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REPRESENTATION PROBLEM FOR
MULTI-INDEX ARRAYS

Going to consider an array a(iy, . .., ig) of size

nx...xXn.
——

d times

We have no hope to store all n? elements.

For any practical computation we need
special structure and condensed representations
of d-arrays.
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CANONICAL POLYADIC DECOMPOSITION

Hitchcock (1927)
Al ...y ig) = Z Ur(ir, @) . .. Ug(ig, @)

Minimal R is called tensor rank of A.

Instead of n elements of a tensor of shape
n X ...X n we store only dnR parameters.
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CANONICAL POLYADIC DECOMPOSITION

» Used as a model for data. E.g. in the fluorescence
spectrometry. Given n; samples of solutions, find
the number of chemicals inside each and
concentrations. The data is a ny X ny X n3 array,
where ny, and n3 match emission and excitation
wavelengths. The canonical decomposition rank
reveals the number of chemicals.

» Used in the complexity theory as a basic tool for
computation of bilinear forms (Strassen, Pan,
Bini and others).
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YMHO>XEHWE 2 x 2-MATPUL],

[MpaBuao “cTpoka Ha ctonbel naet 8 YMHOXEHWIA:

{311 312] [bll b12:| _ [311b11+312b21 a11biz + aiabxn
ar ax| |ba b ar1bi1 + axbp1  azibiz + axbxn
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AJIFTOPNTM LUTPACCEHA AOJ14 BbICTPOIO
YMHO>XEHNA MATPWUL,

B 1969 LLtpaccen (Strassen) oTkpbin anroputum, B
KOTOPOM BCero 7 yMHoxeHuli. [pu ymHOXeHNN

bnouHbix 2 X 2-maTpuy anroputm LLTpaccena

COAEPXXUT 7 YMHOXEHWN DNIOKOB:

a
ap
as
ay
Qs
o7

a7

(a11 + a22)(b11 + b22)
(a21 + a22)b11
a11(b12 — b22)
a2 (b21 — b11)
(a11 + a12) b2
(a21 — a11)(b11 + b12)

= (a12 — ax)(b21 + b22)
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i1 = a1+as—as+ oy
Cl2 = a3z3+as
C1 = 2+ oy4
2 = oa1taz3— a2+ 0
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4TO JAET KAHOHMNYHECKOE TEH3OPHOE

2 2
G C| _ |a1 a2 bl b2 _ n n ) .
|:C3 C4:| - |:a3 34:| |:b3 b4:| Ck = iZ:;j:Zlhuk a; bj
R

hijk = Y _ Ui Vi Wia,

a=1

R n? n?
= = Z Wka Z Ujqaj Z Vjabj
a=1 i=1 j=1

Tenepb auwb R ymHoxenuii bnokos! Ecnn n = 2, to

R =7 (Strassen, 1969).

Pekypcus = O(n'°g27) YMHOXEHUI AN
NPON3BOILHOIO N.
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PEKYPCUA ONS BEbICTPOrO YMHOMEHUS
MATPULL

Pekypcus = O(n'°g27) YMHOXEHU AN
NPOVN3BOILHOIO N.
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CAN WE FIND TENSOR RANK IN FINITELY
MANY OPERATIONS?

Consider equations

Aiy ... ig) = Ui(ir, @) ... Ug(ig, a)

I<n<snm, ..., 1<ig<ng
& =0, ..., fp=0
fi, ..., fmn — polynomials of p variables

p:=(m+...+ny)R, m:=ni...nq.
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REMEMBER NULLSTELLENSATZ

The system
=0 ... fp=0 (1)
is inconsistent if there exist polynomials g1, ... , gm
such that
hgr+ ...+ fmgm =1 (2)

Nullstellensatz: (2) < inconsistensy of (1).

Note that (2) is a system of linear algebraic
equations!
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COMPUTATION OF TENSOR RANK

1. R =1
2. Check inconsistensy.
Quit if consistent.

3. Set R := R+1 and repeat.

On exit R = tensor rank.

But the degrees of g1, ..., gn may be too high!
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MINIMALITY CONDITIONS

DEFINITION.

Kruskal rank k(A) of the columns of A is the
maximal number k s.t. any k columns of A are
linearly independent.

Canonical decomposition is determined by matrices

Up = [Usi(i, @)], ..., Uqg:=[Uy(iyg, )]

Each has R columns.
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SUFFICIENT MINIMALITY CONDITIONS

KRUSKAL THEOREM.
Assume that

k(Uh)+ ...+ k(Uy) 22R+d — 1.

Then R is the tensor rank and the decomposition is
unique.
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WEAKER CONDITIONS

THEOREM (Domanov & De Lathauwer, 2013).
Let d = 3 and assume that

k(Up) + r(Ux) + r(Us) > 2R+ 2,

r(Ul) + /((UQ) + I’(U3) > 2R + 2,
r(U1) + I’(UQ) + /((U3) > 2R + 2.

Then R is the tensor rank and the decomposition is
unique.
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EVEN WEAKER CONDITIONS

THEOREM (Domanov & De Lathauwer, 2013).
Let d = 3 and assume that

r(Ui) + k(U2) 2 R+m,  k(Ui) 2 m, k(Us) =1,

where m := R — r(U3) + 2. Then R is the tensor
rank.
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RANK OF d-DIMENSIONAL LAPALCIAN

Let a, b € C? be linearly independent.

A=A+...+ A
AA—a®.. RabR®a®...®a

i—1 terms d — i terms

Kruskal does not work!
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CASES OF DIMENSIONALITY 2 AND 3

We do not lose generality by taking

1 0
0 1
a=|0|, b=10
0 0

The task reduces to the case 2 x ... x 2.

» d = 2: tensor rank = matrix rank.

» d = 3: simultaneous diagonalization of slices.
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GENERAL CASE

TEOPEMA.
Tensor rank of the d-dimensional Laplacian
is equal to d.
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GENERIC RANK FOR COMPLEX TENSORS

NOTATION.

Xy := the set of m x n x g-tensors of rank < k.

The closure X is an algebraic variety. There exists
g = grank(m, n, q) s.t.

X1C...C X1 C X, =0Cm 4

This number g is called generic rank of tensors of
shape m x n x q.
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FORMULA FOR GENERIC RANK

CONJECTURE (Friedland). Under the conditions
3<m<n<g<(m=1)(n-1),

(m,n,q) #(3,2p+1,2p+ 1)

we have

mngq
grank(m, n, q) = {m+n+q_2w

Strassen (1983):

erank(3,2p + 1,2p +1) = Higiﬂ 41
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UNCLOSENESS OF THE SETS X

bRa®at+a®bR®ata®a®hb=
ra n;rz 3

1
(a+cb)®@(a+eb)®(a+eb) — ga®a®a + O(¢)

(0 | —

rank = 2

Hence X, # Xo.
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UNCLOSENESS OF THE SETS X

What about other values 1 < k < grank?

Solution is eveident if we knew that for any tensor A
of rank < grank(m, n, q) there is a tensor B of rank
1s.t.

rank(A + B) = rank A+ 1.
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CANONICAL DECOMPOSITION IS DIFFICULT
TO COMPUTE

No special techniques like those in the matrix case.
Fall back to general optimization methods.

What can replace the canonical decompostion in
computations?
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NEW REPRESENTATION FORMATS

New decompositions plus algorithms:

» TT (Tensor Train)
Moscow: Oseledets, Tyrtyshnikov

» HT (Hierarchical Tucker)
Leipzig: Hackbusch, Grasedyck

Nothing new is new ...
(tensor networks in spin systems)
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REDUCTION OF DIMENSIONALITY
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SCHEME FOR TT
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SCHEME FOR HT
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HOW RANK-ONE DECOMPOSITION
BECOMES TENSOR TRAIN

Consider a rank-one separation of variables

a(in, o, 3) = g1(i1) 82(2) &3(i)-

Now, consider g1(i1), g(i2), g3(i3) as matrices of
agreed sizes so that the product is a scalar. Then

rn r2
a(i, ipy i3) = Z Z gi(i1, 1) g, i, a2) gz3(aa, iz).

041:1 a2:1
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TENSOR TRAIN (TT) DECOMPOSITION

d
a(iv, - ig) =Y | srlonr, ik, )
k=1

Assume summation over repeated indices.
1</k<nkfor1<k<d
Il<oar<rnfor0<k<dandn=ry=1

ri are called TT ranks
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2D TENSOR TRAIN EXAMPLE

Ila I2 E gl Ila 651 g2(a17 12)

This is the skeleton (dyadic) decomposition
of a matrix!

A= G G
Ais npxXny, G is mxn, G is rnxm

r = rank A
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3D TENSOR TRAIN EXAMPLE

a(i, i, i) = Y gulir, a1) &0, ia, ) gs(az, i)
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TENSOR TRAIN IS EASY TO GET

For a 3-tensor we need two skeleton (dyadic)
decompositions for associated unfolding matrices:

> a(i1, iz) =Y gi(h, ca)ai(ou, hiz)

> a1(aafiy, B) = > g(aii, az) gs(ag, i3)

For a d-tensor we need d — 1 skeleton (dyadic)
decompositions.
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IF WE APPROXIMATE USING SVD THEN
LOCAL ERROR IN EACH SKELETON
DECOMPOSITION DOES NOT BLOW UP

THEOREM.

If the Frobenius-norm error for kth skeleton

decompostion is £, then the overall error E is upper
bounded by

@ I. Oseledets, E. Tyrtyshnikov, TT-cross approximation for
multidimensional arrays, Linear Algebra Appl., 432 (2010), pp. 70-88.
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EXAMPLES OF QUANTIZATION

f(x) is a function on [0, 1]

. . . T I i
3(117"'71d):f(lh)7 I:§1+2_22++2_dd

The array of values of f is viewed as a tensor of size
2 X - X 2.

EXAMPLE 1. f(x) = X 4 > 4 &
ttrank= 2.7 ERROR=1.5e-14

EXAMPLE 2. f(x) =14 x+x%+x°
ttrank= 3.4  ERROR=2.4e-14

EXAMPLE 3. f(x)=1/(x —0.1)
ttrank= 10.1  ERROR=5.4e-14
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THEOREMS

If there is an e-approximation with separated variables

r

flx+y) = Z uk(X)ve(y), r=r(e),

k=1
then a TT exists with error € and TT-ranks < r.

If £(x) is a sum of r exponents, then an exact TT
exists with the ranks r.

For a polynomial of degree m an exact TT exists
with the ranks r = m+ 1.

If f(x) =1/(x —§) then r =loge™! + log 1.

Eugene Tyrtyshnikov TENSORS AND COMPUTATIONS



COLUMN-AND-ROW INTERPOLATION OF
MATRICES

A A
A—
[A21 A2

] A1pisr X r

A can be interpolated on the first r columns and
rows by
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COLUMN-AND-ROW INTERPOLATION OF
MATRICES

Al A Al -1
— A AL A
[A21 Azz] [Azj i A A

B {O 0 ]
0 Axp — AnAlAn
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MAXIMAL VOLUME PRINCIPLE
THEOREM (Goreinov, Tyrtyshnikov) Let

A1l A12:|
A= ,
[A21 A

where A11 is a r X r block with maximal determinant
in modulus (volume) among all r x r blocks in A.
Then the rank-r matrix

approximates A with the Chebyshev-norm error at
most in (r + 1)? times larger than the error of best
approximation of rank r.
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MATRIX CROSS ALGORITHM

Given initial column indices jy, ..., j,.

v

v

Find good row indices i, ..., i, in these columns.

Find good column indices in the rows i, ..., /.

v

v

Proceed choosing good columns and rows until
the skeleton cross approximations stabilize.

@ E.E.Tyrtyshnikov, Incomplete cross approximation in the mosaic-skeleton

method, Computing 64, no. 4 (2000), 367-380.
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TENSOR-TRAIN CROSS ALGORITHM

Let a3 = a(i, i2, 3, ia). Seek crosses in the unfolding matrices.
On input: r initial columns in each. Select good rows.

Ar=la(i; h,i3,ia)], h= {iz(ﬁl)iéﬁl)iiﬂl)}
Ay =la(i, ir; i3,ia)], o= {éﬁz)dﬁz)}

As = [aliv,insiz: ia)], J3 = {i{®}

rows matrix skeleton decomposition

K= {i“) ar(in; i iz,ia) | a1 = ;gl(il;al) ar(ai; i, i3, 0a)
1

b = {fl(az)ig(a2)} a(a1, ip; i3,0a) | a2 = g:gz(oél, I, ag) a3(a, i3; ia)
2

Iz = {il(a3)f2(a3)i3(,a3)} a3(ap,i3; ia) | a3 = CYZE,’3(C¥2, i3; a3) ga(as; ia)

Finally 3

a= Y &) g, i, a2) g3(a2, i3, 03) galas, ia)

a1,02,03,04
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TENSOR TRAIN FROM CROSSES IN
UNFOLDING MATRICES

A(/l .. /d) = HA(Jgk—la Ik, J>k) [A(Jgk, J>k)]71

d
k=1

@ I. Oseledets, E. Tyrtyshnikov, TT-cross approximation for

multidimensional arrays, Linear Algebra Appl., 432 (2010), pp. 70-88.
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QUASIOPTIMALITY THEOREM
FOR TENSOR TRAINS

THEOREM (Savostyanov'2013)

Assume that a d-tensor A is approximated by A on
the maximal volume crosses in the unfolding matrices,
and let the error is upper bounded by ¢ ||Al|c in each
matrix. Then for sufficiently small € we have

1A= Allc < 2drel|Al|c.
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TT-QUADRATURE

/(d):/Sin(X1+X2+~--+Xd) C/deX2...dXd:

el —1

)%).

Im/ g/ttt txa) gy iy dxy = Im((
[0,1]¢

i

n =11 on each dimension = in total n9 values!
Only a small portion of them is still computed.

d

I(d)

Rel.error

Time

100
1000
2000
4000

-3.926795e-03
-2.637513e-19
2.628834e-37
9.400335e-74
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2.915654e-13
3.482065e-11
8.905594e-12
2.284085e-10

0.77
11.60
33.05
105.49
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TT-QUADRATURE

Quasi-Monte-Carlo: 23° quasirandom points
(Niederreiter).
TT: 4 Chebyshev nodes on each axis.

Function: f(xq, xa, . .

d

i=1

Lxg) = 39TT(1 — 2x)?

Dim. | Error QMC | Time QMC | Error TT | Time TT
10 | 3.7%107° 205.6 0 0.0064
20 | 1.2%1072 403.4 0 0.0087
30 3.9 % 101 601.9 0 0.013
500 * * 20107 | 0.104
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TEH3OPHbIE MOE34A
B KBAHTOBOW XMW

Bonbwoe yncno |/|3|\/|epeHv||7| €CTECTBEHHO BO3HUKAET B 3ada4aXx
KBaHTOBOWA MOﬂeKyﬂHpHOﬁ ANHAMUKN:

1
HY = (—5A+ V(Ry,..., RV = EV,

V — 3apgaHHasi NnoBepxHOCTL noTeHumanbsHoii sHeprum (PES).

Boluncnenne V tpebyer pewenus ypasHenusi LLpegunrepa npu
pa3HbIX 3HAaYeHNAX KoopauHaT atomoB Ry, ..., Rr. MeTtog
TT-nHTepnonsiuny NO3BONSIET HAWTN TEH30PHbIA noesg gns V' no

OTHOCWTENIbHOMY MasioMy YUCAY 3HadeHunid V.
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TEH3OPHbIE MOE34A
B KBAHTOBOW XMWUN

MoTeHuman JHo-Xaiineca:

1 f f—1 1
2 2 3
V(qr,....qr) = 5 > a; + A (quk—H - 3qk> -
k=1 k=1
18
I I I I I I I
161 I I I I I | | 4
| | | | | | | 10% | 2 4
= 4r { { I I | | | S
b I I I I [ [ | s
3 12 I | | | I I I . s
é 10r | ‘ ‘ ; 10 b A’/r
o ‘ g i
E: 6 | I | | | | | & _-e
& I I I I I I I
Soab
ol | | | | | | | —e— Approximation time
0 : : : : : : : - &+ Solutiof time

i=4 =8 i

12 i=16 =20 i=24 =28 =32
Mode number, i = 1,...,df,d =17, f = 32

1

8

I
16 32 64 128

TT-paHrn n Bpemsi peweHunst 3agadu JHo-Xaiineca

(Ocenegeu—Xopomckuii).
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BbIHNCJTIEHUVE CIMNEKTPA B LEJIOM

Beiumncnenmne cnektpa (MHOrMX cOBCTB. 3HauYeHMii) — C NOMOLLbIO
5BOJIOLMN MO BPEMEHMN:

v
5p = HV. v(0)= Vo

“®unznyeckas cxema’ umeet sug V(t) = eMtWy, soiuncnserca

aBTokoppensiynoHHas dyrkuus a(t) = (V(t), Vo), a 3aTtem cnektp

— ¢ nomouybto Pypbe-npeobpazosanus ot a(t).
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BbIHNCJTIEHUVE CIMNEKTPA B LEJIOM

Tinax = 25 | Timax = b

1 1
0.8 A : 0.8
0.6 : : : 0.6
0.4 : : : 0.4
0.2 J\ J : : : 0.2 U\J =

LU o LA

0 5 10 0 5 10

CnekTpbl gis noteHymana JHo-Xalineca npu f = 2 1 pasanyHbIX

TT-paHrax.
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BbIHNCJTIEHUVE CIMNEKTPA B LEJIOM

600

500

400

300

200

100

0 10 20 30 40

CnekTpbl gns noteHymana JHo-Xalineca npu f =4 un f = 10.
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TEH3OPHBbIE NMOE34A
ANga YPABHEHU C NTAPAMETPAMMU

VpasHrenue andbdysun Ha keagpaTe [0, 1]2. ObnacTb pasbuTta Ha
P X p KBafpaToOB C MOCTOSIHHbIMMK Ko3dhdpuumenTamu andcpysun,
p? napametpos co 3HaueHusimu ot 0.1 go 1.

256 Toyek Mo KaXkAOMY U3 NapameTpos,
MPOCTPaHCTBEHHas ceTka 256 x 256.

Pewenne npu Bcex 3HaveHusix napameTpos npubnmxaeTcs
TEH30PHbLIM MOE3/OM C OTHOCUTENbHON To4HOCTbIO 107>:

Yucno napametpos | [lamATb Ha xpaHeHue peLueHus

4 8 Mb
16 24 Mb
64 78 Mb
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TEH3OPHBbIE NMOE34A

B AVUCKPETHON ONTUMWU3ALNN

Cpean anementoB T T-MHTEPNOAALMN TEH30PA HANTU MUHUMYM

WA MakcUMyMm. 3afada AUCKPETHON ONTUMU3ALMM PeLIaeTcs Kak

3aja4a Ha COBCTBEHHbIE 3HAYEHUS ANA ANaroHasbHbIX MaTpul,.

Bnoynas MuHummusauus otHowenusi Penesi 8 TT-cpopmaTe, 610KM
pasmepa 5, TT-panru < 5 (O. C. Jlebegera).

DyHKUNs Obnacts Pasmep Hucno| (Ax,x) | (Aej, ) | Tounbiii
nTep. 6 ~ X max

ﬁ(1+o.1x,-+sin x) | [1,50]3 | 215 30 428.2342| 429.2342| 429.2342

To %e 1,50 | 22° |50 | 430.7838| 430.7845

ﬁ(x+sin ) [1,20])3 | 2%° 30 8181.2 | 8181.2 | 8181.2

To %e 1,207 [2° |50 |8isl2 | 818l.2

Eugene Tyrtyshnikov
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TWO TYPES OF OPTIMIZATION PROBLEMS

» Given a functional f(x), find its approximate
minimizer in the tensor train format.

» DMRG algorithm (White'1993)
» AMEn algorithm (Dolgov-Savostyanov'2013)

» Given a functional f(x), chase its global
minimum using tensor trains.

» Application to the docking problem
as an alternative to genetic algorithms.
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DIRECT DOCKING IN THE DRUG DESIGN
ACCOMMODATION OF LIGAND INTO PROTEIN
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DIRECT DOCKING IN THE DRUG DESIGN

ACCOMMODATION OF LIGAND INTO PROTEIN

TENSORS AND COMPUTATIONS

Eugene Tyrtyshnikov



OPTIMIZATION USING TT

INPUT: f(x1,...,xq) and n x -+ X n grid.
OUTPUT: approximation to the global minimum.
IN THE LOOP:

Step 1: Transformation of the functional s.t.
argmax g(x) = argmin f(x). E.g.
£(x) = arcctg(F(x) — 7).

Step 2: TT-CROSS interpolation with the
adaptive choice of pseudo-max nodes.

Step 3: Local optimizations of pseudo-max nodes.

Step 4: Renewal of zi
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TTDock vs SOL: chk1_8

1100

1000 7 B GA(SOL)

900 - ® 1T

800

700

Z—T

600 |

500

I/Z

400

300

N - HaceneHHocCTb Knacrepa

200

100 H

e -l E—

T T T T 1
-1769 -1768 -1767 -1766 -1765 -1764

Energy (kcal/mol)
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TTDock vs SOL: urokinase_7

1000 .
H GA(SOL) :
s ® 1T :
[0 H\N
5 800+
©
2 0
a
o 600
o
E H
) \
c N
8 400 H \
©
T N
\ e SH

=z

200 H

o4 o= = = 0 0000000 0 0
-1142 -1141 -1140 -1139 -1138 -1137 -1136 -1135

Energy (kcal/mol)
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TENSOR TRAIN DOCKING (TTdock)

» Tensor Train Decomposition opens new prospects
in Global Minimum Search

» T Tdock more than 10 times faster than SOL

» Direct docking: direct calculaion of all
interactions between ligand and protein atoms

» Tensor Train Mining Minima: Global + Local
Minima

D.Zheltkov, E.T. in collaboration with V.Sulimov and DIMONTA
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NEW APPLICATIONS OF TENSOR TRAINS

» Fokker-Planck, Smoluchovski equations
» Differential equations with parameters
» Green functions in integral equations

» Spin dynamics

» Global optimization algorithms

» Many others
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