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�®áá¨©áª¨© ä®­¤ äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©

� ª á«¥¤ã¥â áâà®¨âì ¡¥áª®­¥ç­®¬¥à­ë©  ­ «¨§, ¥á«¨ ­  ¡¥áª®­¥ç­®-

¬¥à­ëå ¯à®áâà ­áâ¢ å ­¥â  ­ «®£®¢ ¬¥àë �¥¡¥£ ?

�¤­¨ ¬ â¥¬ â¨ª¨ ¨á¯®«ì§ãîâ £ ãáá®¢ë ¬¥àë, ­ ¯à¨¬¥à, ¬¥àã �¨-

­¥à . �àã£¨¥ ¯à¥¤¯®ç¨â îâ ­¥ ãâ®ç­ïâì ¬¥àã, ¯à¥¤¯®« £ ï â®«ìª®, çâ®

®­  ®¡« ¤ ¥â ®¯à¥¤¥«¥­­ë¬¨ á¢®©áâ¢ ¬¨.

� «î¡®¬ á«ãç ¥ ­ã¦­®, çâ®¡ë ¡ë«  á¯à ¢¥¤«¨¢  ä®à¬ã«  ¨­â¥£à¨-

à®¢ ­¨ï ¯® ç áâï¬:

Z
X
g(x)f 0h(x)d�(x) = �

Z
X
g
0
h(x)f(x)d�(x)�

Z
X
g(x)f(x)�h(x)d�(x): (1)

�¤¥áì �h(x) | â.­. «®£ à¨ä¬¨ç¥áª ï ¯à®¨§¢®¤­ ï ¬¥àë � ¯® ­ ¯à ¢«¥-

­¨î h. �â®â ­ §¢ ­¨¥ ®¯à ¢¤ ­® â¥¬, çâ® ¥á«¨ (à §ã¬¥¥âáï, â®«ìª® ¢

ª®­¥ç­®¬¥à­®¬ á«ãç ¥) d�(x) = �(x)dx, â® �h(x) = @h ln �(x).

�¥à  �, ¤«ï ª®â®à®© á¯à ¢¥¤«¨¢  ä®à¬ã«  (1), ­ §ë¢ ¥âáï ¤¨ää¥-

à¥­æ¨àã¥¬®© ¯® ­ ¯à ¢«¥­¨î h. �á¥ ­ ¯à ¢«¥­¨ï, ¯® ª®â®àë¬ ¬¥à  �

¤¨ää¥à¥­æ¨àã¥¬ , ®¡à §ãîâ ¯®¤¯à®áâà ­áâ¢® D(�) � X. �á«¨ à §-

¬¥à­®áâì ¯à®áâà ­áâ¢  X ¡¥áª®­¥ç­ , ­¥ ¬®¦¥â ¡ëâì, çâ® D(�) = X.

�®¦¥â ¡ëâì â®«ìª®, çâ® D(� ¢áî¤ã ¯«®â­® ¢ X. �à¥¤áâ ¢«ïîâ ¨­â¥à¥á

â®«ìª® ¬¥àë á â ª¨¬¨ ¯à®áâà ­áâ¢ ¬¨ ¤¨ää¥à¥­æ¨àã¥¬®áâ¨. � ãáá®¢ë

¬¥àë ®â­®áïâáï ª íâ®¬ã ª« ááã. �«ï ­¨å

�h(x) = �h
bC�1

x; hi: (2)

�¤¥áì bC | ª®¢ à¨ æ¨®­­ë© ®¯¥à â®à ¬¥àë �, â.¥. â ª®© ®¯¥à â®à bC :

X
�
7! X, çâ® Z

X
hh1; xihh2; xid�(x) = hh1;

bCh2i: (3)

� ãáá®¢ë ¬¥àë å à ªâ¥à­ë â¥¬, çâ®

Z
X
e
ihh;xi

d�(x) = e
�

1

2
hh;bChi+ihh;ai (4)

�¤¥áì á«¥¢  áâ®¨â â.­. å à ªâ¥à¨áâ¨ç¥áª¨© äã­ªæ¨®­ « ¬¥àë �. �­

®¤­®§­ ç­® ®¯à¥¤¥«ï¥â ¬¥àã. �ç¥¢¨¤­®, çâ® £ ãáá®¢ë ¬¥àë ®¯à¥¤¥«ï-

¥âáï á¢®¨¬¨ å à ªâ¥à¨áâ¨ç¥áª¨¬¨ äã­ªæ¨®­ « ¬¨ ®ç¥­ì ¯à®áâ®. �â¨¬
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®­¨ ¯à¨¢«¥ª îâ ¬­®£¨å ¨áá«¥¤®¢ â¥«¥©. �¥«ì ¤ ­®£® á®®¡é¥­¨ï | ¯®ª -

§ âì, çâ® ¢ ¥á«¨ à §¬¥à­®áâì ¯à®áâà ­áâ¢  X ¡¥áª®­¥ç­ , â® ¯à®áâà ­-

áâ¢® L2(X; �), £¤¥ á � £ ãáá®¢  ¨«¨  ¡á®«îâ­® ­¥¯à¥àë¢­  ®â­®á¨â¥«ì­®

£ ãáá®¢®© ­¥¯à¨£®¤­® ¤«ï ¯®áâà®¥­¨ï ä¨§¨ç¥áª¨ ­¥âà¨¢¨ «ì­ëå ¬®¤¥-

«¥©.
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1. �¥®à¥¬  �  £ 

�¡áã¤¨¬ ª ­®­¨ç¥áªãî ¬®¤¥«ì áª «ïà­®£® ª¢ ­â®¢®£® ¯®«ï '. �¡®-

§­ ç¨¬ £â«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® ¥£® á®áâ®ï­¨© á¨¬¢®«®¬ H. �«ï «î-

¡®£® ­¥­ã«¥¢®£® ¢¥ªâ®à  
 2 H ®â®¡à ¦¥­¨¥

q 2 X
�
7! h
; ei'(q)
i (5)

®¡« ¤ ¥â ¢á¥¬¨ á¢®©áâ¢ ¬¨ å à ªâ¥à¨áâ¨ç¥áª®£® äã­ªæ¨®­ «  ­¥ª®â®-

à®© ¢¥à®ïâ­®áâ­®© ¬¥àë. �® â¥®à¥¬¥ �®å­¥à  ¨«¨ ¯®¤å®¤ïé¥¬ã ¥¥ ®¡®¡-

é¥­¨î, ­  ¡®à¥«¥¢áª®¬ �-ª®«ìæ¥ ¨§¬¥à¨¬ëå ¯®¤¬­®¦¥áâ¢ ¯à®áâà ­áâ¢ 

X ®¯à¥¤¥«¥­  â ª ï ¬¥à  �, çâ®

8q 2 X
�

h
; ei'(q)
i =

Z
X
e
ihq;xi

d�(x): (6)

� ª¨¬ ®¡à §®¬ ¨áå®¤­®¥ ¯à®áâà ­áâ¢® á®áâ®ï­¨© áâ ¢¨âáï ¢ ¨§®¬®à-

ä¨§¬ á ¯à®áâà ­áâ¢®¬ L
2(X; �). �à¨ íâ®¬ ®¡à §®¬ ®¯¥à â®à 

bU(q) = e
i'(q) (7)

ï¢«ï¥âáï ®¯¥à â®à ã¬­®¦¥­¨ï ­ 

e
ihq;xi

: (8)

� ª ­®­¨ç¥áª®© ¬®¤¥«¨ ¢¬¥áâ¥ á ' ä¨£ãà¨àã¥â á®¯àï¦¥­­ ï ­ ¡«î-

¤ ¥¬ ï  (¨¬¯ã«ìá). �¡à §®¬ ®¯¥à â®à 

bV (p) = e
i (p) (9)

ï¢«ï¥âáï ®¯¥à â®à

bV (p)	(x) = a(p; x)	(x + p): (10)

�¤¥áì a(p; x) = bV (p)1.
�ª §ë¢ ¥âáï, çâ® ¬¥à  � ª¢ §¨¨­¢ à¨ ­â­  ¨ ¥¥ ¬­®¦¨â¥«ì ª¢ §¨-

¨­¢ à¨ ­â­®áâ¨ d�p=d� à ¢¥­ ja(p; x)j2, â.¥.

Z
X
	(x)d�(x) =

Z
X
	(x+ p)d�p(x) =

Z
X
	(x+ p)ja(p; x)j2 d�(x) (11)

�®«¥¥ â®£®, ¬¥à  � ï¢«ï¥âáï ¤¨ää¥à¥­æ¨àã¥¬®© ¨ ­¥âàã¤­® ¯à®¢¥-

à¨âì, çâ® £¥­¥à â®à ¬¨ ¯®«ã£àã¯¯ bU(q) ¨ bV (p) ¢ ¯à®áâà ­áâ¢¥ L2(X; �)

ï¢«ïîâáï ®¯¥à â®àë ã¬­®¦¥­¨ï ­  hq; xi ¨ �i@p � i�p(x)=2. �¤¥áì �p(x)

| «®£ à¨ä¬¨ç¥áª ï ¯à®¨§¢®¤­ ï ¬¥àë �.
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�®áª®«ìªã «®£ à¨ä¬¨ç¥áª ï ¯à®¨§¢®¤­  £ ãáá®¢®© ¬¥àë | «¨­¥©­ ï

äã­ªæ¨ï, ®¯¥à â®à ã­¨çâ®¦¥­¨ï ç áâ¨æ, ¯®«ãçîé¨©áï ¨§ hq; xi ¨ �i@p�

i�p(x)=2, ¯à®¯®àæ¨®­ «¥­ @p. �®íâ®¬ã á®áâ®ï­¨¥ ¡¥§ ç áâ¨æ ¯à¥¤áâ ¢-

«¥­® ¢ ¯à®áâà ­áâ¢¥ L2(X; �) äã­ªæ¨¥©, â®¦¤¥áâ¢¥­­® à ¢­®© ¥¤¨­¨æ¥.

�­ , ª®­¥ç­®, í¢ª«¨¤®¢® ¨­¢ à¨ ­â­ . � ®¡é¥¬ á«ãç ¥ íâ® ãâ¢¥à¦¤¥­¨¥

­ §ë¢ ¥âáï â¥®à¥¬®© �  £ :

� í¢ª«¨¤®¢® ¨­¢ à¨ ­â­®© ª ­®­¨ç¥áª®© ¬®¤¥«¨ á®áâ®ï­¨¥ ¡¥§ ç á-

â¨æ í¢ª«¨¤®¢® ¨­¢ à¨ ­â­®.

� ¤àã£®© áâ®à®­ë, í¢ª«¨¤®¢® ¨­¢ à¨ ­â­®¥ á®áâ®ï­¨¥ | íâ® ®á­®¢-

­®¥ á®áâ®ï­¨¥. �­® ­¥ í¢®«îæ¨®­¨àã¥â. �®íâ®¬ã £ ¬¨«ìâ®­¨ ­ ¤®«¦¥­

®â®¡à ¦ ¥âì íâ® á®áâ®ï­¨¥ ¢ ­ã«¥¢®©. �® ­¥â £ ¬¨«ìâ®­¨ ­®¢, ªà®¬¥

£ ¬¨«ìâ®­¨ ­®¢ á¢®¡®¤­ëå ¯®«¥©, ª®â®àë¥ ®â®¡à ¦ «¨ ¡ë á®áâ®ï­¨¥

¡¥§ ç áâ¨æ ¢ ­ã«¥¢®© ¢¥ªâ®à.

�ë¢®¤: ¢ ¯à®áâà ­áâ¢¥ L2(X; �) á £ ãáá®¢®© ¬¥à®© ª ­®­¨ç¥áª¨ ¬®¦­®

à¥ «¨§®¢ âì â®«ìª® ¬®¤¥«ì á¢®¡®¤­®£® ¯®«ï.

�â® ãâ¢¥à¦¤¥­¨¥ ®áâ ¥âáï á¯à ¢¥¤«¨¢ë¬ ¨ ¢ ®â­®è¥­¨¨ ¬¥à,  ¡á®-

«îâ­® ­¥¯à¥àë¢­ëå ®â­®á¨â¥«ì­® £ ãáá®¢ëå.

�  £ ®¤­¨¬ ¨§ ¯¥à¢ëå ®¡­ àã¦¨« ¨ ¤àã£®© ä ªâ: ª ­®­¨ç¥áª ï ¤¨-

­ ¬¨ª  ª¢ ­â®¢®© á¨áâ¥¬ë ¯®«­®áâìî ®¯à¥¤¥«ï¥âáï ¥¥ ®á­®¢­ë¬ á®áâ®-

ï­¨¥¬. �à ª¨ ¢ëà §¨« íâã ¨¤¥î ¢ ¬ â¥¬ â¨ç¥áª®© ä®à¬¥. �®â®¬ ¥¥

à §¢¨¢ «¨. �¥¯¥àì ¬®¦­® ãâ¢¥à¦¤ âì, çâ® á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

h�; cH	i =X
k

Z
X
@k
��(x)@k	(x)d�(x): (12)

�ç¥¢¨¤­®, çâ® ¥á«¨ ¬¥à  � £ ãáá®¢ , â® £ ¬¨«ìâ®­¨ ­ ª¢ ¤ â¨ç¥­, â.¥.

¯®«ãç ¥âáï ¬®¤¥«ì ®¡®¡é¥­­®£® á¢®¡®¤­®£® ¯®«ï.
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2. � ª¨¥ äã­ªæ¨®­ «ì­ë¥ ¯à®áâà ­áâ¢  ­ã¦­ë ¤«ï à¥ «¨-

§ æ¨¨ ¬®¤¥«¥© ª¢ ­â®¢ëå ¯®«¥©?

�®à¬ã«  (12) ¯®¤áª §ë¢ ¥â, çâ® ¤«ï ¯®áâà®¥­¨ï ­¥âà¨¢¨ «ì­ëå ¬®-

¤¥«¥© ­ã¦­® ¨á¯®«ì§®¢ âì ¬¥àã, ­¥ ï¢«ïîéãîáï £ ãáá®¢®© ¨ ¤ ¦¥ ­¥

 ¡á®«îâ­® ­¥¯à¥àë¢­ãî ®â­®á¨â¥«ì­® £ ãáá®¢®©. �® ã â ª¨å ¬¥à ­¥¨§-

¢¥áâ­ë å à ªâ¥à¨áâ¨ç¥áª¨¥ äã­ªæ¨®­ «ë. � ª ¦¥ ¨å ®¯à¥¤¥«ïâì? �áâì

¤¢  à®¤áâ¢¥­­ëå á¯®á®¡ .

�¥à¢ë© á®áâ®¨â ¢ ¨á¯®«ì§®¢ ­¨¨ «®ª «ì­ëå ¨­¢ à¨ ­â®¢ (� ««ï-

¢í­). � ¯à¨¬¥à, «®£ à¨ä¬¨ç¥áª®© ¯à®¨§¢®¤­®© (�¢¥à¡ãå, �¬®«ï­®¢,

�®¬¨­). �á¯®«ì§ã¥¬ ¡à®ã­®¢áª®¥ ¤¢¨¦¥­¨¥ á® á­®á®¬ ¢ ¯à®áâà ­áâ¢¥

X

d�h(t) = �h(�(t))dt+ dwh(t) (13)

�ã¦­® ¯à¨¢ëª­ãâì ¯¨á âì ¢¬¥áâ®

Z
X
f(x)d�(x) (14)

çâ®-­¨¡ã¤¡ â¨¯ 

E(f(�(t)) lim
t!1

(f(�(t)) lim
T!1

1

T

Z T

0
(f(�(t))dt : : : (15)

�â®à®© á¯®á®¡ á®áâ®¨â ¢ ¨á¯®«ì§®¢ ­¨¨ ¯à®áâà ­áâ¢, ®á­ é îé¨å,

­ ¯à¨¬¥à, L2(S 0(Rn); 
). �¤¥áì 
| £ ãá®®¢  ¬¥à  á å à ªâ¥à¨áâ¨ç¥áª¨¬

äã­ªæ¨®­ «®¬

q 2 S(Rn) 7! e
� 1

2
kqk2 (16)

�â® | â ª ­ §ë¢ ¥¬ë© White noice analysis (Hida, Albeverio, Pottho�,

Roeckner,Streit).

�á¯®«ì§ãï â®, çâ® ®á­ é¥­¨ï ¯à®áâà ­áâ¢  L2(S 0(Rn); 
) å®à®è® ¨§-

ãç¥­ë, ã¤ «®áì ¤®ª § âì, çâ® ª à á¯à¥¤¥«¥­¨ï¬ ®â­®áïâáï

1 ¤¨ää¥à¥­æ¨àã¥¬ë¥ ¬¥àë,

2 ¯à®¨§¢®¤ïé¨¥ äã­ªæ¨®­ «ë S-¬ âà¨æë

3 ¯à®¨§¢®¤ïé¨¥ äã­ªæ¨®­ «ë äã­ªæ¨© �¢¨­£¥à .

�¤ ¬ à ¨ ãç¥¡­¨ª �« ¤¨¬¨à®¢ 
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