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Ïðåäâàðèòåëüíûå ñâåäåíèÿ

Ïñåâäîåâêëèäîâî ïðîñòðàíñòâî En,1, ãäå n+ 1 ≥ 2, èëè
ïðîñòðàíñòâî-âðåìÿ Ìèíêîâñêîãî Minkn+1, åñòü âåêòîðíîå
ïðîñòðàíñòâî Rn+1 ñ ïñåâäîñêàëÿðíûì ïðîèçâåäåíèåì

{(t, x), (s, y)} := −ts+ (x, y). Çäåñü (x, y) = xyT � ñòàíäàðòíîå

ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ x, y ∈ Rn. Ãðóïïà Ëîðåíöà

SO(n, 1) � êîìïîíåíòà ñâÿçíîñòè åäèíèöû ãðóïïû P (n, 1) âñåõ
ëèíåéíûõ ïñåâäîèçîìåòðè÷åñêèõ (ò.å. ñîõðàíÿþùèõ ïñåâäîñêàëÿðíîå
ïðîèçâåäåíèå {·, ·}) ïðåîáðàçîâàíèé ïðîñòðàíñòâà Minkn+1.
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Î÷åâèäíî

{(t, x), (s, y)} = ((−t, x), (s, y)) = ((t, x)I, (s, y)) = (t, x)I(s, y)T ,
(0.1)

ãäå I � ìàòðèöà ëèíåéíîãî îòîáðàæåíèÿ (t, x)→ (−t, x), ò.å.
îïåðàòîðà îáðàùåíèÿ âðåìåíè. Èç ôîðìóëû (0.1) ñëåäóåò, ÷òî
A ∈ P (n, 1) ⇔ äëÿ ëþáûõ (t, x), (s, y) ∈ Rn+1,

(t, x)I(s, y)T = (t, x)AI((s, y)A)T = (t, x)AIAT (s, y)T ⇔ AIAT = I ⇔

AIAT I = En+1, (0.2)

ãäå En+1 = e � åäèíè÷íàÿ (n+ 1)× (n+ 1)−ìàòðèöà (áûëî ó÷òåíî
òîæäåñòâî I2 = En+1).
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Ïóñòü A = A(s), −ε < s < ε, � íåïðåðûâíî äèôôåðåíöèðóåìàÿ
êðèâàÿ â SO(n, 1) ñ óñëîâèÿìè A(0) = e, A′(0) = a. Òîãäà
äèôôåðåíöèðîâàíèå òîæäåñòâà (0.2) ïðè s = 0 äàåò ðàâåíñòâî

a+ IaT I = 0⇔ Ia+ aT I = 0⇔ Ia+ (Ia)T = 0.

Îáðàòíî, íåòðóäíî äîêàçàòü, ÷òî åñëè ìàòðèöà óäîâëåòâîðÿåò ýòîìó
óñëîâèþ, òî äëÿ âñåõ s ∈ R, ìàòðè÷íàÿ ýêñïîíåíòà
exp(sa) ∈ SO(n, 1). Òàê êàê I2 = En+1, òî àëãåáðà Ëè so(n, 1) ãðóïï
Ëè P (n, 1) è SO(n, 1) îïðåäåëÿåòñÿ ðàâåíñòâîì

so(n, 1) = I · so(n). (0.3)

Êàê ñëåäñòâèå,
(so(n, 1))T = so(n, 1). (0.4)

Íàñ áóäåò èíòåðåñîâàòü ñëó÷àé n = 2. Âñëåäñòâèå (0.3), ìàòðèöû

a = e12 + e21, b = e13 + e31, c = e32 − e23, (0.5)

îáðàçóþò áàçèñ àëãåáðû Ëè so(2, 1). Ïðè ýòîì, ó÷èòûâàÿ, ÷òî
[a, b] = ab− ba è ò.ä., ëåãêî íàõîäèì, ÷òî

[a, b] = −c, [b, c] = a, [c, a] = b. (0.6)
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Äëÿ ïîèñêà ãåîäåçè÷åñêèõ ïðèìåíÿåòñÿ

Òåîðåìà 1

Ïóñòü G � ñâÿçíàÿ ïîäãðóïïà Ëè ãðóïïû Ëè Gl(n) ñ àëãåáðîé Ëè g,
D � âïîëíå íåãîëîíîìíîå ëåâîèíâàðèàíòíîå ðàñïðåäåëåíèå íà G,
ñêàëÿðíîå ïðîèçâåäåíèå 〈·, ·〉 íà D(e) ïðîïîðöèîíàëüíî îãðàíè÷åíèþ
ñêàëÿðíîãî ïðîèçâåäåíèÿ (·, ·) (íà D(e)). Òîãäà ïàðàìåòðèçîâàííàÿ
äëèíîé äóãè íîðìàëüíàÿ ãåîäåçè÷åñêàÿ (ò.å. ëîêàëüíî êðàò÷àéøàÿ)
γ = γ(t), t ∈ (−a, a) ⊂ R, γ(0) = e, íà (G, d) ñ ëåâîèíâàðèàíòíîé
ñóáðèìàíîâîé ìåòðèêîé d, îïðåäåëÿåìîé ðàñïðåäåëåíèåì D è
ñêàëÿðíûì ïðîèçâåäåíèåì 〈·, ·〉 íà D(e), óäîâëåòâîðÿåò ñèñòåìå
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

·
γ (t) = γ(t)u(t), u(t) ∈ D(e) ⊂ g, 〈u(t), u(t)〉 ≡ 1, (0.7)

prg([u(t)
T , u(t)] + [u(t)T , v(t)]) =

·
u (t)+

·
v (t), (0.8)

ãäå u = u(t), v = v(t) ∈ g, (v(t), D(e)) ≡ 0, t ∈ (−a, a) ⊂ R, �
íåêîòîðûå âåùåñòâåííî-àíàëèòè÷åñêèå âåêòîð-ôóíêöèè.
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Ïîèñê ãåîäåçè÷åñêèõ íà (SO(2, 1), d)

Òåîðåìà 2

Ïóñòü çàäàí áàçèñ (0.5) àëãåáðû Ëè so(2, 1), D(e) = Lin(a, b) è íà
D(e) çàäàíî ñêàëÿðíîå ïðîèçâåäåíèå 〈·, ·〉 ñ îðòîíîðìèðîâàííûì
áàçèñîì a, b. Òîãäà ëåâîèíâàðèàíòíîå ðàñïðåäåëåíèå D íà ãðóïïå Ëè
SO(2, 1) ñ äàííûì D(e) âïîëíå íåãîëîíîìíî è ïàðà (D(e), 〈·, ·〉)
îïðåäåëÿåò ëåâîèíâàðèàíòíóþ ñóáðèìàíîâó ìåòðèêó d íà SO(2, 1).
Ïðè ýòîì êàæäàÿ ïàðàìåòðèçîâàííàÿ äëèíîé äóãè ãåîäåçè÷åñêàÿ
γ = γ(t), t ∈ R, â SO(2, 1) ñ óñëîâèåì γ(0) = e åñòü ïðîèçâåäåíèå
äâóõ 1-ïàðàìåòðè÷åñêèõ ïîäãðóïï:

γ(t) = exp(t(cosφ0a+ sinφ0b− βc)) exp(tβc), (0.9)

ãäå φ0, β � íåêîòîðûå ïðîèçâîëüíûå ïîñòîÿííûå.
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Ïåðâîå óòâåðæäåíèå âûòåêàåò èç ôîðìóëû (0.6). ßñíî, ÷òî íà D(e)

〈·, ·〉 = 1

2
(·, ·). (0.10)

Âñëåäñòâèå òåîðåìû 3 â [1] êàæäàÿ ãåîäåçè÷åñêàÿ íà 3-ìåðíîé ãðóïïå
Ëè ñ ëåâîèíâàðèàíòíîé ñóáðèìàíîâîé ìåòðèêîé íîðìàëüíà. Òîãäà èç
òåîðåìû 1 ñëåäóåò, ÷òî äëÿ ïîèñêà ãåîäåçè÷åñêèõ γ = γ(t), t ∈ R, â
(SO(3), d) ìîæíî ïðèìåíèòü ÎÄÓ (0.7),(0.8). ßñíî, ÷òî

u(t) = cosφ(t)a+ sinφ(t)b, v(t) = β(t)c, (0.11)

è òîæäåñòâî (0.8) çàïèñûâàåòñÿ â âèäå

[cosφ(t)a+ sinφ(t)b, β(t)c] =
·
φ (t)(− sinφ(t)a+ cosφ(t)b)+

·
β (t)c.

Âñëåäñòâèå (0.6), âûðàæåíèå â ëåâîé ÷àñòè ðàâåíñòâà ðàâíî

−β(t)(cosφ(t)b− sinφ(t)a).

Ïîëó÷aåì òîæäåñòâà
·
β (t) = 0,

·
φ (t) = −β(t). Ñëåäîâàòåëüíî,

β = β(t) = const, φ(t) = φ0 − βt. (0.12)
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Âñëåäñòâèå (0.7), (0.11) è (0.12), äîëæíî áûòü

·
γ (t) = γ(t)(cos(φ0 − βt)a+ sin(φ0 − βt)b). (0.13)

Äîêàæåì, ÷òî (0.9) ÿâëÿåòñÿ ðåøåíèåì ÎÄÓ (0.13). Èç ôîðìóë (0.6),
(0.5) ëåãêî âûâåñòè ðàâåíñòâà

(ad(c)) = Ia, (ad(b)) = b, (ad(a)) = −(e23 + e32), (0.14)

ãäå (f) � ìàòðèöa ëèíåéíîãî îòîáðàæåíèÿ f : so(2, 1)→ so(2, 1) â
áàçèñå a, b, c; (f) îòîæäåñòâëÿåòñÿ ñ f . (0.14), (0.12), (0.11)⇒
·
γ (t) = exp(t(cosφ0a+ sinφ0b− βc))(cosφ0a+ sinφ0b− βc) exp(tβc)+
γ(t)(βc) = γ(t) exp(−tβc)(cosφ0a+sinφ0b−βc) exp(tβc)+γ(t)(βc) =
γ(t) exp(−tβc)(cosφ0a+ sinφ0b) exp(tβc) + γ(t)(−βc) + γ(t)(βc) =

γ(t) · [Ad(exp(−tβc))(cosφ0a+ sinφ0b)] =

γ(t) · [exp(ad(−tβc))(cosφ0a+ sinφ0b)] =

γ(t) · [exp(−tβ(ad(c)))(cosφ0a+ sinφ0b)] =

γ(t) · [exp(−tβ(Ia))(cosφ0a+ sinφ0b)] =

γ(t) · (cos(φ0 − βt)a+ sin(φ0 − βt)b) = γ(t)u(t).
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Çàìå÷àíèå 1

Èçìåíåíèå çíàêà ó β â (0.9) ðàâíîñèëüíî èçìåíåíèþ çíàêà ó t è
çàìåíå óãëà φ0 óãëîì φ0 ± π.

Çàìå÷àíèå 2

Äëÿ êàæäîé ìàòðèöû B ∈ SO(2) = exp(Rc), îòîáðàæåíèå lB ◦ rB−1 ,
ãäå lB � óìíîæåíèå ñëåâà íà B, rB−1 � óìíîæåíèå ñïðàâà íà B−1,
ÿâëÿåòñÿ îäíîâðåìåííî èçîìîðôèçìîì AdB àëãåáðû Ëè
(so(2, 1), [·, ·]), ñîõðàíÿþùèì 〈·, ·〉, è èçîìîðôèçìîì ãðóïïû Ëè
SO(2, 1), ñîõðàíÿþùèì ðàñïðåäåëåíèå D è ìåòðèêó d. Â ÷àñòíîñòè,

AdB(a− βc) = exp(φ0(Ia))(a− βc) = cosφ0a+ sinφ0b− βc,

åñëè

B = exp(φ0c) =

 1 0 0
0 cosφ0 − sinφ0
0 sinφ0 cosφ0

 . (0.15)
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Ïðåäëîæåíèå 1

Ïóñòü γ(t), t ∈ R, � ãåîäåçè÷åñêàÿ â (SO(2, 1), d), îïðåäåëÿåìàÿ
ôîðìóëîé (0.9). Òîãäà äëÿ êàæäîãî t0 ∈ R

γ(t0)
−1γ(t) = exp((t−t0)(cos(βt0+φ0)a+sin(βt0+φ0)b−βc)) exp((t−t0)βc).

(0.16)

Äîêàçûâàåòñÿ àíàëîãè÷íî ñëó÷àþ ãðóïïû SO(3).
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Ëåììà 1

Ïóñòü x = (xij) ∈ so(2, 1),

q := x221 + x231 − x232, α :=
√
|q|. (0.17)

Òîãäà

exp(x) = e+ x+
x2

2
, åñëè q = 0, (0.18)

exp(x) = e+
sinα

α
x+

1− cosα

α2
x2, åñëè q < 0, (0.19)

exp(x) = e+
shα

α
x+

chα− 1

α2
x2, åñëè q > 0, (0.20)

ãäå e � åäèíè÷íàÿ ìàòðèöà òðåòüåãî ïîðÿäêà.
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Proof. Õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí ìàòðèöû x ðàâåí

P (λ) = |x− λe| =

∣∣∣∣∣∣
−λ x21 x31
x21 −λ −x32
x31 x32 −λ

∣∣∣∣∣∣ = −λ3 + λq,

ãäå q îïðåäåëåíî ïî ôîðìóëå (0.17). Ïî òåîðåìå Ãàìèëüòîíà�Êýëè
(ñì. ñ. 93 â [2]), ìàòðèöà x ÿâëÿåòñÿ êîðíåì ìíîãî÷ëåíà P (λ), ò.å.
x3 = qx. Îòñþäà ñðàçó ñëåäóåò (0.18) è

x2n+1 = (−1)nα2nx, x2n = (−1)n+1α2n−2x2, åñëè q < 0, n ≥ 1,

x2n+1 = α2nx, x2n = α2n−2x2, åñëè q > 0, n ≥ 1.

Ïîýòîìó ïðè q < 0

exp(x) = e+

∞∑
n=1

xn

n!
= e+

x

α

∞∑
n=0

(−1)nα2n+1

(2n+ 1)!
− x2

α2

∞∑
n=1

(−1)nα2n

(2n)!
,

è (0.19) âûïîëíåíî. Àíàëîãè÷íî ïðè q > 0

exp(x) = e+

∞∑
n=1

xn

n!
= e+

x

α

∞∑
n=0

α2n+1

(2n+ 1)!
+
x2

α2

∞∑
n=1

α2n

(2n)!
⇒ (0.20).
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Òåîðåìà 3

Ïóñòü

m = t, n =
t2

2
åñëè β2 = 1, (0.21)

m =
sin(t

√
β2 − 1)√

β2 − 1
, n =

1− cos(t
√
β2 − 1)

β2 − 1
åñëè β2 > 1, (0.22)

m =
sh (t

√
1− β2)√

1− β2
, n =

ch(t
√

1− β2)− 1

1− β2
åñëè β2 < 1, (0.23)

Òîãäà ãåîäåçè÷åñêàÿ γ(t) èç òåîðåìû 2 ðàâíà

1 + n m cos(βt − φ0) + βn sin(βt − φ0)

m cosφ0 + βn sinφ0 n cos(βt − φ0) cosφ0 + βm sin βt + (1 − β2n) cos βt

m sinφ0 − βn cosφ0 n cos(βt − φ0) sinφ0 − βm cos βt + (1 − β2n) sin βt

βn cos(βt − φ0) −m sin(βt − φ0)

−n sin(βt − φ0) cosφ0 + βm cos βt − (1 − β2n) sin βt

−n sin(βt − φ0) sinφ0 + βm sin βt + (1 − β2n) cos βt
.
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Ïóñòü φ0 = 0. Òîãäà (0.9) ïðèìåò âèä

γ(t) |φ0=0= exp(t(a− βc)) exp(tβc).

Èñïîëüçóÿ ëåììó 1, ïîëó÷èì

exp(t(a− βc)) = exp

t
 0 1 0

1 0 β
0 −β 0

 =

 1 0 0
0 1 0
0 0 1

+

m

 0 1 0
1 0 β
0 −β 0

+ n

 0 1 0
1 0 β
0 −β 0

2

=

 1 + n m nβ
m 1 + n(1− β2) mβ
−nβ −mβ 1− nβ2

 .
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(Ëîêàëüíî) êðàò÷àéøèå ñïåöèàëüíîé ñóáðèìàíîâîé ìåòðèêè íà ãðóïïå Ëè SO(2, 1)



Â ñèëó (0.15) ìàòðèöû B = exp(φ0) è exp (tβc) êîììóòèðóþò.
Îòñþäà, èç (0.9) è çàìå÷àíèÿ 2 ñëåäóåò, ÷òî

γ(t) = B · γ(t) |φ0=0 ·B−1 = B exp(t(a− βc))B−1 exp(tβc) = 1 0 0
0 cosφ0 − sinφ0
0 sinφ0 cosφ0

 1 + n m nβ
m 1 + n(1− β2) mβ
−nβ −mβ 1− nβ2

×
 1 0 0

0 cos(βt− φ0) − sin(βt− φ0)
0 sin(βt− φ0) cos(βt− φ0)

 =

(
1 + n m βn

m cosφ0 + βn sinφ0 (1 + (1 − β2)n) cosφ0 + βm sinφ0 βm cosφ0 − (1 − β2n) sinφ0
m sinφ0 − βn cosφ0 (1 + (1 − β2)n) sinφ0 − βm cosφ0 βm sinφ0 + (1 − β2n) cosφ0

)
× 1 0 0

0 cos(βt− φ0) − sin(βt− φ0)
0 sin(βt− φ0) cos(βt− φ0)

 .

Âû÷èñëåíèå ïðîèçâåäåíèÿ ïîñëåäíèõ äâóõ ìàòðèö çàâåðøàåò
äîêàçàòåëüñòâî òåîðåìû 3.
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Ãðóïïà SO(n, 1) � ñâÿçíàÿ ãðóïïà èçîìåòðèé ïðîñòðàíñòâà Ln

Ðàíåå ãðóïïà SO(n, 1) äåéñòâîâàëà ïñåâäîèçîìåòðèÿìè ñëåâà íà
âåêòîðàõ-ñòðîêàõ â ïðîñòðàíñòâå-âðåìåíè Ìèíêîâñêîãî Minkn+1.
Âñëåäñòâèå ôîðìóëû (0.4) ìîæíî, è áóäåì ñ÷èòàòü, ÷òî ãðóïïà
SO(n, 1) äåéñòâóåò ïñåâäîèçîìåòðèÿìè ñëåâà íà âåêòîðàõ-ñòîëáöàõ â
ïðîñòðàíñòâå-âðåìåíè Ìèíêîâñêîãî Minkn+1. Îðáèòà
SO(n, 1) · (w0 = (1, 0, ..., 0)T ) ñîáûòèÿ (1, 0, ..., 0)T ∈Minkn+1 �
âåðõíÿÿ (òî÷íåå, ïðè "îáû÷íîì"ðàñïîëîæåíèè îñåé êîîðäèíàò,
"ïðàâàÿ") ïîëîñòü äâóïîëîñòíîãî ãèïåðáîëîèäà

− t2 +
n∑
k=1

x2k = {(t, x)T , (t, x)T } = −1, t > 0. (0.24)

Îãðàíè÷åíèå ïñåâäîñêàëÿðíîãî ïðîèçâåäåíèÿ {·, ·} íà êàñàòåëüíîå
ðàññëîåíèå ýòîé îðáèòû ÿâëÿåòñÿ ñêàëÿðíûì ïðîèçâåäåíèåì è
îðáèòà ñ ýòèì ñêàëÿðíûì ïðîèçâåäåíèåì èçîìåòðè÷íà n-ìåðíîìó
ïðîñòðàíñòâó Ëîáà÷åâñêîãî Ln ïîñòîÿííîé ñåêöèîííîé êðèâèçíû −1.
Ïîýòîìó äàëåå Ln áóäåò îáîçíà÷àòü ýòó îðáèòó.

Â.Í. Áåðåñòîâñêèé Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Îìñêèé ôèëèàë

(Ëîêàëüíî) êðàò÷àéøèå ñïåöèàëüíîé ñóáðèìàíîâîé ìåòðèêè íà ãðóïïå Ëè SO(2, 1)



Òîãäà àâòîìàòè÷åñêè SO(n, 1) � íàèáîëüøàÿ ñâÿçíàÿ òðàíçèòèâíàÿ
ãðóïïà èçîìåòðèé ïðîñòðàíñòâà Ln. Ïðè ýòîì ïîäãðóïïà

SO(n) :=

(
1 0
0 SO(n)

)
⊂ SO(n, 1)

ÿâëÿåòñÿ ñòàáèëèçàòîðîì ãðóïïû SO(n, 1) â òî÷êå w0. Ïîýòîìó L
n

åñòåñòâåííî îòîæäåñòâëÿåòñÿ ñ îäíîðîäíûì ïðîñòðàíñòâîì
SO(n, 1)/SO(n), à äåéñòâèå ãðóïïû SO(n, 1) íà Ln � ñ åå
ñòàíäàðòíûì ëåâûì äåéñòâèåì íà SO(n, 1)/SO(n). Êàíîíè÷åñêàÿ
ïðîåêöèÿ p : SO(n, 1)→ Ln = SO(n, 1)/SO(n) îïðåäåëÿåòñÿ
ôîðìóëîé p(g) = gSO(n).
Ãðóïïà Ëîðåíöà SO(n, 1) äèôôåîìîðôíà ïðîñòðàíñòâó Ln1 âñåõ
åäèíè÷íûõ êàñàòåëüíûõ âåêòîðîâ ê Ln. Èìåííî, êàæäîìó ýëåìåíòó
g ∈ SO(n, 1) ñîïîñòàâëÿåòñÿ åäèíè÷íûé êàñàòåëüíûé âåêòîð
f(g) := g(v0) ê L

n â òî÷êå g(w0) ãäå v0 = (0, 1, 0, . . . , 0)T �
åäèíè÷íûé êàñàòåëüíûé âåêòîð ê Ln â òî÷êå w0.
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(Ëîêàëüíî) êðàò÷àéøèå ñïåöèàëüíîé ñóáðèìàíîâîé ìåòðèêè íà ãðóïïå Ëè SO(2, 1)



Ïðè îòîæäåñòâëåíèè SO(2, 1) ñ L2
1 ïîñðåäñòâîì f äëÿ êàæäîãî

ãåîäåçè÷åñêîãî ïóòè γ(t), 0 ≤ t ≤ t1, â (SO(2, 1), d) c ïðîèçâîëüíûì
íà÷àëîì g ∈ SO(2, 1), f(γ(t)), 0 ≤ t ≤ t1, åñòü ïàðàëëåëüíîå â
ñìûñëå [3] âåêòîðíîå ïîëå (â ïëîñêîñòè Ëîáà÷åâñêîãî!) ñ íà÷àëüíûì
åäèíè÷íûì êàñàòåëüíûì âåêòîðîì f(γ(0)) = g(v0) ∈ L2

1 âäîëü
ïðîåêöèè p(γ(t)), 0 ≤ t ≤ t1, [4].
1) Â ÷àñòíîñòè, åñëè γ(t), t ∈ R, � ãåîäåçè÷åñêàÿ â (SO(2, 1), d)
âèäà (0.9) ñ φ0 = 0, òî γ′(0) = v0 è f(γ(t)) 0 ≤ t ≤ t1, åñòü
ïàðàëëåëüíîå âåêòîðíîå ïîëå â L2 âäîëü p(γ(t)), t ∈ R, ñ íà÷àëüíûì
åäèíè÷íûì êàñàòåëüíûì âåêòîðîì γ′(0).
2) Êàíîíè÷åñêàÿ ïðîåêöèÿ p : (SO(2, 1), d)→ L2 � ñóáìåòðèÿ [5], [4].
3) Åñëè γ(t), 0 ≤ t ≤ t1, � ïðîèçâîëüíàÿ (ïàðàìåòðèçîâàííàÿ äëèíîé
äóãè) ãåîäåçè÷åñêàÿ â (SO(2, 1), d) òî åå ïðîåêöèÿ p(γ(t)), 0 ≤ t ≤ t1,
â L2 ïàðàìåòðèçîâàíà äëèíîé äóãè.
4) Íà îñíîâàíèè ïðåäëîæåíèÿ 1, çàìå÷àíèÿ 2 è ëåâîé
èíâàðèàíòíîñòè ìåòðèêè d, äëÿ ïîèñêà âñåõ êðàò÷àéøèõ â
(SO(2, 1), d) äîñòàòî÷íî íàéòè âñå íåïðîäîëæàåìûå êðàò÷àéøèå
âèäà γ(t), 0 ≤ t ≤ t1, (0.9), ñ φ0 = 0.
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(Ëîêàëüíî) êðàò÷àéøèå ñïåöèàëüíîé ñóáðèìàíîâîé ìåòðèêè íà ãðóïïå Ëè SO(2, 1)



Êðàò÷àéøèå íà ãðóïïå Ëè (SO(2, 1), d)

Äëÿ ïîèñêà êðàò÷àéøèõ â (SO(2, 1), d) èñïîëüçóåì óòâåðæäåíèÿ 1) �
4). Â ÷àñòíîñòè, äîñòàòî÷íî èññëåäîâàòü îòðåçêè ãåîäåçè÷åñêèõ âèäà

γ(t) = exp(t(a− βc)) exp(tβc), 0 ≤ t ≤ t1, (0.25)

è èõ ïðîåêöèè

x(t) := p(γ(t)) = γ(t)·w0 = γ(t)·(1, 0, 0)T = (1+n,m,−βn)T , 0 ≤ t ≤ t1,
(0.26)

íà ïëîñêîñòü L2, ãäå m, n îïðåäåëåíû ôîðìóëàìè (0.21), (0.22),
(0.23) (ìû èñïîëüçîâàëè òåîðåìó 3).
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Ôîðìóëà äëÿ âû÷èñëåíèÿ ãåîäåçè÷åñêîé êðèâèçíû κ êðèâîé â
ïîëóãåîäåçè÷åñêîé ñèñòåìå êîîðäèíàò äàíà íà ñ. 164 â [3]. Äàëåå
ñòðîèòñÿ ïîëóãåîäåçè÷åñêàÿ ñèñòåìà êîîðäèíàò (u, v) â L2.
Êàíîíè÷åñêàÿ ïàðàìåòðèçîâàííàÿ äëèíîé äóãè ãåîäåçè÷åñêàÿ â L2

èìååò âèä γ̃(s) = (ch s, sh s, 0). Îòñþäà è èç èíâàðèàíòíîñòè
ðàññòîÿíèÿ â L2 îòíîñèòåëüíî äåéñòâèÿ ãðóïïû SO(2, 1) ñëåäóåò, ÷òî
ðàññòîÿíèå ìåæäó òî÷êàìè (t, x, y)T è (t1, x1, y1)

T â L2 ðàâíî

ρ((t, x, y)T , (t1, x1, y1)
T ) = Arcch(−{(t, x, y)T , (t1, x1, y1)T }). (0.27)

Ïóñòü (t, x, y)T � òî÷êà â L2. Òîãäà (1/
√
t2 − y2)(t, 0, y)T ∈ L2 è

âñëåäñòâèå (0.27) ðàññòîÿíèå îò ýòîé òî÷êè äî òî÷åê (t, x, y)T è

w0 = (1, 0, 0)T ðàâíî ñîîòâåòñòâåííî Arcch(
√
t2 − y2) è

Arcch(t/
√
t2 − y2). Îïðåäåëèì êîîðäèíàòû u, v òî÷êè (t, x, y)T òàê:

u = sgn(x)Arcch(
√
t2 − y2), v = sgn(y)Arcch

(
t√

t2 − y2

)
.

(0.28)
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Íåòðóäíî óáåäèòüñÿ â òîì, ÷òî âñå òî÷êè ëèíèè u = u0 îòñòîÿò îò
ëèíèè u = 0 íà ðàññòîÿíèè |u0|, ïðè÷åì ëèíèÿ v = v0 äàåò
êðàò÷àéøåå ñîåäèíåíèå òî÷êè (u0, v0) ñ ëèíèåé u = 0, à ëèíèÿ u = 0
� ãåîäåçè÷åñêàÿ, äëÿ êîòîðîé v � ïàðàìåòðèçàöèÿ äëèíîé äóãè.
Îòñþäà ñëåäóåò, ÷òî ýëåìåíò äëèíû â ýòèõ êîîðäèíàòàõ
îïðåäåëÿåòñÿ ôîðìóëîé

ds2 = du2 + ch2(u)dv2, (0.29)

ò.å. (u, v) � ïîëóãåîäåçè÷åñêàÿ ñèñòåìà êîîðäèíàò â L2. Êðîìå òîãî,
ïåðâûå ÷àñòíûå ïðîèçâîäíûå êîìïîíåíò ìåòðè÷åñêîãî òåíçîðà è

ñèìâîëû Êðèñòîôôåëÿ â ýòîé ñèñòåìå êîîðäèíàò ðàâíû íóëþ íà

ëèíèè u = 0. Îòñþäà, èç ïðåäëîæåíèÿ 1, ôîðìóëû (0.13) è ôîðìóëû
äëÿ κ íà ñ. 164 â [3] ëåãêî âûâîäèòñÿ

Ïðåäëîæåíèå 2

Ïðîåêöèÿ (0.26) èìååò ïîñòîÿííóþ ãåîäåçè÷åñêóþ êðèâèçíó κ, è äëÿ
åå êîîðäèíàòíîãî ïðåäñòàâëåíèÿ (u(t), v(t)) = (u(x(t)), v(x(t))),

u(0) = 0, v(0) = 0, u′(0) = 1, v′(0) = 0, κ = −v′′(0).
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(Ëîêàëüíî) êðàò÷àéøèå ñïåöèàëüíîé ñóáðèìàíîâîé ìåòðèêè íà ãðóïïå Ëè SO(2, 1)



Ïðåäëîæåíèå 3

Ãåîäåçè÷åñêàÿ êðèâèçíà ïðîåêöèè (0.26) ðàâíà κ = β.

Proof. Âñëåäñòâèå ôîðìóë (0.26), (0.21), (0.22), (0.23) è (0.28)

n(0) = m(0) = 0, n′ = m, n′(0) = 0, n′′(0) = 1

è ïðè ìàëûõ ïîëîæèòåëüíûõ t

v(t) = sgn(−β)Arcch

(
1 + n√

1 + 2n+ (1− β2)n2

)
, v′(t) =

sgn(−β)
sh(Arcch((1 + n)/

√
1 + 2n+ (1− β2)n2))

·

(
1 + n√

1 + 2n+ (1− β2)n2

)′
=√

1 + 2n+ (1− β2)n2

|β|n
· sgn(−β)β2nn′

(1 + 2n+ (1− β2)n2)3/2
=

sgn(−β)|β|n′

1 + 2n+ (1− β2)n2
.

Íà îñíîâàíèè ïðåäëîæåíèÿ 2

κ = −v′′(0) = sgn(β)|β|n′′(0) = β.
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Ñîãëàñíî òåîðåìå 3 äàëåå ðàññìîòðèì 4 ñëó÷àÿ: I) β = 0, II)
0 < β2 < 1, III) β2 = 1, IV) 1 < β2. Èç ïðåäëîæåíèÿ 3 è èçâåñòíûõ
ôàêòîâ ãèïåðáîëè÷åñêîé ãåîìåòðèè íåïîñðåäñòâåííî âûòåêàåò

Ñëåäñòâèå 1

Ïðîåêöèÿ (0.26)� I) ãåîäåçè÷åñêàÿ, II) ýêâèäèñòàíòà,
III) îðèöèêë, IV) îêðóæíîñòü.

Ëåììà 2

Â ñëó÷àå I) êàæäûé îòðåçîê γ(t), 0 ≤ t ≤ t1, � êðàò÷àéøàÿ.

Äîêàçûâàåòñÿ àíàëîãè÷íî ñëó÷àþ ãðóïïû Ëè (SO(3), d).
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Ïðåäëîæåíèå 4

Ïóñòü ïðîåêöèÿ (0.26) ãåîäåçè÷åñêîãî îòðåçêà (0.25), ãäå β 6= 0, íå
èìååò ñàìîïåðåñå÷åíèé (â ñëó÷àÿõ II è III ýòî âûïîëíåíî âñåãäà, à â

ñëó÷àå IV êîãäà 0 ≤ t1 < 2π/
√
β2 − 1), S(t1) = S(t1, β) � ïëîùàäü

êðèâîëèíåéíîãî äâóóãîëüíèêà P â L2, îãðàíè÷åííîãî îòðåçêîì (0.26)
è êðàò÷àéøèì îòðåçêîì [x(0)x(t1)] äëèíû r = r(t1) â L

2,
ψ = ψ(t1, β) � óãîë äâóóãîëüíèêà P . Òîãäà

S(t1) = |β|t1−2ψ, r = Arcch((1+n)(t1)), r′(t1) = cosψ =
m√

n(n+ 2)
.

(0.30)
Ïðè ýòîì S′(t1) > 0, t1 > 0; 0 < ψ < π/2 â ñëó÷àÿõ II è III, à â ñëó÷àå

IV êîãäà 0 ≤ t1 < π/
√
β2 − 1.
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(Ëîêàëüíî) êðàò÷àéøèå ñïåöèàëüíîé ñóáðèìàíîâîé ìåòðèêè íà ãðóïïå Ëè SO(2, 1)



Âñëåäñòâèå çàìå÷àíèÿ 1 ìîæíî ñ÷èòàòü, ÷òî β > 0. Îòðåçîê
[x(0)x(t1)] èìååò ãåîäåçè÷åñêóþ êðèâèçíó 0. Òîãäà ïåðâîå ðàâåíñòâî
â (0.30) � ïðÿìîå ñëåäñòâèå ïðåäëîæåíèÿ 3 è òåîðåìû Ãàóññà-Áîííå
ïðè K = −1, âòîðîå � ôîðìóë (0.26) è (0.27), ñëåäóþùåå � õîðîøî
èçâåñòíîå óòâåðæäåíèå ðèìàíîâîé ãåîìåòðèè (î ñóùåñòâîâàíèè
ñèëüíîãî óãëà), ïîñëåäíåå � ðåçóëüòàò äèôôåðåíöèðîâàíèÿ âòîðîãî
ðàâåíñòâà â (0.30). Íåðàâåíñòâà 0 < ψ(t1) < π/2 ñïðàâåäëèâû â
óêàçàííûõ ñëó÷àÿõ âñëåäñòâèå ïîñëåäíåãî ðàâåíñòâà â (0.30), ïåðâûõ
ôîðìóë â (0.21), (0.22), (0.23) è òîãî, ÷òî limt1→+0 ψ(t1) = 0.

Â.Í. Áåðåñòîâñêèé Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Îìñêèé ôèëèàë

(Ëîêàëüíî) êðàò÷àéøèå ñïåöèàëüíîé ñóáðèìàíîâîé ìåòðèêè íà ãðóïïå Ëè SO(2, 1)



Äîêàæåì îñòàâøååñÿ óòâåðæäåíèå. Èçâåñòíî, ÷òî â L2

l(r, α) = α sh r, (0.31)

S(r, α) =

∫ r

0

α sh sds = α ch s|r0 = α(ch r − 1), (0.32)

ãäå l(r, α) � äëèíà äóãè îêðóæíîñòè ðàäèóñà r ñ öåíòðàëüíûì óãëîì
α ≤ 2π, à S(r, α) �ïëîùàäü ñîîòâåòñòâóþùåãî ñåêòîðà. Îòñþäà, èç
(0.30) è âòîðûõ ôîðìóë â (0.21), (0.22), (0.23) ñëåäóþò ñîîòíîøåíèÿ

S′(t1) = (ch r − 1)ψ′(t1) = |β| − 2ψ′(t1),

ψ′(t1) =
|β|

ch r + 1
=
|β|
n+ 2

, (0.33)

S′(t1) =
|β|n
n+ 2

(t1) > 0, t1 > 0. (0.34)

Â.Í. Áåðåñòîâñêèé Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Îìñêèé ôèëèàë

(Ëîêàëüíî) êðàò÷àéøèå ñïåöèàëüíîé ñóáðèìàíîâîé ìåòðèêè íà ãðóïïå Ëè SO(2, 1)



Ïðåäëîæåíèå 5

1)Åñëè β 6= 0, òî ãåîäåçè÷åñêèé îòðåçîê (0.25) � íåïðîäîëæàåìàÿ
êðàò÷àéøàÿ, åñëè åãî ïðîåêöèÿ (0.26) � à) îäíîêðàòíî ïðîõîäèìàÿ
îêðóæíîñòü C, îãðàíè÷èâàþùàÿ êðóã ñ ïëîùàäüþ S(t1) ≤ π èëè á)
êðèâàÿ áåç ñàìîïåðåñå÷åíèé, îãðàíè÷èâàþùàÿ âìåñòå ñ êðàò÷àéøèì
îòðåçêîì [x(0)x(t1)] â L

2 äâóóãîëüíèê P â L2 ñ ïëîùàäüþ S(t1) = π.
2) Äëÿ êàæäîãî β 6= 0 ñóùåñòâóåò åäèíñòâåííîå t1 > 0 òàêîå, ÷òî
âûïîëíÿåòñÿ îäíî èç óñëîâèé à) èëè á); à) èìååò ìåñòî, òîëüêî åñëè
|β| ≥ 3/

√
5.

Â.Í. Áåðåñòîâñêèé Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Îìñêèé ôèëèàë

(Ëîêàëüíî) êðàò÷àéøèå ñïåöèàëüíîé ñóáðèìàíîâîé ìåòðèêè íà ãðóïïå Ëè SO(2, 1)



1) à) ßñíî, ÷òî γ(t1) ∈ SO(2). Òîãäà âñëåäñòâèå çàìå÷àíèÿ 2 äëÿ
òîãî æå β è ïðîèçâîëüíîãî φ0 îòðåçîê ãåîäåçè÷åñêîé (0.9) ïðè
t ∈ [0, t1] ñîåäèíÿåò òå æå òî÷êè, ÷òî è (0.25). Ñëåäîâàòåëüíî êàæäîå
ïðîäîëæåíèå îòðåçêà (0.25) íå áóäåò êðàò÷àéøåé.
Ïðåäïîëîæèì, ÷òî åñòü êðàò÷àéøàÿ γ2(t), 0 ≤ t ≤ t2 < t1, â
(SO(2, 1), d), ñîåäèíÿþùàÿ òî÷êè γ(0) = e è γ(t1). Òîãäà ïðîåêöèÿ
x2(t) = p(γ2(t)), 0 ≤ t ≤ t2, ÿâëÿåòñÿ îäíîêðàòíî ïðîõîäèìîé
îêðóæíîñòüþ C2 â L2 äëèíû t2 < t1 è ïîýòîìó îãðàíè÷èâàþùåé êðóã
ñ ïëîùàäüþ S(t2) < S(t1) ≤ π. Ñëåäîâàòåëüíî, íà îñíîâàíèè
òåîðåìû Ãàóññà � Áîííå ðåçóëüòàòû ïàðàëëåëüíûõ ïåðåíîñîâ â L2

äëÿ âñåõ íåíóëåâûõ êàñàòåëüíûõ âåêòîðîâ âäîëü C è C2 áóäóò
ðàçíûìè. Âñëåäñòâèå ãåîìåòðè÷åñêîé èíòåðïðåòàöèè ãåîäåçè÷åñêèõ
â (SO(2, 1), d), γ2(t2) 6= γ(t1), ïðîòèâîðå÷èå.

Â.Í. Áåðåñòîâñêèé Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Îìñêèé ôèëèàë

(Ëîêàëüíî) êðàò÷àéøèå ñïåöèàëüíîé ñóáðèìàíîâîé ìåòðèêè íà ãðóïïå Ëè SO(2, 1)



á) Ïóñòü P ′ � ñèììåòðè÷íûé äâóóãîëüíèêó P îòíîñèòåëüíî îòðåçêà
x(0)x(t1) äâóóãîëüíèê. Òàê êàê S(t1) = π, òî âñëåäñòâèå òåîðåìû
Ãàóññà � Áîííå ðåçóëüòàòû ïàðàëëåëüíûõ ïåðåíîñîâ â L2

êàñàòåëüíûõ âåêòîðîâ âäîëü îãðàíè÷èâàþùèõ P è P ′ çàìêíóòûõ
êîíòóðîâ ïðè ïðîõîæäåíèè ýòèõ êîíòóðîâ â ïðîòèâîïîëîæíûõ
íàïðàâëåíèÿõ áóäóò îäèíàêîâû. Ïîýòîìó íà îñíîâàíèè çàìå÷àíèé 1
è 2 è ãåîìåòðè÷åñêîé èíòåðïðåòàöèè ãåîäåçè÷åñêèõ â (SO(2, 1), d)
êðèâàÿ â L2, ñèììåòðè÷íàÿ ïðîåêöèè (0.26) îòðåçêà
(0.25)îòíîñèòåëüíî îòðåçêà x(0)x(t1), ïðåäñòàâëÿåòñÿ â âèäå
p(γ1(t)), 0 ≤ t ≤ t1, ãäå γ1 � íåêîòîðàÿ ãåîäåçè÷åñêàÿ â (SO(2, 1), d)
òàêàÿ, ÷òî γ1(0) = γ(0), γ1(t1) = γ(t1). Ñëåäîâàòåëüíî êàæäîå
ïðîäîëæåíèå îòðåçêà (0.25) íå áóäåò êðàò÷àéøåé.

Â.Í. Áåðåñòîâñêèé Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Îìñêèé ôèëèàë

(Ëîêàëüíî) êðàò÷àéøèå ñïåöèàëüíîé ñóáðèìàíîâîé ìåòðèêè íà ãðóïïå Ëè SO(2, 1)



Ïðåäïîëîæèì, ÷òî åñòü êðàò÷àéøàÿ γ2(t), 0 ≤ t ≤ t2 < t1, â
(SO(2, 1), d), ñîåäèíèÿþùàÿ òî÷êè γ(0) = e è γ(t1). Òîãäà
âñëåäñòâèå çàìå÷àíèé 1 è 2 ìîæíî ñ÷èòàòü, ÷òî êðèâûå (0.26) è
x2(t) = p(γ2(t)), 0 ≤ t ≤ t2, ëåæàò ïî îäíó ñòîðîíó îò êðàò÷àéøåé
x(0)x(t1) è ñîåäèíÿþò êîíöû ýòîé êðàò÷àéøåé. Ñëåäîâàòåëüíî íà
îñíîâàíèè ñëåäñòâèÿ 1 äâóóãîëüíèê P è äâóóãîëüíèê P2,
îãðàíè÷åííûé êðàò÷àéøåé x(0)x(t1) è êðèâîé x2(t), 0 ≤ t ≤ t2,
âûïóêëûå, ïðè÷åì ïåðåñå÷åíèå èõ ãðàíèö � êðàò÷àéøàÿ x(0)x(t1)
òàê êàê t2 < t1. Ïîýòîìó âñëåäñòâèå ïîñëåäíåãî íåðàâåíñòâà êðèâàÿ
x2(t), 0 < t < t2, ëåæèò âíóòðè P è S(t2) < S(t1) = π, ãäå S(t2) �
ïëîùàäü äâóóãîëüíèêà P2. Ñëåäîâàòåëüíî, íà îñíîâàíèè òåîðåìû
Ãàóññà � Áîííå ðåçóëüòàòû ïàðàëëåëüíûõ ïåðåíîñîâ â L2 äëÿ âñåõ
íåíóëåâûõ êàñàòåëüíûõ âåêòîðîâ âäîëü ãðàíèö P è P2 áóäóò
ðàçíûìè. Âñëåäñòâèå ãåîìåòðè÷åñêîé èíòåðïðåòàöèè ãåîäåçè÷åñêèõ
â (SO(2, 1), d) γ2(t2) 6= γ(t1), ïðîòèâîðå÷èå.

Â.Í. Áåðåñòîâñêèé Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Îìñêèé ôèëèàë

(Ëîêàëüíî) êðàò÷àéøèå ñïåöèàëüíîé ñóáðèìàíîâîé ìåòðèêè íà ãðóïïå Ëè SO(2, 1)



2) Íà îñíîâàíèè ñëåäñòâèÿ 1 è ïåðâîãî ðàâåíñòâà â (0.30) óñëîâèå a)
âûïîëíÿåòñÿ òîëüêî åñëè

β2 > 1, S

(
2π√
β2 − 1

)
= |β| 2π√

β2 − 1
− 2π ≤ π ⇔ |β| ≥ 3√

5
.

Åñëè æå 0 < |β| < 3√
5
, òî âñëåäñòâèå ïðåäëîæåíèÿ 4 ñóùåñòâóåò

åäèíñòâåííîå t1 > 0, äëÿ êîòîðîãî âûïîëíÿåòñÿ óñëîâèå á).
Äàëåå äëÿ êàæäîãî ÷èñëà β 6= 0 íàéäåì ÷èñëî t1 = t1(β),
óäîâëåòâîðÿþùåå óñëîâèÿì ïðåäëîæåíèÿ 5.

Â.Í. Áåðåñòîâñêèé Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Îìñêèé ôèëèàë

(Ëîêàëüíî) êðàò÷àéøèå ñïåöèàëüíîé ñóáðèìàíîâîé ìåòðèêè íà ãðóïïå Ëè SO(2, 1)



II) Íà îñíîâàíèè ïåðâîé ôîðìóëû â (0.30) äîëæíî áûòü

π = |β|t1 − 2ψ,
|β|t1
2

=
π

2
+ ψ,

π

2
<
|β|t1
2

< π. (0.35)

Èç ôîðìóë (0.35), (0.23) è ïîñëåäíåãî ðàâåíñòâà â (0.30) íàõîäèì

sin

(
|β|t1
2

)
= cosψ =

√
1− β2 ch(t1

√
1− β2/2)√

ch2(t1
√
1− β2/2)− β2

, (0.36)

− cos

(
|β|t1
2

)
= sinψ =

|β| sh(t1
√
1− β2/2)√

ch2(t1
√
1− β2/2)− β2

, (0.37)

Â.Í. Áåðåñòîâñêèé Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Îìñêèé ôèëèàë

(Ëîêàëüíî) êðàò÷àéøèå ñïåöèàëüíîé ñóáðèìàíîâîé ìåòðèêè íà ãðóïïå Ëè SO(2, 1)



III) Íà îñíîâàíèè (0.21), ïåðâîé è ïîñëåäíåé ôîðìóë â (0.30)
äîëæíû áûòü òå æå ôîðìóëû (0.35) ïðè |β| = 1 è

sin

(
t1
2

)
= cosψ =

1√
1 + (t1/2)2

. (0.38)

− cos

(
t1
2

)
= sinψ =

t1/2√
1 + (t1/2)2

,
π

2
<
t1
2
< π. (0.39)

Â.Í. Áåðåñòîâñêèé Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Îìñêèé ôèëèàë

(Ëîêàëüíî) êðàò÷àéøèå ñïåöèàëüíîé ñóáðèìàíîâîé ìåòðèêè íà ãðóïïå Ëè SO(2, 1)



IV) Íàèìåíüøåå ïîëîæèòåëüíîå t0, ïðè êîòîðîì x(t0) = w0, ðàâíî

2π/
√
β2 − 1. Ïðè ýòîì limt→t0−0 ψ(t) = π è âñëåäñòâèå (0.30),

S(t0) = (2π|β|/
√
β2 − 1)− 2π. S(t0) = 2π (ñîîòâåòñòâåííî S(t0) = π)

êîãäà |β| = 2/
√
3 (ñîîòâåòñòâåííî |β| = 3/

√
5). Ðàññìîòðèì òðè

ñëó÷àÿ:
a) |β| ≥ 3/

√
5, b) 1 < |β| ≤ 2/

√
3, , c) 2/

√
3 < |β| < 3/

√
5.

a) Â ýòîì ñëó÷àå âñëåäñòâèå ïðåäëîæåíèÿ 5

t1 = 2π/
√
β2 − 1. (0.40)

Â.Í. Áåðåñòîâñêèé Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Îìñêèé ôèëèàë

(Ëîêàëüíî) êðàò÷àéøèå ñïåöèàëüíîé ñóáðèìàíîâîé ìåòðèêè íà ãðóïïå Ëè SO(2, 1)



b) Â ýòîì ñëó÷àå íàéäåòñÿ åäèíñòâåííîå t1 òàêîå, ÷òî

0 < t1 ≤ π/
√
β2 − 1 è S(t1) = π. Òîãäà âñëåäñòâèå (0.22) è

ïðåäëîæåíèÿ 4

π = |β|t1 − 2ψ, 0 < ψ ≤ π/2, π

2
<
|β|t1
2

=
π

2
+ ψ ≤ π. (0.41)

sin

(
|β|t1
2

)
= cosψ =

√
β2 − 1 cos(t1

√
β2 − 1/2)√

β2 − cos2(t1
√
β2 − 1/2)

, (0.42)

− cos

(
|β|t1
2

)
= sinψ =

|β| sin(t1
√
β2 − 1/2)√

β2 − cos2(t1
√
β2 − 1/2)

. (0.43)

c) Ïîëó÷àåì òå æå ôîðìóëû (0.42), (0.43), íî íà ýòîò ðàç

π/
√
β2 − 1 < t1 < 2π/

√
β2 − 1, π/2 < ψ < π, π <

|β|t1
2

=
π

2
+ψ <

3π

2
.

(0.44)

Â.Í. Áåðåñòîâñêèé Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Îìñêèé ôèëèàë

(Ëîêàëüíî) êðàò÷àéøèå ñïåöèàëüíîé ñóáðèìàíîâîé ìåòðèêè íà ãðóïïå Ëè SO(2, 1)



Òåîðåìà 6

Ïóñòü (0.25), ãäå t1 = t1(|β|), � íåïðîäîëæàåìàÿ êðàò÷àéøàÿ â
(SO(2, 1), d). Òîãäà t1(|β|) � ñòðîãî óáûâàþùàÿ ôóíêöèÿ îò |β| > 0.

Proof. Âñëåäñòâèå ï. à) ïðåäëîæåíèÿ 5 è ôîðìóëû (0.40) ýòî
óòâåðæäåíèå âåðíî ïðè |β| ≥ 3/

√
5. Åñëè 0 < |β| < 3/

√
5, òî âåðíà

âòîðàÿ ôîðìóëà â (0.35). Âñëåäñòâèå íåå è (0.33)

t1 + |β|
dt1
d|β|

= 2ψ′(t1) ·
dt1
d|β|

=
2|β|
n+ 2

· dt1
d|β|

, t1 =
−|β|n
n+ 2

· dt1
d|β|

.

Îòñþäà è èç âòîðûõ ôîðìóë â (0.21), (0.22), (0.23) âûòåêàåò, ÷òî

dt1/d|β| < 0, òàê êàê 0 < t1 < 2π/
√
β2 − 1, åñëè 1 < |β| < 3/

√
5 è,

ñëåäîâàòåëüíî, òåîðåìà.

Â.Í. Áåðåñòîâñêèé Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë.Ñîáîëåâà ÑÎ ÐÀÍ, Îìñêèé ôèëèàë

(Ëîêàëüíî) êðàò÷àéøèå ñïåöèàëüíîé ñóáðèìàíîâîé ìåòðèêè íà ãðóïïå Ëè SO(2, 1)



Òåîðåìà 7

Äëÿ ëþáîãî ýëåìåíòà g ∈ (SO(2, 1), d), C(g) = gC(e) è
S(g) = gS(e). Êðîìå òîãî, S(g) ⊂ C(g),

C(e) = {γβ(t1(β)) : β ∈ R}, (0.45)

S(e) = {γβ(t1(β)) : β2 ≥ 1/3} = SO(2)r {e}; (0.46)

S(e) = S(e) ∪ {e} = SO(2), (0.47)

S(e) äèôôåîìîðôíî îêðóæíîñòè S1;

C(e)r S(e) = (C(e)r S(e)) ∪
{
γβ(t1(β)) = γ−β(t1(−β)) : β =

3√
5

}
,

(0.48)
C(e)r S(e) äèôôåîìîðôíî âåùåñòâåííîé ïðîåêòèâíîé ïëîñêîñòè ñ
óäàëåííîé òî÷êîé RP 2 r {∞}; C(e) ãîìåîìîðôíî (RP 2 r {∞}) ∪ R,
ãäå (RP 2 r {∞}) ∩ R îäíîòî÷å÷íî; C(e) ãîìåîìîðôíî
(RP 2 r {∞}) ∪ S1, ãäå (RP 2 r {∞}) ∩ S1 îäíîòî÷å÷íî.
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