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Real-world web-graphG = (V;E), where V —

set of web-pages,

set of web-sites,

set of web-hosts,

and E — the set of all hyperlinks between the vertices (nodes).
Sometimes multiple edges are identified. Sometimes multiple edges and even
loops are allowed.

Why do we need a model?
Many reasons!

Adjust algorithms;

Find unexpected structures (news, spam, etc.) using classifiers learnt on
some features coming from models.
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How to construct a model?

First, find some statistical properties of web-graphs that would describe most
accurately the real-world structures.

Then, take a random element G which takes values in a set of graphs on n
vertices and has such a distribution that w.h.p. (with high probability, i.e., with
probability approaching 1 as n → ∞) G has the same properties as the ones
mentioned above.
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Barabási–Albert, Watts–Strogatz, Newman, and many others in 90s–00s.

Web-graphs are sparse, i.e., their numbers of edges (links) are proportional to
their numbers of vertices.

Web-graphs have a unique “giant” connected component.

Every two vertices in the giant component are connected by a path of short
length (5–6, 15–20 depending on what we mean by web-graph): diamG ≈ 6
(the rule of 6 handshakes).

Web-graphs are robust when random vertices are destroyed (a giant
component survives).

Web-graphs are vulnerable to attacks onto hubs (many small components
appear after a threshold is surpassed).

Many triangles — high clusternig.

The degree distribution is close to a power-law:

|{v ∈ V : deg v = d}|n ∼
constd
 ;

where 
 ∈ (2; 3) depends on what we mean by web-graph.
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Bollobás–Riordan model

Construct a random graph Gnm with n vertices and mn edges, m ∈ N.
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Let dG(v) be the degree of a vertex v in a graph G.

Case m = 1G1
1 — graph with one vertex v1 and one loop.

Andrei Raigorodskii (MSU, MIPT, YND) Hard problems of the Internet Traditional School 5 / 20



Bollobás–Riordan model

Construct a random graph Gnm with n vertices and mn edges, m ∈ N.
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Case m = 1G1
1 — graph with one vertex v1 and one loop.

Given Gn−1
1 we can make Gn

1 by adding vertex vn and an edge from it to a vertexvi, picked from {v1; : : : ; vn} with probability
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Case m = 1G1
1 — graph with one vertex v1 and one loop.

Given Gn−1
1 we can make Gn

1 by adding vertex vn and an edge from it to a vertexvi, picked from {v1; : : : ; vn} with probability

P(i = s) =

{ dGn−1
1

(vs)
2n−1 1 6 s 6 n− 1
1

2n−1 s = n
Preferential attachment!

Case m > 1

Given Gmn
1 we can make Gnm by gluing {v1; : : : ; vm} into v′1 , {vm+1; : : : ; v2m}

into v′2, and so on.

The random graph Gnm is certainly sparse. What’s about other properties?
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Diameter and giant components

Theorem (Bollobás, Riordan)

If m > 2, then w.h.p. diamGnm ∼ lnn
ln lnn .
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If p ∈ (0; 1) and we make a random subgraph Gnm;p of the graph Gnm by deleting
its vertices independently each with probability p, then w.h.p. Gnm;p contains a
connected component of size � n.
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If p ∈ (0; 1) and we make a random subgraph Gnm;p of the graph Gnm by deleting
its vertices independently each with probability p, then w.h.p. Gnm;p contains a
connected component of size � n.

Great, since we have the robustness property.

Theorem (Bollobás, Riordan)

If c ∈ (0; 1) and we make a random subgraph Gnm;c of the graph Gnm by deleting
its [cn] first vertices, then for c 6 (m− 1)=(m+ 1), w.h.p. Gnm;c contains a
connected component of size � n, and for c > (m− 1)=(m+ 1), w.h.p. all the
connected components of Gnm;c are of size o(n).
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If c ∈ (0; 1) and we make a random subgraph Gnm;c of the graph Gnm by deleting
its [cn] first vertices, then for c 6 (m− 1)=(m+ 1), w.h.p. Gnm;c contains a
connected component of size � n, and for c > (m− 1)=(m+ 1), w.h.p. all the
connected components of Gnm;c are of size o(n).

Great, since we have the vulnerability to attacks on the hubs.
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Degree distribution

Theorem (Bollobás, Riordan, Spencer, Tusnády)

If d 6 n1=15, then w.h.p.

|{v ∈ Gnm : deg v = d}|n ∼
const(m)d3

:
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If d 6 n1=15, then w.h.p.

|{v ∈ Gnm : deg v = d}|n ∼
const(m)d3

:
Great, since we get a power-law.

Andrei Raigorodskii (MSU, MIPT, YND) Hard problems of the Internet Traditional School 7 / 20



Degree distribution

Theorem (Bollobás, Riordan, Spencer, Tusnády)
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Not too great, since the exponent in the power-law is a bit different from the
experimental ones (
 ∈ (2; 3)).
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The last problem recently removed by Evgeniy Grechnikov: analog of
B–R–S–T-theorem with an arbitrary d.
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Theorem (Bollobás, Riordan, Spencer, Tusnády)

If d 6 n1=15, then w.h.p.

|{v ∈ Gnm : deg v = d}|n ∼
const(m)d3

:
Great, since we get a power-law.

Not too great, since the exponent in the power-law is a bit different from the
experimental ones (
 ∈ (2; 3)).

Bad, since d 6 n1=15, which is non-realistic.

The last problem recently removed by Evgeniy Grechnikov: analog of
B–R–S–T-theorem with an arbitrary d.
Tune the model somehow to get other exponents in the power-law?
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Let ](H;G) be the number of copies of a graph H in a graph G.
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The global clustering coefficient of G isT (G) =
3](K3; G)](P2; G)

;
where K3 is a triangle and P2 is a 2-path.
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Clustering

Let ](H;G) be the number of copies of a graph H in a graph G.

Clustering coefficient

The global clustering coefficient of G isT (G) =
3](K3; G)](P2; G)

;
where K3 is a triangle and P2 is a 2-path.

Roughly speaking, T (G) is the probability that two neighbours of a vertex of G
are themselves joined by an edge.

There are some other definitions of clustering coefficients.

Anyway, experimentally, clustering coefficients are constant.

Theorem (Bollobás, Riordan)

The expected value of T (Gnm) tends to 0 as n → ∞: E(T (Gnm)) � ln2 nn .
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Buckley–Osthus model
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Buckley–Osthus model

Which problems we had in the model of Bollobás–Riordan? Non-realistic exponent
in the power-law, non-realistic clustering. Can solve the first problem! The
following model is very close to the first one, but it has one important new
parameter a > 0 called initial attractiveness of a vertex.
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Case m = 1H1a;1 — graph with one vertex v1 and one loop.
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Which problems we had in the model of Bollobás–Riordan? Non-realistic exponent
in the power-law, non-realistic clustering. Can solve the first problem! The
following model is very close to the first one, but it has one important new
parameter a > 0 called initial attractiveness of a vertex.

Case m = 1H1a;1 — graph with one vertex v1 and one loop.

Given Hn−1a;1 we can make Hna;1 by adding vertex vn and an edge from it to a
vertex vi, picked from {v1; : : : ; vn} with probability

P(i = s) =







dHn−1a;1 (vs)+a−1

(a+1)n−1 1 6 s 6 n− 1a
(a+1)n−1 s = n
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





dHn−1a;1 (vs)+a−1

(a+1)n−1 1 6 s 6 n− 1a
(a+1)n−1 s = n

For a = 1, we get the model of Bollobás–Riordan.
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Which problems we had in the model of Bollobás–Riordan? Non-realistic exponent
in the power-law, non-realistic clustering. Can solve the first problem! The
following model is very close to the first one, but it has one important new
parameter a > 0 called initial attractiveness of a vertex.

Case m = 1H1a;1 — graph with one vertex v1 and one loop.

Given Hn−1a;1 we can make Hna;1 by adding vertex vn and an edge from it to a
vertex vi, picked from {v1; : : : ; vn} with probability

P(i = s) =







dHn−1a;1 (vs)+a−1

(a+1)n−1 1 6 s 6 n− 1a
(a+1)n−1 s = n

For a = 1, we get the model of Bollobás–Riordan.

Case m > 1

Given Hmna;1 we can make Hna;m by gluing {v1; : : : ; vm} into v′1 , {vm+1; : : : ; v2m}
into v′2, and so on.
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Buckley–Osthus model: degree distribution
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Buckley–Osthus model: degree distribution

Theorem (Buckley, Osthus)

If d 6 n1=(100(a+1)), then w.h.p.

|{v ∈ Hna;m : deg v = d}|n ∼
const(a;m)da+2

:
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Buckley–Osthus model: degree distribution

Theorem (Buckley, Osthus)

If d 6 n1=(100(a+1)), then w.h.p.
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Theorem (Buckley, Osthus)

If d 6 n1=(100(a+1)), then w.h.p.

|{v ∈ Hna;m : deg v = d}|n ∼
const(a;m)da+2

:
Great, since now we can tune the model to get the expected exponent.

Bad, since d 6 n1=(100(a+1)).

Recently completely removed by Grechnikov.

However, still problems with clustering!

Many more further great features of the model instead!
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Buckley–Osthus model: the number of edges
between vertices of given degrees
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Let Xn(d1; d2) be the total number of edges between vertices of given degrees.
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Buckley–Osthus model: the number of edges
between vertices of given degrees

Let Xn(d1; d2) be the total number of edges between vertices of given degrees.

Theorem (Grechnikov)

W.h.p. Xn(d1; d2)n ∼ c(a;m)

(

(d1 + d2)
1−ad2

1d2
2

) :
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Buckley–Osthus model: “power and glory”

Theorem (Grechnikov)

Let d1 > m and d2 > m. Let X = Xn(d1; d2). There exists a function cX(d1; d2)
such that

EXn(d1; d2) = cX(d1; d2)n +Oa;m(1)

andcX(d1; d2) =
Γ(d1 −m+ma)Γ(d2 −m+ma)

Γ(d1 −m+ma+ 2)Γ(d2 −m+ma + 2)
×

×
Γ(d1 + d2 − 2m+ 2ma+ 3)

Γ(d1 + d2 − 2m+ 2ma+ a + 2)
ma(a+ 1)

Γ(ma+ a + 1)

Γ(ma) ×

×

(

1 + �(d1; d2)
(d1 −m+ma + 1)(d2 −m +ma+ 1)

(d1 + d2 − 2m+ 2ma+ 1)(d1 + d2 − 2m+ 2ma+ 2)

) ;
where

−4 +
2

1 +ma 6 �(d1; d2) 6 aΓ(ma+ 1)Γ(2ma+ a+ 3)

Γ(2ma+ 2)Γ(ma + a+ 2)
:
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Bollobás–Riordan model: “power and glory”

Theorem (Grechnikov)

If d1 < k, d2 < k or d1 = d2 = k, then X = 0. If d1 > k; d2 > k andd1 + d2 > 2k + 1, then the expected value of X is

EX =
k(k + 1)d1(d1 + 1)d2(d2 + 1)

(

1 −
Ck+1

2k+2Cd1−kd1+d2−2kCd1+1d1+d2+2

)

(2kt+ 1)−

−

k
∑n=1

Cd1−nd1+d2−2nd1d2Cd1d1+d2

(

(2n)!n!(n+ 1)!

k + 1

2k + [n = k] (2k)!
2(k − 1)!2

)

−

− [d1 = k] (k − 1)(k + 1)

2kd2(d2 + 1)
− [d2 = k] (k − 1)(k + 1)

2kd1(d1 + 1)
+Ok;d1;d2

(

1t) :
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Classical “Google” PageRankGn = (Vn; En) — web-graph.
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Classical “Google” PageRankGn = (Vn; En) — web-graph.
Classical “Google” PageRank is the solution �(n) = (�i(n))i=1;:::;|Vn| to the
system �i(n) = c∑j→i �j(n)

outdeg j +
1 − c
|Vn| ; i = 1; : : : ; |Vn|:
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The coordinates �i(n) follow a power-law similarly to the degrees (with another
parameter of the law).
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The same is true in a Barabási–Albert model.
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Classical “Google” PageRankGn = (Vn; En) — web-graph.
Classical “Google” PageRank is the solution �(n) = (�i(n))i=1;:::;|Vn| to the
system �i(n) = c∑j→i �j(n)

outdeg j +
1 − c
|Vn| ; i = 1; : : : ; |Vn|:

The coordinates �i(n) follow a power-law similarly to the degrees (with another
parameter of the law).

The same is true in a Barabási–Albert model.

Theorem (Avrachenkov)

For i > 0

E�i(n) =
1 − c
1 + n ( 1

1 + c +
cΓ (i+ 1

2

)

Γ
(n + c

2 + 1
)

(1 + c)Γ (i+ c
2 + 1

)

Γ
(n + 1

2

)

)

≈

≈
1 − c
1 + n ( 1

1 + c +
c

1 + c (i +
1

2

)− 1+c
2
(n +

1

2

)
1+c

2

) :
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Weighted “Yandex” PageRankGn = (Vn; En) — web-graph. In what follows, we omit n in the notation to make
it less cumbersome. So G = (V;E).
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To each i ∈ V we assign an l-dimensional vector vi of features, and to each edgei → j in E we assign an m-dimensional vector ei;j of features.
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To each i ∈ V we assign an l-dimensional vector vi of features, and to each edgei → j in E we assign an m-dimensional vector ei;j of features.

We have three parameters to be adjusted optimally.

Two main parameters

An l-dimensional vector !, which gives us a weight of a vertex i ∈ V : the
weight is f(!; i) = (!;vi) — scalar product.
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Weighted “Yandex” PageRankGn = (Vn; En) — web-graph. In what follows, we omit n in the notation to make
it less cumbersome. So G = (V;E).

To each i ∈ V we assign an l-dimensional vector vi of features, and to each edgei → j in E we assign an m-dimensional vector ei;j of features.

We have three parameters to be adjusted optimally.

Two main parameters

An l-dimensional vector !, which gives us a weight of a vertex i ∈ V : the
weight is f(!; i) = (!;vi) — scalar product.

An m-dimensional vector ', which gives us a weight of an edge i → j in E:
the weight is g('; i → j) = ('; ei;j).

The third parameter c ∈ (0; 1) will appear on the next slide.
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Weighted “Yandex” PageRank

Main definition

Weighted PageRank is a vector � — the solution to a system � = A�, where A is
a matrix with entriesAi;j = c f(!; j)

∑k∈V f(!; k) + (1 − c) g('; i → j)
∑h: i→h g('; i → h)

:
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Weighted “Yandex” PageRank

Main definition

Weighted PageRank is a vector � — the solution to a system � = A�, where A is
a matrix with entriesAi;j = c f(!; j)

∑k∈V f(!; k) + (1 − c) g('; i → j)
∑h: i→h g('; i → h)

:
Main problem

Let S be a measure of the difference between our PageRank �(!; '; c) and some
estimates assigned to each document (to each i ∈ V ) according to a given search
query (e.g., S is the standard deviation). Find

(!0; '0; c0) = argmin!;'S(�(!; '; c); vector of estimates):
Andrei Raigorodskii (MSU, MIPT, YND) Hard problems of the Internet Traditional School 16 / 20



An approach to the main problem
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An approach to the main problem

A natural approach — gradient descent. Let
(!; '; c) = (�1; : : : ; �l; �l+1; : : : ; �l+m; �l+m+1).
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An approach to the main problem

A natural approach — gradient descent. Let
(!; '; c) = (�1; : : : ; �l; �l+1; : : : ; �l+m; �l+m+1).
We calculate the PageRank � = �(!; '; c) and its derivatives as follows (t is the
number of an iteration):
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An approach to the main problem

A natural approach — gradient descent. Let
(!; '; c) = (�1; : : : ; �l; �l+1; : : : ; �l+m; �l+m+1).
We calculate the PageRank � = �(!; '; c) and its derivatives as follows (t is the
number of an iteration):�t+1 = A�t; ( @�@�j)t+1

=
@A@�j �t +A( @�@�j)t ; j = 1; : : : ; l +m+ 1:

Theorem (Zhukovskii)

For each j, there exists a limit @�@�j of
( @�@�j )t as t → ∞.
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Open questions

The algorithm is very slow on real graphs. How to make it more efficient?
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An approach to the main problem

A natural approach — gradient descent. Let
(!; '; c) = (�1; : : : ; �l; �l+1; : : : ; �l+m; �l+m+1).
We calculate the PageRank � = �(!; '; c) and its derivatives as follows (t is the
number of an iteration):�t+1 = A�t; ( @�@�j)t+1

=
@A@�j �t +A( @�@�j)t ; j = 1; : : : ; l +m+ 1:

Theorem (Zhukovskii)

For each j, there exists a limit @�@�j of
( @�@�j )t as t → ∞.

Open questions

The algorithm is very slow on real graphs. How to make it more efficient?

What is the rate of convergence in Theorem of Zhukovskii?

Maybe some essentially different approaches?

An analog of Avrachenkov’s theorem for Weighted PageRank?
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A new general class of models

Buckley–Osthus is not good for clustering. Can one do anything?

Many multiparametric models.

A break-through is due to Ryabchenko, Samosvat, Ostroumova.

The PA-class

Let Gnm (n > n0) be a graph with n vertices {1; : : : ; n} and mn edges obtained as
a result of the following random graph process. We start at the time n0 from an
arbitrary graph Gn0m with n0 vertices and mn0 edges. On the (n+ 1)-th step
(n > n0), we make the graph Gn+1m from Gnm by adding a new vertex n + 1 andm edges connecting this vertex to some m vertices from the set {1; : : : ; n; n+ 1}.
Denote by dnv the degree of a vertex v in Gnm. Assume that for some constants A
and B the following conditions are satisfied:
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A new general class of models: continuation

The PA-class conditions

P
(dn+1v = dnv | Gnm) = 1 −Adnvn −B 1n +O((dnv )2n2

) ; 1 6 v 6 n ; (1)

P
(dn+1v = dnv + 1 | Gnm) = Adnvn +B 1n +O((dnv )

2n2

) ; 1 6 v 6 n ; (2)

P
(dn+1v = dnv + j | Gnm) = O((dnv )

2n2

) ; 2 6 j 6 m; 1 6 v 6 n ; (3)

P(dn+1n+1 = m+ j) = O( 1n) ; 1 6 j 6 m : (4)
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For A = 1=2, B = 0, we get Bollobás–Riordan.
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P
(dn+1v = dnv + 1 | Gnm) = Adnvn +B 1n +O((dnv )

2n2

) ; 1 6 v 6 n ; (2)

P
(dn+1v = dnv + j | Gnm) = O((dnv )

2n2

) ; 2 6 j 6 m; 1 6 v 6 n ; (3)

P(dn+1n+1 = m+ j) = O( 1n) ; 1 6 j 6 m : (4)

For A = 1=2, B = 0, we get Bollobás–Riordan.

For A = 1=(2 + a), B = ma=(2 + a), we get Buckley–Osthus.
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A new general class of models: results and questions
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A new general class of models: results and questions

Theorem (Ostroumova, Ryabchenko, Samosvat)

W.h.p.
|{v ∈ Gnm : deg v = d}|n ∼

const(A;B;m)d1+1=A :
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A new general class of models: results and questions

Theorem (Ostroumova, Ryabchenko, Samosvat)

W.h.p.
|{v ∈ Gnm : deg v = d}|n ∼

const(A;B;m)d1+1=A :
Theorem (Ostroumova, Ryabchenko, Samosvat)

If 2A < 1 then w.h.p. T (n) ∼ c(A;B;m) ;
If 2A = 1 then w.h.p. T (n) ∼ c′(A;B;m)

lnn ;
If 2A > 1 then for any " > 0 w.h.p. n1−2A−" 6 T (n) 6 n1−2A+" :
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If 2A < 1 then w.h.p. T (n) ∼ c(A;B;m) ;
If 2A = 1 then w.h.p. T (n) ∼ c′(A;B;m)

lnn ;
If 2A > 1 then for any " > 0 w.h.p. n1−2A−" 6 T (n) 6 n1−2A+" :

Great, since in the first case, we have a constant clustering together with
power-law!
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If 2A > 1 then for any " > 0 w.h.p. n1−2A−" 6 T (n) 6 n1−2A+" :

Great, since in the first case, we have a constant clustering together with
power-law!

Open questions and questions under solution

(Ostroumova, Krot) Find the distribution of some local clustering coefficients
in the new models.
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Theorem (Ostroumova, Ryabchenko, Samosvat)

W.h.p.
|{v ∈ Gnm : deg v = d}|n ∼

const(A;B;m)d1+1=A :
Theorem (Ostroumova, Ryabchenko, Samosvat)

If 2A < 1 then w.h.p. T (n) ∼ c(A;B;m) ;
If 2A = 1 then w.h.p. T (n) ∼ c′(A;B;m)

lnn ;
If 2A > 1 then for any " > 0 w.h.p. n1−2A−" 6 T (n) 6 n1−2A+" :

Great, since in the first case, we have a constant clustering together with
power-law!

Open questions and questions under solution

(Ostroumova, Krot) Find the distribution of some local clustering coefficients
in the new models.

What’s with “Google”, “Yandex” and other PageRanks in the new models?
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