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Mebl n3yyaeM TpexmepHble MHOTOFPaHHUKMN B MPOCTPAHCTBAX MOCTOSIHHOM
kpuemusHbl, E3, 53 u H3.

Onpeaenexne

Bbinykibisi MHOrorpaHHuK — 3TO BbiNyknasi koMbuHaums (B
COOTBETCTBYIOLLEN FEOMETPUN) KOHEHHOTO Habopa TOYeEK, Ha3bIBaEMbIX
BepLUNHAMU MHOIOrpaHHUKA.

Pebpo mMHOrorpaHHmka — 3T0 OTPE30OK FeOfe3NHECKOl, COEANHSIOWER napy
€ro BepLUMH.

[paHb — 3TO reoAesnyecknii MHOFOYrOJIbHUK, JIEXaLLnii Ha
rMNepnyioCKOCTUN, NPOXOAsLUE Yepe3 COOTBETCTBYIOLLMNE BEPLUWHBI.

Mo>xxeM BbIYUCASATL OAUHBI pebep, ABYrpaHHbIE U MAOCKUE Yribl, MIOWAAb
NOBEPXHOCTY MHOTFOTPaHHUKA U ero obbem.

Onpeaenerne

[lBa MHOrorpaHHUKa UMEKT OfNH N TOT XX& KOMOUHATOPHLIN TUM, ECAN UX
pebepHble CKENETbI SKBUBAJIEHTHLI KaK TOMOJOrM4Yeckme rpadbi.
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MeTpuyeckne COOTHOLLEHNS B rMNepboanyeckom

TpeyrosbHuKe

Teopema cunycos
sinA _ sinB _ sinC
sha shb  shc

Teopema kocuHycos |

chc=cha chb—sha shb cosC

Teopema kocuHycos |l

cosC = —cosA cosB +sinA sinB chc

Mnowaab TpeyronbHuka paeha S=n1—A— B — C.
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Motivation: polyhedra and 3-manifolds

Calculating volumes of polyhedra is a classical problem, that has been well
known since Euclid and remains relevant nowadays. This is partly due to
the fact that the volume of a fundamental polyhedron is one of the main
geometric invariants for a 3-dimensional manifold. Since Mostov rigidity
theorem it is a topological invariant also.

Every 3-manifold can be presented by a fundamental polyhedron. That
means we can pair-wise identify the faces of some polyhedron to obtain a
3-manifold. Thus the volume of 3-manifold is the volume of prescribed
fundamental polyhedron.
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Motivation: what we know about 3-manifolds in E3, S3, H3?

o E3 — there are just 10 Euclidean 3-forms (compact 3-manifolds
without boundary) — 6 orientable and 4 non-orientable;

o S3 — there is a complete list of spherical manifolds: cyclic case (lens
spaces), dihedral case (prism manifolds), tetrahedral case, octahedral
case and icosahedral case — all of them are prime, closed and
orientable;

o H3 — there is no such a list of hyperbolic 3-manifolds, we can just
order them by volume or complexity or whatever... By the way there
exist a manifold of minimal volume (Matveev—Fomenko—Weeks
manifold). But still, there are some manifolds with the same volume or
the same complexity. That is the reason why we need to know the
exact volume.
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Motivation: rational volume conjecture

The following problem is widely known and still open.

Rational volume conjecture. Let P be a spherical polyhedron whose
dihedral angles are in 7- Q. Then Vol (P) € 72 Q.

@ Examples

1. Let L, be a spherical Lambert cube with dihedral angles %’r, 2{, %”.
Then

2 2w 3w 31
Vol L <3,374>—5767T

2. Let P be a Coxeter polyhedron in S3 (that is all dihedral angles of P

are T for some n € N). Then the Coxeter group A(P) generated by
reflections in faces of P is finite and

Vol (S%)  2n?
Vol (P) = Tatp) ~a(py €7@
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Buckminsterfullerene or Cgg is the smallest fullerene molecule containing
pentagonal and hexagonal faces in which no two pentagons share an edge
(which can be destabilizing, as in pentalene). It is also the most common in
terms of natural occurrence, as it can often be found in soot.

The structure of Cgg is a truncated icosahedron, which resembles an
association football ball of the type made of 20 hexagons and 12
pentagons, with a carbon atom at the vertices of each polygon and a bond
along each polygon edge.
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Thank you for attention!
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