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Data Y = (Y1, . . . ,Yn)∼ IP .

PA: IP ∈ (IPυ ,υ ∈ϒ ⊆ IRp) .

L(υ) = L(Y ,υ) def
= log

dIPυ

dµ0
(Y ) = log p(Y

∣∣υ).
Bayes approach: υ is a random element on ϒ from a prior π :

Y | υ ∼ p(y
∣∣υ) = expL(υ),

υ ∼ π(·).

Target: the posterior distribution of υ given Y :

υ | Y ∝ exp
{

L(υ)
}

π(dυ) = exp
{

L(υ)
}

π(υ)dυ .
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Bernstein von Mises Theorem

Maximum Likelihood Estimation (MLE)

υ̃ = argmax
υ∈ϒ

L(υ).

υ̃ concentrates around the “true” parameter

υ
∗ def
= argmax

υ∈ϒ

IEL(υ).

Fisher Theorem √
D2(υ∗)(υ̃−υ

∗)
w−→N(0, IIp)

where D2(υ∗) is the Fisher information matrix at υ∗ , p = dim(ϒ ) .

Bernstein-von Mises Theorem√
D2(υ∗)(υ− υ̃) | Y w−→N(0, IIp),

Aim: concentration of the posterior, near Gaussianity.
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The use of BvM

I Given data Y , the posterior measure is given

υ | Y ∝ exp
{

L(υ)
}

π(dυ).

I Using Bayes computation, one can draw a sample from the posterior and estimate
its mean and variance.

I BvM Theorem states near normality of the posterior.

I one can build elliptic credible sets Aα on which the posterior concentrates with a
prescribed probability 1−α .

Semiparametric Bernstein - von Mises theorem: non-asymptotic approach. · 4. Juni 2014 · Slide 6 (40)



The use of BvM

Theorem (Bernstein - von Mises)

For any Borel set A , with D2 =−∇2IEL(υ∗)

IP
(
D(υ− υ̃) ∈A | Y

)
≈ Φ(A).

Corollary (Moments of the posterior)

Define υ
def
= IE

(
υ
∣∣Y) and S2 def

= Cov
(
υ
∣∣Y). It holds

D2S2 ≈ IIp, D
(
υ− υ̃

)
≈ 0, S−1(

υ−υ
)
≈N(0, IIp).

Corollary (Credible sets)

With Aα =
{

υ : ‖S−1(υ−υ)‖ ≤ zα

}
, it holds

IP
(
υ
∗ 6∈Aα

)
≈ IP(‖γ‖> zα ),

where γ is a standard Gaussian vector in Rp and z2
α is a quantile of chi-scuared

distribution with p degrees of freedom.
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Finite sample Bayesian theory of Spokoiny (Baldin, P., ...)

Goal: An extension of the BvM result for following situations:

I finite samples

I large parameter dimension

I model (likelihood) misspecification

I Gaussian (regularization) priors

I BvM for hyperpriors and Bayesian model selection
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BvM Theorem: General approach

Y | υ ∼ expL(y|υ),

υ ∼ π(·).

Define

υ
∗ def
= argmax

υ

IEL(υ).

Aim: to bound the probability of {υ ∈A} given Y for A⊂ϒ :

IP
(
υ ∈A | Y

)
=

∫
exp
{

L(υ)
}

1I
{

υ ∈A
}

dπ(υ)∫
exp
{

L(υ)
}

dπ(υ)

Step 1: Concentration of the posterior in a local neighborhood ϒ0 of υ∗ :∫
exp
{

L(υ)
}

1I
{

υ−υ
∗ ∈ϒ \ϒ0

}
dπ(υ)�

∫
exp
{

L(υ)
}

1I
{

υ−υ
∗ ∈ϒ0

}
dπ(υ)
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Local quadratic approximation

Step 2: Local quadratic approximation

L(υ ,υ∗) = (υ−υ
∗)>∇L(υ∗)−‖D0(υ−υ

∗)‖2/2,

= (D0(υ−υ
∗))>ξ −‖D0(υ−υ

∗)‖2/2

where D0
def
= −∇2IEL(υ∗) and ξ

def
= D−1

0 ∇L(υ∗) .

Define excess:

L(υ ,υ∗) = L(υ)−L(υ∗).

Theorem

Let for some r0 > 0 fixed. Then under some generic conditions on local likelihood
behavior with dominating probability ≥ 1− e−x

|L(υ ,υ∗)−L(υ ,υ∗)| ≤ ∆(r0,x), υ ∈ϒ0(r0),

where ϒ0(r0) = {υ : ‖D0(υ−υ∗)‖ ≤ r0} and the random variable ∆(r0,x) is
typically small.

The proper choice of r0 ensures ∆(r0,x)∼
√

(p+x)3

n .
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Conditions

The conditions include:
� A growth condition: for some b> 0 and for all υ

IEL(υ)− IEL(υ∗)≤−b‖D0(υ−υ
∗)‖2.

� Exponential moment conditions of the kind that ζ (υ) = L(υ)− IEL(υ) satisfies
with some ν0,g> 0 and small ω > 0 for any 0 < |µ| ≤ g and any γ ∈ IRp with
‖γ‖= 1

log IE exp

{
µ

γ> [∇ζ (υ)−∇ζ (υ∗)]

ω‖D0(υ−υ∗)‖

}
≤ ν0µ

2/2.

� A smoothness condition: for υ ∈ϒ0(r0)

‖∇2IEL(υ)−∇
2IEL(υ∗)‖ ≤ δ (r0)r

2
0.

Then, error of quadratic approximation becomes

∆(r0,x)
def
=
{

δ (r0)+6ν0 p1/2
ω
}
r2

0.
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Local Gaussian approximation for the posterior

Consider non-informative prior π(υ)≡ 1,υ ∈ϒ .
Aim: to bound the probability of {D0(υ−υ◦) ∈A} given Y :

IP
(
D0(υ−υ

◦) ∈A | Y
)
=

∫
D0(υ−υ◦)∈A exp

{
L(υ)

}
dυ∫

exp
{

L(υ)
}

dυ

=

∫
D0(υ−υ◦)∈A exp

{
L(υ)−L(υ∗)

}
dυ∫

exp
{
L(υ)−L(υ∗)

}
dυ

=

∫
D0(υ−υ◦)∈A exp

{
L(υ ,υ∗)

}
dυ∫

exp
{

L(υ ,υ∗)
}

dυ

where υ◦
def
= υ∗+D−2

0 ∇L(υ∗) .

By the majorization bound∫
D0(υ−υ◦)∈A

exp
{

L(υ ,υ∗)
}

dυ ≤ e∆(r0,x)
∫
D0(υ−υ◦)∈A

exp
{
L(υ ,υ∗)

}
dυ

Similarly, it holds∫
D0(υ−υ◦)∈A

exp
{

L(υ ,υ∗)
}

dυ ≥ e−∆(r0,x)
∫
D0(υ−υ◦)∈A

exp
{
L(υ ,υ∗)

}
dυ .
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Normalization factors

Define

m(ξ )
def
= −‖ξ‖2/2+ log(detD0)− p log(

√
2π),

then

m(ξ )+L(υ ,υ∗) = −‖D0(υ−υ∗)−ξ‖2

2
+ log(detD0)−

p
2

log(2π)

is (conditionally on Y ) the log-density of the normal law.
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Local Gaussian approximation of the posterior

Change of variables u =D0(υ−υ◦) implies

∫
exp
{

L(υ ,υ∗)+m(ξ )
}

1I
{
D0(υ−υ

◦) ∈A
}

dυ

≤ e∆(r0,x)
∫

exp
{
L(υ ,υ∗)+m(ξ )

}
1I
{
D0(υ−υ

◦) ∈A
}

dυ

= e∆(r0,x)(2π)−p/2
∫

exp
(
−‖u‖2/2

)
1I
(
u ∈A

)
du

= e∆(r0,x)IP(γ ∈A),

where γ is a standard normal variable in Rp , and hence,∫
exp
{

L(υ ,υ∗)
}

1I
{
D0(υ−υ

◦) ∈A
}

dυ ≤ exp{∆(r0,x)−m(ξ )} IP(γ ∈A).
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Local Gaussian approximation of the posterior

We further need to bound denominator:∫
exp
{

L(υ ,υ∗)+m(ξ )
}

dυ

≥
∫

ϒ0(r0)
exp
{

L(υ ,υ∗)+m(ξ )
}

dυ

≥ e−∆(r0,x)
∫

ϒ0(r0)
exp
{
L(υ ,υ∗)+m(ξ )

}
dυ

= e−∆(r0,x)IP(‖γ‖> r0),

where γ is a standard normal random variable in Rp .

Define ν(r0) = log IP(‖γ‖> r0) , and we finally obtain

IP
(
D0(υ−υ

◦) ∈A | Y
)
=

∫
D0(υ−υ◦)∈A exp

{
L(υ)

}
dυ∫

exp
{

L(υ)
}

dυ

≥ exp{2∆(r0,x)−ν(r0)} IP(γ ∈A).
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Back to step 1: tails of the posterior

Consider

ρ(r0)
def
=

∫
ϒ\ϒ0(r0)

exp
{

L(υ ,υ∗)
}

dυ∫
ϒ exp

{
L(υ ,υ∗)

}
dυ

.

Local majorization:

L(υ ,υ∗)≥ L(υ ,υ∗)−∆(r0,x), υ ∈ϒ0(r0).

Upper function: with probability at least 1−2e−x

L(υ ,υ∗)+u(υ)≤ 0, υ ∈ϒ \ϒ0(r0).

Implies

ρ(r0)≤ e∆(r0,x)

∫
ϒ\ϒ0(r0)

e−u(υ) dυ∫
ϒ0(r0)

exp
{
L(υ ,υ∗)

}
dυ

.

Under some conditions u(υ) can be chosen as a quadratic function and ensures
nice concentration properties.
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BvM for non-informative prior

Theorem

Define υ
def
= IE

(
υ
∣∣Y) , S2 def

= Cov
(
υ
∣∣Y) and υ◦ = υ∗+D−1

0 ξ ,
where ξ =D−1

0 ∇L(υ∗) .
Then, it holds with dominating probability (≥ 1−4e−x ):

‖D0(υ−υ
◦)‖2 ≤ 4∆(r0,x)+4e−x∥∥IIp−D0S

2D0
∥∥

∞
≤ 4∆(r0,x)+4e−x.

Moreover, for any measurable set A⊂ IRp

exp
(
−2∆(r0,x)−3e−x

)
IP
(
γ ∈A

)
− e−x

≤ IP
(
D0(υ−υ

◦) ∈A
∣∣Y)

≤ exp
(
2∆(r0,x)+2e−x

)
IP
(
γ ∈A

)
.

where γ ∈ Rp is a standard Gaussian.
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BvM with posterior covariance matrix

Corollary

Define υ
def
= IE

(
υ
∣∣Y) , S2 def

= Cov
(
υ
∣∣Y) .

Then, it holds with dominating probability (≥ 1−4e−x ) for any measurable set
A⊂ IRp :

exp
(
−2∆(r0,x)−3e−x

){
IP
(
γ ∈A

)
− τ

}
− e−x

≤ IP
(
S−1(υ−υ) ∈A

∣∣Y)
≤ exp

(
2∆(r0,x)+2e−x

){
IP
(
γ ∈A

)
+ τ

}
.

where τ = 1
2

√
(1+∆(r0,x))2∆(r0,x)2 +∆(r0,x)2 p and γ ∈ Rp is a standard

Gaussian.

This shows that required condition for validity of results changes from “∆(r0,x) is
small” to “∆(r0,x)p1/2 is small”.
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Profile MLE

Semiparametric problem:

υ = (θ ,η), ϒ =Θ ×H.

Goal of estimation:

θ = Π0υ for projection Π0 : ϒ →Θ , dim(Θ) = q.

Profile maximum likelihood (pMLE):

θ̃ = Π0υ̃ .

Equivalent formulation:

θ̃ = argmax
θ∈Θ

L̆(θ),

where

L̆(θ) = max
υ∈ϒ

Π0υ=θ

L(υ)
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Bernstein von Mises Theorem

Fisher Theorem for pMLE D̆0(θ̃ −θ
∗)

w−→N(0, Iq),

where

D̆2
0 = D2

0−A0H−2
0 A>0 ,

D2
0 =−∇

2IEL(υ∗) =

(
D2

0 A0
A>0 H2

0

)
.

Bayesian setup

υ | Y ∝ exp
{

L(υ)
}

π(dυ) − full posterior,

θ | Y ∝

∫
H

exp
{

L(υ)
}

π(dυ) − marginal posterior.

Semiparametric BvM Theorem

D̆0(θ − θ̃) | Y w−→N(0, Iq).
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Motivating examples

I Partially linear regression:

Yi = θ
>Xi +g(Vi)+ εi, i = 1, . . . ,n.

I Generalized linear model:

Yi ∼ Pw,

where

� `(y,w) = log dPw
dµ0

(Y ) = yw−d(w) for a convex function d(w) ,

� w = θ
>X +g(V ) .

Target: optimal projector on low dimensional subspace (vector θ ).

Nuisance: function g(·) .

The popular choices are uniform prior on θ and Gaussian process prior on g(·) .
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Finite dimensional nuisance

υ = (θ ,η), dim(η)< ∞.

Aim: to bound the probability of {θ ∈A} given Y for A⊂Θ :

IP
(
θ ∈A | Y

)
=

∫
exp
{

L(υ)
}

1I
{

θ ∈A
}

dπ(υ)∫
exp
{

L(υ)
}

dπ(υ)

=

∫
exp
{

L(υ)
}

1I
{

θ ∈A,υ ∈ϒ0(r0)
}

dπ(υ)∫
exp
{

L(υ)
}

dπ(υ)︸ ︷︷ ︸
as f or the f ull parameter

+

∫
exp
{

L(υ)
}

1I
{

θ ∈A,υ /∈ϒ0(r0)
}

dπ(υ)∫
exp
{

L(υ)
}

dπ(υ)︸ ︷︷ ︸
tails o f the posterior

Consequently, there are additional error therms.
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Identifiability condition

Case study: Let’s suppose that
1. υ = (θ ,η)∼N(0,D−2

0 ) — Gaussian random vector
2. Corr(θ ,η)' 1

Then

D̆2
0 = D2

0−A0H−2
0 A>0 ' O,

D2
0 =

(
D2

0 A0
A>0 H2

0

)
.

and

det(D2
0)

(2π)p/2

∫
Rp−q

exp
{
−1

2
‖D0υ‖2

}
dη =

det(D̆2
0)

(2π)q/2
exp
{
−1

2
‖D̆0η‖2

}

θ ∼N(0, D̆−2
0 )' uni f orm(0)⇒ no concentration!

Thus, the following condition is needed

(I) ‖D−1
0 A0H−2

0 A>0 D−1
0 ‖∞ ≤ ν < 1.
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BvM for non-informative prior

Theorem

It holds with dominating probability (≥ 1−Ce−x ):

‖D̆0(θ −θ
◦)‖2 ≤ 4∆(r0,x)+16e−x∥∥IIq− D̆0S

2D̆0
∥∥

∞
≤ 4∆(r0,x)+16e−x.

Moreover, for any measurable set A⊂ IRq

exp
(
−2∆(r0,x)−8e−x

){
IP
(
γ ∈A

)
− τ

}
− e−x

≤ IP
(
S−1(θ −θ) ∈A

∣∣Y)
≤ exp

(
2∆(r0,x)+5e−x

){
IP
(
γ ∈A

)
+ τ

}
.

where τ = 1
2

√
(1+∆(r0,x))2∆(r0,x)2 +∆(r0,x)2 q and γ ∈ Rp is a standard

Gaussian.

This shows that required condition for validity of results: “∆(r0,x)q1/2 is small”.
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Infinite dimensional nuisance

Consider (θ , f ) -setup, where θ ∈Θ ⊆ Rq and f ∈H for some separable Hilbert
space H . Let’s suppose, that in H exists a countable basis (ek) . Then,

f = f (η) =
∞

∑
i=1

ηiei ∈H

where a vector η = {ηi}∞
i=1 ∈ l2 and ηi = 〈 f ,ei〉 .

Let the likelihood for full model is L(θ , f (η)) . Denote

L(υ) = L
(
θ , f (η)

)
= L

(
θ ,

∞

∑
i=1

ηiei

)
,

where as usual υ = (θ ,η) .
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Infinite dimensional nuisance

If ∑
∞
i=m+1 η2

i is small, then

f (η) =
∞

∑
i=1

ηiei '
m

∑
i=1

ηiei

Corresponding finite dimensional approximation of log-likelihood:

Lm(υm) = L(θ ,
m

∑
i=1

ηiei),

where υm = (θ ,ηm) .
Thus, we have finite dimensional versions of true-parameter, Fisher information and
score function:

υ
∗
m

def
= argmax

υm∈ϒm

IELm(υm), D2
m

def
= −∇

2IELm(υ
∗
m), ξ m

def
= D−1

m ∇Lm(υ
∗
m).
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Bias condition

Two kinds of bias arise:

� θ
∗−θ

∗
m , where

θ
∗ = argmax

θ∈Θ

max
f∈H

IEL(θ , f ), θ
∗
m = Π0υ

∗
m.

� D̆2
0− D̆2

m , where D̆2
m

def
=
(
Π0D

−2
m Π>0

)−1 ∈ IRq×q ,

D̆2
0

def
=
(

Π0D
−2
0 Π

>
0

)−1
∈ IRq×q, D2

0
def
= ∇

2IE[L(υ∗)] ∈ Lin(l2, l2),

and Lin(l2, l2) is the space of linear operators from l2 to l2 .

(B) For any m ∈ N there exist constants αm and βm such that

‖D̆0(θ
∗−θ

∗
m)‖2 ≤ αm,∥∥IIq− D̆0D̆−2

m D̆0
∥∥

∞
≤ βm.

Semiparametric Bernstein - von Mises theorem: non-asymptotic approach. · 4. Juni 2014 · Slide 30 (40)



Sieve prior

Natural prior for sieve approximations:

� Consider non-informative prior on θ and sieve prior on η :
πm(η) = Π ∞

i=1πi(ηk) = Π m
i=1πi(ηk) , i.e. πi ≡ 0, i > m .

� Thus, posterior depends only on θ and ηm = {ηk}m
k=1 .

� Then, under proper conditions we have a BvM result for marginal distribution of
θ component of full parameter υm = (θ ,ηm) .
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Semiparametric BvM

Theorem

Define θ m
def
= IE

(
θ
∣∣Y) , S2

m
def
= Cov

(
θ
∣∣Y) and θ

◦
m = θ

∗
m + D̆−1

m ξ̆ m ,
where ξ̆ m = Π0ξ m = Π0D

−1
m ∇Lm(υ

∗
m) .

Then, under condition (B) it holds with dominating probability (≥ 1−Ce−x ):

‖D̆0(θ m−θ
◦
m)‖2 ≤ (1+βm)∆◦+αm.∥∥IIq− D̆0S

2
mD̆0

∥∥
∞
≤ βm +(1+βm)∆◦.

Moreover, for any measurable set A⊂ IRq

exp
(
−∆◦

){
IP
(
γ ∈A

)
− 1

2

√
(1+∆◦)2∆ 2

◦ +∆ 2
◦ q
}
−Ce−x

≤ IP
(
S−1

m (θ −θ m) ∈A
∣∣Y)

≤ exp
(
∆◦
){

IP
(
γ ∈A

)
+

1
2

√
(1+∆◦)2∆ 2

◦ +∆ 2
◦ q
}
+Ce−x.

where ∆◦ = C

√
(pm+x)3

n , pm = dim(θ)+m and γ ∈ Rq is a standard Gaussian.
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Semiparametric BvM

Theorem

Define θ m
def
= IE

(
θ
∣∣Y) , S2

m
def
= Cov

(
θ
∣∣Y) and θ

◦
m = θ

∗
m + D̆−1

m ξ̆ m ,
where ξ̆ m = Π0ξ m = Π0D

−1
m ∇Lm(υ

∗
m) .

Then, under condition (B) it holds with dominating probability (≥ 1−Ce−x ):

‖D̆0(θ m−θ
◦
m)‖2 ≤ (1+βm)∆◦+αm.∥∥IIq− D̆0S

2
mD̆0

∥∥
∞
≤ βm +(1+βm)∆◦.

Moreover, for any measurable set A⊂ IRq

exp
(
−2∆(r0,x)−8e−x

){
IP
(
γ ∈A

)
− τ

}
− e−x

≤ IP
(
S−1

m (θ −θ m) ∈A
∣∣Y)

≤ exp
(
2∆(r0,x)+5e−x

){
IP
(
γ ∈A

)
+ τ

}
.

where ∆◦ = 4∆(r0,x)+16e−x and γ ∈ Rq is a standard Gaussian.
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Example: GLM

Generalized linear model: introduction

Yi ∼ Pw,

where

� `(y,w) = log dPw
dµ0

(Y ) = yw−d(w) for a convex function d(w) ,

� w = υ>X .

The corresponding log-density of a GLM reads as

L(θ) = ∑
{

YiΨ
>

i υ−d(Ψ>i υ)
}
.

Define now the matrix D2
0 by

D2
0

def
= −∇

2L(υ∗) = ∑d′′(Ψ>i υ
∗)ΨiΨ

>
i .
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Example: conditions

Define the individual errors (residuals)

εi = Yi− IEYi.

(e1) There exist some constants ν0 and g1 > 0 , and for every i a
constant si such that IE

(
εi/si

)2 ≤ 1 and

log IE exp
(
µεi/si

)
≤ ν

2
0 µ

2/2, |µ| ≤ g1.

It allows to check exponential moment conditions. In particular, ω ≡ 0 .
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Example: conditions

Let d′′(z) be Lipschitz continuous:

|d′′(z)−d′′(z0)| ≤ L|z− z0|, z,z0 ∈ R

Then

δ (r)≤ L
r

N1/2
2

,

where

N−1/2
2

def
= max

i
sup

γ∈IRp

|Ψ>i γ|
d′′(Ψ>i υ∗) · ‖D0γ‖

.

Finally,

∆(r0,x)
def
=
{

δ (r0)+6ν0 p1/2
ω
}
r2

0 ≤ L
r3

0

N1/2
2

∼ C
p3/2

n1/2
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Example: semiparametric case

Generalized linear model:

Yi ∼ Pw,

where

� `(y,w) = log dPw
dµ0

(Y ) = yw−d(w) for a convex function d(w) ,

� w = θ
>X +η(V ) .

Sieve approach:

� Suppose η ∈Fβ = {η(V ) = ∑
∞
i=1 ηkφk(V ) : ∑

∞
k=1 η2

k k−2β ≤ L} , where {φi}∞
i=1

is some orthonormal functional basis (i.e. Fourier, wavelet, etc.).

� Then it can be shown, that bias due to sieve approach is small for β > 3
2 :

‖D̆0(θ
∗−θ

∗
m)‖2 ≤ C

n
m2s ,∥∥IIq− D̆0D̆−2

m D̆0
∥∥

∞
≤ C

1
n
.
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Outlook

� Smooth priors in large dimension including Gaussian priors. The approach
extends by considering penalized likelihood.

� Hyperpriors. The approach extends under smoothness of hyperpriors (in work of
Spokoiny and Baldin).

� Time-series analysis. The approach can be extended by use of penalization
technique (in forthcoming paper by Spokoiny and P.).
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