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ON THE DIOPHANTINE EQUATION x2 + c2m = yn

KA-LAM KUEH (Taiwan)

maklk@ccvax.sinica.edu.tw

In this note we apply existence of primitive divisors of Lucas numbers to
the investigation of the diophantine equation of the title.

Florian Lucas [5] using the results of Yu. Bilu, G. Hanrot and P. M. Voutier [3]
proved that diophantine equation

x2 + 32m = yn, (3, x) = 1, n > 3

in positive integers has only solution (x, y,m,n) = (46, 13, 2, 3) and thus proved a
conjecture of [1]. The same argument with a result of [2] gives complete solution of
the equation

x2 + 22m = yn, (2, x) = 1, n > 3

namely, the latter equation in positive integers has a unique solution
(x, y,m,n) = (11, 5, 1, 3).

In this note we consider in the positive integers the diophantine equation

x2 + c2m = yn, (x, c) = 1, n > 3. (1)

with a �xed c.

Theorem 1. If in (1) n is an odd number > 5, then there exists an odd prime

p such that p | c and p ≡ (−1)
p−1
2 (mod n).

Theorem 2. If in (1) c is a prime then either n = 4 or n = 8, m = 1,
c = 239, x = 28560, y = 13 or n is an odd number.

Remark. If c is a given prime then from theorems 1, 2 it follows a few possibility
for the values of n. For these possible values of n equation (1) for many cases can
be investigated by methods of works [1, 2, 4] or by some other way.

Proof of theorem 1. From (x, c) = 1 it follows that x2 + c2m ̸≡ 0 (mod 4)
and therefore x, c are integers with di�erent evenness. It means that the numbers
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x + cm
√
−1 and x − cm

√
−1 are relatively primes as integers in the �eld Q(

√
−1)

which has unique prime factorization. Hence, from

(x+ cm
√
−1)(x− cm

√
−1) = yn

and oddness n we have

x+ cm
√
−1 = (a+ b

√
−1)n (2)

where a, b are rational integers of di�erent evenness, y = a2 + b2. Considering
imaginary part of this relation, we see that b | cm.

Put α = a + b
√
−1, β = a − b

√
−1 and uk = αk−βk

α−β
. Since α + β and αβ are

non-zero coprime rational integers, α/β is not a root of unity (since, for example,
a, b are di�erent evenness) then sequence uk is a Lucas sequence. By the results of
[3] for all k > 30, uk has a primitive divisor. As to 5 6 k 6 30, k ̸= 6 all Lucas
numbers without primitive divisor are listed in Theorem C of [3]. No one of such
numbers is of the form a+ b

√
−1. Therefore un has a primitive divisor.

Let prime p be the primitive divisor of un. From (2) it follows cm = bun. Hence
p | c. According to de�nition of primitive divisor p does not divide even number
(α − β)2u1...un−1, i. e. p > 2. Therefore it remains to prove that p ≡ 1 (mod n) if
p ≡ 1 (mod 4) and p ≡ −1 (mod n) if p ≡ 3 (mod 4). Also note that (b, p) = 1

which is important.
For rational integers X, Y, Z, T we will write that X+Y

√
−1 ≡ Z+T

√
−1 (mod p)

if X− Z and Y − T are divided by p. In this notation the fact that un is divided by
p can be written as

(a+ b
√
−1)n ≡ (a− b

√
−1)n (mod p). (3)

Two cases are possible:
Case 1.) p ≡ 1 (mod 4).
Since (a± b

√
−1)p ≡ a± b

√
−1 (mod p) and (a2 + b2, p) = 1, then is

(a± b
√
−1)p−1 ≡ 1 (mod p). Therefore if p − 1 ≡ r (mod n), 0 6 r 6 n − 1, then

using (3) we have (a + b
√
−1)r − (a − b

√
−1)r ≡ 0 (mod p). Hence if r ̸= 0 then

ur ≡ 0 (mod p). It contradicts that p does not divide (α−β)2u1...un−1. Thus r = 0
and in this case the theorem is proved.

Case 2. p ≡ 3 (mod 4).
Since (a± b

√
−1)p ≡ a∓ b

√
−1 (mod p) there is

(a± b
√
−1)p+1 ≡ a2 + b2 (mod p).

Hence
(a+ b

√
−1)p+1 ≡ (a− b

√
−1)p+1 (mod p). (4)

Let p+ 1 ≡ r (mod n), 0 6 r 6 n− 1. From (3), (4) it follows that
(a+ b

√
−1)r − (a− b

√
−1)r ≡ 0 (mod p). As in CASE 1 we conclude that r = 0.
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Theorem 1 is proved.
Proof of theorem 2. Let n = 2k, k > 3 and (1) takes place. Then c ̸= 2 due

to [2]. Hence c is an odd prime. From

(yk − x)(yk + x) = c2m

and (x, c) = 1 we deduce that

yk − x = 1, yk + x = c2m.

Therefore
c2m + 1 = 2yk.

If k has an odd prime divisor then it contradicts to [6] that u2 + 1 = 2vk is not
possible in positive integers u > 1, v and k > 3. Otherwise by [7] the equation

u2 − 2v4 = −1

has only solutions (1,1) and (239,13). Thus we have proved theorem 2.
Corallary 1. For c = 5 Eq. (1) has no solutions in the positive integers.
Corallary 2. For c = 7 Eq. (1) has only solutions
(x, y,m,n) = (524, 65, 1, 3) and (x, y,m,n) = (24, 5, 1, 4).
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