
recourse is fixed, i.e., only T = T (w) and h = h(w) of the second
stage problem

I\/Iyin qu st. Te +Wy=h, y >0,

are random. For a given x € X the second stage problem attains
its minimal value at an extreme point of the set {y : Wy =
h—Tx, y > 0}, assuming that this set is nonempty and bounded.
By the well known result of linear programming we have the
following characterization of the extreme points
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A feasible point y is an extreme point (basic solution) of the
feasible set if there exists an index set I C {1,...,m} such that
the corresponding submatrix Wy is nonsingular and y; = 0 for
ie€q{l,....,m}\I. Thatis, Wryr = h — Tz, where y; is the corre-
sponding subvector of y. This can be written as y = R;(h—Tx),
where the I-th submatrix of Ry is WI_1 and other entries of R;
are zeros. It follows (under appropriate nondegeneracy condi-
tions) that an optimal policy (optimal decision rule) y = y(h,T)
IS a piecewise linear function of the data.
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Nonanticipativity

Consider the first stage problem (38). Assume that the number
of scenarios is finite, i.e., Q2 = {wq,...,wg} with respective (posi-
tive) probabilities pq,...,pr. Let us relax the first stage problem
by replacing vector x with K vectors x1,xo,...,xg, one for each
scenario. We obtain the following relaxation of problem (38):

K
zUll}./!.i’r;jK 1}—21 ppF(zp,wr) subject toz, € X, k=1,...,. K. (45)

Problem (45) is separable in the sense that it can be split into
K smaller problems, one for each scenario:

Min F(xp,wr), k=1,..., K, (46)

a:kEX
and that the optimal value of problem (45) is equal to the
weighted sum, with weights p;., of the optimal values of problems
(46), k=1,... K.
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The nonanticipativity constraint: (z1,...,2zx) € £, where

Li={(x1,..,zg) ix1=...= a2} CR"x ... x R"™
Dualization of the nonanticipativity constraints

Consider the following formulation of stochastic programming
problem (38) (with a finite number of scenarios),

K
:El,l.\./.l,ia:nK,z kz_:l ppF(zp,wi) st zp =2, k=1,..., K, (47)
where F’(mk,wk} = F(xk,wk) if £, € X and F’(xk,wk) = 400 oth-
erwise. The nonaticipativity constraints . = 2z, k=1, ..., K, are
written here with additional variable z. The (Lagrangian) dual

of problem (47) is:

Max ;. ax {infml,,,,,xK SR PE (F(:vk;,wk) + Xkra:k)} :

48
subjectto Y& . ppAp = 0. (48)

44



Note the separable structure

K K
. _ T . . _ T
o N ];::1 Pk (F(a?k, wi) + Akwk) = k:1pk ['Qlf (F(xk,ww + Aka?k)] :

If the functions Fj.(-,wy) are piecewise linear (e.g., in the case of
linear two-stage stochastic programming), then there is no dual-
ity gap between (47) and (48), and both problems have optimal
solutions provided that their optimal value is finite. Moreover,

if (A\1,...,A\x) and (z1,...,Tx,2z) are optimal solutions of (47) and
(48), respectively, then z1 = ... =) = z and

Ty, € argmin {F(:ck, wy) + ngk} . (49)
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Multistage stochastic programming.

We can write the two-stage problem (30)—(31) using the follow-
ing nested formulation:

T : T
in T +E | Min_ oy (50)
x>0 i y>0 )

In the above, y = y(€) is considered as a function of the random
data € = (¢, T,W,h) and in that sense is random. If the number
of scenarios is finite, we associate with every possible realization
&, of the data the corresponding second stage decision variable

Yk-
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This can be extended to the following nested formulation of a
multistage stochastic programming problem:

Min +E Min 62) + -
xlexfl(wl) [ eahin fo(z2,&2) (51)

+E| Min fr(er, ér)] ],

rre€Xr(zr_1,4T)
where &4, ...,&7 is @ random process (&7 is deterministic), x; € R™
are decision variables, f; : R™ x R — R are objective functions
and X; : R™-1 x R% — R™ are measurable closed valued multi-
functions.

For example, in the linear case fi(xy, &) = ¢ xy,

Xe(xp—1,&t) ‘= {zt . Bxy—1 + Ay = by, ¢ > 0},

& = (ct, B, A, b)), t =2, ..., T, is considered as a random process,
£1 = (c1,Aq1,b1) is supposed to be known.
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Hence in the linear case the nested formulation can be written

das

Min c-{ajl—I—E
Aqx1=b1
x12>0

: T : T
Min crxro+ -+ E Min CTI
Boz1+Aszo=bs 272 Bpxp_q+Apxp=bp T
xQZO xTZO i
(52)

If the number of realizations (scenarios) of the process &; is finite,
then problem (52) can be written as one large linear program-
ming problem. There are several possible formulations of the
above multistage program.
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Dynamic programming equations

Consider the last stage problem
Min fr(zr, &) (53)
rr€Xr(xr_1,§T)
The optimal value of this problem, denoted Q7 (x7_1,&7), de-

pends on the decision vector zp_1 and data &p. At stage t =
2,....,T'— 1, we write the problem:

Min  fe(ze, &) +E {Qe1 (71, €141 ‘ﬁ[t]}
s.t. xp € Xp(wp—1,8).

Its optimal value depends on the decision z;_1 at the previous
stage and realization of the data process & = (&1, ...,&), and

(54)

denoted Q)+ (a;t_l,f[t]). The idea is to calculate the (so-called

cost-to-go or value) functions Q: (a;t_l,g[t])), recursively, going
backward in time.
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At the first stage we finally need to solve the problem:

Min f1(z1) + E[Q2 (zt,2)] - (55)
r1EX
The dynamic programming equations:
Qi (ze—1,€[) = inf  {fi(@n, &) + Qg1 (20, €g) | (56)

1 EX (xp—1,E¢)
where

Qi1 (xt’ f[t]> =K {Qt+1 (xt’ €[t+1]> ‘f[t]} '

If the random process is Markovian (i.e., the conditional distribu-
tion of 41 given & = (&1, ...,&) is the same as the conditional
distribution of &1 given &), then Qq (v4—1,&) is a function of
r;—1 and &, and if it is stagewise independent (i.e., &4 is inde-
pendent of g[t]), then E [Qﬂ_l (xt,€t+1> \gt} = Qy1+1(x¢) does not
depend on &;.
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A sequence of (measurable) mappings xt(g[t]), t =1,...,T, is
called a policy (recall that &7 is deterministic). A policy is said
to be feasible if it satisfies the feasibility constraints, i.e.,

xt () € Xe(we—1(€p—11),6), t =2,..., T, w.p.1. (57)

We can formulate the multistage problem (51) in the form

Min E[fl(ﬂn) + fo(x2(62),82) + ... + fr (xT(ﬁ[T])’fﬂ }

CU].):CQ(')?'”?:CT(')
s.t. T € X? xt(&[t]) S Xt(wt—l(g[t—l])agt)a L= 27 7T

Note that the above optimization is performed over feasible poli-
cies. A policy Et(g[t]) is optimal if it satisfies the dynamic pro-
gramming equations, i.e.,

zt (&) € arg min {ft(ﬂ?t,ft)—l-Qt+1 (-%‘t,f[t]) }, w.p.1.
TtEXY <973t—1 (€[e—11) 7§t)
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Nonanticipativity constraints

Consider the multistage problem (51). Suppose that there is
a finite number of scenarios &%,...,¢%, k= 1,..., K, with respec-
tive probabilities p;.. To each scenario k € {1,..., K} corresponds
a sequence z¥,...,z% of decision vectors. The nonanticipativity
principle requires that

azf = a:t for all k, ¢ for which g[t] = g[t], t=1,...,T. (58)

Let X be the space of all sequences (:Ul, ...,m,_]%), k=1,.., K (this
is a linear space of dimension (n1+ ...+ np)K) and £ be a linear
subspace of X defined by the nonanticipativity constraints (58).
We can write the multistage problem (51) in the form

rcXx —1t=1

Min {f(a:) Z Z pkft(xt & )} s.t.x € L. (59)
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I(n r;articular, the relaxed version of linear multistage program
52):

K
Min Zpk [c{x’f + (B)Tak + ()Tl + + (c’:}l)Ta:?]
k=1
S.t. Alxlf = by,
Blad o+ Ak = %
Bizh 4 ARzl = b,
Bk )+ Al
zh > 0, xh > 0, zh >0, Tk >0,
k=1,... K.

In this problem all parts of the decision vector are allowed to
depend on all parts of the random data, while each part x; should
be allowed to depend only on the data known up to stage t. To-
gether with the nonanticipativity constraints (58) the considered
problem becomes equivalent to the original formulation.
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Monte Carlo sampling methods

Consider (two-stage) stochastic programming problem:

Min { f(z) := E[F(z,£)]} (60)

Even a crude discretization of the distribution of the random
data vector & € R typically results in an exponential growth of
the number of scenarios with increase of the number d of random
variables. For example, if components of random vector £ are
independently distributed and distribution of each component is
discretized by r points, then the total number of scenarios is r¢.
That is, although the input data grows linearly with increase of
the dimension d, the number of scenarios grows exponentially.
T he standard approach to dealing with this issue is to generate a
manageable number of scenarios in some “representative’” way.
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For example, we can generate a random sample ¢1,.... &N of N re-
alizations of the random vector £ by using Monte Carlo sampling
techniques. Then the expected value function f(x) := E[F(x, )]
can be approximated by the sample average function

N
fn(@) =N~ Fz,¢).
j=1
Consequently the true (expected value) problem is approximated
by the so-called sample average approximation (SAA) problem:

Min Fn (). (61)

Note that once the sample is generated, the above SAA problem
can be viewed as a (two-stage) problem with the corresponding
set of scenarios {51,...,§N} each scenario with equal probability
1/N.
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A (naive) justification of the SAA method is that for a given
r € X, by the Law of Large Numbers (LLN), fy(xz) converges
to f(x) w.p.1 as N tends to infinity. It is possible to show that,
under mild regularity conditions, this convergence is uniform on
any compact subset of X (uniform LLN). It follows that the
optimal value vy and an optimal solution x of the SAA problem
(61) converge w.p.1 to their counterparts of the true problem.

Central Limit Theorem type results. Notoriously slow con-
vergence of order O,(N~1/2). By the CLT, for a given z € X,

N2 fn(@) = f(2)] = N(0,0%(2)),

where ¢2(2) := Var[F(z,¢)] and “ = " denotes convergence in
distribution.
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Delta method

Let Yy € R? be a sequence of random vectors, converging in
probability to a vector u € R4, Suppose that there exists a
sequence Ty — oo such that 7y (Yy —p) = Y. Let G : R — R™
be a vector valued function, differentiable at u. That is G(y) —
G(p) = M(y—p)+r(y), where M := VG(p) is the m x d Jacobian
matrix of G at u, and the remainder r(y) is of order o(|ly — pl|).
It follows that 7 [G(Yy) — G(u)] = MY. In particular, suppose
that N1/2(Yy — ) converges in distribution to a (multivariate)
normal distribution with zero mean vector and covariance matrix
2. Then it follows that

N2 [G(Yy) — G(w)] = N(O,M=MT).
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Infinite dimensional Delta Theorem. Let By and B> be two
Banach spaces, and G : By — B> be a mapping. It is said that
G is directionally differentiable at a point u € By if the limit

&, (d) = tjm C 1) =G
tl0 t

exists for all d € By. If, in addition, the directional derivative

G/u . By — B> is linear and continuous, then it is said that G

is Gateaux differentiable at u. It is said that G is directionally

differentiable at u in the sense of Hadamard if the directional

derivative G/,(d) exists for all d € By and, moreover,

o) = i CF 1) = G)

t}0 1
d' —d

(62)

(63)
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Theorem 1 (Delta Theorem) Let By and B> be Banach spaces,
equipped with their Borel oc-algebras, Y be a sequence of ran-
dom elements of By, G : By — By be a mapping, and Ty be a
sequence of positive numbers tending to infinity as N — co. Sup-
pose that the space By is separable, the mapping GG is Hadamard
directionally differentiable at a point un € B1, and the sequence

Xy =715y —pu) converges in distribution to a random element
Y of B1. Then

™ [G(YN) — G(w)] = G, (Y), (64)
and

v [G(YN) — G(p)] = G (XN) + op(1). (65)
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Let X be a compact subset of R™ and consider the space B =
C(X) of continuous functions ¢ : X — R. Assume that:
(A1) For some point z € X the expectation E[F(z,£)?] is finite.

(A2) There exists a measurable function C' : = — Ry such that
E[C(£)?] is finite and
F(x,8) — F(,&)| < C@®llz - |, (66)

for all z,2’ € X and a.e. £ € =.

We can view Yy := fy as a random element of C(X). Consider
the min-function V : B — R defined as V(Y) = infcy Y (x).
Clearly vy = V(Yy). It is not difficult to show that for any
pe C(X) and X*(p) 1= argmingcx p(x),

Vi) = inf §(x), V6 € C(X),

(@) =it 3(x) ()

and the above directional derivative holds in the Hadamard sense.
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By a functional CLT, under assumptions (Al) and (A2),
NY/2(fnx — f) converges in distribution to a random element Y
of C'(X). In particular, for any finite set {z1,...,zm} C X, the
random vector (Y (x1),...,Y (xzm)) has a multivariate normal dis-
tribution with zero mean and the same covariance matrix as
the covariance matrix of (F'(x1,&),..., F'(xm,£)). In particular, for
fixed z € X, Y(z) ~ N(0,02(z)) with ¢2(z) := Var[F(z, £)].

Denote v° the optimal value and SO the set of optimal solutions
of the true problem.
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Theorem 2 Suppose that the set X is compact, and assump-
tions (A1) and (A2) hold. Then

iy = min fy(z) 4+ op(N—1/2),
zeSO

N1/2[5y — 0] = inf__g0 Y (2).

In particular, if the optimal set (of the true problem) SO = {z9}
iIs a singleton, then

NY/2[55 — 09 = N(0,02(29)).

This result suggests that the optimal value of the SAA problem
converges at a rate of O,(N—1/2). In particular, if SO = {29},
then vy converges to v9 at the same rate as fN(xO) converges

to f(z9).
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Validation analysis

How one can evaluate quality of a given (feasible) solution z € X7
The SAA approach — statistical test based on estimation of
() — 9, where v9 is the optimal value of the true problem.

(i) Estimate f(Z) by the sample average fy/(Z), using sample of
a large size N'.

(ii) Solve the SAA problem M times using M independent sam-
ples each of size N. Let @](\}),...,@](VM> be the optimal values of
the corresponding SAA problems. Estimate E[vy] by the average
M1 Zjle 17](\*;). Note that

E|fni(@) — M1y "71(\‘;)] = (f(&) = v0) + (v° — E[on]),
and that o9 — E[oy] > O.
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The bias v0 — E[oy] is positive and (under mild regularity condi-
tions)

Jim N1/2 (UO - E[@N]) =)

max Y(a:)] :
xS0

where SV is the set of optimal solutions of the true problem,
(Y(x1),..., Y(xr)) has a multivariate normal distribution with zero
mean vector and covariance matrix given by the covariance ma-
trix of the random vector (F'(x1,&), ..., F'(x,£&)). Forill-conditioned
problems this bias is of order O(N~1/2) and can be large if the
g-optimal solution set S¢ is large for some small € > 0.
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Sample size estimates (by Large Deviations type bounds)

Consider an iid sequence Yq,...,Yy of replications of a real val-
ued random variable Y, and let Zy := N1 34 | Y; be the cor-
responding sample average. Then for any real numbers a and
t > 0 we have that Prob(Zy > a) = Prob(et4N > ¢t), and hence,
by Markov inequality

Prob(Zy > a) < e WE[e!ZN] = et M (t/N)]Y,

where M(t) := E[e!Y] is the moment generating function of Y.
Suppose that Y has finite mean u := E[Y] and let a > . By tak-
ing the logarithm of both sides of the above inequality, changing
variables ' = t/N and minimizing over ¢’ > 0, we obtain

%Iog [Prob(ZN > a)] < —I(a), (67)

where I(z) := sup;cr {tz — A\(t)} is the conjugate of the logarith-
mic moment generating function A(t) := log M (t).
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Suppose that |X| < oo, i.e., the set X is finite, and: (i) for every
x € X the expected value f(x) = E[F(x, &)] is finite, (ii) there are
constants ¢ > 0 and a € (0, +o0] such that

M () < exp{c?t?/2}, Vt € [—a,a], Vz € X,

where My (t) is the moment generating function of the random
variable F(u(z),&) — F(xz,&) —E[F(u(z),&) — F(x,£)] and u(x) is a
point of the optimal set S°. Choose ¢ >0, § > 0 and a € (0,1)
such that 0 < e — § < ac?. Then for sample size

202 09 <|X|>
B (6— 5)?

we are guaranteed, with probability at least 1 — «, that any §-
optimal solution of the SAA problem is an e-optimal solution of
the true problem, i.e., Prob(S% C S%) > 1 — a.
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Let X = {x1,25} with f(z2) — f(z1) > € > 0 and suppose that
random variable F(x5,&) — F'(x1,£&) has normal distribution with
mean u = f(xo) — f(xz1) and variance ¢2. By solving the corre-
sponding SAA problem we make the correct decision (that zq is
the minimizer) if fy(xo) — fy(xz1) > 0. Probability of this event
is ®(uv/'N /o). Therefore we need the sample size N > 2202 /¢2
in order for our decision to be correct with probability at least

1 — o.

In order to solve the corresponding optimization problem we need
to test Hy : u < 0 versus Hy : > 0. Assuming that o2 is known,
by Neyman-Pearson Lemma, the uniformly most powerful test is:
“reject Hy if fn(zo) — fy(x1) is bigger than a specified critical
value' .
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Now let X C R™ be a set of finite diameter D :=sup, ,c y ||z’ —z|.
Suppose that: (i) for every x € X the expected value f(x) =
E[F(x,&)] is finite, (ii) there is a constant o > 0 such that

M, () < exp{c?t?/2}, VtER, Va',z € X,

where M., .(t) is the moment generating function of the random
variable F(a/,¢) — F(z, &) — E[F (2, &) — F(x, ¢)], (iii) there exists
k . = — R4 such that its moment generating function is finite
valued in a neighborhood of zero and

F(a,8) — F(2,8)| < w9l — ||, V€=, Va/,z € X,
Choose € >0, § € [0,¢) and o« € (0,1). Then for sample* size
O(1)o? O(1)DL (2)
N > To) log | — ||,
= (e — 8)2 [” J ((5_5)2 o9y
we are guaranteed that Prob (S’?\, C Sg> > 1 — o

*O(1) denotes a generic constant independent of the data.
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In particular, if x(€) = L, then the estimate takes the form

LD n 109 (O(l)?L> + log <1>] :

vz om (1) - o

Suppose further that forsomec > 0, v > 1 and € > ¢ the following
growth condition holds

f(z) > 09 + c[dist(z, S9)]7, Vz € SE,

and that the problem is convex. Then, for ¢ € [0,e/2], we have
the following estimate of the required sample size:

O(1)LD \? O(1)DL 1
N2 <cl/’75(7_1)/7> [nlog ( 3 ) tlog (a>] ,

where D is the diameter of S€. In particular, if SO = {29} is a
singleton and v = 1, we have the estimate (independent of ¢):

N > O0(1)e 2L [n 10g(O(1)c™ L) + |og(or1)} .
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Example Let F(z,§) = ||z||?F — 2k (§Tac), where k£ € N and
X :={zxeR": || <1}.

Suppose, that ¢ ~ N(0,02I,). Then f(z) = ||z||%*, and for ¢ €
[0, 1], the set of e-optimal solutions of the true problem is

ol 2K
1z lzf|=" < e}

Let £x := (1 + ...+ ¢N)/N. The corresponding sample average
function is

(@) = |l«|?* = 2k (Exe)

and Zy = ||€y] 7€y, where vy := 5i=% if |Ey]| < 1, and v = 1

if ||En|| > 1. Therefore, for ¢ € (0,1), the optimal solution of
the SAA problem is an e-optimal solution of the true problem iff

1EN|Y < e, where v := 2]3—_1
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We have that £y ~ N(0,02N~11,), and hence N||€x]|2/0? has the
chi-square distribution with n degrees of freedom. Consequently,
the probability that ||n]|¥ > € is equal to the probability

Prob (X% > Naz/y/a2) .

Moreover, E[x2] = n and the probability Prob(x2 > n) increases
and tends to 1/2 as n increases. Consequently, for a € (0,0.3)
and € € (0,1), for example, the sample size N should satisfy

7’LO'2

2/v
g

in order to have the property: “with probability 1 — «a an (exact)
optimal solution of the SAA problem is an e-optimal solution of
the true problem’”. Note that v — 1 as £k — .

N > (68)
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Stochastic Approximation (SA) approach

An alternative approach is going back to Robbins and Monro
(1951) and is known as the Stochastic Approximation (SA)
method. Assume that the true problem is convex, i.e., the
set X C R" is convex (and closed and bounded) and function
F(-,&): X — R is convex for all £ € =.

Also assume existence of the following stochastic oracle:

given x € X and a random realization £ € =, the oracle returns the
quantity F'(xz,&) and a stochastic subgradient — a vector G(x, &)
such that g(x) := E[G(x, £)] is well defined and is a subgradient of
f(-) atz, i.e., g(x) € 0f(x). For example, use G(z,§&) € 0. F(x,§).
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Classical SA algorithm

zi+1 = Ny (z; —v;G(zj,€)),
where v, = 0/j, 6 > 0, and Mx(z) = argmin,cx ||z — 2|2 is the
orthogonal (Euclidean) projection onto X. Theoretical bound
(assuming f(-) is strongly convex and differentiable)

E|f(z;) =% =0G™h),

for an optimal choice of constant 8 (here 49 is the optimal value
of the true problem). This algorithm is very sensitive to choice
of 8, does not work well in practice.
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As a simple example consider f(z) = Llex?, with ¢ = 0.2 and

X = [—1,1] C R and assume that there is no noise, i.e., G(x,€§) =
Vf(z). Suppose, further, that we take 6 = 1 (i.e., v, = 1/j),
which will be the optimal choice for ¢ = 1. Then the iteration
process becomes

: 1
riy1 =z — f(2;)/j = (1 — 5—j) j
and hence starting with 1 =1,

o =1L (1—g5) =exe{-i21n (14 577))

> exp §— Z‘;;ll 53—1—1} > exp {— (0.25 + f{_l 5t—1_1dt)}

> exp {-0.25+0.2In1.25 — LInj} > 0.8~ /5.
That is, the convergence is extremely slow. For example for
j = 10° the error of the iterated solution is greater than 0.015.
On the other hand for the optimal stepsize factor of 6 = 1/c = 5,
the optimal solution x = 0 is found in one iteration.
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Robust SA approach (with averaging) (B. Polyak,
consider

J Yt
T;= Y wxy, Where vy = - .
t=1 ZT:]_ ,YT

Let Dy = maX,cy ||z — x1]|2, and assume that

E[IG(, &3] < M?, vz € X,

for some constant M > 0. Then
DY+ M?Y]_y 7
2511

after N iterations, we have

E|f(F) —0°| <

0D v

For v = ML

max {9, 9—1} M(D% + log N)
2D vV N |

E[f(@n) — 0] <

1990):
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Constant step size variant: fixed in advance sample size (num-
ber of iterations) N and step size i =7 3 =1.,N: Iy =
~ SR 1 @;. Theoretical bound
- oy . D% | 7M?
E[f(Zn) —v ]Szny“L 5
0D
M+'N

D+vM 0D M kD v M
E[f(3) — 0] « 22X XM X
fF@EN) v}_29m+ Ve

where k = max{60,6~1}. By Markov inequality it follows that

For optimal (up to factor ) v = we have

~ iiDggM
Prob in) —vd > el < :
{£@N) <=5
k2 D2, M?
Hence the sample size N 2> 5220642 guarantees that

Prob { f(Zy) —v0 > ¢} < a.
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Mirror Decent SA method (A. Nemirovski)

Let |- || be @ norm on R™ and w : X — R be continuously differ-
entiable strongly convex on X with respect to || - || function, i.e.,
for z,z’ € X:

w(z) > w(z) + (¢ — :Iz)TVw(a:) + Lefl’ — :1:||2
Prox mapping P, : R" — X:
Py (y) = argmin {w(2) + (y — Vw(x))'z}.
zeX
For w(xz) = %a:T:B we have that P;(y) = MNy(xz —y). Set
Tj41 = Pr(7;G(z;,€)),
J

Z'I'Zj = Z vy, where vy = ijt .
t=1 ZT:]_ YT
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Then
DZ »+ (2e) *MEY_1 7

2 2‘721 Yt
where M, is a positive constant such that

E[|G(,&)I2] < M2, vz € X,

Y

E|f(Z5) —°] <

|lz]l« = supy <1z is the dual norm of the norm || - |

]1/2.

- and

D — [man z) —minw(x
W,k zeX (2) reX (z)

For constant step size v; = v, j = 1,..., N, with optimal (up to

. 6D
factor 6 > 0) stepsize v = —;7%/%, we have

max{0,0~1}v/2D,, x M
vV cN .

E|f(@N) —0°] <
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Large Deviations type bounds.

Suppose that

E |exp {|G(z, &7 /MZ}| < exp{1}, Vz € X.
Then for the constant stepsize policy and any €2 > 1:

~ 2 0,01\ M.D,, v(1242Q
Prob {f(:cN) — 9> V2 max{ %/W A2+ )} < 2exp{—}.

It follows that for e > 0, € (0,1) and
Nga = O(1)e ?Dg yMZ10g?(1/a),

we are guaranteed that Prob {f(iN) — 00 > a} < a.

This can be compared with a corresponding estimate of the
sample size for the SAA method:
Nopp = 0(1)5—232M3[|og(1/a) + nlog (RM*/E)]
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Example
Let X = {z e R": Y ;2;, =1, z > 0} be a standard simplex.

Consider two setups for the Mirror Descent SA: Euclidean setup,

where ||-|| = ||-|l2 and w(z) = Lz''z, and ¢1-setup, where ||-|| = ||-||1

with || - [[« = || - ||co, @and w is the entropy function

n
w(z) = ) z;Inz,.
i=1
For the constant stepsize policy, the Euclidean setup leads to
E|f(Zn) —v°] <OQ)max {0,071} MN~1/2,

with M? = sup,cy E [||G(a:,£)||%} (note that the Euclidean diam-
eter of X is v/2).
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The {¢y-setup corresponds to Dy, y = VInn, ¢ =1 and z; =
argminyw = n~1(1,...,1)1. The associated Mirror Descent SA
IS easily implementable: the prox mapping can be computed in
O(n) operations according to the explicit formula:

x;e” Y

[ Zl?(y)]z Z:]- xke_yk’ ? ) 7n

The efficiency estimate guaranteed with the /Zq-setup is
E [f(a“:N) - ’UO] < O(1) max {0,9—1} JiognM N~1/2,

with M2 = supmexE[HG(w,g)Hgo], To compare the Euclidean
and fi-setups, observe that M, < M, and the ratio My/M can
be as small as n=1/2. When X is a standard simplex of large
dimension, we have strong reasons to prefer the /1-setup to the
usual Euclidean one.
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Bounds by Mirror Decent SA method.

For iterates
Tj41 = Pr,(7;G(x;,8)).
Consider
N
N @) =Y vilf(z)) + g(z)) (@ — =],

j=1
where f(z) = E[F(z,£)], g(z) = E[G(z,£)] and v := ~;/ (301 ;).
Since g(x) € 0f(x), it follows that

S = min 1N () < 0°

Also v < f(Zx) and by convexity of f,
N

FG@EN) < Y =3 vif(ay).
Jj=1
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That is, for any realization of the random sample 51,...,£N,
N <O < N,

Computational (observable) counterparts of these bounds:
N al ' iNT
£ = mip 3 vl G, ) + Gy, €T (@ = )]
J:

N
j=1
We have that E [f*N} —F [TN], and
2[1¥] <0 <[]
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Complexity of multistage stochastic programming

Conditional sampling. Let ¢, i = 1,...,N;, be an iid ran-
dom sample of &,. Conditional on &, = fg, a random sample
5%7, 7 = 1,...,No, is generated and etc. The obtained scenario
tree is considered as a sample approximation of the true prob-
lem. Note that the total number of scenarios N = Hth_ll Ny and
each scenario in the generated tree is considered with the same
probability 1/N . Note also that in the case of stagewise in-
dependence of the corresponding random process, we have two
possible strategies. We can generate a different (independent)
sample ggﬂ 7 =1, ...,N2, for every generated node fg, or we can
use the same sample &4, j = 1,..., No, for every gg. In the second
case we preserve the stagewise independence condition for the
generated scenario tree.
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For T' = 3, under certain regularity conditions, for ¢ > 0 and
a € (0,1), and the sample sizes N1 and N> satisfying

O(1) K—D{fl)nl exp{ - O(”évlsz}
+(222) "o {2002} | <

we have that any first-stage ¢/2-optimal solution of the SAA
problem is an e-optimal first-stage solution of the true problem
with probability at least 1 — «. (Here Dq,D»,L1,L>,01,05> are
certain analogues of similar constants in the sample size estimate
of two stage problem.)
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In particular, suppose that Ny = N, and take L := max{L1, Lo},
D := max{D1, D5}, o? := max{o?,05} and n := max{ni,ns}.
Then the required sample size N1 = No:
O(1)0? O(1)DL 1
Ny > X [nlog( W >+|og(—)],
g «

3

with total number of scenarios N = N7.

That is, the total number of scenarios needed to solve a T-
stage stochastic program with a reasonable accuracy by the
SAA method grows exponentially with increase of the number
of stages T'. Another way of putting this is that the number
of scenarios needed to solve T-stage problem would grow as
O (a_Q(T—l)) with decrease of the error level £ > 0.
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This indicates that from the point of view of the number of sce-
narios, complexity of multistage programming problems grows
exponentially with increase of the number of stages. Further-
more, even if the SAA problem can be solved, its solution does

not define a policy for the true problem and of use may be only
the computed first stage solution.
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Example (Multistage portfolio selection)
Consider the problem of multistage portfolio selection (22)—(24)
with logarithmic utility function U(W) = InW and stagewise
independent data process & = 1+ Ry, t = 1,...,7. Then the
optimal value 10 of the true problem is

T-1

WO =InWo+ Y
t=0

where 14 is the optimal value of the problem*

T T,
I;ilgéE ['n(§t+1$t)] st.e x; = 1.

Let the SAA method be applied with the respective sample 52,
j == 1, "'7Nt—1 of Et; t = 1, ,T— 1.

*by e we denote vector of ones.
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In that case the corresponding SAA problem is also stagewise
independent and the optimal value of the SAA problem

T-1

iy =InWo+ Y By, (69)
t=0

where Dt,Nt is the optimal value of the problem

M%— Z In [(5 +1)Ta;t] st. elw; = 1. (70)

We can view 1, , as an SAA estimator of 1;. Since here we solve
a maximization rather than a minimization problem, v; N; IS an
upwards biased estlmator of v, i.e., E[y, Nt] > 1. We also have
that E[va] = In W + Zt 0 E[ut Nl and hence

T-1

Elon] -0 = 3 (Elow] —w). (71)
t=0
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That is, for the logarithmic utility function, bias of the SAA
estimator of the optimal value grows additively with increase of
the number of stages. Also because the samples at different
stages are independent of each other, we have that

T-1

Varfind = 3 Var[p, v.]. (72)
t=0

On the other hand, for the power utility function U(W) := W7,
with ~ € (0,1], bias of the corresponding SAA estimator vs
grows with increase of the number of stages in a multiplicative
way. In particular, if the respective relative biases are constant,
then bias of vy grows exponentially fast with increase of the
number of stages.
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Risk-averse approach

Consider the following formulation of the financial planning prob-
lem:

n
|\/|>86< E[Wl] — )\D[Wl] S.t. Z x; = W, (73)
= i=1
where D[WWq] is a measure of dispersion (variability) of W7 and \ >

O represents a compromise weight between maximizing returns
and minimizing risk of investment.

Markowitz (1952) approach: take D[W7] := Var[Wy]. In the
present (linear) case

Var[W7] = Var [Z?zl .fzazz] = 1y,
where > is the covariance matrix of &.
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Min-max approach to stochastic programming:

Min {f(@ = supEM[F(a:-,w)]},
where F' : R" x 2 — R and 2 is a set of probability measures
(distributions) on the sample space (€2, F).

Optimization of mean-risk models:
Min p[Fz(w)],
reX

where p: Z - RU {400} is a mean-risk function, Z is a (linear)
space of “allowable” functions Z(w) and Fy(-) = F(x,-) € Z for
all z € X.

Markowitz's approach: p(Z) := E[Z] + cVar[Z], Z € Z, where
¢ > 0 is a weight constant (note that here we deal with mini-
mization, rather than maximization, problem).

92



Axiomatic approach (coherent measures of risk), by Artzner, Del-
baen, Eber, Heath (1999):
(A1) Convexity:

plaZi + (1 —a)Zr) <ap(Z1) + (1 — a)p(22)
for all Z1,Z> € Z and « € [0, 1].
(A2) Monotonicity: If Z1,2Z> € Z and Z, > Z1, then p(Z3) >
p(Z1).
(A3) Translation Equivariance: If a € R and Z € Z, then p(Z +
a) = p(Z) + a.
(A4) Positive Homogeneity:

olaZ) =ap(Z), Ze€ Z, o> 0.
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Space Z is paired with a linear space Y of finite signed measures
on (€2, F) such that the scalar product (bilinear form)
(1,2) = [ Z(w)dp(w)

Q
is well defined for all Z € Z2 and pu € Y. Typical examples Z =

Lp(2, F,P) and Y := Ly(2, F, P), where p,q € [1,400] such that
1/p+1/g = 1, and P is a probability (reference) measure on
(2, F).

Dual representation of risk functions
By Fenchel-Moreau theorem if p is convex (assumption (Al))
and lower semicontinuous, then

p(Z) = sup e {{p, Z) — p* (1)} ,
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where

p*(p) :=supzez {{n, Z) — p(2)},

A :=dom(p*) ={pecdY:p"(u) <—+oo}.
It is possible to show that condition (A2) (monotonicity) holds iff
w = 0 for every u € 2. Condition (A3) (translation equivariance)
holds iff u(€2) = 1 for every p € 2. If p is positively homogeneous,

then p*(n) = O for every u € 2. If conditions (A1)—(A4) hold,
then 2 is a set of probability measures and

p(Z) = sup,eu EulZ].

Consequently, problem Min,cy p[F(z,w)] is equivalent to the min-
max problem.
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Average Value-at-Risk (also called Conditional Value-at-
Risk)

Chance (probabilistic) constraint:

Prob{C(:p,g) > 7'} < a. (74)
Constraint (74) can be written as

K []J(O’OO)(Z:B)} S o,
where Z; = C(z,§) — 7. Let ¢ : R — R4 be nondecreasing,
convex function such that ¥(-) > ]J(o,oo)(‘)- We have that

Inf B[ (t22)] 2 E [1(0 00)(Z0)]

and hence

inf E[¢(tZ2)] < « (75)
t>0

iS a conservative approximation of the chance constraint (74).
96



The choice 9¥*(z) := [1 4+ z]4 gives best conservative approxima-
tion. For this choice of v, (75) is equivalent to

: 1
22& {t + o E[Z, — t]_|_} <o0. (76)

7

AVER,( Zy)

Note that the minimum in the left hand side of (76) is attained
at t* = VORy(Z;), where

VORL(Z) = H,'(1 —a) :=inf{t: Hy(t) > 1 —a},
with H,(t) := Prob(Z <t) being the cdf of Z.
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Constraint Prob(Z < 0) > 1 — «a is equivalent to VGR,(Z) < 0.
Therefore AVOR,(C(x,£)) < 7 is a conservative approximation of
the chance constraint (74).

Note that p(Z) = AV@R,(Z) is a coherent risk measure. It is
natural to take here Z2 = L1(2,F,P) and Z* = L (2, F,P).
Dual representation

AVORG(Z) = sup /Q Z(w)¢(w)dP(w),
where

o = {g cz* 0<c(w) <alaeweq, /Q C(w)dP(w) = 1}.
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Suppose that Z1 ....ZN is an iid sample of random variable Z.
Then by replacing the true probabil'ity distribution P of Z by its
empirical* estimate Py = Zé\f:l 0(Z7) we obtain sample estimate
of 6 .= AVOR,(Z):

Oy = infrep {t +a IN"ISN (27 — 4], .
By the Delta theorem (Theorem 2) we have
where [t*,t**] is the set of 1 — a quantiles of the distribution of
the random vector Z. If the (1 — «)-quantile t* = VOR,(Z) is
unique, then

On = VORA(Z) + a LYy + op(N~1/2),

where Yy := N~1¥X ,[27 — #*]4. This approximation can be
reasonable when N is significantly bigger than 1/a.

*By 6(z) we denote measure of mass one at the point z.
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Example Mean-variance risk function (¢ > 0):

p(Z2) ;= E[Z] + cVar[Z], Z € Z .= Ly(2, F, P).
Dual representation:

p(Z) = supcez micj=1{ (¢ Z) — (4e)~tVar[c]}.
Satisfies (A1) and (A3), does not satisfy (A2) and (A4).

Example Mean-upper-semideviation risk function of order p €
[1,400), Z € Z:= Lp(2, F,P), ¢c>0 and

p(2) :=E(Z] + c(Bp{1Z — BplZ1} }) /7

Here p satisfies (A1),(A3),(A4), and also (A2) (monotonicity) if
c < 1. The max-representation

p(2) = sup /Q Z(w)¢(w)dP(w)

holds with A = {¢: ¢ =14+ h— JohdP, ||h|lq <c, h > O}.
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Let Z = L,(2,F,P). It is said that a risk measure p: Z - R is
law invariant with respect to the reference probability measure
P, if for all Z1,Z>, € Z we have the implication

{Zl 2 Zz} > {p(Z1) = P(ZQ)}°

Theorem 3 (Kusuoka) Suppose that the probability space
(2, F,P) is nonatomic and let p : Z — R be a law invariant
coherent risk measure. Then there exists a set 9 of probability
measures on the interval (0,1] (equipped with its Borel sigma
algebra) such that

1
p(Z) = sup AVOR,(Z)du(a), VZ € Z. (77)
peM /0
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Two-stage stochastic programs.
Suppose that the function F(x,w) is given by the optimal value
of the second stage problem:
Min g(z,y,w),

yeX(xr,w)
where g : R" x R™ x €2 — R is a random lower semicontinuous
function and X : R" x 2 = R™ is a closed valued measurable
multifunction. Then, for a fixed x € X,

p(F(z,w)) =inf(yex(z) Plo(z, y(w), w)],
and hence the the first stage problem is equivalent to the problem

Min - plgGry(w), @)

subject to y(w) € X(z,w) a.e. w € Q.

How this can be extended to a dynamic process (multistage pro-
gramming)?
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Tree representation. Notation: €2; set of nodes at stage t =
1,..,T, Kt = |4, Cq C 441 set of children nodes of a € Q.
With every node a € £2; we can associate risk function

% RIC SR e t=1,....T—1.

For example, let p¢ € RICa be conditional probability vector of
moving from node a to its children nodes, and

p(Z) ‘= EpalZ], a €, t=1,...,T — 1,

or

p%(Z) 1= EpalZ] + caFpa [Z - Epa[Z]Lr, ca € [0,1].

Note that REt+1 = RICail x ... x RI“%! where {ay, .., ax,} = .
Define

Prt1 = (p™1, ..., p?Et) - REt+1 s REt =1, T —1.
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With the considered tree is associated sequence of (finite) sigma
algebras Fi; C --- C Fp, with Fp =297 and F; = {0, Q7}. Let Z
be the space of all F;-measurable functions Z : Qp — R, i.e., Z(-)
iIs constant on every Cy, a € €2¢. The space Z; can be identified
with RE¢. It is said that Pt+1 - Z¢4+1 — Z¢ 1S a conditional risk
mapping if the following conditions hold

(A1) Convexity:

pt+1(7Z1 4+ (1 —71)Z2) 2 1pi41(Z1) + (1 — 7)pi41(22)
for all Z1,Z € Z;41 and 7 € [0, 1].
(A’'2) Monotonicity: If Z1,Z5 € 2,41 and Zp = Zy, then py11(Z2) =

pi+1(21).
(A'3) Translation Equivariance: If Y € Z; and Z € Z;44, then

pi+1(Z+Y)=p1(Z2)+Y,
(A'4) Positive Homogeneity:

pi+1(7Z2) = 1p141(Z), Z € 2441, 7> 0.
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We have that with each coherent risk measure p%, a € 2 is
associated set ;4 1(a) C R5t+1 of probability vectors such that

YWNZ)= max Ey[~Z].
P2 = max EylZ]

Let v = (va)qeq, e a probability distribution on €2, and

Q:t—|—1 = {Iu e ZCLEQt I/apa . pa c Qlt_l_]_(a,)} .
We have that

EulZ|F] = EpelZ], Z € 2441,

and it follows that

pri1(Z) = max E,u[Z|F].
t+ A S
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Risk averse multistage programming (nested formulation):

Min f1(w1)+,02[ inf  fo(zo,w) +...

r1E€X] rp€Xp(x1,w)

inf
+por—1 [a:TleXI?(ng,w) fr—1(zr_1,w) (78)

+p7l inf fT(ﬂTT,w)]H-

rreXr(er_1,W)

Here w is an element of 2 = Q7, the objective functions f; :
R™-1 x €2 — R are real valued functions and &} : R"-1 x Q2 == R™,
t =2,...,T, are multifunctions such that fi(xz¢, -) and Xp(xi_1, ")
are Fy-measurable for all x+ and x;_1. Note that if the corre-
sponding risk measures p® are defined as conditional expecta-
tions, then the above multistage problem becomes a risk neutral
multistage problem.
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Consider function po: Z1 X --- X Z7 — R defined as

o(Z1,..., 27) = Z1+ p2|Zo+ -+ pr_1|Zr-1+ PT[ZT]H- (79)

By condition (A’'3) we have that

pr—1|Zr-1+ prlZ1)| = pr_1 0 p7|Z1-1 + Z1).
By continuing this process we obtain that
o(Z1,...,27) =p(Z1+ -+ Z7),
where p:= poo---0pp. We refer to p: Zr — R as the composite
risk measure. That is,
p(Z1+-+2r)=Z14p2|Z2+ -+ pro1|Zr-1 + PT[ZT]Ha

defined for Z; € Z, t = 1,...,T. Conditions (A'1)—(A’'4) imply
that p is a coherent risk measure.
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We can write the risk averse multistage programming problem

Min - p|f1(e1) + fa(@2(w),w) + - + fr (@r(w),w) |

L1,LDy..., L

s.t. x1 € X1, vp(w) € Xp(xp_1(w),w), t=2,...,T.
Dynamic Programming Equations.
For the last period T we have

Qr(rr_1,w) = inf fr(zr,w),
rpEXT(Tr_1,W)

Qr(zr_1,w) ‘= pp[Q@r(T7r_1,W)],
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and fort=T-1,...,2,

Qi(xy—1,w) = pt [Qe(xp—1,w)],

where

Qt(ri—1,w) 1= inf {ft(fﬂt,w) + Qt—|—1(33taw)}-

CEtEXt(ZCt_]_,W)
Finally, at the first stage we solve the problem

Min f1(z1) + p2[Q@2(z1,w)].
r1€Xq

By using the conditional max-representation, we can write the
dynamic programming equations in the form

Qi(ri—1,w) = inf {ft(ibt,w)-l- sup E, [Qt#—l(mt)‘}—t} (w)}-

rr€Xy(T—1,w) peCitq
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Time consistency of stochastic programming problems

Consider a multiperiod stochastic program

Min Q(f1(331), fo(z2(§[2p):€2)s - - s fT (wT(g[T])’fT) )

CE]_,SCQ('),...,iCT(')
s.t. IS Xl? xt(&[t]) S Xt(£t—1(£[t—1])7§t>7 t = 27 <. 7T7

where p: Z1 X Zo X --- X Zp — R is @ multiperiod risk measure.

Is it time consistent? For example is

Min - AVORa(fa(er) + -+ fr (er (. &) )

xlaxQ(')r“axT(')
s.t. T1 € Xl? xt(g[t]) S Xt(£t—1(£[t—1])7£t>7 t = 27 s 7T7

time consistent? Note that for a € (0,1),
AV@R,(-) # AV@R ¢, <AV@Ra|§[2] (- AV@Ra|§[T_1](-))).
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Principle of conditional optimality.

At every state of the system, optimality of our decisions should
not depend on scenarios which we already know cannot happen
in the future.

Let us consider the following example. Let o(Z1,...,2Z7) ;= Z1 +
S ,AVOR.(Z;). We can write
o(Z1,... Zp) = _inf E{Z1+ YT, (r+a [z —rily)}

rD,...,T'
The objective function of the corresponding multiperiod opti-

mization problem can be written as

T T
filz1)+ ) mn+E { ST a M fi(ar, &) — "“t]-|-} ,
t=2 t=2
with additional variables r = (ro,...,r1). The problem can be
viewed as a standard multistage stochastic program with (r,zq)
being first stage decision variables.
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Dynamic programming equations: the cost-to-go function
Qi(xi_1, 14, ...,rT,f[t]) is given by the optimal value of the problem

: _1
CUtEX!t\(/lilil‘tn_l,ft) a” ~ [fi(ze, &) — 4 + Ele,, [Q,H_l(xt, Ty, ...,rT,g[t])] ,

Although it is possible to write dynamic programming equations
for this problem, note that decision variables r5, ..., rp are decided
at the first stage and their optimal values depend on all scenarios
starting at the root node at stage t = 1. Consequently optimal
decisions at later stages depend on scenarios other than following
a considered node. That is, here the principle of conditional
optimality does not hold.
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A well known quotation of Bellman: “An optimal policy has the
property that whatever the initial state and initial decision are,
the remaining decisions must constitute an optimal policy with
regard to the state resulting from the first decision.”

In order to make this precise we have to define what do we mean
by saying that an optimal policy remains optimal at every stage
of the process conditional on an observed realization of the data
process.
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We assume that with the multiperiod problem is associated a
sequence of mappings oy 7 Z¢ X -+ X Zp = Z¢, t = 1,...,T. We
say that {o; 7} is a sequence of multiperiod mappings if it satisfies
the condition of monotonicity:

if Z,2' € Zyx---x Zp and Z = Z', then o, 7(Z) ¥ oy 7(Z").
Examples.

Conditional expectations:

0t,7(Zt; s Z7) = Ejg [ (Z1 + ... + Z7).

Conditional max-risk measures (recall that AV@Ry(-) = esssup(-)):

«Qt,T(Zta ceey ZT) L= AV@RO|§[t](Zt + ...+ ZT)

For a law invariant coherent (convex) risk measure p(-):

0t,7(Zt; s Z1) = plgy (Z1 + ... + Z7).
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Nested form:
‘Qth(Zt, ey ) = p|€[t] ( .. '0|£[T—1](Zt + ...+ ZT))
= Zi+ ,O\g[t] <Zt_|_1 + -+ P\g[T_l] (ZT))

Recall that only conditional expectations and conditional max-
risk measures can be represented in the nested form of coherent
risk measures.
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For t = 2,...,71', consider problems

(P,) - xt(')'}./.'_i’gT(.) Qt,T(ft(wt(ﬁ[t]),ﬁt), N A (CL’T(ﬁ[T]),fT))

s.t. 377'(&[7-]) S XT(£T—1(£[7—1])7€7)7 T — ta <. 7T7
conditional on ¢ and z;—;. At ¢ =1 the problem (Py1) is

1 2(|\§|in o Ql,T(fl(fL‘l),f2($2(€[2]),€2),---,fT (wT(E[T]),ST)>
x1,22(+),...,xp (-
s.t. r1 € Xl? xt(&[t]) ~ Xt(£t—1(€[t—1])7§t>7 t= 27 R 7T7

with o1 7@ 21X Zp%X---XZp — R being a multiperiod risk measure.
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We say that an optimal policy il,fg(g[z]), -~->5T(£[T]) of problem
(Pq) is time consistent if the policy .:Et(g[t]), ...,:ET(g[T]) is optimal
for the problem (P), t = 2,...,T, conditional on ) and xp—1 =
Tt—1(€p—11)-

For the nested conditional risk measures

0t,7(Zt; s Z1) = Z + pigg, (Zt—l—l + -+ P|§[T_1](ZT)>7

every optimal policy of (P;) is time consistent.

(Cl1) Foralll1 <7t <606<Tand Z, 7€ Z:x---xZp, the conditions

Zy =2, t =71,..,0 — 1, and gg 7(Zy, ..., Z) = 09.7(Zg, ..., Z)
imply that

‘QT,T(ZT7 ceey ZT) j QT,T(Z7/'7 ceey Z'_/T'>
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Proposition 1 Suppose that condition (C1) holds and the multi-
period problem (P1) has unique optimal solution policy

51,52(6[2]% 7£T(£[T]) T hen the policy ft(f[t]), 75T(£[T]) IS Op-
timal for the problem (P;), t = 2,...,T, conditional on ) and

Ti—1 = Tt—1-

In case problem (P1) has more than one optimal solution we need
a stronger condition to ensure that an optimal solution of (Py)
is conditionally optimal for (P;), t=2,...,T":

(C1*) For all 1 <7 <0< Tand Z,Z' € Z; x --- X Zp, the
conditions
Zi=27i, t=r,..,0 — 1, and g9 1 (Zy, ..., Z1) < 097 (Zg, ..., Z)
imply that

0r 7 (Zr oo 27) < 070 (Zhs o0 Z).
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Consider the following conditions.

(C2) Fort=1,..,T, it holds that g¢;r(0,...,0) = 0, and for all
(Z1,....Z7) € Z and t=1,...,T — 1, it holds that

0t 17(Zty Zyy 1,y Z7) = Zt + 06 7(0, Z g1, .0, Z7).

(C3) Forall1<7t<6<T and Z € Z it holds that

QT,T(ZT7 coey Z@, ceny ZT) = QT,Q (ZT, ceoy 29—17 QQ,T(297 cees ZT))
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Multiperiod coherent mappings of the nested form satisfy con-
ditions (C1),(C2) and (C3), but not necessarily (C1*). We have
the following relations between these conditions.

Proposition 2 Let {o; T} be a sequence of multiperiod map-
pings. Then the following holds. (i) Conditions (C1) and (C2)
imply condition (C3). (ii) Condition (C3) implies condition (C1).
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It is tempting to impose the following condition on the sequence
of multiperiod mappings:

Forall1<r7<60<Tand Z,Z' € Z: x --- x Z7, the conditions
Ziy=2Zy, t=r,..,0 =1, and o, p(Zr, ..., Zp) < 0 7(Z}, ..., Z)
imply that

09.7(Zy, ..., Z1) = 09.7(Zg, ..., Z1).

This condition will impliy the desired property of the sequence
of multiperiod mappings. Unfortunately this condition does not
hold even for a sequence of conditional expectation mappings

0t,7(Zt; - Z1) = B |2t + .. + Z7].
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Suppose that conditions (C1) and (C2) hold. Then condition
(C3) follows, and hence we can write

01.7(Z1, ..., Z7)

71, Z1—2, 07—1,0(Z1-1, Z71))
21y 412, Z7—1 + 0r—1,7(0, ZT))-

01,71
01,71

By continuing this process backwards we obtain the nested rep-
resentation of oq 7

01,7(Z1, -, Z1) = Z1 + p2 [ZQ + -+ pr_1 [ZT—l + PT[ZT]Ha

where py41 1 Z441 — Z¢ are one step mappings defined as

pt+1(Zi41) = 0144+1(0, Z441) = 04 7(0,Z441,0,...,0).

Clearly the mappings p;4 1 inherit such properties of ot T AS MONO-
tonicity, convexity and positive homogeneity.
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Risk Averse Multistage Portfolio Selection

A nested formulation of multistage portfolio selection®™ can be
written as (recall that e denotes vector of ones)

Min {E(WT) = /31[' CPT_1 Wy [PT|WT_1 (W] H}
st. Wiy = gtT_|_1azt, eTCBt =Wy, 24 >0,t=0,...,7T — 1.

If we set pyy, , = Ejpy,_,, ¢ = 1,...,T, then o(Wp) = E[Wq].
Now let, for example,

pyw,_, () = (1 = B)E;y,_, () + BAVOR.(:[W;—1),
a € (0,1), B € (0,1). Suppose that the random process &; is
stagewise independent.

*Note that we formulated here the problem as a minimization rather than
maximization problem.
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Let us write dynamic programming equations. At the last stage
we have to solve problem

Min W
rp—120,Wr Priwy_, (W7

(80)
S.t. W = 5}3@_1, e

T _
rp_1 = Wr_1.

Since Wp_4 is a function of g[T_l], by the stagewise indepen-
dence we have that &7, and hence W, are independent of Wp_+.
Therefore we have in (80) that ppy.._, [Wr] = p[W7], where

p(-) = (1 = B)E(:) + BAVORA(") (81)

is the corresponding (unconditional) risk measure.

124



It follows by positive homogeneity of p(-) that the optimal value
of (80) is Q7_1(Wp_1) = Wp_qvp_1, Where vp_q is the optimal
value of

Min p[Wr]
zp_12>20,Wrp (82)
S.t. Wrp = f;zerBT_l, GTZET_l =1,

and an optimal solution of (80) is zp_1(Wr_1) = Wr_12% 4,
where x%. ; is an optimal solution of (82).

And so on we obtain that the optimal policy z;(W;) here is my-
opic. That is, z;(Wy) = Wixf, where zj is an optimal solution
of

Min  p[W; 4]

x¢>0,Wiiq (83)

S.t. Wiy, = 5;_133,5, elzy = 1.

Note that the composite risk measure p is quite complicated
here.
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An alternative, multiperiod risk averse approach can be formu-
lated as

Min {p[Wr] = (1 — EWr] + 8(r + o "E[Wr — 7]y )}
st. Wiy = fl;r_l_lxt, €T33t =Wy, ¢ >0, t=0,...,7T — 1.

Here r € R is the (additional) first stage decision variable. After
r is decided, at the first stage, the problem comes to minimizing
E[U(W7T)] at the last stage, where

(84)

UW) 1= (1= B)W 4 Ba ' [W —r]4

can be viewed as a disutility function.

It is possible to write dynamic programming equations for this
problem. Note that here r is the first stage decision variable, the
optimal policy is not myopic and the property of time consistency
IS not satisfied
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Robust Inventory Model

Consider the following robust formulation of inventory model

T

Min > PmaX{Ct(%‘t — yt) + Yi (@, dt)}

T ] (85)

St Y41 = ¢ — Dy, t=1,...,T — 1,

where ’gbt(ict,dt) L= bt[dt — Cljt]_l_ -+ ht[a:t — dt]-l-' y1 IS a given initial
inventory level, Dq,..., Dy is a demand process, and ct, by, hy are
the ordering, backorder penalty, and holding costs per unit, re-
spectively, at time t. We assume that b > ¢ > 0 and hy > 0O,
t=1,...,7, and that the support of the distribution of random
vector (D1, ..., D) is bounded. The optimization in (85) is per-
formed over feasible policies z; = xt(D[t_l]), t=2,...,7, with x4
being deterministic.
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The dynamic programming equations for this problem can be
written as follows. At stagest="1T,...,2 the cost-to-go function
Qt(yt,D[t_l]) is given by the optimal value of the problem

M 0 [ 20+ s (o D1 1)

with Q741(-,-) = 0. Finally, at the first stage we need to solve
problem

Min c1(z1 — y1) + P |¥1 (21, D1) + Q2 (z1 — D1, D1) |-

Suppose now that the support of the distribution of (Dq, ..., D)
is given by the direct product Dy x --- x Dp for some (bounded)
sets Dy C R, t =1,..., 7. Then the cost-to-go function at the
last stage is

Qr(yr) = inf {CT(@‘T—yT)-I- sup ”‘PT(CUTadT)}-

TT2YT dr€Dr
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Andsoonfort=1T-1,...,2 the dynamic programming equations
can be written as

Qt(yt) = inf {Ct(ﬂ?t yt) + sup [¢t($t,dt) + Qeg1 (zt — dt)]}-

Tt>Yt di€Dy

Note that here the cost-to-go function Q:(y), t =2,...,T, is in-
dependent of d[t_l], and by convexity arguments the optimal pol-

icy T; = :T:t(d[t_l]) iS a basestock policy. Thatis, z; = max{y, x;},
where a:;’; IS an optimal solution of

Min {thl?t + sup [%(fﬂt, Dy) + Qi1 (xt — Dy) ]} : (86)

diEDy
and yy = x4_1 — Dsy_1, t =2,....,7T, with y1 being given.
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Chance constrained problems.

Consider problem
Min f(x) subject to p(z) < «,
reX

where X C R" is a closed set, f : R™ — R is a continuous function,
a € (0,1) is a given significance level, £ is a random vector,
whose probability distribution P is supported on set = C RY,
C:R*"x =— R and
p(x) = Prob{C(m,g) > o}

IS the probability that constraint is violated at point =z € X.
Several chance constraints

Prob{Ci(x,f) <0,71=1, ...,q} >1— a,
can be reduced to one chance constraint by employing the max-
function C(sc,&) = MaXx1<i<yq Cz(m,f)
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There is a serious numerical problem with chance constraints.
First, it is usually difficult even to check whether or not a given
chance constraint is satisfied at a given point x € X. Second, the
feasible set of a chance constraint is convex only in very special
cases. For example, the set

Prob{Ci(:c,g) <0,i=1, ...,q} >1—a,

is convex if C;(x,&) are convex (jointly in  and &) and £ has an
a-concave distribution (Prékopa).

Two approaches to deal with chance constraints: sampling and
convex approximations.
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Generate a random sample ¢1,.... ¢V of N realizations of ran-
dom vector £ (by Monte Carlo sampling techniques) and consider
problem

Min f(z) subjectto C(z,&7) <0, j=1,...,N. (87)
xre

If the set X and functions f(-), C(-,£), £ € =, are convex, then
this is a convex problem.

Theorem 4 (Calafiore, Campi, Garatti) Suppose that the con-
vexity condition holds and let xp be an optimal solution of the
above problem (87). Then

Prob {p(Zy) > a} < B(n — 1;, N),
where

k
NN\ . .
B(kia,N) =} ( , )oﬂ(1 _a)N=i k=0, N
i=0 > °
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By Chernoff inequality

(Nao — n + 1)
2aN ‘

B(n—1;a,N) < exp{—

It follows that for 8 € (0,1) and
N > 2a~tlog(1/8),

we are guaranteed with probability at least 1 — 8 that zp is
a feasible point of the true problem. This result only ensures
feasibility of xr, doesn’t say anything about optimality.
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Note that p(x) = ]Ep[]](ojoo)(C(LC,f))]. The corresponding sample
average approximation:

_ 1 ¥ -
pn(e) =~ ; U(0,00) (Cl,6)))

is equal to the proportion of times that C(:c,fj) > 0. The SAA
problem

Min f(xz) s.t. py(x) <~. (88)
TEX

Note that we can use the significance level v, of the SAA problem
(88), different from «.

If v = «, then under mild regularity conditions, an optimal so-
lution z,y of the SAA problem converges w.p.1 to the set of

optimal solutions of the true problem.
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For a point z € X we have that py(z) < ~, i.e., x is a feasible
point of the SAA problem, iff no more than vN times the event
“C(z,&7) > 0" happens in N trials. Since probability of the event
“C(Z,&9) > 0" is p(7), it follows that

Prob{py () <~} = B([¥N]:p(@), N).
By Chernoff inequality for k > Np,
B(k:p, N) > 1 — exp {—N(k/N - p)2/(2p)} .

It follows that if p(z) < a and v > «, then 1 — Prob{ﬁN(:E) < 7}
approaches zero at a rate of exp(—«kN), where k := (y—a)?/(2a).

Similarly, if p(x) = o and v < «, then probability that z is a
feasible point of the corresponding SAA problem approaches zero
exponentially fast.
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Optimality bounds

Given a point candidate solution x € X how to verify its opti-
mality. In order to verify feasibility of x we need to estimate the
probability p(z). By Monte Carlo sampling techniques, generate
an iid sample ¢1, ..., ¢V and estimate p(Z) by pn(Z). Approximate
(1 — B)-confidence upper bound on p(x):

Up N (%) := Bn(Z) + 25/Bn (@) (1 — By (Z))/N.

A more accurate (1 — 8)-confidence upper bound is given by

Uz y(Z) == sup {p: B(k;p,N) > B},
p€[0,1]

where k1= Npy(Z) = 2N (g o) (G(f,gﬂ')).
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Lower bound for the optimal value

Choose two positive integers M and N, and let L be the largest
integer such that

where 0y := B(|yN];a, N). Note that 0y = (1 — )V for v =
0. Next generate M independent samples ¢l .. eNom oy =

1,..., M, each of size N, of random vector £&. For each sample
solve the associated optimization problem

N
. . j,m
MIp /() sublect to 3 J(o.c) (Cla, &™) <N,
and hence calculate its optimal value vy, m =1,..., M. That is,

solve M times the corresponding SAA problem at the significance
level ~.
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We can view 17}"\}, m=1,...,M, as an iid sample of the random
variable v, where vy is the optimal value of the respective SAA
problem at significance level v. Next we rearrange the calculated
optimal values in the nondecreasing order 6](\,1) < - < 6](VM).

We use the random quantity @](VL) as a lower bound of the true
optimal value 9. It is possible to show that with probability at
least 1 — B, the random quantity 17](\%) IS below the true optimal

value vo, I.e., @](\f) is indeed a lower bound of the true optimal
value with confidence at least 1 — (.
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Convex approximations

Consider chance constraint:

Prob{()(a:,g) > T} < a. (89)

Let Zy = C(z,&) — 7 and ¢ : R =+ R} be nondecreasing, convex
function such that y(-) > H(07m>(o). We have that (see (75))

inf E[¢(tZ2)] < o (90)
t>0

iS a conservative approximation of the chance constraint (89).
The “best” choice ¥(z) := [1 + z]4 leads to the AV@R approxi-
mation (see (76)).
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Bernstein approximation

Take ¥(t) := et. Suppose that: (i) The components £ J =
1,....,d, of random vector £ are independent of each other random
variables. (ii) The moment generating functions M;(t) = E[eléi],
7 = 1,...,d, are finite valued for all t € R and are efficiently
computable. (iii) The constraint function C(x, &) is affine in &:

d
C(z,€) = golz) + ) &;g;(z).

j=1
For z = (20, 21, ..., 29) and A;(z;) = log M;(z;) consider function
d(2) :=log (E[GXD {Zo + 39, €j2j}D = 20 + X9-1 N\j(2)).
Note that function A;(-) is convex and monotonically nonde-

creasing if £, > 0 w.p.1.
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The following problem is the conservative approximation of the
original chance constrained problem for (t) = et:

Min
xeX,t>0 f(CE)
d
S.T. go(x) + Z t/\j (t_lgj(a:)) —tloga < 0.
j=1

N g
-~

1 (1= (go(2),-.ga(x))

This problem is convex if the set X is convex, f(-) and gg(-) are
convex, and each g,(-) for j = 1,...,d, is either convex and &; > 0
wW.p.1, or gj(-) is affine.

141



Stochastic Dual Dynamic Programming method

Consider the linear multistage problem (52). Suppose that the
stagewise independence condition holds, i.e., random data vec-
tor & = (Ct,Bt,At,bt) IS independent of g[t—l] = (fl,...,gt_l),
t =2,....,7T. For example, suppose that parameters of the data
process & other than b; are stagewise independent (in particu-
lar are deterministic) and random vectors b, t = 2,...,T, form
a first order autoregressive process, i.e., by = Pb;_1 + &¢, with
error vectors eo,...,er being independent of each other. Then
the feasibility equations of the problem can be written as

bt — Cbbt—l — &t Btmt—l — Cbbt—l + Atﬂ?t — &ty It > 07 t = 27 coey 1,

Therefore by replacing z; with (a4,b;) and data process with
(ct, A¢, Bt,er), t = 2,...,T, we transform the problem to the stage-
wise independent case.
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Generate independent random samples
gg — (Etjngtjaétj7gtj)a J=1,.., Ny,

from random vector &, t = 2,...,T. This generates a scenarios
tree for which the stagewise independence condition holds. Con-
sider the corresponding SAA problem. By taking Ny = O (5_2),
t = 2,...,T, we are guaranteed with a high probability that (un-
der mild regularity conditions) the first stage solution of the SAA
problem is an e-optimal solution of the true problem. Note that
the total number of scenarios of this SAA problem is Hthz Ny

and can quickly become astronomically large with increase of
the number T of stages.

143



Denote by v the optimal value of the (true) multistage program
and by vas the optimal value of the corresponding SAA problem.
Recall that 0 > E[o,]. Therefore any lower bound for the op-
timal value vjs of the SAA problem gives on average a lower
bound for the true optimal value 9.

In order to compute an upper bound we need to construct a fea-
sible policy z; = it(g[t]), t=1,..,T. Recall that { = (&1, ..., &)
and the policy is feasible if it satisfies the feasibility constraints
for almost all realizations of the data process &. Since the policy
is feasible we have that

> 0. (91)

Equality in (91) holds iff the policy is optimal.

144



Therefore we can generate M independent scenarios (realiza-
tions) of the data process, and for each scenario compute value
2 =1 (D7, j=1,..,M. Then

gives an upper confidence bound for the optimal value v° of the

true problem. Here

1 M

1 & 2 —\2
2= 2, G5 = > (zj—2)%,

and k = @ 1(1 — ), say kK = 2. Quality of this upper bound
depends on the expected value ]E[zj] of the constructed policy
and its variance Var|z;].
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The dynamic programming equations for the true problem are

Qt (r4—1,&) = inf {CtTfCt-I-Qt+1 (zt) : Bixp—1+ Az = by, xp > 0},
r+ER™
(92)
where
Qi1 (1) == E{Qut1 (z1,&41) } (93)
t="1T,..,2 (with Qp41(-) = 0 by definition). At the first stage
problem

Min C-{:Bl —+ Qg(xl) s.t. Ajxq1 = by, 1 > 0, (94)
x1ER™

should be solved.
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The dynamic programming equations for the SAA problem are

Q1) (fﬂt—l) = inf {EtijCt+Qt+1 (zt) @ Brjzi_1+ Az = by, o > O},

rrER™
(95)
7 =1,..., N, with
_ 1 Net1
Qit1lzt) = Q41 .5(xt), (96)
+ ( > Nyt j;l + ,J( )

t =T,..,2 and Qpr,1(-) = 0. The optimal value of the SAA
problem is given by the optimal value of the first stage problem

|\/|i|’711 C-{xl —+ Qz(a}l) s.t. Ajx1 = by, x1 > 0. (97)
r1€R™1
Note that because of the stagewise independence condition, the

cost-to-go functions Q;4(x¢) and ét_l_l(:ct), of the true and SAA
problems, are functions of z; and do not depend on the data
process.
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For trial decisions x4, t =1,..., T — 1, at the backward step of the
SDDP algorithm lower (piecewise linear) approximations Q¢(-) of
the cost-to-go functions Q;(-) are constructed by solving prob-
lems

m'\é]%{f)% EtT,jwt + Qi41(xt) st By jTi—1 + Ay jay = by j, x4 >0, (98)
t

7 =1,...,N¢, and their duals, going backward in time t=1T,..., 1.

The constructed functions 9:(-), t = 2,...,T, and computed first
stage solution x1, define a feasible policy. That is, let &, ....&7
be a realization (scenario) of the data process. For ¢t = 2,...,T
let x+ be an optimal solution of

'\é']g}bt ety + Qup1(x) st Agry = by — BeZiy_1, 2 > 0. (99)
T
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Note that z; is a function of x;_1 and & = (¢, As, B, by), i.e.,
z¢ is a function of £ = (&1,...,&), for t = 2,...,T. That is,
Tt = Et(g[t]) is an implementable and feasible policy for the true

problem. The value of this policy is Zle ctTft; its expected
value gives an upper bound for the optimal value of the true
problem, i.e., E [Zle ctTEt} > v0. Therefore (in the forward step
procedure of the algorithm) one can generate M realizations
(scenarios) of the data process, for each scenario compute value
Zj, J = 1,..., M, of the above policy and hence to construct an
upper bound z 4+ k&./v/M for v9. Also optimal solutions Z; are
used as trial decisions at the following backward step of the

algorithm.

Sampling of scenarios can be performed from the original distri-
bution of the data process or from the sample used in the SAA
problem.
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Risk averse approach

How to control risk, i.e., to reduce chances of extreme costs, at
every stage of the time process.

Value-at-Risk of a random outcome (variable) Z at level o €
(0,1):

V@R (Z) = inf{t: Hy(t) > 1 — al,

where H,(t) = Prob(Z <t) is the cdf of Z. That is, VOR,(Z) is
the (1 — «)-quantile of the distribution of Z.

Note that VOR,(Z) < ¢ is equivalent to Prob(Z > ¢) < a. There-
fore it could be a natural approach to impose constraints (chance
constraints) of VORy(Z) < ¢ for Z = cost, chosen constant ¢ and
significance level o at every stage of the process.
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There are two problems with such approach. It is difficult to han-
dle chance constraints numerically and could lead to infeasibility
problems.

Average Value-at-Risk (also called Conditional Value-at-Risk)
— —1 .
AVER,(Z) = gg&{t—l—a E[Z t]+}
Note that the minimum in the above is attained at
t* = VORy(Z). If the cdf Fy(z) is continuous, then

AVERL(Z) = E[Z|Z > V@RQ(Z)].

It follows that AVOR,(Z) > V@R,(Z). Therefore the constraint
AVOR,(Z) < ¢ is a conservative approximation of the chance
constraint VOR,(Z) < c.
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In the problem of minimizing expected cost E[Z] subject to the
constraint AVOR,(Z) < ¢, we impose an infinite penalty for vi-
olating this constraint. This could result in infeasibility of the
obtained problem. Instead we can impose a finite penalty and
consider problem of minimization of E[Z] + kKAV@R,(Z) for some
constant x > 0. Note that this is equivalent to minimization of
o(Z), where

p(Z) = (1 = ME[Z] + AAVER.(Z)

for A € (0,1) and k = 2.
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This leads to the following (nested) formulation of risk averse
multistage problem.

Min cla -+ [ inf cla + ...
Ajwi<b; 1 LT P26 Bozq+Apzo=b 272
x>0
+or-1 [ inf Cp 171
ir—2) Br_izp_o+Ap_127_1=bp_1
rp_120
+ inf cha H
pTlg[T_l] [BTxT—l-I_ATmT:bT T T] ’
CCTZO
with

Prieyy () 7= (1 = MEjg, [T+ AVOR, g, ()

being conditional analogue of p(-).
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With some modifications the SDDP algorithm can be applied to
the above multistage problem. Assuming the stagewise indepen-
dence, the dynamic programming equations for the adaptive risk
averse problem take the form

Qt (v1—1,&) = xtié‘ﬂ{nt {CtTfCt-l- Qiy1(wt) : Brxy 1+ Az = by, @ > 0},
t="T,...,2, where Qpr41(-) =0 and

Qt—l—l (z¢) 1= Pt+1|g[t] [Qt—l—l (xtaé-t—kl)} '

Since {41 is independent of £, the cost-to-go functions Q4 1 (z¢)
do not depend on the data process. In order to apply the back-
ward step of the SDDP algorithm we only need to know how to
compute subgradients of the cost-to-go functions.
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The value of this problem corresponds to the total objective
P21+t 27) = pey (- Py (21 + -+ 27)
= Z1+ Plér (Zz + -+ P|§[T_1](ZT)>

The dynamic programming equations of the risk averse formu-
lation of the SAA program take the form

Qi (z4—1) = iQtf {(C}z)TfEt + Qiy1(we) : Blwy_1 4+ Alzy = b, x4 > 0},
j=1,..N;, t=T,...,2, and

N,
Qui1(en) = p (Qbpa (@), QE (@0
with Q74 1(-) =0 and the first stage problem

JMineler 49 (Q3(21), -, Q52 (21))
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For p(-) = (1 — ME[] 4+ MV®R.(:), and (Z1,..,Zy) =
(Qtl_l_l(:ct),...,(gi\_fl_l(:ct)) we have that

1y Nkt 1
Qt-l—l(xt) = Z Z] —I— A ZL —|- [Z] — ZL] ;
t+1 j=1 alNyyq JiZi>7

where Z, is the (1 — «)-quantile of Zl,...,ZNtH. Note that if
Nyy1 < (1 —a)7t, then Z, = max{Zy,..., Zn,,, }-

A subgradient of O, 1(x) is given by

1 ) V1 .
VOiri(x) = N VQ}Z_|_1(UCt) +
=1

J

Y [VQ (@) — Qi (1)

aNit1 .73 7,

A VQiyq () +
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These formulas allow construction of cuts in the backward step
of the SDDP algorithm. In the forward step trial points are
generated in the same way as in the risk neutral case.

Remarks

Unfortunately there is no easy way for evaluating value of the
risk objective of generated policies, and hence constructing a
corresponding upper bound. Some suggestions were made in
the recent literature. However, in larger problems the optimality
gap (between the upper and lower bounds) never approaches
zero in any realistic time. Therefore stopping criteria based on
stabilization of the lower bound (and may be optimal solutions)
could be reasonable. Also it should be remembered that there
is no intuitive interpretation for the risk objective p(cost) of the
total cost. Rather the goal is to control risk at every stage of
the process.
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Note that for o € (0, 1),

AV@R,(Z) # AV@R, (AV@Ralf[Q] . (Av@Ra|§[T_1](Z))),

while the equality holds for « = 1 (AV@R1(-) = E[]) and for « = 0O
(max-risk measure).

For o € [0,1] the following inequality holds, and this inequality
can be strict,

AV@R, (AV@Ra|s[2] (- AV@Ry ¢ (Z))> < AVOR_1(2).

nested B&/@R(Z)
For example, if Z is independent of &5, ..., &7, then

AV@Ra|§[t](Z) = AVOR,(Z2)
and hence nested AVOR(Z) = AVEOR,(Z2).
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