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Introduction

Optimization areas (due to Nemirovski, Yudin, Nesterov), n is the space
dimension.

@ Small-size problems, n* operations per iteration is ok, ellipsoid
methods: N(¢) ~ O (n°In (%))
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Introduction

Optimization areas (due to Nemirovski, Yudin, Nesterov), n is the space
dimension.

2]

Small-size problems, n* operations per iteration is ok, ellipsoid
methods: N(¢) ~ O (n°In (%))

Medium-size problems, n® operations per iteration is ok, interior point
methods (based on Newton method): N(g) ~ O (n”/?In (2)).

Large-scale problems, n? operations per iteration is ok, first order
methods (gradient type):N(¢) ~ O ("—2>

£

Huge-scale problems, n or In n operations per iteration is ok,
coordinate descent schemes, sparsity, randomization. N(¢) ~ O (%).
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Notation
@ E - finite-dimensional real vector space, E* — its dual.

@ The value of linear function g € E* at x € E is (g, x).

© || || - some norm on E, || - || is its dual.

Q d(x) — prox-function, differentiable and strongly convex with the
parameter 1 on @ with respect to || - ||: d(x) > 1[|x — xo[|%, Vx € Q.
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@ Entropy Q = {x eR": x; > 0’21:1 X; = 1}, -1 =11
dx)=Inn+3"  xinx, xo = (%,...,%)T.

@ Bregman distance: V(x,z) = d(x) — d(z) — (Vd(z),x — z).
© Euclidean distance: V/(x,z) = %||x — z[3.
© Kullback-Leibler divergence: V/(x,z) = >/, xIn %
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Classes of convex functions: convexity

@ Convex functions:

fly) > f(x) +(g(x),y —x), Vx,y € Q,Vg(x) € 9f(x).
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@ Strongly convex functions:

F(¥) 2 F() + {80y = x) + Blix = yIP, ¥,y € Q,Ve(x) € O (x).

© Uniformly convex functions:
K
Fly) 2 F(x) +{g(x),y =x) + S lIx =y[", Vx,y € Q,¥g(x) € 0f(x),
where p > 2.

Pavel Dvurechensky (MIPT/PreMolab) Stochastic gradient methods 27.06.14 6 / 60



Classes of convex functions: smoothness

© Bounded subgradient: ||g(x)|« < M, Vx € Q, Vg(x) € 9f(x).
Then [lg(x) — g(y)ll- <2M
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L
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© Intermediate level of smoothness: for some v € [0, 1]

le(x) —eW)ll« < Lullx = yl|", Vx € Q, Vg(x) € 9f(x).
Then

v

1+v
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Problem formulation: simple case

Consider the problem

in f
min £(x),

where
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Problem formulation: simple case

Consider the problem

in f
min £(x),

where
@ Q C E is a closed convex set,

@ f(x) is either convex or strongly convex, either with bounded
subgradient or with Lipschitz continuous gradient.

© We know all the constants M, L, p.

The method usually constructs sequences
© xi — points where the (sub)gradients are calculated.
@ yi — approximate solution.

© Vi (x) — model of the function which approximates f(x) in some sense.
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Lower complexity bounds

def
We assume a black-box first order oracle (f(x), g(x)). R? > 2d(x*).
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Lower complexity bounds

def
We assume a black-box first order oracle (f(x), g(x)). R? § 2d(x*).
The best we can expect from a method in this case.

o

2]

o
o

Nonsmooth Convex Problem: f(yx) — f* < O (%)
N(E) = Q (MZRQ).
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Nonsmooth Strongly Convex Problem: f(yx) — f* < O (;TN/L)
N(e) = Q (uM)
Smooth Convex Problem: f(y) — f* < O (Lkif) N(e) = Q (, /L?Rz).

Smooth Strongly Convex Problem:

602 0 (s (1)) M9 =1 (/oo ().

Note: In stochastic optimization the best we can expect from a method in
this case

Nonsmooth or Smooth Convex Problem: Ef(y,) — f* < O (ﬁ)

Pavel Dvurechensky (MIPT/PreMolLab) Stochastic gradient methods 27.06.14 9/ 60



Lower complexity bounds

def
We assume a black-box first order oracle (f(x), g(x)). R? § 2d(x*).
The best we can expect from a method in this case.

o

2]

o
o

Nonsmooth Convex Problem: f(yx) — f* < O (%)
N(E) = Q (MZRQ).

£2

Nonsmooth Strongly Convex Problem: f(yx) — f* < O (;TN/L)
N(e) = Q (uM)
Smooth Convex Problem: f(y) — f* < O (Lkif) N(e) = Q (, /L?Rz).

Smooth Strongly Convex Problem:

602 0 (s (1)) M9 =1 (/oo ().

Note: In stochastic optimization the best we can expect from a method in
this case

o
(2]

Nonsmooth or Smooth Convex Problem: Ef(y,) — f* < O (ﬁ)

Nonsmooth or Smooth Strongly Convex Problem:
Ef (yx) — * < O (%)

Pavel Dvurechensky (MIPT/PreMolLab) Stochastic gradient methods 27.06.14 9/ 60



Lower complexity bounds

def
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602 0 (s (1)) M9 =1 (/oo ().

Note: In stochastic optimization the best we can expect from a method in
this case

o
(2]

Nonsmooth or Smooth Convex Problem: Ef(y,) — f* < O (ﬁ)

Nonsmooth or Smooth Strongly Convex Problem:
Ef(yx) — f* < O (%)

Below we consider mostly the smooth case.
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Simple Primal Gradient Method

f(x) is smooth.
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Simple Primal Gradient Method

f(x) is smooth.
Method:

@ Choose xg € Q.

Q xii1 = argminye@{f(xi) + (VF(xk), x — xi) + 5lx — xi|[3} =
TQ (Xk - %Vf(xk)).
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Simple Primal Gradient Method

f(x) is smooth.
Method:

@ Choose xg € Q.
@ i1 = argmin,c{f(xk) + (VF(xi), x — xi) + 5lx — xc[3} =
TQ (Xk - %Vf(xk)).
Output:
k .
Vi = Xk, Yk = @ (more robust), yx = argminj—1 _« f(x;) = x«.

Pavel Dvurechensky (MIPT/PreMolLab) Stochastic gradient methods 27.06.14 10 / 60



Simple Primal Gradient Method

f(x) is smooth.
Method:

@ Choose xg € Q.
@ xip1 = argminye{f(xk) + (VF(xk), x — xi) + 5llx — xi13} =
TQ (Xk - %Vf(xk)).
Output:

Yk = Xky Yk =
Rate of convergence:

k .
@ (more robust), yx = argminj—1 _« f(x;) = x«.

Lllxo—x*|13

@ Convex case: f(yx) — f* < =5
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Simple Primal Gradient Method
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@ Choose xg € Q.
@ xip1 = argminye{f(xk) + (VF(xk), x — xi) + 5llx — xi13} =
TQ (Xk - %Vf(xk)).
Output:

Yk = Xky Yk =
Rate of convergence:

k .
@ (more robust), yx = argminj—1 _« f(x;) = x«.

Lllxo—x*|13

@ Convex case: f(yx) — f* < =5

* (]2
@ Strongly convex case (yx = xk): f(yx) — f* < M exp (—kk).
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Estimating functions

Assume that p > 0 and we have sequences {«;}i>0, {Bi}i>o-
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Estimating functions

Assume that p > 0 and we have sequences {«;}i>0, {Bi}i>o-
o d(x) = 3lIx — xol3
o V,(x) =
Brd(x) + Yl i [F(xi) + (VF() (%), x — i) + §llx — xi[3] <
Brd(x) + f(x) Zf'(:o aj — model of the objective function.
e Vi = minycg Vi(x) its minimal value. Ay = Zf'(:o Q.
o If we prove that for all kK > 0 it holds that

Acf(yk) S Vi, Wi(x) < Aef(x) + Brd(x), VYx € Q.
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Assume that p > 0 and we have sequences {«;}i>0, {Bi}i>o-
o d(x) = 3lIx — xol3
o V,(x) =
Brd(x) + Yl i [F(xi) + (VF() (%), x — i) + §llx — xi[3] <
Brd(x) + f(x) Zf'(:o aj — model of the objective function.
e Vi = minycg Vi(x) its minimal value. Ay = Zf'(:o Q.
o If we prove that for all kK > 0 it holds that

Acf(yk) S Vi, Wi(x) < Aef(x) + Brd(x), VYx € Q.

Then
Arf(yk) < Vi <
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Estimating functions

Assume that p > 0 and we have sequences {«;}i>0, {Bi}i>o-
o d(x) = 3lIx — xol3
o V,(x) =
Brd(x) + Yl i [F(xi) + (VF() (%), x — i) + §llx — xi[3] <
Brd(x) + f(x) Zf'(:o aj — model of the objective function.
e Vi = minycg Vi(x) its minimal value. Ay = Zf'(:o Q.
o If we prove that for all kK > 0 it holds that

Acf(yk) S Vi, Wi(x) < Aef(x) + Brd(x), VYx € Q.

Then
Acf(y) < Wi < Wi(x") <
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Estimating functions

Assume that p > 0 and we have sequences {«;}i>0, {Bi}i>o-
o d(x) = 3lIx — xol3
o V,(x) =
Brd(x) + Yl i [F(xi) + (VF() (%), x — i) + §llx — xi[3] <
Brd(x) + f(x) Zf'(:o aj — model of the objective function.
e Vi = minycg Vi(x) its minimal value. Ay = Zf'(:o Q.
o If we prove that for all kK > 0 it holds that

Acf(yk) S Vi, Wi(x) < Aef(x) + Brd(x), VYx € Q.

Then
Arf(yi) < Wi < Wi(x*) < Aef* + Bid(x¥),

and
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Estimating functions

Assume that p > 0 and we have sequences {«;}i>0, {Bi}i>o-
o d(x) = 3lIx — xol3
o V,(x) =
Brd(x) + Yl i [F(xi) + (VF() (%), x — i) + §llx — xi[3] <
Brd(x) + f(x) Zf'(:o aj — model of the objective function.
e Vi = minycg Vi(x) its minimal value. Ay = Zf'(:o Q.
o If we prove that for all kK > 0 it holds that

Acf(yk) S Vi, Wi(x) < Aef(x) + Brd(x), VYx € Q.

Then
Acf(yi) < Vj < Wi (x*) < Aef* + Bied(x¥),
and
Flyi) — £ < B’;d( ),

which can give us the rate of convergence.
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Dual Gradient Method (first by Yu. Nesterov)

f(x) is smooth.

Choose d(x) = 3||x — xo[l3, a0 = £, Ak = Xig iy a1 =
B = L.
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Dual Gradient Method (first by Yu. Nesterov)

f(x) is smooth.

Choose d(x) = 3[lx — xoll3, a0 = £, Ak = Sjg v aksr = 2HE,
Bk = L.

Method:

@ Choose xg € Q.
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f(x) is smooth.

Choose d(x) = 3[lx — xoll3, a0 = £, Ak = Sjg v aksr = 2HE,
Bk = L.

Method:

@ Choose xg € Q.
Q wy =7gQ (Xk — %Vf(xk)).
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Dual Gradient Method (first by Yu. Nesterov)

f(x) is smooth.

Choose d(x) = 3||x — xoll3, a0 = £, Ak = Slg i, apyr = 25,
Bk = L.

Method:

@ Choose xg € Q.
Q wy =7gQ (Xk — %Vf(xk)).
© xit1 = argmineq Vi(x) = arg min,co{5/Ix — 0|3 +
k
Yo ai [F(xi) + (VF(x)(x), x — xi) + 5llx = xi[[3] }.
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Dual Gradient Method (first by Yu. Nesterov)

f(x) is smooth.

Choose d(x) = lx — x0l13, a0 = £Ls, Ak = XK g ai, ey = At

L—p !

Bk = L.
Method:

@ Choose xg € Q.

Q wy =7gQ (Xk — %Vf(xk)).

© X1 = arg minxeq Wi(x) = argminxeq{5|x — xoll3 +

Mo ai [F(xi) + (VE(x)(xi). x =) + 5 lIx = xil3] .
Cy, — Tigaiwi
Output: y, = /f‘k )
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Dual Gradient Method (first by Yu. Nesterov)

f(x) is smooth.

Choose d(x) = 3||x — xo[l3, a0 = £, Ak = Xig iy a1 =
Bk = L.

Method:

@ Choose xg € Q.
Q wy =7gQ (Xk — %Vf(xk)).
© xit1 = argmineq Vi(x) = arg min,co{5/Ix — 0|3 +
k
Yo ai [F(xi) + (VF(x)(x), x — xi) + 5llx = xi[[3] }.

Arp+L
L—p !

K aw;
Output: y, = Z'#.
Rate of convergence:
L||x0—x*||?
@ Convex case: f(yx) — f* < %
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Dual Gradient Method (first by Yu. Nesterov)

f(x) is smooth.

Choose d(x) = 3||x — xo[l3, a0 = £, Ak = Xig iy a1 =
Bk = L.

Method:

@ Choose xg € Q.
Q wy =7gQ (Xk — %Vf(xk)).
© xit1 = argmineq Vi(x) = arg min,co{5/Ix — 0|3 +
k
Yo ai [F(xi) + (VF(x)(x), x — xi) + 5llx = xi[[3] }.

Arp+L
L—p !

K aw;
Output: y, = Z'#.
Rate of convergence:
L||x0—x*||?
@ Convex case: f(yx) — f* < %

@ Strongly convex case: f(yx) — f* < M exp (—(k + 1)&).
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Fast Gradient Method (first by Yu. Nesterov)

f(x) is smooth.

Choose d(X) = %HX — Xg”%, ag =1, A, = Z?:O aj, L+ pAx =
Bk = L.
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Fast Gradient Method (first by Yu. Nesterov)

f(x) is smooth.

Choose d(X) = %HX - Xg”%, apg =1, A = Z?:O aj, L+ pAx = £

Bk = L.
Method:

Q@ Choose xp € Q.
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Fast Gradient Method (first by Yu. Nesterov)

f(x) is smooth.

Choose d(X) = %HX - Xg”%, apg =1, A = Z?:O aj, L+ pAx = £

Bk = L.
Method:

Q@ Choose xp € Q.
Q yi =mq (xk — 1 VI (x)).
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Fast Gradient Method (first by Yu. Nesterov)

f(x) is smooth.

L 2
ghoosLe d(x) = 3lIx = xlB3, o =1, Ak =g, L+pAc= 352,
k = L.

Method:
Q@ Choose xp € Q.
Q yi =mq (xk — 1 VI (x)).
© z, = argminyeg Vi(x) = arg minXEQ{éHx — xol3 +
Yo i [F(xi) + (VF()(6), x = xi) + &lx = xi[13] }.
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Fast Gradient Method (first by Yu. Nesterov)

f(x) is smooth.

La?

Choose d(x) = [x — xo|3, a0 =1, Ax =1 gaj, L+ pA,= Al
Bk = L.
Method:

@ Choose xg € Q.

Q yi =mq (xk — 1 VI (x)).

O 2z = argmineeq Wi(x) = arg mineeq{5]Ix — %03 +

K
S0 @i [F(xi) + (VF(x)(xi), x — xi) + &lIx — xill3] }-

— _ — Qk+1
Q X1 =Tz + (1= Ti)yio Tk = Z

’
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Fast Gradient Method (first by Yu. Nesterov)

f(x) is smooth.

L 2
Choose d(x) = §|Ix = xol3, @0 =1, Ak =Y g, L+pAx= 52,
Bk = L.
Method:

Q@ Choose xp € Q.

Q yi =7 (xk — 1VF(x)).

O 2z = argmineeq Wi(x) = arg mineeq{5]Ix — %03 +
>io @i [F0q) + (VF(x)(xi), x = xi) + §Ix = xill3] .

— _ — Ok
Q X1 =Tz + (1= Ti)yio Tk = Z

Rate of convergence:

4L||x0—x*|I3
@ Convex case: f(y,) — f* < M
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Fast Gradient Method (first by Yu. Nesterov)

f(x) is smooth.

L 2
Choose d(x) = §|Ix = xol3, @0 =1, Ak =Y g, L+pAx= 52,
Bk = L.
Method:

Q@ Choose xp € Q.

Q yi =mq (xk — 1 VI (x)).

© z, = argminyeg Vi(x) = arg minXEQ{éHx — xol3 +
Yo i [F(xi) + (VF()(6), x = xi) + &lx = xi[13] }.

— _ — Qk+1
Q X1 =Tz + (1= Ti)yio Tk = Z

Rate of convergence:

4L||x0—x*|3
@ Convex case: f(y,) — f* < M

%2
@ Strongly convex case: f(yx) — f* < Mexp (—%ﬂ)
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Generalizations

@ Non-Euclidean setup, e.g. Q — simplex, d(x) — entropy.
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Generalizations

@ Non-Euclidean setup, e.g. Q — simplex, d(x) — entropy.
Auxiliary problem min,cg{(g, x) + d(x)} can be solved explicitly:

o oele)

Y en(—g)’
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Generalizations

@ Non-Euclidean setup, e.g. Q — simplex, d(x) — entropy.
Auxiliary problem min,cg{(g, x) + d(x)} can be solved explicitly:

. exp(—gi) -
Xi = =& , I=1..n.
L X exn(—gi)
@ Composite optimization: f(x) — ¢(x) := f(x) + h(x), where h(x) is a
simple convex function: the problem min,cq{(g, x) + ad(x) + Bh(x)}
is easy solvable.
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Generalizations

@ Non-Euclidean setup, e.g. Q — simplex, d(x) — entropy.
Auxiliary problem min,cg{(g, x) + d(x)} can be solved explicitly:

. exp(—gi) .
X-:n77 I:17-..7n.
L X exn(—gi)

@ Composite optimization: f(x) — ¢(x) := f(x) + h(x), where h(x) is a
simple convex function: the problem min,cq{(g, x) + ad(x) + Bh(x)}
is easy solvable.

Example: LASSO ||x — a3 + Al|x||1 — min.
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Generalizations

@ Non-Euclidean setup, e.g. Q — simplex, d(x) — entropy.
Auxiliary problem min,cg{(g, x) + d(x)} can be solved explicitly:

. exp(—gi) .

X ST ep(—g) i=1,..,n.

@ Composite optimization: f(x) — ¢(x) := f(x) + h(x), where h(x) is a
simple convex function: the problem min,cq{(g, x) + ad(x) + Bh(x)}
is easy solvable.

Example: LASSO ||x — a3 + Al|x||1 — min.
Non-smooth (but strongly convex) function = lower bound O (%)
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Generalizations

@ Non-Euclidean setup, e.g. Q — simplex, d(x) — entropy.
Auxiliary problem min,cg{(g, x) + d(x)} can be solved explicitly:

. exp(—gi) .

Xi ST ep(—g) i=1,..,n.

@ Composite optimization: f(x) — ¢(x) := f(x) + h(x), where h(x) is a
simple convex function: the problem min,cq{(g, x) + ad(x) + Bh(x)}
is easy solvable.

Example: LASSO ||x — a3 + Al|x||1 — min.

Non-smooth (but strongly convex) function = lower bound O (%)
But ||x — a||3 is strongly convex and smooth = we get method with
O (exp (—k - const)).
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Generalizations

@ Non-Euclidean setup, e.g. Q — simplex, d(x) — entropy.
Auxiliary problem min,cg{(g, x) + d(x)} can be solved explicitly:

. exp(—gi) .

Xi = ST ep(—g) i=1,..,n.

@ Composite optimization: f(x) — ¢(x) := f(x) + h(x), where h(x) is a
simple convex function: the problem min,cq{(g, x) + ad(x) + Bh(x)}
is easy solvable.
Example: LASSO ||x — a3 + Al|x||1 — min.
Non-smooth (but strongly convex) function = lower bound O (%)
But ||x — a||3 is strongly convex and smooth = we get method with
O (exp (—k - const)).

© Stochastic error, e.g. E¢f(x,£) — minycq.
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Generalizations

@ Non-Euclidean setup, e.g. Q — simplex, d(x) — entropy.
Auxiliary problem min,cg{(g, x) + d(x)} can be solved explicitly:

. exp(—gi) .

Xi ST ep(—g) i=1,..,n.

@ Composite optimization: f(x) — ¢(x) := f(x) + h(x), where h(x) is a
simple convex function: the problem min,cq{(g, x) + ad(x) + Bh(x)}
is easy solvable.

Example: LASSO ||x — a3 + Al|x||1 — min.
Non-smooth (but strongly convex) function = lower bound O (%)
But ||x — a||3 is strongly convex and smooth = we get method with
O (exp (—k - const)).
© Stochastic error, e.g. E¢f(x,£) — minycq.
On the step k we can get only
Vf(X,gk) : Ekaf(X,gk) = VEEkf(X,gk) and
EngVf(X,fk) - VEEk f(X7 gk)Hg < o’
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Generalizations

@ Non-Euclidean setup, e.g. Q — simplex, d(x) — entropy.
Auxiliary problem min,cg{(g, x) + d(x)} can be solved explicitly:

. exp(—gi) .

Xi ST ep(—g) i=1,..,n.

@ Composite optimization: f(x) — ¢(x) := f(x) + h(x), where h(x) is a
simple convex function: the problem min,cq{(g, x) + ad(x) + Bh(x)}
is easy solvable.

Example: LASSO ||x — a3 + Al|x||1 — min.
Non-smooth (but strongly convex) function = lower bound O (%)
But ||x — a||3 is strongly convex and smooth = we get method with
O (exp (—k - const)).
© Stochastic error, e.g. E¢f(x,£) — minycq.
On the step k we can get only
Vf(X,gk) : Ekaf(X,gk) = VEEkf(X,gk) and
EngVf(X,fk) - VEEk f(X7 gk)Hg < o’
@ Deterministic error (will be explained below).
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Generalizations

@ Non-Euclidean setup, e.g. Q — simplex, d(x) — entropy.
Auxiliary problem min,cg{(g, x) + d(x)} can be solved explicitly:

. exp(—gi) .

Xi ST ep(—g) i=1,..,n.

@ Composite optimization: f(x) — ¢(x) := f(x) + h(x), where h(x) is a
simple convex function: the problem min,cq{(g, x) + ad(x) + Bh(x)}
is easy solvable.

Example: LASSO ||x — a3 + Al|x||1 — min.
Non-smooth (but strongly convex) function = lower bound O (%)
But ||x — a||3 is strongly convex and smooth = we get method with
O (exp (—k - const)).
© Stochastic error, e.g. E¢f(x,£) — minycq.
On the step k we can get only
Vf(X,gk) : Ekaf(X,gk) = VEEkf(X,gk) and
Ee,|VF(x,6) — VEg, F(x. &) < o*.
@ Deterministic error (will be explained below).
© Unknown L, i, R .
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Outline

@ Concept of (4, L)-oracle
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(6, L)-oracle

[Devolder, Glineur and Nesterov, 2011-2013]
For every x € Q there are f5,(x) € R and g5 (x) € E* such that

L
0 < F(y) = fiu(x) = (gaL(x)y =) < Sllx—yl*+4d, Wy eQ
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(6, L)-oracle

[Devolder, Glineur and Nesterov, 2011-2013]
For every x € Q there are f5,(x) € R and g5 (x) € E* such that

L
0 < F(y) = fiu(x) = (gaL(x)y =) < Sllx—yl*+4d, Wy eQ

Usual oracle (f(x), Vf(x)) is replaced by (6, L)-oracle (f5(x), 85,.(x))-
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(6, L)-oracle geometry

Exact oracle (f(y), VE(y)) for £/ (Q)

L
F(y)+VEy)(y—x)+—x—yP
2

fy)+VE(y)(y=x)

(v.f(y)

Picture from O.Devolder PhD Thesis, 2013
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(6, L)-oracle geometry

Inexact oracle (f5,.(¥).g2s5..(¥))

L
Gy +gsr(Yy—x)+ . [x=y[+d

f5.2(y)+gs L (¥)y—x)
(Y. S ()+8)

(¥ Sor(¥)

Picture from O.Devolder PhD Thesis, 2013
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(6, L)-oracle examples

@ f(x) — convex non-smooth function with Holder continuous
subgradient ||g(x) — g(¥)|l« < L,|Ix = y|I¥, Vx,y € Q, for some
v e [0,1]
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@ f(x) — convex non-smooth function with Holder continuous
subgradient ||g(x) — g(¥)|l« < L,|Ix = y|I¥, Vx,y € Q, for some
v e [0,1]
Then for any 6 > 0 (f(x), g(x)) is (9, L)-oracle, where
1—v

L= 5]
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(6, L)-oracle examples

@ f(x) — convex non-smooth function with Holder continuous
subgradient ||g(x) — g(¥)|l« < L,|Ix = y|I¥, Vx,y € Q, for some
v e [0,1]
Then for any 6 > 0 (f(x), g(x)) is (9, L)-oracle, where
1—v

L= 5]

When v = 0 we have L = é—g.
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(6, L)-oracle examples

@ f(x) — convex non-smooth function with Holder continuous
subgradient ||g(x) — g(¥)|l« < L,|Ix = y|I¥, Vx,y € Q, for some
v e [0,1]
Then for any 6 > 0 (f(x), g(x)) is (9, L)-oracle, where
1—v

L= 5]

When v = 0 we have L = é—g.

@ f(x) — smooth with M-Lipschitz continuous gradient.
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(6, L)-oracle examples

@ f(x) — convex non-smooth function with Holder continuous

subgradient ||g(x) — g(¥)|l« < L,|Ix = y|I¥, Vx,y € Q, for some
v e [0,1]
Then for any § > 0 ( (x), g(x)) is (9, L)-oracle, where

L=1L, [538#3] 1+U'

When v = 0 we have L = é—g.

f(x) — smooth with M-Lipschitz continuous gradient.
At each point x € Q@ we can get
fo i |f(x)—f <Ajand VE o ||Vf(x) — V] < Ao.
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(6, L)-oracle examples

@ f(x) — convex non-smooth function with Holder continuous
subgradient ||g(x) — g(¥)|l« < L,|Ix = y|I¥, Vx,y € Q, for some
v e [0,1]
Then for any § > 0 ( (x), g(x)) is (9, L)-oracle, where

L=1L, [538#3] 1+U'

When v = 0 we have L = é—g.

@ f(x) — smooth with M-Lipschitz continuous gradient.
At each point x € @ we can get
fo: |f(x) = fi] < Aq and VF, : HVf(x) V| < As.
If diam@ = D < +oo then (f, — Ay — V1) is a
(2A1 + 2A,2D, M)-oracle.
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Convex case: PGM, DGM and FGM revisited

For = 0 the only change we need to do in the schemes is f(x) — f5,(x),
Vf(x) — g51(x).
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For = 0 the only change we need to do in the schemes is f(x) — f5,(x),
Vf(x) — g51(x).
[Devolder, Glineur and Nesterov, 2011-2013]:

i xi Xxo—x*||2
Q@ PGM, yi = Z%, £(y,) — £+ < Lol
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Vf(x) — g51(x).
[Devolder, Glineur and Nesterov, 2011-2013]:

i xi Xxo—x*||2
@ PGM, yi = Z%, £(y,) — £+ < Lol

K ow; * L||xo—x*|?
© DGM, yx = Z/Srol  Fly) — 7 < ”2(0k+1)”2+5'
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Convex case: PGM, DGM and FGM revisited

For = 0 the only change we need to do in the schemes is f(x) — f5,(x),
Vf(x) — g51(x).
[Devolder, Glineur and Nesterov, 2011-2013]:

i xi Xxo—x*||2
@ PGM, yi = Z%, £(y,) — £+ < Lol

K ow; * L||xo—x*|?
© DGM, yx = Z/Srol  Fly) — 7 < ”2(0k+1)”2+5'

% 2L || xo—x*||3
© FGM, f(y) — £ < 2exlE 443
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Convex case: PGM, DGM and FGM revisited

For = 0 the only change we need to do in the schemes is f(x) — f5,(x),
Vf(x) — g51(x).

[Devolder, Glineur and Nesterov, 2011-2013]:
k : |2
@ PGM, yi = Z%, £(y,) — £+ < Lol

DGM _ Z:'(:o Wi f —fr< L||X0—X*||% 5
2 e =S fn) S k) 0

% 2L || xo—x*||3
© FGM, f(y) — £ < 2exlE 443

These methods can be generalized to strongly convex case.
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(6, L, p)-oracle

[Devolder, Glineur and Nesterov, 2011-2013]
For every x € Q there are f5, ,(x) € R and g5 ,(x) € E* such that

1%

L
S X = YIP< F) = () = {goLulx),y = x) < Slx—ylP + 0,9y € Q.
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(6, L, p)-oracle

[Devolder, Glineur and Nesterov, 2011-2013]
For every x € Q there are f5, ,(x) € R and g5 ,(x) € E* such that

I L
%HX —y[P< () = foru(x) — (gs.u(x),y — x) < Sllx = yIIP+6,Vy € Q.

Usual oracle (f(x), Vf(x)) is replaced by (9, L, ut)-oracle
(f5,0,u(x), 85.L,1(x))-

Pavel Dvurechensky (MIPT/PreMolab) Stochastic gradient methods 27.06.14 21 / 60



Strongly convex case: PGM, DGM and FGM revisited

The only change we need to do in the schemes is f(x) — f5, ,(x),
Vf(X) — g(;’L’M(X).
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Strongly convex case: PGM, DGM and FGM revisited

The only change we need to do in the schemes is f(x) — f5, ,(x),
Vf(X) — g(;’L’M(X).
[Devolder, Glineur and Nesterov, 2011-2013]:

Q@ PGM, yx = argminj=1__« f(x;),

Flye) — £+ < Moo o (k) 45,
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Strongly convex case: PGM, DGM and FGM revisited

The only change we need to do in the schemes is f(x) — f5, ,(x),
Vf(X) — g(;’L’M(X).
[Devolder, Glineur and Nesterov, 2011-2013]:

Q@ PGM, yx = argminj=1__« f(x;),

xo—x*|2
Flyi) — F* < Hoxll o (ki) 45,

K aiw; xo—x*13
@ DGM, y, = Ei%k", Fly) — F* < Mexp (_(k+ 1)%) +9.
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Strongly convex case: PGM, DGM and FGM revisited

The only change we need to do in the schemes is f(x) — f5, ,(x),
Vf(X) — g(;’L’M(X).
[Devolder, Glineur and Nesterov, 2011-2013]:

Q@ PGM, yx = argminj=1__« f(x;),
Flye) — £+ < Moo o (k) 45,

O FGM, f(y) — F* < L||xo — x*[2 exp (_g %) n (1 n A) 5.

"

Pavel Dvurechensky (MIPT/PreMolab) Stochastic gradient methods 27.06.14 22 / 60



(6, L)-oracle application 1

As we have seen f(x) — convex non-smooth function with Holder
continuous subgradient can be for any § > 0 equipped with (0, L)-oracle

1—v
: L,(1—v) | 1+v
W|th L — LV [%] * .

Pavel Dvurechensky (MIPT/PreMolLab) Stochastic gradient methods

27.06.14 23 / 60



(6, L)-oracle application 1

As we have seen f(x) — convex non-smooth function with Holder
continuous subgradient can be for any § > 0 equipped with (0, L)-oracle

1—v
: L,(1—v) | 1+v
W|th L — LV [%] * .

Then for N iterations of FGM we get

1—v
2R? L(1-v)]™ 1
—_f*r < =
Fow) =" = g1t [25(14—1/)} F3(V+1)
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(6, L)-oracle application 1

As we have seen f(x) — convex non-smooth function with Holder
continuous subgradient can be for any § > 0 equipped with (0, L)-oracle

1—v
: L,(1—v) | 1+v
W|th L — LV [%] * .

Then for N iterations of FGM we get

1—v
2R? L(1-v)]™ 1
—_f*r < =
Flw) f—(N+1V”[%u+yJ F3(V+1)

Optimizing in § we get

3(1—v)

Nzl—y L,R@™f _L(N+1)
1+v (N + 1)%(1+1/) ’ 2l-vRl-—v

Pavel Dvurechensky (MIPT/PreMolLab) Stochastic gradient methods 27.06.14 23 / 60



(6, L)-oracle application 1

As we have seen f(x) — convex non-smooth function with Holder
continuous subgradient can be for any § > 0 equipped with (0, L)-oracle

1—v
. L,(1—v) | 1+v
W|th L — LV [%] * .

Then for N iterations of FGM we get

1—v
2R? L(1-v)]™ 1
flyn) — F* < L, S(N+1)8
) = F = e [25(1+y)} +3(V+1)
Optimizing in § we get
C1-v LRY™ . L(N+1)*
N= 1+1/(N+1)%(1+V) ’ - 2lwvRl—wv 7

and optimal for every v € [0, 1] rate

21+VL R1+V 1 %
f —f* < Y
o) == —=7 <N+1>
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(6, L)-oracle application 2

f(x) = fi(x) + f2(x), where f1(x) is convex, smooth with L; - Lipschitz
continuous gradient, f(x) is convex, non-smooth with M, bounded
variation of subgradient.
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(6, L)-oracle application 2

f(x) = fi(x) + f2(x), where f1(x) is convex, smooth with L; - Lipschitz
continuous gradient, f(x) is convex, non-smooth with M, bounded
variation of subgradient.

Then (fi(x) + f2(x), V2f1(x) +g2(x)), &(x) € 0fa(x) is a (9, L)-oracle for

F(x) with L= L, + %2
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(6, L)-oracle application 2

f(x) = fi(x) + f2(x), where f1(x) is convex, smooth with L; - Lipschitz
continuous gradient, f(x) is convex, non-smooth with M, bounded
variation of subgradient.

Then (fi(x) + f2(x), Vfl( )+ &(x)),  g2(x) € 0f(x) is a (4, L)-oracle for
f(x) with L=1+% 55
Fixing again number of iterations N and optimizing in § we obtain

211 R? 2M,R

RN RSV oy
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(6, L)-oracle application 3

Theorem [Devolder, Glineur and Nesterov]

Consider a first-order method for the class of L-smooth functions with

2 . 0 0 .
convergence rate O (%) when exact first-order information is used.

Assume that the bounds on the performance of this method applied to a
problem equipped with an inexact (0, L)-oracle are given by inequality

G LR?

flyk) — < =

+ Gk90,

where C;, (G are absolute constants. Then the inequality g > p — 1 must
hold.
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(6, L)-oracle application 3

Theorem [Devolder, Glineur and Nesterov]

Consider a first-order method for the class of L-smooth functions with
2 o 0 0 0
convergence rate O (%) when exact first-order information is used.

Assume that the bounds on the performance of this method applied to a
problem equipped with an inexact (0, L)-oracle are given by inequality

G LR?
kP

flyk) — < + k96,

where C;, (G are absolute constants. Then the inequality g > p — 1 must
hold.

Examples:
PGM p=1and g =0.
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(6, L)-oracle application 3

Theorem [Devolder, Glineur and Nesterov]

Consider a first-order method for the class of L-smooth functions with

2 . 0 0 .
convergence rate O (%) when exact first-order information is used.

Assume that the bounds on the performance of this method applied to a
problem equipped with an inexact (0, L)-oracle are given by inequality

G LR?

flyk) — < =

+ Gk90,

where C;, (G are absolute constants. Then the inequality g > p — 1 must
hold.

Examples:
PGM p=1and g =0.
FGM p=2and g =1.
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Intermediate gradient method

Devolder, Glineur and Nesterov proposed a method with intermediate rate.
Let {ai}i>0, {Bi}i>0 be two sequences of coefficients satisfying
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Intermediate gradient method

Devolder, Glineur and Nesterov proposed a method with intermediate rate.
Let {ai}i>0, {Bi}i>0 be two sequences of coefficients satisfying

We define also Ay = Zf'(:o «; and 7; = SHL

Pavel Dvurechensky (MIPT/PreMolLab) Stochastic gradient methods 27.06.14 26 / 60



Intermediate gradient method

Devolder, Glineur and Nesterov proposed a method with intermediate rate.
Let {ai}i>0, {Bi}i>0 be two sequences of coefficients satisfying

We define also A, = 3K ;o and 7; = anﬁ
Method:

@ Choose xp € Q.
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Intermediate gradient method

Devolder, Glineur and Nesterov proposed a method with intermediate rate.
Let {ai}i>0, {Bi}i>0 be two sequences of coefficients satisfying

We define also Ay = Zf'(:o «j and 7j = %:—ﬁ
Method:

@ Choose xp € Q.

9 wi =g (xk — tas(x)).
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Intermediate gradient method

Devolder, Glineur and Nesterov proposed a method with intermediate rate.
Let {ai}i>0, {Bi}i>0 be two sequences of coefficients satisfying

We define also Ay = Zf'(:o «j and 7j = %:—ﬁ
Method:
@ Choose xp € Q.
9 wi =g (xk — tas(x)).
Q zx = argminycg Vi(x) =
arg minxeo{ 511x — xoll3 + 221 i [fs.L () + (g5, (), x — X1}
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Intermediate gradient method

Devolder, Glineur and Nesterov proposed a method with intermediate rate.
Let {ai}i>0, {Bi}i>0 be two sequences of coefficients satisfying

We define also Ay = Zf'(:o «j and 7j = %:—ﬁ
Method:
@ Choose xp € Q.
9 wi =g (xk — tas(x)).
Q zx = argmingecq Vi(x) =
argminxeq{5llx — xoll3 + X010 i [f5,(x) + (g5, (). x = )]}
O yi = 2By 1+ Fwy
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Intermediate gradient method

Devolder, Glineur and Nesterov proposed a method with intermediate rate.
Let {ai}i>0, {Bi}i>0 be two sequences of coefficients satisfying

We define also Ay = Zf‘ oajand 7; = g:ﬁ
Method:
@ Choose xp € Q.
9 wi =g (xk — tas(x)).
Q z =arg minXEQ Vi (x) =
; K
arg m'”xeo{ [[x — X0||2 + 2 imo @i lfs(xi) + (8o (xi), x — xi)]}.
O yi = 2By 1+ Fwy
Q X1 = Tka + (1= )y = B
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Intermediate gradient method

Devolder, Glineur and Nesterov proposed a method with intermediate rate.
Let {ai}i>0, {Bi}i>0 be two sequences of coefficients satisfying

We define also Ay = Zf‘ oajand 7; = g:ﬁ
Method:
@ Choose xp € Q.
9 wi =g (xk — tas(x)).
Q z=arg minXEQ Vi (x) =
arg miner{ [[x — X0||2 + 3 i [fs(x) + (8.0 (i), x — xi)]}-

0Oy =2y 1+ Ak Wy
_ Q1
Q Xiy1= Tka + (1 = 7)Yk Tk = B
i+p P= 2
Choose a; = - ,  Bi=as. Then rate of convergence for convex
case:

Lllxo — x*3

_ff <
o) - 7 <o (A

> + O(kP~16)
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Outline

© Stochastic inexact oracle
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Concept of stochastic inexact oracle

[Devolder, Glineur and Nesterov, 2011-2013]
The function f(x) is equipped with (J, L)-oracle. For every x € Q there are
f5..(x) € R and g5, (x) € E* such that

L
0<f(y) = fh(x) — (g(x)y —x) < Sllx =yl +4, WyeQ.
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Concept of stochastic inexact oracle

[Devolder, Glineur and Nesterov, 2011-2013]
The function f(x) is equipped with (J, L)-oracle. For every x € Q there are
f5..(x) € R and g5, (x) € E* such that

L
0<f(y) = fh(x) — (g(x)y —x) < Sllx =yl +4, WyeQ.

Instead of (f5,1(x), gs5..(x)) ((9, L)-oracle) we use their stochastic
approximations (F(S,L(Xag)v G§,L(X7£)) :
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Concept of stochastic inexact oracle

[Devolder, Glineur and Nesterov, 2011-2013]
The function f(x) is equipped with (J, L)-oracle. For every x € Q there are
f5..(x) € R and g5, (x) € E* such that

L
0 < F(y) = fhu(x) = {goL(x),y =x) < Sllx—y[*+45, Wy eQ

Instead of (f5,1(x), gs5..(x)) ((9, L)-oracle) we use their stochastic
approximations (F(S,L(Xag)v G§,L(X7£)) :

We associate with x a random variable £ whose probability distribution is
supported = C RY and such that

E¢Fs5.0(x,&) = f5,0(x)
E¢Gs 1 (x,€) = gs,0(x)
Ee||Gs,(x, &) — g5, (x)|12 < o>
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Stochastic inexact oracle: examples

@ Usual stochastic optimization E¢f(x, &) — min,cq.
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Stochastic inexact oracle: examples

@ Usual stochastic optimization E¢f(x, &) — min,cq.
On the step k we can get only
Vi(x, &) Ee VFE(x, &) = VEg, f(x,&k) and
Ee, [[VF(x, &) — VEg, f(x, &2 < 0.
Here § = 0.
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Stochastic inexact oracle: examples

@ Usual stochastic optimization E¢f(x, &) — min,cq.
On the step k we can get only
Vi(x, &) Ee VFE(x, &) = VEg, f(x,&k) and
Eg,[IVF(x, &) — VE¢, F(x, &2 < 02,
Here § = 0.
© Randomization technique for LASSO.
HIAx = b|[3 + Al|x|l1 = f(x) + h(x), where A € RNX" x € R",
be RN
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Stochastic inexact oracle: examples

@ Usual stochastic optimization E¢f(x, &) — min,cq.
On the step k we can get only
Vi(x, &) Ee VFE(x, &) = VEg, f(x,&k) and
Eg, IV F(x, &) — VEg, f(x. &)|2 < 02,
Here 6 = 0.
© Randomization technique for LASSO.
HIAx = b|[3 + Al|x|l1 = f(x) + h(x), where A € RNX" x € R",
be RN,
Vi(x) = ATAx — ATb = SN (xTa; — b;)a; is very difficult to
calculate when N is very large.
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Stochastic inexact oracle: examples

@ Usual stochastic optimization E¢f(x, &) — min,cq.
On the step k we can get only
Vi(x, &) Ee VFE(x, &) = VEg, f(x,&k) and
Eg,[IVF(x, &) — VE¢, F(x, &2 < 02,
Here 6 = 0.
© Randomization technique for LASSO.
HIAx = b|[3 + Al|x|l1 = f(x) + h(x), where A € RNX" x € R",
be RN,
Vi(x) = ATAx — ATb = SN (xTa; — b;)a; is very difficult to
calculate when N is very large.
The idea is to replace V£ (x) by Go.(x,&) = & M (xTag, — be;)ag,

j=1
where {&1,...,&m} is a subset of rows uniformly chosen from
{1,...,N}.
Here § = 0.
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Stochastic Primal Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]
Choose d(x) = |[x — xo|13, Bk > L, v = ﬁ

Pavel Dvurechensky (MIPT/PreMolLab) Stochastic gradient methods 27.06.14 30 / 60



Stochastic Primal Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]
Choose d(x) = %Hx — Xo”%, Bk > L, vk = ﬁ
Method:

© Choose xp € Q.
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Stochastic Primal Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]
Choose d(x) = %Hx — Xo”%, Bk > L, vk = ﬁ
Method:

© Choose xp € Q.

Q i1 = arg minye@{ Fs,L (X, &) +(Go,L (k. E), Xx—xie)+ 5 I x—xu[[3} =
mQ (Xk — vk Gs,L(Xk, k)
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Stochastic Primal Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]
Choose d(x) = 3[x — xoll3, Bk > L, v = ﬁ
Method:
© Choose xp € Q.
@ xii1 = argminye@{ Fi 1 (Xk, &)+ (G 1 (5, &)y x—xi)+ 5 Ix—x |3} =
mQ (Xk — vk Gs,L(Xk, k)

k—1
i YiXi+1

Output: = —
p Yk fo:01 -

Pavel Dvurechensky (MIPT/PreMolLab) Stochastic gradient methods 27.06.14 30 / 60



Stochastic Primal Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]
Choose d(x) = %Hx — Xo”%, Bk > L, vk = ﬁ
Method:
© Choose xp € Q.
© xkr1 = arg minge@{ Fs.1 (k. &) +(Gs 1 (k. Ek)s x—xic)+ % || x—xk |13} =
7Q (Xk — Yk Gs,1(Xk- €k ))-
S yixist
Z;k;ol Yo
Rate of convergence:
©Q If N is fixed in advance: choose 3; = L + %\/N and obtain

Ef(yn) — f* < 85 + 22K +0.

Output: y, =
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Stochastic Primal Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]
Choose d(x) = |[x — xo|13, Bk > L, v = ﬁ
Method:
© Choose xp € Q.
Q i1 = arg minye@{ Fs,L (X, &) +(Go,L (k. E), Xx—xie)+ 5 I x—xu[[3} =
mQ (Xk — vk Gs,L(Xk, k)
S yixist
Z;k;ol v
Rate of convergence:
Q If Nis fixed in advance' choose B; = L+ %\/N and obtain

Output: y, =

Ef(yn) — f* < LR +23f/’3+6
. (L+%V/i+1)? .
Oth h P = d obt
(2) erwise choose j3; L+2R\/7 and obtain
Ef(y )_f*<@(LRlnk+aI\i’Fk+5)

Pavel Dvurechensky (MIPT/PreMolLab) Stochastic gradient methods 27.06.14 30 / 60



Stochastic Primal Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]
Choose d(x) = |[x — xo|13, Bk > L, v = ﬁ
Method:
© Choose xp € Q.
Q i1 = arg minye@{ Fs,L (X, &) +(Go,L (k. E), Xx—xie)+ 5 I x—xu[[3} =
7Q (Xk — Yk Gs,1(Xk- €k ))-
Zf-(;ol’wxiﬂ
Z;k;ol Yo
Rate of convergence:
©Q If N is fixed in advance: choose 3; = L + %\/N and obtain

Bf(y) - F* < 45 + 228 45

Output: y, =

2N
. (L+%V/i+1)? .
@ Otherwise choose §; = L+2R\/7 and obtain
* LR?Ink | oRlnk
Ef(yi) — f <e( + Rk +5)

Can be generalized to non-Euclidean setup and composite optimization.

Pavel Dvurechensky (MIPT/PreMolLab) Stochastic gradient methods 27.06.14 30 / 60



Stochastic estimating functions

o Wi(x) = Brd(x) + S g i [Fo.o(xi, &) + (Gs.L (i i), x — x7)] =
stochastic model of the objective function.
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Stochastic estimating functions

o Wi(x) = Brd(x) + S g i [Fo.o(xi, &) + (Gs.L (i i), x — x7)] =
stochastic model of the objective function.

o Vi = min,cq Vi(x) its minimal value.
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Stochastic estimating functions

o Wi(x) = Brd(x) + S g i [Fo.o(xi, &) + (Gs.L (i i), x — x7)] =
stochastic model of the objective function.

o Vi = min,cq Vi(x) its minimal value.
o If we prove that for all k > 0 it holds that

Akf(yi) S Vi + B, Wi(x) < Aef(x) + Bd(x) + Ex(x), Vx € Q.
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Stochastic estimating functions

o Wi(x) = Brd(x) + S g i [Fo.o(xi, &) + (Gs.L (i i), x — x7)] =
stochastic model of the objective function.

o Vi = min,cq Vi(x) its minimal value.
o If we prove that for all k > 0 it holds that

Af(yk) S Wi+ B, Wi(x) < Aef(x) + Brd(x) + Ex(x), Vx € Q.
Then

Arf(yi) S Vi + Ec <
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Stochastic estimating functions

o Wi(x) = Brd(x) + S g i [Fo.o(xi, &) + (Gs.L (i i), x — x7)] =
stochastic model of the objective function.

o Vi = min,cq Vi(x) its minimal value.
o If we prove that for all k > 0 it holds that

Af(yk) S Wi+ B, Wi(x) < Aef(x) + Brd(x) + Ex(x), Vx € Q.
Then

Acf(yi) S Wi+ B S Vp(x*) 4+ E <

Pavel Dvurechensky (MIPT/PreMolab) Stochastic gradient methods 27.06.14 31/ 60



Stochastic estimating functions

o Wi(x) = Brd(x) + S g i [Fo.o(xi, &) + (Gs.L (i i), x — x7)] =
stochastic model of the objective function.

o Vi = min,cq Vi(x) its minimal value.
o If we prove that for all k > 0 it holds that

Af(yk) S Wi+ B, Wi(x) < Aef(x) + Brd(x) + Ex(x), Vx € Q.
Then
Akf(yi) < Wi+ Ex < Wi(x*) + Ex < Aef* + Bid(x*) + Ex(x*) + Ex,

and
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Stochastic estimating functions

0 Wi(x) = Brd(x) + 0o i [Foi (xi, &) + (Gs(x1, 1)y x — xi)] =

stochastic model of the objective function.
o Vi = min,cq Vi(x) its minimal value.
o If we prove that for all k > 0 it holds that

Af(yk) S Wi+ B, Wi(x) < Aef(x) + Brd(x) + Ex(x), Vx € Q.
Then

Akf(yk) < \U;z —+ Ek < lUk(X*) —+ Ek < Akf* + ﬁkd(X*) + Ek(X*) + Ek,

and
« _ Bk Ei(x*) + Ex
) - < ey OO B
Ak k
which can give us mean rate of convergence and probability of large
deviations.
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Stochastic Dual Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]
Choose d(X) = %HX — XoH%, ap € (0, 1], Ak = Zf'(:O a;j, ﬂk+1 > Bk > L,
Bk > ak1Bky1-
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Stochastic Dual Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]
Choose d(x) = 3||x — xo|3, a0 € (0,1], Ax = K g i, Bira > Bi > L,

Br = kg1 Bry1-
Method:

Q@ Choose x5 € Q.
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Stochastic Dual Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]
Choose d(x) = 3||x — xo|3, a0 € (0,1], Ax = K g i, Bira > Bi > L,

Br = kg1 Bry1-
Method:

Q@ Choose x5 € Q.
Q@ wy =mg <Xk - FlkG(;,L(kafk))'
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Stochastic Dual Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]
Choose d(x) = 3||x — xo|3, a0 € (0,1], Ax = K g i, Bira > Bi > L,

Br = kg1 Bry1-
Method:

Q@ Choose x5 € Q.
Q@ wy =mg <Xk - FlkG(;,L(kafk))'

© X1 = argminyeq Wk(x) = argmineq{ 5 [Ix — o3 +

S g @i [Fo.L (i, &) + (Gs,u(xi, &), x — )]}
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Stochastic Dual Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]

Choose d(X) = %HX — XoH%, ap € (0, 1], Ak = Zf'(:O a;j, ﬂk+1 > Bk > L,
Bk = k1Bt

Method:

Q@ Choose x5 € Q.
Q wy =7 (Xk - ﬁG&L(mek))-
© xii1 = argmineq Wi(x) = argminyeq{ %x — xoll3 +

S g @i [Fo.L (i, &) + (Gs,u(xi, &), x — )]}

k . .
Output: y, = 72":/2:1""/’.
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Stochastic Dual Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]

Choose d(X) = %HX — XoH%, ap € (0, 1], Ak = Zf'(:O a;j, ﬂk+1 > Bk > L,
Bk = k1Bt

Method:

Q@ Choose x5 € Q.
Q@ wy =mg <Xk - FlkG(;,L(kafk))'

© xii1 = argmineq Wi(x) = argminyeq{ %x — xoll3 +
Zf'(:o Qj [Fé,L(Xivfr) <G<5 L(le l) Xl>]}

k
Output: y = =", S

Choose a;—f B,:L—i—zl/4 Vi+1
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Stochastic Dual Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]
Choose d(x) = 3||x — xo|3, a0 € (0,1], Ax = K g i, Bira > Bi > L,

Br = kg1 Bry1-
Method:

Q@ Choose x5 € Q.
Q@ wy =mg <Xk — /3%G6,L(Xk7§k))'

© xii1 = argmineq Wi(x) = argminyeq{ %x — xoll3 +
Zf'(:o Qj [Fé,L(Xivfr) <G<5 L(le I) Xl>]}

k
Output: y = =", S

Choose a;—f B,:L—i—zl/4 Vi+1

* 2 3/40.
Rate of convergence: Ef (yyx) — f* < ﬁL(I:+1) + 2\/k7+’1? +6
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Stochastic Dual Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]
Choose d(x) = 3||x — xo|3, a0 € (0,1], Ax = K g i, Bira > Bi > L,

Br = kg1 Bry1-
Method:

Q@ Choose x5 € Q.
Q@ wy =mg <Xk — /3%G6,L(Xk7§k))'

© xii1 = argmineq Wi(x) = argminyeq{ %x — xoll3 +
Zf'(:o Qj [Fé,L(Xivfr) <G<5 L(le I) Xl>]}

k . .
Output: y, = 72":/2:1""/’.

Choose a;—f B,:L—i—zl/4 Vi+1

* LR? 2%/49R
Rate of convergence: Ef (yyx) — f* < NGTOTEY +

* LR? Q\ 23/4%¢R | V3QoD
P{fl)—* > AR+ (14 9) Zpel 4 +6} < 2exp(-9)

+d. Large deviations:
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Stochastic Dual Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]

Choose d(X) = %HX — XoH%, ap € (0, 1], Ak = Zf'(:O a;j, ﬂk+1 > Bk > L,
Bk = k1Bt

Method:

Q@ Choose x5 € Q.
Q@ wy =mg <Xk — /3%G67L(Xk7§k))'

© i1 = argmineeq Wk(x) = arg minceof 5 Ix — o3 +
Zf'(:() O [Fﬁ,L(Xiv 5!) <G<5 L(XH I) XI>]}
S Wi
Ak
Choose o = f Bi=L+ 21/4 Vi+1
* LR? 23/40R .
Rate of convergence: Ef (yyx) — f* < V(i) + + 6. Large deviations:

* LR? Q\ 23/4%¢R | V3QoD
P{fl)—* > AR+ (14 9) Zpel 4 +6} < 2exp(-9)

Can be generalized to non-Euclidean setup and composite optimization.

Output: y, =
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Stochastic Fast Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]
Choose d(x) = 3[x — xo[[3, a0 € (0,1], Ax = S5 g i, Biy1 > B > L,
a2 Bk < AxBr-1.
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Stochastic Fast Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]

Choose d(x) = ||x — xo||3, a0 € (0,1], Ak = S oai, Brrt > Br > L,
a2 Bk < AxBr-1.

Method:

@ Choose x5 € Q.
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Stochastic Fast Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]

Choose d(x) = ||x — xo||3, a0 € (0,1], Ak = S oai, Brrt > Br > L,
a2 Bk < AxBr-1.

Method:

@ Choose xg € Q.
Q yk=7¢ <Xk - écé,L(Xkygk))'
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Stochastic Fast Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]

Choose d(x) = ||x — xo||3, a0 € (0,1], Ak = S oai, Brrt > Br > L,
a2 Bk < AxBr-1.

Method:

@ Choose xg € Q.
Q yk=7¢ <Xk - écé,L(Xkygk))'

Q zx = argminygeg Vi(x) = arg minXGQ{%HX — XoH% +

S o ailFa(xi, &) + (Gs 1 (xi &)y x — xi)]}-
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Stochastic Fast Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]
Choose d(x) = ||x — xo||3, a0 € (0,1], Ak = S oai, Brrt > Br > L,
a2 Bk < AxBr-1.
Method:
@ Choose x5 € Q.

Q yk=7¢ <Xk - écé,L(Xkygk))'

Q zx = argminygeg Vi(x) = arg minXGQ{%HX — XoH% +
S i [Fsn(xi, &) + (Gs.o(x1, &), x — X))}

(03
Q X1 = Tkzi + (L= Ty, Tk = 77
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Stochastic Fast Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]

Choose d(x) = ||x — xo||3, a0 € (0,1], Ak = S oai, Brrt > Br > L,
a2 Bk < AxBr-1.

Method:

@ Choose x5 € Q.
Q yk=7g <Xk - iGa,L(Xkyfk))-
Q z = argmianQ wk(X) = argmianQ{@HX - XOH% +

S g i [Fan(xi, &) + (G o (xi, &)y x — xi)]}-

(03
Q X1 = Tkzk + (1 — Th)yk, Tk = ﬁ-

Choose aj = ’+1 ,Bi=L+ 21/4\/,?(/ +2)3/2
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Stochastic Fast Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]

Choose d(x) = ||x — xo||3, a0 € (0,1], Ak = S oai, Brrt > Br > L,
a2 Bk < AxBr-1.

Method:

@ Choose xg € Q.
Q yk=7¢ <Xk - écé,L(Xkygk))'

Q z = argmianQ wk(X) = argmianQ{@HX - XOH% +

Zf'(:() O [F57L(X,',f,) <G<5 L(le )7 X/>]}

Q xir1=Tkzi + (1= 7)yi, Tk = Z-
Choose aj = ’+1 ,Bi=L+ (i +2)3/2

21/4\/R
Rate of convergence

* 23/2| R? 29/4(k+3)¥%0R | 1
Ef(ye) = " < o + Vi) T3k +3)d
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Stochastic Fast Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]

Choose d(x) = ||x — xo||3, a0 € (0,1], Ak = S oai, Brrt > Br > L,
a2 Bk < AxBr-1.

Method:

@ Choose xg € Q.
Q yk=7¢ <Xk - écé,L(Xkygk))'

Q z, = argminye Vi(x) = arg minXGQ{@HX — xol3 +
Y0 @i [Fo. 05 ) + (G 05 ), x = xi)]-

(03
Q X1 = Tkzi + (L= Ty, Tk = 77

Choose aj = ’+1 B =L+ 5+ 2)*?2
Rate of convergence

* 23/2| R? 2/ (k+3)*20R |
Ef(ye) = " < it + Vst i2)
the same order.

%(k + 3)4. Large deviations:
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Stochastic Fast Gradient Method

[Devolder, Glineur and Nesterov, 2011-2013]
Choose d(x) = ||x — xo||3, a0 € (0,1], Ak = S oai, Brrt > Br > L,

a2 Bk < AxBr-1.
Method:

@ Choose x5 € Q.
Q yi =70 <xk — iGa,L(Xkyfk))-
© 2z = argmingcq Vi(x) = arg miner{&HX — xoll3 +
Yo [FsL(xi. &) + (Go(xi, &) x = X))
Q X1 = Tkzk + (1 — Th)yk, Tk = %-
Choose aj = ’+1 B =L+ 5+ 2)*?2
Rate of convergence

* 23/2LR? 274 (k+3)20R 4 1 _
Ef(yk) — f < Gk T Ak )(k12) + 3(k +3)4. Large deviations:

the same order.
Can be generalized to non-Euclidean setup and composite optimization.
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Outline

@ Stochastic Intermediate Gradient Method
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Problem formulation

The main problem we are going to consider is

min{ip(x) = £(x) + h(x)}

where

Pavel Dvurechensky (MIPT/PreMolLab) Stochastic gradient methods 27.06.14 35 / 60



Problem formulation

The main problem we are going to consider is

min{p(x) := F(x) + h(x)}:

where

@ Q C E is a closed convex set,
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Problem formulation

The main problem we are going to consider is

min{p(x) := F(x) + h(x)}:

where
@ Q C E is a closed convex set,

@ h(x) is a simple convex function: the problem
minye@{ (g, x) + ad(x) + Bh(x)} is easy solvable,
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Problem formulation

The main problem we are going to consider is

min{e(x) = F(x) + h(x)}
where

@ Q C E is a closed convex set,

@ h(x) is a simple convex function: the problem
minye@{ (g, x) + ad(x) + Bh(x)} is easy solvable,
© f(x) is convex function with stochastic inexact oracle.
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Existing results

From the complexity theory: the best convergence rate when § =0 is
.
const 75
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Existing results

From the complexity theory: the best convergence rate when § =0 is
1

const - T Some results by Devolder, Glineur and Nesterov, 2011-2013:
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Existing results

From the complexity theory: the best convergence rate when § =0 is
const - ﬁ . Some results by Devolder, Glineur and Nesterov, 2011-2013:

© Stochastic Dual Gradient Method gives the mean rate (and large
deviations)
LR?> oR
E —p* < —+—=+4+4d.
p(ve) — ¢ _@( PRV R )
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Existing results

From the complexity theory: the best convergence rate when § =0 is
const - ﬁ . Some results by Devolder, Glineur and Nesterov, 2011-2013:

© Stochastic Dual Gradient Method gives the mean rate (and large
deviations)
LR?> oR
E —p* < —+—=+4+4d.
p(yi) — @ _@( PRV R )
@ Stochastic Fast Gradient Method gives the mean rate (and large
deviations)
LR?> oR )

— ¥ < - -
Eo(yx) — ¢ _@<k2 +\/E+k5
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Existing results

From the complexity theory: the best convergence rate when § =0 is
const - ﬁ . Some results by Devolder, Glineur and Nesterov, 2011-2013:

© Stochastic Dual Gradient Method gives the mean rate (and large
deviations)
LR?> oR
E —p* < —+—=+4+4d.
p(yi) — @ _@( PRV R )
@ Stochastic Fast Gradient Method gives the mean rate (and large
deviations)
LR?> oR
E —p* < — 4+ —=+ ko |.
o(yk) — ¢ _@< 12 +\/E+ 5)

© For deterministic case Intermediate Gradient Method gives the rate
* LR2 -1
Pvk) =" <O 5 kPG,

where we can choose p € [1,2].
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Stochastic Intermediate Gradient Method

Our goal is the method

@ with mean rate
E@(Yk)—@*§@<kp++kp

where we can choose p € [1,2]
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Stochastic Intermediate Gradient Method

Our goal is the method

@ with mean rate
E@(Yk)—@*§@<kp++kp

where we can choose p € [1,2]

@ with bounded large deviations from this rate,
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Stochastic Intermediate Gradient Method

Our goal is the method

@ with mean rate
E@(Yk)—80*§@<kp++kp

where we can choose p € [1,2]
@ with bounded large deviations from this rate,

© which is possible to use in non-Euclidean set-up (free choice of the
norm),
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Stochastic Intermediate Gradient Method

Our goal is the method

@ with mean rate
Es@(yk)—so*§@<++kp

where we can choose p € [1,2]
@ with bounded large deviations from this rate,

© which is possible to use in non-Euclidean set-up (free choice of the
norm),

@ applicable to composite optimization problems.

Pavel Dvurechensky (MIPT/PreMolab) Stochastic gradient methods 27.06.14 37 / 60



Auxiliary objects

e Simple gradient mapping

y =arg Lneig{ﬁkd(x)"‘ak [Fs,0(Xic, §k) + (Gs,(Xk, €k ), x — xi)] +h(x)}.
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Auxiliary objects

e Simple gradient mapping

y =arg Lneig{ﬁkd(x)"‘ak [Fs,0(Xic, §k) + (Gs,(Xk, €k ), x — xi)] +h(x)}.

@ Minimum of smoothed model of the function

k

z= arg)r(réig{ﬁkd(x)—l—z ;i [Fs,(xi, &) + (Gs,.(xi, &)y x — xi)][ +AKh(x)])
i—0

Pavel Dvurechensky (MIPT/PreMolLab) Stochastic gradient methods 27.06.14 38 / 60



Auxiliary objects

Let {a}i>0, {Bi}i>0. {Bi}i>o0 be three sequences of coefficients satisfying
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Auxiliary objects

Let {a}i>0, {Bi}i>0. {Bi}i>o0 be three sequences of coefficients satisfying

ao € (0,1], Biy1=pi>L Vi>0,
0<a;<B;, Vi>0,

K
@3Bk < BifBr_1 < (Z 04/) Bk-1, Vk>1.

i=0
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Auxiliary objects

Let {a}i>0, {Bi}i>0. {Bi}i>o0 be three sequences of coefficients satisfying

a0 € (0,1], Biy1=Bi>1L, Vi>0,
0<a;<B;, Vi>0,
k

@3Bk < BifBr_1 < <Z ai) Bk-1, Vk>1.

i=0

We define also Ax = Zf,o a; and 7; = %
- 1
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The method

Input: The sequences {a;};>0, {8i}i>0, {Bi}i>0. functions d(x),
V(x,z).
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The method

Input: The sequences {a;}i>0, {Bi}i>0. {Bi}i>o0, functions d(x),
V/(x, z).Output: The point yj.
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The method

Input: The sequences {a;}i>0, {Bi}i>0. {Bi}i>o0, functions d(x),
V/(x, z).Output: The point yj.

Q xo = argmin,cq{d(x)}.
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The method

Input: The sequences {a;};>0, {8i}i>0, {Bi}i>0. functions d(x),
V/(x, z).Output: The point yj.
Q xo = argmin,cq{d(x)}.
2]
Yo = arg;ngig{ﬁod(x) + a0(Gs,L(x0, §0), X — x0) + h(x)}
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The method

Input: The sequences {a;};>0, {8i}i>0, {Bi}i>0. functions d(x),
V/(x, z).Output: The point yj.
Q xo = argmin,cq{d(x)}.
2]
Yo = arg;ngig{ﬁod(x) + a0(Gs,L(x0, §0), X — x0) + h(x)}

Q for k=0,1,... repeat
Q

K
7 = argmin{Bed(x) + > i{Gs (%3, &), x — xi) + Ach(x)}
x€Q pard
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The method

Input: The sequences {a;};>0, {8i}i>0, {Bi}i>0. functions d(x),
V/(x, z).Output: The point yj.
Q xo = argmin,cq{d(x)}.
2]
Yo = arg;ngig{ﬁod(x) + a0(Gs,L(x0, §0), X — x0) + h(x)}

Q for k=0,1,... repeat
Q

K
7 = argmin{Bed(x) + > i{Gs (%3, &), x — xi) + Ach(x)}
x€Q pard

X1 = Thzk + (1 = ) yx
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The method

Input: The sequences {a;};>0, {8i}i>0, {Bi}i>0. functions d(x),
V/(x, z).Output: The point yj.
Q xo = argmin,cq{d(x)}.
2]
Yo = arg;ngig{ﬁod(x) + a0(Gs,L(x0, §0), X — x0) + h(x)}

Q for k=0,1,... repeat

Q
K
2z = arg min{Bxd(x) + Za;(G&,L(XhEi),X = xi) + Ach(x)}
x€Q pard
(5]
X1 = Thzk + (1 = ) yx
o

Rip1 = arg Lneig{l?k V(x, zic) ks 1{Gs.L (k15 Ekr1), X—21) Feuky 1 h(x) )
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The method

Input: The sequences {a;};>0, {8i}i>0, {Bi}i>0. functions d(x),
V/(x, z).Output: The point yj.
Q xo = argmin,cq{d(x)}.
2]
Yo = arg;ngig{ﬁod(x) + a0(Gs,L(x0, §0), X — x0) + h(x)}

Q for k=0,1,... repeat

Q
K
2z = arg min{Bxd(x) + Za;(G&,L(XhEi),X = xi) + Ach(x)}
xeQ pard
(5]
X1 = Thzk + (1 = ) yx
o
Rhr1 = arg;neig{ﬂk V(x, zk)+akr1(Gs L (Xkt1, k1), X—2k) Fk41h(x) }.
Q

Wicy1 = TRkt + (1 — 7w)yk
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The method

Input: The sequences {a;};>0, {8i}i>0, {Bi}i>0. functions d(x),
V/(x, z).Output: The point yj.
Q xo = argmin,cq{d(x)}.
2]
Yo = arg;ngig{ﬁod(x) + a0(Gs,L(x0, §0), X — x0) + h(x)}

Q for k=0,1,... repeat

Q

K

2 = argmin{fid(x) + > ailGsu(xi, &), x — i) + Ach(x)}

pary

(5]
X1 = Thzk + (1 = ) yx
o
Rhr1 = arg;neig{ﬂk V(x, zk)+akr1(Gs L (Xkt1, k1), X—2k) Fk41h(x) }.
Q
Wi = TkRk1 + (1 — Tk)yk
o
A — B B,
Yit1 = 7“/14”1 Kt k+ AHI Wi+1
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Estimating functions

o Wi(x) = Bid(x) + X1 g i [Fs.(xi, &) + (Gs,(xi, &), x — x;)+h(x)]
— model of the objective function.
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Estimating functions

o Wi(x) = Bid(x) + X1 g i [Fs.(xi, &) + (Gs,(xi, &), x — x;)+h(x)]
— model of the objective function.

o Vi = min,cq Vi(x) its minimal value.
o If we prove that for all k > 0 it holds that

Aco(vi) S Vi +Er, Vi(x) < Aro(x) 4 Brd(x) + Ex(x), Vx € Q.
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Estimating functions

o Wi(x) = Bid(x) + X1 g i [Fs.(xi, &) + (Gs,(xi, &), x — x;)+h(x)]
— model of the objective function.

o Vi = min,cq Vi(x) its minimal value.
o If we prove that for all k > 0 it holds that

Acp(yi) S Wi+ Ee, Wi(x) < Akp(x) + Brd(x) + Ek(x), Vx € Q.
Then

Akp(yk) S Wi+ Ee <
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o If we prove that for all k > 0 it holds that
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Acp(yi) S Vi +Ee S Vi(x")+ Ex <
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Estimating functions

o Wi(x) = Bid(x) + X1 g i [Fs.(xi, &) + (Gs,(xi, &), x — x;)+h(x)]
— model of the objective function.

o Vi = min,cq Vi(x) its minimal value.
o If we prove that for all k > 0 it holds that

Acp(yi) S Wi+ Ee, Wi(x) < Akp(x) + Brd(x) + Ek(x), Vx € Q.
Then
Aro(yk) < Wi+ Ex < Wi(x*) + Ex < Arp™ + Brd(x*) + Ex(x*) + Ex,

and
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Estimating functions

o Wi(x) = Bid(x) + X1 g i [Fs.(xi, &) + (Gs,(xi, &), x — x;)+h(x)]
— model of the objective function.

o Vi = min,cq Vi(x) its minimal value.
o If we prove that for all k > 0 it holds that

Acp(yi) S Wi+ Ee, Wi(x) < Akp(x) + Brd(x) + Ek(x), Vx € Q.
Then

Aro(yk) < Wi+ Ex < Wi(x*) + Ex < Arp™ + Brd(x*) + Ex(x*) + Ex,

and - ()
R S
ely) =" < =d(xX") + ——F——,
Ak Ak
which can give us mean rate of convergence and probability of large
deviations.
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Ek and Ek(X)

We managed to prove that

B;
Ex = Z Bi6 + Z i— L ([1Gs,(xi, &) — g&L(X")H*)z—i_
k
+ Zai(ﬁ;,L(Xi) — F(S,L(Xi7£i))+
_|_Z g(SL(XI) G&,L(Xiagi)vzi—l _}/i—l>a

k
Zal F5L an: - f;SL(XI)—'I_
i=0

(Gs1(xir &) — 8o, (xi)s x — xi)].

Pavel Dvurechensky (MIPT/PreMolLab) Stochastic gradient methods 27.06.14 42 / 60



General rate of convergence

Assume that the function f is endowed with stochastic inexact oracle with
parameters 0, L, 0. Then the sequence y, generated by the Stochastic
Intermediate Gradient Method, when applied to the composite function ¢,
satisfies

o(yk) — @* <Bkd +ZBé+

k
Z 7 11Gs,(xi, &) = 8. ()| 3+
—O

k
+ > ai{Gsi(xi, &) — 8o.L(xi), X* — xi)+
i=0

k

Z G5 L(xi &) — g5(xi), yie1 — Zi—1>>~
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General mean rate of convergence

Taking expectation we get

Theorem 2

Assume that the function f is endowed with stochastic inexact oracle with
parameters §, L, 0. Then the sequence y, generated by the Stochastic
Intermediate Gradient Method, when applied to the composite function ¢,
satisfies

« _ Brd(x*) Zf'(:o Bio
<
= A + AL 4

Eg,,...c0(Vk) — ¢

P
T = o°.
Ak;ﬁi_L
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Additional assumptions

Q &o,...,& arei.i.d random variables.
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Additional assumptions

Q &,...,& are i.i.d random variables.
Q G;1(x,¢) satisfies the condition
Ee [exp (||G5,L(X,§);g5,L(X)||i)] < exp(1).

g
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Q G;1(x,¢) satisfies the condition
Ee [exp (||G5,L(X,§);g5,L(X)||i)] < exp(1).

g

© Set Q is bounded with diameter D = max, yeq [|x — y|-
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Additional assumptions

Q &,...,& are i.i.d random variables.
Q G;1(x,¢) satisfies the condition
Ee [exp (||G5,L(X7§);g5,L(X)||i)] < exp(1).

g

© Set Q is bounded with diameter D = max, yeq [|x — y|-

&1k = (8o, - - - &k) — history of the random process after k iterations.
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Auxiliary result 1

Lemma 1 [Juditsky, Lan, Nemirovski, Shapiro]

Let &, ..., &k be a sequence of realizations of the i.i.d. random variables
Xo, .-, Xk and let A; = A;(&[;)) be a deterministic function of {[;; such
that for all / > 0:

A2
E {GXP <0—é> |f[i—1]] < exp(1)

and co, ..., cx is a sequence of positive coefficients. Then we have for any
k>0 and any Q > 0:

k

k
P (Z GA?>(1+9Q)) cf02> < exp(=Q).

i=0 i=0
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Auxiliary result 2

Lemma 2 [Lan, Nemirovski, Shapiro]

Let &, ..., &k be a sequence of realizations of the i.i.d. random variables
Xo, ..., Xk and let ['; and 7; be a deterministic function of &[;; such that:
E [Fil¢y-n] =0

@ |Ii| < cimi, where ¢; is positive deterministic constant.

2
OFE [eXP (%) |£[i_1]] < exp(1).
Then for any kK > 0 and any Q > 0:

k
P Zrizmd

i=0

< exp(—9Q).
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General result for large deviations

If the assumptions 1, 2, 3 are satisfied, then for all Kk > 0 and all Q > 0,
the sequence generated by the SIGM satisfies:

d(x* kKBS
p Qp(}/k) . SD* Z /Bk (X ) + 2170 +
Ax Ax

K
1+Q B; 2Do+/3Q2
+ + 0’2+ g 3
Ak Zi:o g =i Ax

Pavel Dvurechensky (MIPT/PreMolab)

Stochastic gradient methods

27.06.14 48 / 60



Choice of the coefficients

Our goal is the rate of © (Lk—“f,g + 2 + k”_lé), p€1,2].

oR
vk
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Choice of the coefficients
oR
Jk

+ kP—lé), pell2].
Let a=2" and b=2"2"p 2", R > \/2d(x").

Our goal is the rate of © (Lk—“f,g +
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Choice of the coefficients

Our goal is the rate of © (Lk—"f,g + ‘\T/—’% + k”_lé), p€1,2].

Let a=2" and b=2"2"p 2", R > \/2d(x").
Then the sequences

satisfy all the requirements.
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Mean rate of convergence

If the sequences {c}i>0, {Bi}i>0. {Bi}i>0 are chosen from relations above
and p € [1,2] then the sequence generated by the SIGM satisfies:

Eg,...e0(vk) — ¢* <

- L,‘?zp”QM oR27F \/_( +p+2)
(k+p)P (k+

()
)

2
:@<LR+JR + kP15

kP
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Large deviations bound

If the sequences {a;}i>0, {Bi}i>0. {Bi}i>0 are chosen from relations above
and p € [1,2] then the sequence generated by the SIGM satisfies:

P(ﬂw&—¢*>

LR2pP2*  (14Q)0R2° % /p(k + p+2)P~2

(k+p)p (k +p)P
_ k+p pl 2Do+/6pS2
+ 2271 <) +1|o+——F—| <
( p Vk+p
< 3exp(—3Q).
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SIGM: mean complexity

C|LV 0, CZ()IE

kP Vk

*

Ep(yx) — " <

+ C3kp_15.
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SIGM: mean complexity

For SIGM we have (/V/(xo, x*) < R).
C1LV(X0,X*) C20'R

kP Vk

1
2c1LV(x0,x*) \ P 4cio?R?
If we choose k > max{( c1LV(xo,x )) Poag ,

*

Ep(yx) — " < + c3kP76.

€ €?
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SIGM: mean complexity

For SIGM we have (/V/(xo, x*) < R).
C1LV(X0,X*) C20'R

kP Vk

1
* > 4 2 2R2
If we choose k > max { (QClLV(XO’X )) L } then

Ep(yx) — " < + c3kP76.

£ 3

Ep(yk) — " <e+ c3kP~1L6.

Pavel Dvurechensky (MIPT/PreMolab) Stochastic gradient methods 27.06.14 52 / 60



SIGM: mean complexity

For SIGM we have (/V/(xo, x*) < R).

C1LV(X0,X*) C20'R 1
E —p* < kP™24.
e(yk) — " < o + N + 3

£ 3

1
* > 4 2 2R2
If we choose k > max { (QClLV(XO’X )) L } then

Ep(yk) — " <e+ c3kP~1L6.

The goal is to obtain for u—strongly convex function

p—1

P

(L
Eo(yk) —p* <e+ & (M) )
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SIGM: mean complexity

For SIGM we have (/V/(xo, x*) < R).

C1LV(X0,X*) C2UR 1
E —p* < kP~20.
pyk) =" < T Uk e

1
2c1LV(x0,x*) \ P 4cio?R?
If we choose k > max {( a éxg,x )) - 62; , then

Ep(yk) — " <e+ c3kP~1L6.

The goal is to obtain for u—strongly convex function
p—1

o (L\ P
Eo(yk) —p* <e+ & (M) )

L , LR o?
N(e)zfl(u) In =2 +&—

S HE
oracle calls.
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SIGM: strongly convex case

Assume that o(x) is strongly convex. Then

* 1% *
p(x) = o(x") 2 Slx = x 12, vxeQ.
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SIGM: strongly convex case

Assume that o(x) is strongly convex. Then
k M *
o)~ o) = Bl X2 vxe Q.
Assume that V/(x, z) has quadratic growth with parameter > > 1, i.e.:

V(x,z) < ng — 2|2, ¥x,z € Q.
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SIGM: strongly convex case

Assume that o(x) is strongly convex. Then
o) —p(x) = Bllx = x|, vxe Q.
Assume that V/(x, z) has quadratic growth with parameter > > 1, i.e.:
V(x,z) < ng — 2|2, ¥x,z € Q.

Then

EV(yi, x*) < — (Ee(yi) — o(x7)) .-

=X
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SIGM: strongly convex case

Assume that o(x) is strongly convex. Then
o) —p(x) = Bllx = x|, vxe Q.
Assume that V/(x, z) has quadratic growth with parameter > > 1, i.e.:
V(x,z) < ng — 2|2, ¥x,z € Q.

Then B
EV(yi,x*) < m (Eo(yk) — o(x7))-

Let us change G57L(X,fj) — é&L(X, E) = % jm:1 G57L(X,fj).
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SIGM: strongly convex case

Assume that o(x) is strongly convex. Then
k M *
o)~ o) = Bl X2 vxe Q.
Assume that V/(x, z) has quadratic growth with parameter > > 1, i.e.:

V(x,z) < ng — 2|2, ¥x,z € Q.
Then B
EV(yk,x*) < m (Eeyk) — ¢(x7)).
Let us change G57L(X,fj) — é&L(X, E) = % jm:1 G57L(X,fj).
Then 02 — ”—nj and

* < C1LV(X0,X*) + CQUR

Ep(yx) — " < v NE + c3kP6.
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SIGM: strongly convex case

Assume that o(x) is strongly convex. Then
k M *
o)~ o) = Bl X2 vxe Q.
Assume that V/(x, z) has quadratic growth with parameter > > 1, i.e.:

V(x,z) < ng — 2|2, ¥x,z € Q.
Then B
EV(yk,x*) < m (Eeyk) — ¢(x7)).
Let us change G57L(X,fj) — é&L(X, E) = % jm:1 G57L(X,fj).
Then 02 — ”—nj and

* < C1LV(X0,X*) + CQUR

Ep(yx) — " < v NE + c3kP6.

Let us use restart technique.
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SIGM: strongly convex case

Denote Ay = ¢(yn,) — ¢*. Let us perform Nj iterations with

def
R?2 = 2Ay = R2 and m = mo.
m 0
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SIGM: strongly convex case

Denote Ay = ¢(yn,) — ¢*. Let us perform Nj iterations with

R? = ﬁ‘Ao def Rg and m = mg. Then

JEA

C1L%Ao @0 H 0 —-1

EA; < + +c3NETS
L= T NE molNg | oo
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SIGM: strongly convex case

Denote Ay = ¢(yn,) — ¢*. Let us perform Nj iterations with

R? = ﬁ‘Ao def Rg and m = mg. Then

JEA

C1L%Ao @0 H 0 —-1

EA; < + +c3NETS
L= T NE molNg | oo

1
N PPAY: > 16c202 5
Let us choose Ny = <7u ) and mg > max{l, wNodg [*
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SIGM: strongly convex case

Denote Ay = ¢(yn,) — ¢*. Let us perform Nj iterations with

R? = ﬁ‘Ao def Rg and m = mg. Then

JEA

ClL%Ao @0 H 0 —-1

EA; < + +c3NETS
L= T NE molNg | oo

1
_ (4alx\r 16c202 5
Let us choose Ny = ( . ) and mg > max{l, Noho [ Denote

p—1

[y def (4C1L%) e
I
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SIGM: strongly convex case

Denote Ay = ¢(yn,) — ¢*. Let us perform Nj iterations with

R? = ﬁ‘Ao def Rg and m = mg. Then

JEA

ClL%Ao @0 H 0 —-1

EA; < + +c3NETS
L= T NE molNg | oo

1
_ (4alx\r 16c202 5
Let us choose Ny = ( . ) and mg > max{l, Noho [ Denote

p—1

N def (M)T Then

o
alxhe Do @7\ ubo _ Do

T Vms C 4
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SIGM: strongly convex case

Denote Ay = ¢(yn,) — ¢*. Let us perform Nj iterations with

R? = ﬁ‘Ao def Rg and m = mg. Then

JEA

ClL%Ao @0 H 0 —-1

EA; < + +c3NETS
L= T NE molNg | oo

1
_ (4alx\r 16c202 5
Let us choose Ny = ( . ) and mg > max{l, Noho [ Denote

p—1

N def (M)T Then

o
alxhg Dy 27\ ibo _ Ao
MN(,)J 4 vmohNg  — 4’

and

A N
EA; < 70 N
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SIGM: strongly convex case

Also we have

A N
EV(yng, x*) < ZEa, < Z (J + C3N6) .
1% B\ 2
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SIGM: strongly convex case

Also we have
N P »x (Do N
EV(yne, x*) < ZEA1 < = ( ==+ aNd .
1% B\ 2

We make Nj iterations with R2 = f (% + C3N5) def Rf and m = my.

Pavel Dvurechensky (MIPT/PreMolLab) Stochastic gradient methods 27.06.14 55 / 60



SIGM: strongly convex case

Also we have
N P »x (Do N
EV(yne, x*) < ZEA1 < = ( ==+ aNd .
1% B\ 2

We make Nj iterations with R2 = f (% + C3N5) def Rf and m = my.

Then
L /A 20/ (% + eslis
1 0 Y 1
EA, < ( + <:3N5) + + NP6
phP \ 2 Vm Ny t
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SIGM: strongly convex case

Also we have

A N
EV(yng, x*) < ZEa, < Z (J + C3N6) .
1% B\ 2

We make Nj iterations with R2 = f (% + C3N5) def Rf and m = my.
Then
»x [ Ao Y
ooy = |5+ C3N6>
clsx (Ag ~ H ( 2 1
EA; < ( + <:3N5) + + NP6
phP \ 2 Vm Ny t

16c22¢72u
Let us choose N; = Ny and m; > maxq 1, — 74— ».
;LNO(T°+C3N6)
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SIGM: strongly convex case

Also we have

A N
EV(yng, x*) < ZEa, < Z (J + C3N6) .
1% B\ 2

We make Nj iterations with R2 = f (% + C3N5) def Rf and m = my.
Then
»x [ Ao Y
oy Z (32 + 3N
clsx (Ag ~ H ( 2 1
EA; < <— + <:3N5) + + NP6
phP \ 2 Vm Ny t

16c22¢72u
Let us choose Ny = Np and m; > max{q 1, —z>——— ». Then
;LNO(T°+C3N6)

x [ Ay Ky
oy |2 —+C3N6)
calsx (Ay ~ 1/ Ag ~ K ( 2 1/ Ag ~
o = — [ — < — | —
e ( : +63N5) 4(2 +C3N6>, <7 (S +als),

and

A ~ -
EA, < (70 + 63N5) + c3No.
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SIGM: strongly convex case

On the k-th iteration we have

A . 1
EA, < 2—k°+2C3N5 <17 27) .
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SIGM: strongly convex case

On the k-th iteration we have
A N 1
EA, < 270 + 2¢3 s <1 - 27) .

We continue choosing on the k-th iteration

1620252k 1625232k
N = No, my = max{l7 [ 6C7V(TA% -‘} > A bcz0 A% s
ploLo il (42 + 2635 (1 - %))
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SIGM: strongly convex case

On the k-th iteration we have
Ao « 1
EA, < 27+2C3N5 <1 - 27) .
We continue choosing on the k-th iteration

1620252k 1625232k
N = No, my = max{l7 [ 6C7V(TA% -‘} > A bcz0 A% s
ploLo il (42 + 2635 (1 - %))

and obtain

1 /Mg . 1 C Ao . 1
EAii1 < 5 <27 +2c3ls <1 - 27>)+C3N6 = opvr + 260 (1 - W)
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SIGM: strongly convex case

On the k-th iteration we have
A N 1
EA, < 270 + 2¢3 s <1 - 27) .

We continue choosing on the k-th iteration

1 2 2 2k 1 2 2 2k
Ny = No. mk:max{l,[ 6c50%5 "}2 6c30% 5
#No(

1NoLo 80 4 2655 (1 - 2ik)) ’

and obtain
1 /Ao - 1 - Ao N 1
EAgs1 < 5 <2—k +2c3No <1 — 27>)+C3N6 = Sk +2c3No (1 — W)

. Ay _ uR2 . . . .
If we perform N = log, 2° = log, 2 outer iterations we will obtain the
error
p—1
e

L
]EAN <e+ 53 <7> 0.
o
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SIGM: strongly convex case

On the k-th iteration we have
A N 1
EA, < 270 + 2¢3 s <1 - 27) .

We continue choosing on the k-th iteration

1 2 2 2k 1 2 2 2k
Ny = No. mk:max{l,[ 6c50%5 "}2 6c30% 5
#No(

1NoLo 80 4 2655 (1 - 2ik)) ’

and obtain
1 /Ao - 1 - Ao N 1
EAgs1 < 5 <2—k +2c3No <1 — 27>)+C3N6 = Sk +2c3No (1 — W)

R2 . . . .
If we perform N = log, % = log, ”y—g" outer iterations we will obtain the

error
p—1
b

L
]EAN <e+ 53 <7> 0.
o

And the number of oracle calls will be
N

N(e) = Z Nim;
i=0
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SIGM: strongly convex case

On the k-th iteration we have
A N 1
EA, < 270 + 2¢3 s <1 - 27) .

We continue choosing on the k-th iteration

1 2 2 2k 1 2 2 2k
Ny = No. mk:max{l,[ 6c50%5 "}2 6c30% 5
#No(

1NoLo 80 4 2655 (1 - 2ik)) ’

and obtain
1 /Ao - 1 - Ao N 1
EAgs1 < 5 <2—k +2c3No <1 — 27>)+C3N6 = Sk +2c3No (1 — W)

R2 . . . .
If we perform N = log, % = log, ”y—g" outer iterations we will obtain the

error
p—1
b

L
]EAN <e+ 53 <7> 0.
o

And the number of oracle calls will be

N N 2.2 ni
16c50°522
i—0 0 Koo

i=
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SIGM: strongly convex case

On the k-th iteration we have
A N 1
EA, < 270 + 2¢3 s <1 - 27) .

We continue choosing on the k-th iteration

1 2 2 2k 1 2 2 2k
Ny = No. mk:max{l,[ 6c50%5 "}2 6c30% 5
#No(
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Discussion
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© 00O

Can be accelerated in the strongly convex case.
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Conclusion

© We've considered three gradient methods (PGM, DGM, FGM) and
how they perform in the presence of stochastic and deterministic
errors.
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Using the problem structure
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