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1. BBenenue

B 3Tux neKuusix Mbl pejIcTaBJ/sieM HEKOTOPble (hyHIaMeHTa/bHblE Pe3yJIbTaThl 06 0COOEHHOCTSIX
B KJaccuueckol 3anaue N rtes. [loHsiTne ocobenHocmu uMeeT JiBa CMbic]a B HeGeCHOH MeXaHHKe.
OmuH CcBfI3aH CO 3HAUEHHSIMH 3aBUCHMOMN TepeMeHHOM, /I KOTOPBIX cucTeMa auddepeHinatbHbIX
yPaBHEHHH, OTIHCHIBAIOLLAs JIBUKEHHE, TEPsieT CBOK CMbICJ/, HaTlpUMep, KOrja KakoH-HUOyIb 3HaMe-
HaTesqb obpalllaeTcs B HyJib. DTH 0COOEHHOCTH HA3bIBAIOTCS 0cOOeHHocmamu ypasHeruii. Jpyroi
OTHOCHTCS] K KOHEUHOMY 3HAUEHHIO HE3aBUCHUMOI MepeMeHHOH, 1J1si KOTOPOoro Beipoxkaaercs (blow up)
HeKoTopoe peleHne. JTa 0CO6EHHOCTb COOTBETCTBYET PElIEHHIO, TI0O3TOMY Mbl HAa3blBaeM ee 0cobeH-
HOCMb €O CMOAKHOBeHUeMm. B § 3 Mbl onpe/ieiiM 3TH MOHSATHS U YBUJIUM, KAKUE CBSI3H CYLLIECTBYIOT
MeXK1y HUMH.

OcHOBHO# 06beKT, pacCMaTPUBaeMblll B JAHHBIX JIEKIHSX, — TO IHHAMUYECKAs] CUCTEMA, COCTO-
siuiast u3 N tes (MaTepuabHbIX TOUEK) C MACCAMHU 1M1, M2, - . ., My, KOTOPbIE IBHXKYTCS B TPEXMep-
HOM eBKJIMJI0BOM npocTpaHcTse R 101 jeiicTBHEM CHIIbI B3aUMHOTO TIPHTSIKEHHS, MOIUHHSTIOIIeHCS
3aKOHY 0OpaTHbIX KBaJpaToB. B aGCcoJ/IIOTHOM CHCTEMe KOOPIMHAT MOJI0XKEHHe TeJ1a 1M ; 3a]1aeTCsl TpeX-
MepHbIM BeKTopoM q; = (i, ¢%,q3), i = 1,2, ..., N. Kongueypayus cucrembl MaTepHasbHbIX TO-
uek 3anaercsi 3N -MepHbIM BEKTOPOM q = (1,2, - - ., qx ). Koraa Toukd ABHKYTCS B IPOCTPAHCTBE,
q CTaHOBUTCS (hYHKIMEH OT BpeMeHH t. Mmnyabc Tesia m; paBeH p; = m;q;, 7 = 1,2, ..., N, rje Tou-
Ka o603HauaeT audpdepenpoBanue no ¢. Torna UMyJbc Bcell CUCTEMbl MaTepHaibHbIX TOUEK paBeH
p = (p1,P2, - - -, PnN). Onpenenum nomenyuarvryio pyHkyuio (KOTopasi Takxke paBHa nomeHyu-
QAAbHOL IHepeull, B3ATONH C IPOTUBOMOJOMKHBIM 3HAKOM ) CHCTEMbI MATEPHAJIBHBIX TOUYEK CJIEYIOIIHUM
obpasom:

m;m;
U:R™N\A = (0,00), U= Y, ﬁ
1<icj<n 14T D

'Florin Diacu, Singularities of the Newtonian N-body problem. Tlep. ¢ anra. A.T. Apsamacuesa. Cratbs 3 cGop-
Huka “3adaua Keniepa, cmoaknosenus, peeyrapusayus”, TOTOBALLErocs K u3nanuio MHCTUTYTOM KOMIBIOTEPHBIX MC-
cnenoBanni. bosee mosnas nnpopmaiys 06 n3naHuy npeacTaBaena Ha ¢. 281 —283.
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e | . | — eBKJIWJI0Ba HOpMa, a A TpeACTaBJsieT COO0H MHONCECNBO CIMOAKHOBEHILLL,

A= U Nij, ANjj={aeR*?, q;=q;}.
1<i<j<N

Ecan BbIOpaTh €IMHUIBI H3MepPEHHsT TaKUM 006pa3oM, UTOObl TpaBUTALlMOHHAS MOCTOSIHHAS pPaBHSI-
Jach 1, To ypaBHeHUs], ONUChIBAIOLIME JBM:KeHHe N TeJ TOJ JeHCTBHEM MX B3aUMHOTO TPaBUTAlU-
OHHOTO MPUTSKEHUS, 3a1aloTcsl 6N -MepHOH CHCTEMOH

4=M"p, (L1)
p = VU(q),
rne M — matpuua pasmepHoctu (3N x 3N) ¢ 3jeMeHTaMH my,my, my, Mg, Mg, M3, ..., MN,

mp, my Ha OOJbLIOKN IMArOHAJM U HYJIEBBIMHU 3JleMeHTaMH BHe auaroHan. O6paTHyio K Hell MaTpu-
1y 0603nauuM uepes M 1. 6N -mepHOe MHOXKECTBO MepeMeHHbIX (q, p) HasblBaeTcsl (hasoBoiM 1pO-
cmparncmeom. 3N -MepHOe MHOXKECTBO KOOPJMHAT HA3bIBACTCH KOHPUSYPAYUOHHIM NPOCMPAH-
CMBoM.

Ara cucremanpu N = 2u N = 3 6bl1a nosnyuena Mcaakom HeloToHom B ero uieespe Principia,
BriepBble onyoaukoBanHoM B 1687 r. Ho HbioToH Hcnosb3oBas s3biK reoMeTpuH, MOTOMY €ro ypaB-
HeHUs popMalibHO oTrdatloTcst ot ypaBHenui (1.1). [Toutn yepes crosierue Jleonapa ditnep nosyuu
ypaBHEHHUS IBHKEHHS B BUJIE, aHAJOTHUHOM TPUBEEHHOMY Bbillle. C TeX Mop 3Ty CHCTEMY HCCJIeI0Ba-
JI1 MHOTHe Bblatolecst matemaTtuku. Morann bepuysnu, yKozed Jlyu Jlarpanx, [Ibep Cumon Jla-
nuiac, Kapa ['ycras S1lko6u, Cumeon lenu [lyaccon, Cnupy Apertio, Jxkopmk Xuai, xxopmk dapsu,
Apuct lenpux bpync, Kapa Beitepuirpace, Aupu Ilyankape, [Tosb [Tennee, @opect P3it MoyaToH,
Jxopmk Ilssun bupkrod u Jlken [11asu — 370 f1a/eKo HEMOJHBIE CMTUCOK YUEHbIX MPOIILJIOTo, KOTO-
pble BHECJIM 3HAUUTEJILHbIN BKJIaJ B U3yueHue 3a1auu N Tesi. XOoTsi 0 3TOH TeMe Obld 0ny6JHKOBAHbI
TBICSIUM CTATeH, Mbl TO-TIPeXKHEMY oueHb MaJsio 3HaeM 00 ypaBHeHusix (1.1). Ilyankape nepsbim npu-
MeHUJ 151 U3YUeHHs] CUCTEMbl TeOMETPHUUECKHH MOJIXOJI, M €TI0 HJIeH JIETJIH B OCHOBY HOBOTO HampanJie-
HUs1 paboT 1O KAaueCTBEHHBIM METOJIaM, KOTOpPbIe UCMOJb3YIOTCS B HALLIM JIHU MPU U3YUEHHUH SIBJEHUI,
CB$SI3aHHBIX C Xa0COM, a TaKxKe IPYruX TMHAMUUYECKUX aCMeKTOB, BO3HUKAIOUIMX B TEOPHH HEJHHEHHBIX
cucreM (cMm. [6]).

2. llepBble MHTErpaJbl

BaxkHblil pe3yJ/ibTat, OTMETHBILINI KOHEI[ 3TI0XH KOJHUECTBEHHBIX METOJIOB B HeGECHON MeXaHHnKe
W OTKPBIBLLIHH 310Xy KAUeCTBEHHBIX HCCJIE0BAHUM, ObL MOJyueH HEMELKHM MaTeMaTHKOM DPHCTOM
[enpuxom Bpyncom. (Bekope mnocsie s3Toro nogoGHble pedysibraThl Oblid rnoJydeHbl [lennese u [TyaH-
kape.) B 6osb1iofi crathbe, comeprKalilell HeKoTopble mpobesbl B A0KasaTenbcTBax [ 1], BpyHe moka-
3aJ, uto cuctema (1.1) umeer He 6osee 10 JMHERHO HE3ABUCHMbIX ajreOpanuecKux Mo g U p HHTe-
rpasioB. B 370 BpeMst 0GbIUHbBIH MeTO/| H3yueHHst cucTeM JuddepeHianbHbIX YpaBHEHHH 3aK/I04ascs
B MOJIyUEHUH nepBblX UHMeepalos, T.e. BellleCTBEHHO3HAUHBIX (PYHKIHH, KOTOPbIe SIBJISIOTCS KOH-
cTaHTamu Ha penieHusx. C reoMeTpUuecKoi TOUKH 3pEHHsT MEPBbIH HHTErpaJl paccjanBaeT n-MepHoe
MpoCTpaHcTBO Ha (n — 1)-MepHble ciou. Ecau HafiieHo n anre6panyeckux HHTErpasoB, TO CHCTEMA 1.
JnddepeHanbHbIX YpaBHEHHH MePBOro MOpsiika CBOANUTCST K HAXOXKEHHIO PellieH sl n-MepHO# aJi-
reGpanueckoit cucteMbl. Ho ecsit XoTst Gbl 0JIHH HHTETpaJ SIBJISIETCS TPAHCIIEHIEHTHBIM, TO He OCTaeTCsl
HUKAKUX HaJIeXK]1 Ha TToJIyueHue pellieHust ajare6panueckoi CUCTEMbI.
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[Ipenbinyuiee nsyuenune cuctemsl (1.1) npuBeso k o6Hapyxkenuio 10 anreGpanuecKux nepBbiX HH-
TEerpaJsioB: UHMe2pas sHepeulL,

T(p) —U(q) = h, (2.2)

N
. 3N _ 1 115,12 _
rie T: R°Y — [0,00), T(p) = 3 ZlmZ |pi KuKemu4eckas snepeus i h — KOHCTaHTa UHTe-
1=
rpaJia SHepriH, 3-ro HHTerpana KiuHemuueckoeo MoMeHma,

N
Zq@' X Ppi = ¢, (2.3)
i=1

rae X o603HauaeT BEKTOPHOE MPOU3BENEHHE, C — TPEXMEPHbIH MOCTOSTHHBINH BEKTOp, 3-T0 UHTerpaJa
umnyaoca,

N
> pi=a, (2.4)
=1

rJle a — TPeXMEepPHbIH MOCTOSIHHBIA BEKTOP, ¥ 3-T0 HHTETpasa 4eHmpa mMacc,

N
Z m;q; — at = b, (2.5)
i=1

rjie a ¥ b — TpexMepHble MOCTOSTHHbIE BEKTOPbI. [ T0CKO/IBKY IpYyruX JUHEHHO HE3aBUCHMBIX asirebpan-
UeCKHMX MHTErpaJsioB He cyllecTByeT, cuctema (1.1) cBomuTest ToIbKO K cucteMe pagmepHocTd 6N — 10.
B 1eficTBUTENLHOCTH, HCTIOJIb3YSI HEKOTOPble CHMMETPHH, PEIYKIHI0 MOXKHO YJIyUlIUTb 10 6N — 12.
OueBHJIHO, UTO 3TOTO HEJIOCTATOUHO JIJIs1 PellleHust TPOU3BOJIbHOM 3anauu N Tesi npu N > 3, HO HHTe-
rpaJibl O-TpeXKHeMY TM0JIE3HbI Il TOHWKEHHUST PAa3MEPHOCTH CUCTEMBI U JI/Isi TOHUMaHHsT HEKOTOPBIX
KaueCTBEHHbIX aCMeKTOB, CBA3aHHBIX C PelIeHUSIMH.

3 unterpasos (2.4) u (2.5) caenyert, uto 63 notepu o6UIHOCTH HccseoBaHue cuctembl (1.1)
MOXKET ObITh OTPAHHUEHO UHBAPUAHMHOIM MHONMcecmaom Q X P, e

N N
QZ{MZTMCM:O} 1 PZ{P|Zpi:O}.
i1 i1

C q;)I/ISI/IquKOﬁ TOYKH 3PEHHS 9TO O3HAUAET, UTO Mbl MO2KEM (i)HKCI/IpOBaTb HayaJio KOOpAUHAT B LIEHTPE
MaccC CUCTEMbI MaT€pHaJIbHBIX TOUECK.

3. Ocob6eHHOCTH

3anaua o6 nccse0BaHMH 0COOEHHOCTEH €CTECTBEHHO BO3HHKAET U3 Haubosiee yHIaMeHTalb-
HOM 3ajaun Teopuu AuddepeHHalbHbIX YPaBHEHHI: CyLIeCTBOBAHHE M €IMHCTBEHHOCTb Ty100asb-
HbIX pelenuit st 3anaun Kowm. [leficTBUTE/bHO, 3aMeTHM, UTO JUIsl 3aJlaHHBIX HayaJbHBIX YCJIO-
Buit (q, p)(0) € (R3V\ A) x R3*" crannapTHble pesy/IbTaThi, puMeHeHHbIe K chcreme (1.1), rapan-
THPYIOT JIOKAJIbHOE CYLIIeCTBOBAHHE €IMHCTBEHHOTO aHAJIMTHUECKOTO pellieHusi (g, p), OrpeJieJIeHHOro
Ha HeKoTopoM uHTepBadie [0, ¢T). DTo pelleHne MOXKET ObiTh AHATUTHUECKH [POIOJIKEHO HA HHTEPBAJ
[0,¢%), rie 0 < tt < t* < oco. Ecom t* = o0, To peliende onpeneserno riodansHo. Ecan t* < oo,
pelleHne UMeeT 0cobeHHocmo U t* Ha3bIBAOT 0COOEHHOCMbI0 9TOro petleHust. C Ipyroit CTOPOHbI,
cucrema (1.1) umeer ocobenrnocmu, korna q € A. JlefictBuresnbHo, ypaBHenust (1.1) Tepsitot cBoit
CMBICJI, TOCKOJIbKY, T10 KpaiiHeil Mepe, o/t U3 3HameHaTesieil B VU (q) CTaHOBHTCS PABHBIM HYJIHO.
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OueBHIHO, CYLIECTBYET TeCHasl CBA3b MEXJY PelleHUsIMH ¢ 0COGEHHOCTSIMH U OCOOEHHOCTSIMU
cucrembl. Jlanee B 3ToM naparpade Mbl OKaxeM, U4TO KaxJoe pellieHne ¢ 0co6eHHOCTbIo (g, p) Ta-
KOBO, uTo q(t) — A nput — t*, MOCKOJbKY B POTHBHOM CJlyuae pelieHre Oblio Obl OMpeieseHo
ri06abHO. [TocKobKy A — 3TO MHOYKECTBO CTOJIKHOBEHHH, Mbl MOXKEM CJI€1aTh MOCIEIHbIH BLIBOJI,
yTO J1106ast 0COOEHHOCTD SIBJIsSIETCS CTOJMKHOBeHHeM. Ho 3To BepHO JHLlIb B TOM cJlydae, KOrjia g CTpe-
MHUTCS K seMeHTy 3 A. MoKeT oKaszaTbcs, UTo  CTpeMUTcst K A 6e3 aCUMITOTHUECKOH (asbl, T. €.
OHO OyJ1eT K0oJ1e6aThCsl MEXKIy Pa3/IMUHBIMU J1EMEHTAMHU, HO He IOCTUTHET OMNpe/Ie/IeHHOTO MOJO0XKEHHSI.
AT0 03HAYAET, UTO MOTYT CYIIECTBOBATh 6ECCTOMKHOBUTEbHBIE pelleHns ¢ ocobeHHocTIMU. O6cyaum
3TO0 MOAPOOHO.

VcTopusi He naeT sicHoro oTBeTa, KOrjia HauaJioch HeeseoBane ocobentocteil. B cBoem hynna-
MeHTtasbHOM Tpakrtate [30] Aypen Yunruep ynomunaet, uto B XIX B. mpuBeneHHOe HUKe MPeTIOKe-
Hue 3.1 6110 06111eM3BECTHBIM cpeit UccaenoBaTeseil. O603HauuM

= min L
p(q) | n i,

rie ¢ij = |q; — q;| — paccTosiHue MexKy MaTepHaibHBIMK TOUKAMH C MaccaMu m; U m;. Mbl MoxeM
JI0Ka3aTh CJIEAYIOLLUHA pe3ysbTar.

Mpennoxenue 3.1. Ecau (q,p) — anaiumuueckoe peuerue ypasrenuii (1.1), onpedesen-
Hoe Ha [0,t*), mo t* asasemcsa 0cobeHHOCMbIO M0eda U MoAbKO moeda, K0eoa

lim inf p(q(t)) = 0.

t—t*

Jlokasameavcmso. CHauana MpHUBeJEM J10Ka3aTeJbCTBO HEOOX0MMMOCTH. JIisi 3TOro nperno-
JIOYKHM, UTO CYLIECTBYET Takoe a > 0, uTo li{n g}f p(q(t)) = a. OTcroza ciielyer, uTo CyLIECTBYIOT ¢
—

u3 [0,t*) u B us [0, a) Takue, uto g;;(t) > [ s Beex ¢ B [to, t*). [TockosbKy n3 ypasrenuii (1.1),

N
Gi= Y myla;—a)g;’ i=12....N,
J=L1j#
N
caenyer, uto |&;| < B72(Y. my),i = 1,2, ..., N, mostomy § orpannuena. 3anucbisas Kondurypa-

=1
LHIO q B BUJIE psilia Teﬁmopa OTHOCHUTEJIbHO to C OCTATOYHBIM HJICHOM B I/IHTel"paJ'[bHOﬁ (bopMe

alt) = a(to) + (¢~ w)atto) + [ (¢ = 7))

to

1 T0JIb3YSICh TEM, UTO § OrpaHHueHa, Mbl TPUXOUM K 3aKJIOUEHHIO, UTO CYILIECTBYIOT BeKTOopa q* U p*
takue, uto lim q(t) = q* u lim p(¢t) = p*, T.€. UTO q U P CTPEMSATCS K MPENEJbHBIM MOJOKEHHSIM.
tt* t—t*

Ecoii Mb1 0603HauMM g;; = laf — qj], TO, q;kj > GanaBeexd,j=1,2, ..., N, npui # j. Dusudeckn
3TO 03HAUAET, UTO B3aUMHbIE PACCTOSTHUSI MEXKJly MaTePUaILHBIMH TOUKAMH CTPOTO TMOJIOYKUTETbHbI B
MOMEHT BpeMeHHU t*, M03TOMY TeJla MOTYT MPOAOJIKUTL ABHKeHHe. OTCloJa Mbl JieJlaeM BbIBOJI, UTO
MBI TIPUIIJIM K TPOTHBOPEUMIO C MPEJIOXKEHUSIMHU, TT0Ka3aB, UTO pellieHHe SIBJISIETCS aHAJUTHUECKHM
npu t*. Maremartuueck roBopsi, 06JacTb, B KOTOPOil orpejiesieHo pelieHue (q,p), 3aBUCHT OT [3, a
CJIEJIOBATENBHO, H OT @, HO HEe 3aBUCHT OT HauyasbHbIX ycaoBuH. [ToaToMy, ecin Mbl BbiGepeM JaHHbIe
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JI0CTATOUHO GJIM3KO K HAUa/IbHBIM YCJIOBHSM t*, @* 1 p*, IPUBOASILLMM K PELLIeHHIO (q, P), TO COOTBET-
CTBYIOLLIeE pelleHHe Mo-TpexKHeMY Oy/1eT aHaJMTHUECKUM NPH t*. DTO NPOTHBOPEUHT MPEATION0KEHHIO
 JI0Ka3bIBaeT HeOOXOAMMOCTD TPELI0KEHHS.
Tenepp mnpuBeaemM J10Ka3aTesbCTBO  JIOCTATOYHOCTH. [lasi  3TOro  MpearnoJsiozKuUM, —uTo
li{n litnf p(q(t)) = 0. OueBnaHO, ecsu { CTAHOBUTCS HEOrPAHHUEHHOH Mpu ¢ — t*, To t* sABAsIeTCS
e

ocobenHocThlo. [Tostomy Gyziem nosarats, uto {(¢) orpanndena npu Beex ¢ us [0, t*). Torna nus cucre-
Mbl (1.1) caenyer, uto VU (q) Takke orpannuena. [TockosbKy

LU(a(t) = [VUa(®)] (),

%U(q(t)) TaKKe orpaHHueHa, v MosToMy Takxke orpanuuena U(q(t)). Ho u3 cremannoro namu BHa-

yasie npeanosoxkenus liminf p(q(¢)) = 0 caenyer, uto limsup U(q(t)) = oo, 4TO NPOTHBOPEUHT
t—t* t—t*
Mpe/blIyIeMy 3aKIOUeHHI0. DTO 3aBeplaeT 10Ka3aTeJbCTBO J0CTATOUHOCTH. [

B 1895 r. mo npurnauiennto koposs LLsennn u Hopserun Ockapa Il ITosib [lensnieBe npounran ce-
pHIo JieK1il B yHuBepcutere CTOKrosbMa, Ha MepBoi K3 KOTOPBIX MPUCYTCTBOBAJ KOPOJb. B aTHX slek-
uusx [lenneBe paccmMoTpest HECKOIbKO MPo6JseM U3 TeopHH uddepeHIInaNbHbIX YpaBHEHNH, BKJ/IIOUAs]
ocoOeHHocTH B 3a1aue N Te. B 1897 1. oH ony6uMkKoBaJsl CBOM JIeKLHOHHBIE 3aMeTKH [19], KoTopble
cojieprKat nepBoe cUCTeMaTHuecKoe u3yueHne 3Tux ocoOeHHocTel. Ero nepsbiM pedysbraToM OblI0
yJyuieHHoe npeasioxkenue 3.1. IlensneBe cymen nokasatb, uto t* siBjisieTcsi 0COOEHHOCTBIO TOTAA U
TOJILKO TOT/1a, Koraa q(t) — A npu t — ¢*. 9T0 5KBUBAJIEHTHO HUZKETPUBEIEHHOMY YTBEPXKIEHHIO.

Mpennoxenue 3.2 (Mennese, 1895 r.). Ecau (q,p) — anHaiumuueckoe peuleHue ypagre-
Huil (1.1), onpedeaenroe na [0,t*), mo t* asasemcs 0ocobeHHOCMbIO Mo20a U MOALKO moeda,
Koeoa

lim p(q(t)) = 0.
t—t*

Hokasameavcmeso. JloKazaTesbCTBO J0CTATOYHOCTH caeayeT u3 npemtoxkenus 3.1. [Tostomy
HaM HY>KHO MOJYYHTh JI0KA3aTeJbCTBO JIMIb HEOOXOJAUMOTr0 YCA0BHS. JIJisi 3TOr0 MpearnonoKum, uTo
cyuiectByetT a > 0 Takoe, uto lim sup p(q(t)) = a. OTcioaa cieyer, uTo CyleCTBYeT Mocje/10BaTe b-

t—t*

HOCTb MOMEHTOB BpeMeHH (t, ), ¢ t, — t* TaKas, uto ¢;;(t,) = a > 0 g Beexd, jnpul <i < j < n.
CJiefoBaTe/IbHO, MOTEHIMAIbHAS (PYHKIIMS OrpaHHUeHa B 3THX TOUKaX, T. €. cyliecTByeT b > 0 Takoe,
uto U(q(t,)) < b UIsi Bcex MOJIOKUTENbHBIX 1lesbiX uhcea n. M3 unrerpana snepruu (2.2) cueny-
etr, uto T(p(tn)) < b+ h st Bcex n, a cJieloBaTesbHO, CYLIECTBYeT KOHCTaHTa «y > 0 Takasi, uTo
|p(tn)| < 7y anst Bcex n. Kak Mbl okasasu B 10Ka3arteabeTBe npeioxennst 3.1, o6aactb onpeaene-
HUsI pellIeHHi He 3aBUCHT OT BbIGOpa Haua/bHbIX YCI0BHH. [T05TOMY JI/Isi HEKOTOPBIX HAYaIbHBIX JaH-
HBIX Ty, q(tn) 71 p(tn) MpH t,,, IOCTATOUHO GJU3KOM K t*, Mbl MOYKEM 110KA3aTh, UTO PeLlEHHE SIBJSIETCS
AHAJIMTHYECKUM MPH t*. DTO MPOTHBOPEUUT MOCHIJIKE, UTO t* sIBJISIETCS 0COOEHHOCTHIO U JI0KA3bIBaeT
yTBepKJIeHHe HeOOXOJUMOT0 YCJIOBHSI.

4. CTOJKHOBEHHUS

[Tpennoxenne 3.2 1103B0JISIET HAM OMPEIENHTh t* KaK 0COOEHHOCNb CO CMOAKHOBEHUEM, €CIIH
q(t) umeer ornpeeseHHbll pees npu ¢t — t*, T.e. ecan q(t) cTpemurest K A, 10CTHrast B KOHeU-
HOM HTOTe KaKoro-jm6o u3 ero ssnemenToB. OcoGeHHOCTD ¢*, He MpUHAIEKALLYI0 STOMY THITY, Oy/ieM
Ha3bIBATb 11€e800CMONKHOBEHUEM WIH OCODEHHOCMbIO 6e3 CMOAKHO8eHUs. [1ceBI0CTOIKHOBEHHE
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MOKET BO3HUKHYTh, TOJILKO €CJii (1) CTpeMuTCes K A, He IOCTHrast B KOHEUHOM UTOTe HUKAKOTO U3 €ro
3JIEMEHTOB.

Mo2KHO JIeTKO T10Ka3aTh CyllleCTBOBaHHe 0COOEHHOCTEH CO CTosMKHOBeHHeM. Hampumep, Koraa
BCE MaTepuasibHble TOUKH JIBHAKYTCS MO MPSIMOH, TO B OYyLIEM WM B TPOIIIOM J0JKHBI TIPOUCXO-
JIUTh, MO KpakHeil Mepe, GMHAPHbIE CTOJIKHOBEeHHsI. Mbl CTPOTO JI0KaxKeM 3TOT pedyJbTat B § 6. OHako
CyLILeCTBOBaHHE MCEBIOCTONKHOBEHHH BecbMa HesicHO. Hecso:kHO Mokasath, uTo B 3ajaue JBYX TeJl
MCeBN0CTOJNKHOBEeHUH He cyulecTByeT. B 1895 r. [leHsieBe nokasas, uTo TO Ke camoe BEPHO U /s 3a-
nauu Tpex tesi. [IpuBenem noapo6Hoe H3J0KeHHe.

Teopema 4.1 (Ilennese, 1895 r.). B 3adaue mpex men 8ce 0ocobeHHOCMU BO3HUKAION
U3-30 CMOAKHOBEHILL.

Hokasameabcmso. Mbl nokazkeM, uto ecau lim p(q(t)) = 0, To, Mo KpaiiHeit Mepe, 01HO U3
t—t*

B3aMMHBIX PACCTOSHHUI q12(t), go3(t) Wan gs1(t) cTpemures K 0, korna t — t*. [Ipemrnosnoxum, 4to 310
He Tak, T.e. limsup ¢;;(t) > 0 ansa Beex 4,7 = 1,2,3, npui # j. Torna p(q(t)) — 0, ToaBKO ecau,
t—t*

Mo KpahHel Mepe, IBa U3 B3aUMHbBIX PACCTOSIHUH, CKaXKeM @13 U @23, NOOUYEPEHO CTAHOBSTCS MUHH-
MaJibHbIM paccrosiiueM. [1yctb (), — nocJ/enoBaTelbHOCTb MOMEHTOB BpPeMeHH, KOJa MPOUCXOIUT
riepeMeHa poJiell. DTo 03HauaeT, uto q13(t,) = q23(ty,) AJ151 BCEX MOJNOXKUTENbHBIX LeJbIX 1. [TocKoJb-
Ky t, — t*, kKorma n — oo, 10 q13(ty) — 0, g23(t,) — 0, ¥ U3 HepaBeHCTBA TPEYrOJbHUKA TaK¥kKe
q12(tn) — 0. ITostomy J(q(t,)) — 0, re

N
Ja) = 3> milail? (4.1)
i=1

SIBJISIETCST MOMEHIMOM UHepUUU. ﬂeﬁCTBHTeJ’[bHO, HCITI0JIb3Yyd TOT q;)aKT, YTO LUEHTP MacC CUCTEMbI Ma-
TepHaJIbHbIX TOUEK JIE2KUT B HadaJie KOOpAUHAT, JIETKO MoKa3aTb, YTO MOMEHT HHEPLIMH MO2KHO BbIpa-
3UTb Yepe3 B3auMHbI€ paCCTOsIHUA KaK

J(@) = (mi+ma+mg)™ D mimyg,
1<i<j<3

M 3TO COOTHOILIEHHE JI0KasbIBaeT, uto J(q(ty)) — 0, Korna n — oo. C NoMOILbI0 COOTHOIIEHHS SIKO-
6u—Jlarpanxa,

J(a(t)) = U(a(t)) + 2h,

rie h — KOHCTaHTa MHTerpaja SHepruM, MOXKHO T0KasaTh, uto J Bcerna umeer mpenes J* (kKo-
HeuHbIHl WM GecKoHeuHsllt), korna ¢t — t*. Caenosatesbho, J(q(t)) — 0 npu t — t*, nostromy
q12(t), q13(t), g23(t) — 0, Korna ¢ — t*, 4TO MPOTHBOPEUUT HAYAJILHOMY TPEATOJOKEHHUIO U JI0Ka-
3bIBAET TEOPEMY. ]

Bce nonbitTku [lensnese nokasate aHaJorMUHbIA pe3yJbTar st GoJiee ueM Tpex TeJl POBAJIHIIHCH.
Torna oH peluJ, 4To MOTYT CYIILECTBOBATH MCEBOCTOJNKHOBEHHSI, HO He 3HAJI, KaK I0Ka3aTh CyLIECTBO-
BaHue Takux peuleHui. [TosTomMy oH 3aBeplIns CBOH aHa/M3 0COOEHHOCTEH CcJlelytolllel THIoTe30H.

lunore3a leunaese. /[1a N > 4 cywecmsyrom pewenus (q,p) cucmemol (1.1), onpederen-
Hole Ha [0,t*), 019 komopeix t* a8a3emcst 0c0b6eHHOCMbI0 6e3 CMOAKHOBECHUSL.

Jloka3zaTesbCTBO UCTHHHOCTH runoTe3bl [IeHsieBe ObIIO MOJTydeHo MOUTH Yepe3 cTo JeT. Mbl 06-
CYJIMM 3TO JOCTHXKeHHe B § 8.
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5. [lceBaocTONKHOBEHUS

Cuieyroliii Liar B pellieHHH 3a1auu O CylIeCTBOBAHHH MCEBOCTOJIKHOBEHHH OblJT C/le/IaH 1IBel-
CKMM MaTeMaThkoM Jdasapaom Xyro ¢on Lefinesem. [Tocse nosyuenus crenenu nokropa uaocohun
B YHHBEpPCHTETe YNIcasbl OH HEKOTOPOEe BpeMsl 3aHUMaJICsl HaydHO-HCC/Ie/I0BaTebCKOH paboTol B
[Tapuxe. OH, BeposTHO, 06cykaan npobaemy ocobenHoctel ¢ [leHneBe u mocse Bo3BpalleHus 10-
MO# onyOJIMKOBaJl KOPOTKYHO cTaThio [29], cofepzKalllyto yIHBUTE/bHbIA pe3yJbTaT: /151 BO3HUKHOBE-
HUSI TICEBIOCTOJKHOBEHHUS PellIeHHE HE MOXKET CTPEMUTLCS K OTpeieIeHHOMY Mpeiesly M 00513aTeIbHO
JIOJDKHO CTaTh HEOrpaHUUYEHHbIM 3a KoHeuHoe BpeMsi. OH BbIPA3HJ 9TO CBOHCTBO, HCTOJ/b3Ys MOMEHT
uHepuuH (4.1), KOTopbIil sIBJIsIETCS] MEpO pacrpesie/ieHust MaTepuaJsbHbIX TOUEK B IPOCTPAHCTBE.

Teopema 5.1 (don Leitnean, 1908 r.). Ecau (q,p) — pewenue cucmemot (1.1), onpede-
aennoe Ha [0,t*), c ocobennocmoro t* makogo, umo tlir? J(q(t)) ssasemes koneunoim, moeda t*
¥
BO3HUKACM U3-30 CIMOAKHOBEHUS.

Pesynbrat doH Lleiinesns, ony6nKoBaHHbIN B MaJIOM3BECTHOM »KYpHaJle, 0OCTaBaJICsl IPAKTHUECKH
He3aMeueHHbIM B TeueHue OoJjiee ueM Tpex aecatusnetuid. B 1920 r. [xken [llasu takxke ony6/nKoBas
ero B [2] 6e3 1okazaTtenbcTBa M 6€3 Kakux-au60 ccoliok Ha (on Llefinens. Bnepsble Bkaan don Leii-
neJist 611 otMeueH Aypesiom YuntHepoM B [30], KOTOpBIH yTBEpKAaJ, UTO 10KA3aTeNbCTBO HMEET MPOo-
6eJibl 1, CJ1e0BaTeIbHO, He MOXKeT ObITh poBepeHo. [TepBoe nogpo6Hoe nokasarenbctso [anca-Op-
reHa Cniepsivra [27] nosiBusioch B 1970 r. Hakonely, B 1986 r., Puuapa Makluxu [ 18] netanbHo onucan
MCXOJIHOE JI0Ka3aTebeTBO (oH Llefinesis, mokasas, UTO HCXOMHOE 10KA3aTEJNbCTBO ObIIO COBEPIIEHHO
TPaBHJILHBIM.

JokasarenbctBo ¢oH Llefinesnst ocHoBaHO Ha KJ1aCcTEPHOM PasJioXKeHHH MaTepHabHbIX TOUEK, KO-
TOpOE MPUBOJUT K BeCbMa I'POMO3JKMM TeXHHUeCKHM o603HaueHHsiM. [TosTomy BMecTo mojapoGHO-
O U3JI0XKEHHsT ITOTO J0KA3aTeNbCTBA Mbl MPUBEJIEM JI0Ka3aTebeTBO GoJiee obliero pesysbrata Jlo-
Hasnbaa Caapu [21], KoTopbiii elile GoJiblile MPOSICHSIET MOBeeHHE JIBUXKEHUH U151 PellleHUH, BEIyIHX K
TCEBLO0CTOJNKHOBEHHSIM.

Teopema 5.2 (Caapwm, 1973 1.). Ecau (q,p) — pewenue cucmenot (1.1), onpedeserroe Ha
[0,t*), c ocobennocmoio t* makoe, umo J(q) 2641emcs MelJIEHHO MeHsIoLLelcs pyrKyuei om t
nput — t*, moeda t* 803HuUKAEM U3-30 CMOAKHOBEHUS.

HABPOCOK IOKA3ATEJIbCTBA. CHauaJsa HanoMHAM, uto (yHkums f: [0,t*) — R HasbiBaeT-
csl MeOAeHHO MeHaowelics npu t — t*, ecan st Beex a > 0,

- fla(t —t))
lim Y e
t—t* f(t —t%)
WMest mokasaTesbCTBA COCTOUT B TOM, UTOOBI OKA3aTh, UTO MCEBIOCTOJIKHOBEHHE MOKET BO3HHKHYTH,
TOJILKO €CJTH IIPOUCXOIUT HEKOTOPOTO pojia KosiebaTesibHOe IBUKeHH e, GoJiee TOUHO, €CJTH CYLIECTBYIOT
pasJIMuHbIC UHJEKCHI ¢ U j TAKHE, UTO
liminf g;;(£)J"Y2(q(t)) =0 wu limsup ¢;(t)J%(q(t)) > 0
L qij q = P Gij q .
—t t—t*
DTo J0CTHraeTcsl MyTeM J0Ka3aTeJqbCTBa TOTO, UTO CYLIECTBYeT Takasi MOCJel0BaTeNbHOCTb (ty,)n,
ty, — t*, UTO LISt BCEX JIEMEHTOB MOCJEN0BATELHOCTH ¢y (ty,) < €JY2(q(t,)) Mnst HEKOTOPBIX HH-
JIEKCOB i 1 j, Tie € > 0 POM3BOJILHO MaJia, TOra Kak gij(t,) > bJ'/2(q(t,)) 1151 HEKOTOPBIX APYTHX
MHJEKCOB, rae b > 0 — ¢uKCHpoBaHHAsh KOHCTAaHTa. DTO 03HAUAET, YTO HEKOTOPbIE MaTepHalbHble

TOUKH 00Pa3yloT KJIACTePhl, B TO BPeMs KaK paCCTOSTHUS OT HUX JIO IPYTHX MaTepHaibHbIX TOUEK orpa-
HuueHbl cHUdy. [Topo6HOe U3J0KeHHe oKa3aTeNbCTBa CM. B [21].
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6. YactHble cayuau

B roii :xe camoit pa6ore [21] Honanbn Caapu nokasas, 4To ec/id rpaBUTAlMOHHOE JIBHUXKEHHE 7
MaTtepHasbHbIX TOUEK MOXKET TPOUCXOJUTH TOJILKO Ha MPSIMOK JIMHUH, TO HA KaXK/IOM PellIeHHH TPOUC-
XOJIUT CTOJIKHOBEHHE, HO HE MOXKET MPOUCXOAUTh MCEBIOCTOJNKHOBEHHH. B cBoeM noKasaresnbcTBe OH
MCIOJIb30BaJ CJEYIONINH pe3yJbTar.

Jlemma o Bbinykaocru. He cywecmsyem, no kpainei mepe, 06axcdo. Ouggepenyupyenoix
¢pyuryui f: R — R makux, umo f >0u f <0 (uau f <O0u f > 0) na R.

[1pu nokasaresnbCcTBe JeMMbl TPYHOCTEH He Bo3HUKaeT. Ternepb cchopMysnupyem U J0KaxKeM pe-
gyabraT Caapi.

Teopema 6.1 (Caapu, 1973 r.). B npamoaureiinoii 3adawe N mea npu 08uxceruu 8 npo-
waom uau 8 6yoyujem Kajcdoe peulerue umeem ocobeHHoCmb, BO3HUKAOWYIO U3-30 CMOAKHO-
senus. Hu 6 kakom pewenuu He 803HUKaem nced00CmMOAKHOBEeHU.

Hokasameavcmeso. Knacc npsiMOJHHERHBIX pelleHU sIBJSEeTCS MHBAaPHAHTHBIM MHOXKECTBOM
quist cueremsl (1.1). Kaxxnas marepuasibHasi Touka MMeeT TOJIbKO OJIHY KOOpAUHATY q4,¢ = 1,2, ... N.
[Tpennosoxkum, uto ¢ < g2 < ... < qn. Mcnoabsys unrerpadn (2.5) u Tot dakT, uyTo Hayasaom

N

CHCTEMbI KOOPJIMHAT SIBJISIETCST LIEHTP Macc, Mbl IPUXOJUM K 3aKJI0UEHHI0, uTo » |, m;q; = 0, oTKy1a
i=1
caenyet, uto 1 < 0 < gn. CorytacHo cucreme (1.1),

N-1
iv=>_ mi(a — av) g
i=1

U MOCKOJIbKY q; — qn < 0, To, cnenoBatesibHo, ny < 0. Ecau mpy ¥ my_1 He CTaJKHUBAIOTCS, TO
gn > 0. Ho 13 JieMMBI 0 BBIMYKJIOCTH CJIElYeT, UTo (hYHKIMS ¢y HEe MOXKET ObITh OMpesie/ieHa Ha BeeM R,
a TOJIbKO HA HEKOTOPOM ero nojMHoxKecTBe. CJie/I0BaTE/LHO CYLIECTBYET OCOOEHHOCTD t*, B KOTOPOH
JIBUXKeHHe ocTaHaBuBaercs. TakxKe gy orpannuero 0 CHU3Y W MOJIOXKHTENLHOW KOHCTAHTOH CBEPXY
(nockoJsibKy gy < 0).

[To Teopeme 5.1, J(q(t)) — oo npu t — t*. Takxke JIeTKO YBUJETb, UTO CYIIECTBYIOT TOJIOKH-

TeJIbHble KOHCTaHTbl A 1 B Takue, uto ecam R(t) = max g;;(t), T0
1<i<j<N

AR?(t) < J(a(t)) < BR*(1)

JUIs1 BCeX t, JU1sl KOTOPbIX JIBHKeHHe orpeiesieHo. Cie10BaTesbHO, thr?* R(t) = o0. Ho R(t) = qin (%),

MO03TOMY tlir?* qin(t) = oo u, cienoBaTesbHO, limsup gy (t) = 0o. DTO MPOTHBOPEUUT TOMY, UTO ¢
OrpaHUuEHA U, TEM CAMBIM, IOKA3bIBAET TEOPEMY. ]

TpaHGLLeBI/IILHbIG pelieHns ¢ 0COOEHHOCTSIMH 3a1auu 4 Ten ¢ PaBHbIMH MacCaMH UMEIOT TOT XKe
THUII, UTO U HpﬂMOﬂHHeﬁHbIe peleHusi, orMcaHHblie BbILIE. ﬂOKaSaTeJTbCTBO CJICAYIOLIEro pedyJbTraTa

cM. B [5].

Teopema 6.2 (Huaky, 1992 r.). B mpaneyesudnoii 3adaue 4 men ¢ pagHoiMu Maccamu
Kascdoe peuwlenue umeem ocobeHHocmo (8 npouliom uil 8 byodyuem), kKomopasa sceeda 803-
HUKQem u3-3a CMOAKHOBEHUSA U HILK020a U3-30 NCe800CMONKHOBEHUSL.

Teopema 6.2 MoxkeT GbITh UacTHUHO 06001l€Ha HA BCE CHCTEMbI C JIByMsi CTeleHsIMH CBOGO/IbI.
JloKazaTesbCTBO HHXKECTIEYIOLIETO pedyJbTaTa cM. B [23].

E HEJIMHEHHASI JIMHAMUKA, 2005, Tow 1, Ne2, c. 261—280



Ocobennocmu 8 Hvtomonosoti 3adave N mea 269

Teopema 6.3 (Caapu u Auaky, 1994 r.). He cyuwecmsyem unsapuarnmnoeo mMHOMeCmsa ¢
dsyms cmenenamu c6006006L 045 cucmemol (1.1), komopoe codepacum peuleHust, npusodaujue K
nceso0oCMOAKHOBEHUSM.

7. KnacrepHble KOH(pUrypauuu

Jlpyrum Kjaccom pelleHHi, He COJeprKalllX IMCEeBAOCTOJKHOBEHHH, SIBJSIOTCS KAacmepHole
KOH@ueypayuu. Mbl OyneM roBOPUTh, UTO pellieHHe chucTeMbl (1.1) siBasieTcs KaacTepHoil KOH(pH-
rypaiye, ec/iu CyleCTBYIOT MOJIOYKUTEIbHbIE KOHCTAHThI ¢1 M ¢y TaKKe, UTO BCSIKHI pas, KorJia

p(t) <cp <ceg < R(t),

rne R(t) = 1<1£g}>éN qij(t)np(t) = 1<I¢Eijn<N ¢ij(t), MmaTepuanbHbIe TOUKH MOTYT ObITh Pa30HThI Ha JBa

wik 6oJiee MOJMHOKECTB, TaKHX, UTO, M0 KpalHel Mepe, 0IHO MOJMHOKECTBO COJEPKHUT BoJiee OJTHOH
MaTepHaJJbHOH TOUKH U PACCTOSIHUST MEXK/y MaTepHabHbIMH TOUKAMH B OJTHOM H TOM K€ TOJMHOKe-

CTBE MEHbILIE, UeM %R(t). a5 pelieHnst B pas/iMuHble HHTEPBaJbl BpeMEHH MOTYT OBbITh OINpeeseHbl

pasJiMuHbIe pa3bUeHus.
B sanaue Tpex TeJ1, HanpuMep, BCAKUH pas, Koria

p(t) <1<10 < R(t),

R(t
M3 HepaBeHCTBA TPEYroJibHHKA CJIEyeT, uTO ql-j(t)<1<% n qik(t), qix(t)>9 ana pasdu-

eanss {{m;,m;},{my}}. Pasymeercs, pasmuunple pasGuenusi, Hamnpumep, {{msg,ms}, {mi}}
u {{m1,ma}, {ms}}, Moryr cooTBeTCTBOBATH Pa3TMUHBIM HHTEPBATAM BPEMEHH.

Mbl MO2KeM [10Ka3aTh CJAEIYIOIIMH pe3ybTat, onyoaukoBaHHbif B [23]. Ero ocHoBHas cyTh B TOM,
YTO €CJIM MaTepHaJsibHble TOUKH JABHKYTCS B KlacTepax, To JUls HUX MCEBJI0CTONKHOBEHHE BO3HUKHYTh
He MoxKeT. OTcIo/a CllellyeT, UTO HECTOJIKHOBHTENbHbIE OCOOEHHOCTH MOTYT BO3HHKHYTh, TOJILKO €C-
JIM, TI0 KpaiiHeil Mepe, 0lHa MaTepHasibHast TOUKa repeMeliaeTes Mex/1y KlacTepamu, uToObl epeiaTh
HEOOXOUMYIO0 KHHETHUECKYIO SHEPrUl0, H3-3a KOTOPOH CHCTEMA CTAHOBUTCSI HEOTPAHUUEHHOH 3a KO-
HEYHOe BpeMmsl.

Teopema 7.1 (Caapu u Auaky, 1994 r.). Pewenue ¢ kaacmeproii Kongueypayuetl cucme-
moL (1.1) He moaem npusecmu K nce0OCMOAKHOBEHUSIM.

Hokazameaocmso. Tlo Teopeme 5.1, eciu t* — HECTONKHOBUTENbHASI OCOOEHHOCTb, TO
R(t) — oo u p(t) — O nput — t*. [losTomy, ecsu Juisi pelieHus], MPUBOASIIErO K TCEBIOCTOJK-
HOBeHHIO, p(to) < ¢1 < ca < R(tp) ans HekoToporo to, Torna p(t) < ¢ < ca < R(t) nis Beex ¢
B MHTepBaJe [tg,t"). CienoBatesbHO, MOC/E BOSHUKHOBEHHST HEKOTOPOrO pa3OHeHHsT MaTepHa/bHbIX
TOUEK OHO COXPaHsIeTCsl BAOJb BCEro pelleHHsl.

[IpennoJsioxum, uto 310 pasbueHue onpeessier knacrepol S1,S2, ..., S, npun < N. Llentpom
macc knacrepa S; aBaserca O = < > ml-> 1 > mjq;. B Bbipaxenun s C'j 4JICHbI, OTHOCSALIU -

i€S; i€S;
ecsl K S, COKpAIIAIOTCs IPYT ¢ APYroM, MO3ITOMY C’j COJIEPKHUT TOJIBKO UJIeHbI, BKJIOUalolIMe B cebs
rpaBUTALIMOHHOE TIPUTSIZKEHHE MeXK/ly MaTepHabHbIMM TOUKAMH M3 S W JIPyrux Kaactepos. Otciona
CJIEIYeT, UTO |C'j| OTpaHHUEHa CBepXy, CJeI0BATEJLHO, C’j u Cj umerot npesennl npu t — t*. Ilycts
tlg? Cj(t) = Cr,j=1,2,...,n llput — t* paccrosinue g;s MeXy MaTepPHANLHOM TOUKOH 1m; U3 S
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1 MaTepuaibHOH TOUKOH m g U3 Sk YIOBJIETBOPSIET HEPaBEHCTBY

¢is(t) < lai(t) = CF[ + las(t) — G| +|CF = Ol < —5—= +|C7 = Cil.
Ecmu C = max |CF — C}|, To, 114 JOOLIX m; U My, KaK yKa3aHo BbILIE, ¢;(t) < 2R(t) + C,
1<i<j<n J 3

cnenosaresbio R(t) < 2R(t) + C'. Tlocsie nenenust sToro otHouleHust Ha R(t) v ycrpemsennst ¢ K ¥,

3
MbI [10JIy4aem, 4TOo
1<24 C 2
3 R(t) 3
YToO ABJIAETCA HpOTI/IBOpeLII/IeM. STO 3aBepmaeT J0Ka3aTeJbCTBO. ]

8. [lpumepbl NCceBAOCTOJKHOBEHHU I

B 1975 r. Jl:kon Mazep n Puuapn Makluxu npuBesin npumep nceBIOCTONKHOBEHHUS B MPSIMOJIH-
HelHoi 3a1aue yeTbipex Teq [15]. B oxHoM npenesbHOM MoJ0KeHHH JIBE MaTepHaJbHble TOUKH 00pa-
3yI0T KJlacTep, B APyroM Mpesie/ibHOM MOJI02KeHHH obpasyeTces Ipyroi Kiactep M3 0HOH MaTepHasb-
HOM TOUKH, a OCTaBILIASICS MaTepHaabHasi TOUKA MOCTOSTHHO MepeMellaeTcst MeXK/1y ABYMsI KJIacTepaMH.
ABTOpBI 1I0Ka3aJH, UTO MPH BEIOPAHHBIX COOTBETCTBYIOLIMM 06PA3OM HauasbHbIX YCJIOBHSIX JiBa KJla-
cTepa yXoasiT Ha 6eCKOHEUHOCTb 3a KoHeuHoe BpeMsi. OaHako, 11 MaTepuabHON TOUKH, KOJeOJIi0-
LLeficst MeXKJLy KJlacTepaMH, CTOJIKHOBEHHSI IPOUCXOJISIT KaxK /bl pas, Korjia oHa MeHsleT HarpaBJeHHe.
CToJIKHOBEHHUSI SIBJSIIOTCS «PEryJ/sipU3yeMbIMU», T. €. TI0CJIe CTOJKHOBEHHS JABHKEHHE aHAJUTHYECKH
MPOJIOJIKAETCS HA TOM K€ caMOM ypoBHe o611ell sHeprud. (Mbl 06CyIMM peeyaapudayuto 3Toro Tu-
na B § 10.) CnenoBaTtesibHO, 3TOT NpUMep He J0Ka3biBaeT runoredy [lennese, kotopas Tpedyert, uToObl
TMCEBI0CTOJIKHOBEHHE Obl10 MEpBOH U3 BO3ZHUKAIOLIMX 0COOEHHOCTEH.

B 1984 r. ITxxo Il:xepBep npuBes HEKOTOPbIE aPIyMEHTHI B MOJIb3Y TOTO, UTO MCEBAOCTOJKHOBEHHE
MOKET BO3HUKHYTb B MJI0cKo# 3aaaue 5 tes[11]. Ho on He mpuBes noJiHOTO 10Ka3aTe/1bCTBA ISt 3TOTO
cJayuast.

B 1987 r. )Kuxonr la — acnupanr, sanumaroumiics noa pykosoactsom Honanpna Caapu B
CeBepo-3anamHoM yHUBepcUTeTe, onyOJIHKOBaJ MOJHOE MOATBep:KaAeHHe runoTesbl [lennese [31].
[Ipumep Llla cBsI3aH ¢ NpocTpaHCTBEHHON 3ajauell IATH TeJl, B KOTOPOH JBe Mapbl Tes1 00pasyoT Kia-
CTepbl, a nsAToe Teso Kosebercs Mexay HUMH. B noarom u cioxknom nokasarenbctse Llla cymen no-
Ka3aTb, UTO CYLLECTBYIOT HauasbHble YCJI0BHS, KOTOPbIE MPUBOJSIT K MCEBAOCTOJIKHOBEHHSIM.

Henocpencreenno nepen ny6avkauueit pa6otsl LLa, Jlkepsep noJstyuui nepBblil mpuMep Ha 1Joc-
KoctH st 3anaun 3N teq npu 6osbiiom N [12]. lokasatenbctBa [xkepBepa comepakaT MHOKECTBO
TeXHUUECKHUX BbluncaeHnH. O6a BblllieyKa3aHHbIX 10KAa3aTebCTBA BECbMa CJI0KHbI /151 HAUMHAIOIIEr0
B 3T0# 06Js1acTh. Bosiee nospo6Hble 06CyKAeH s CM. B [D] WK HEMOCPEACTBEHHO B HCXOHBIX CTAThSIX,
CCBIJIKH HA KOTOPbIE MPUBEIEHBI BhILLIE.

9. B3aumocBsi3b Mexk1y 0COOEHHOCTSIMHU

EcrecTBeHHO 3a1aTh BONPOC, CYLIECTBYET JIH HEKOTOPast CBSI3b MEXK/Ly MHOXKECTBAMM HauaJbHbIX
YCJIOBHH, MPUBOJSILMX K CTOJIKHOBEHHSIM, H MHOXKECTBAMH HauaslbHbIX YCJOBUH, MPUBOJSLINX K [1CEB-
JOCTONIKHOBEeHUsIM? UTOObI OTBETHTD Ha TOT BOMPOC, NPeNooxkuM, uto x € R — rouka B daso-
BOM IIPOCTPAHCTBE, H PACCMOTPHUM peliienue (q, p) cuctembl (1.1), KoTopoe MpoxXouT uepes x, a Gosee
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TOYHO TaKoe, uto (q, p)(0) = x. PaccMoTpuMm cjieyiolye MHOKECTBA:

C; = {x | (q, p) NPUBOMUT K CTOJKHOBEHHIO B MOMEHT t* < T},

N; = {x | (q, p) NPUBOUT K MCEBIOCTOJKHOBEHHIO B MOMEHT t* < 7},

KOTOpbIe MPEJCTAB/SIOT BCE TOUKH B (ha30BOM MPOCTPAHCTBE, KOTOPbIE JI€XKAT BOJb PellieHHH, Be1y-
IIMX K CTOJKHOBEHHUSIM U M1CEBIOCTOJKHOBEHHSM, COOTBETCTBEHHO, U

E. ={(x,t") | x € C;},

KOTOpOeE 3aJ1aeT napy JJst KaxJ10i Toukd U3 C'; ¢ COOTBETCTBYIOLIEN ocobeHHoCTbI0 t*. Takke 0603Ha-
M uepe3 m — mnpoekuuio us F, B Cr,

m: B — Cr, m(x,5) = X.
Terepb Mbl MOKeM J10Ka3aTh CJIEyIOLIMIT pedyJibTaT, npuHaniexaiuit Caapu u [la [24].

Teopema 9.1 (Caapu u WWa, 1996 r.). Bce npedeavroie mouku nroxcecmea E., cnpoeyu-
pPOBAHHbLE HA (PAB0BOE NPOCMPAHCMBO, AeH AN BOOAb PelleHUll, Be0Yuux K nces00CnMOAKHO-
senusan (m.e. m(E; \ E;) codepacumcs 6 N, ede uepma c6epxy 03Hauaem monoi02uieckoe
3aMOLKAHUE).

Jokasameascmso. Ecau x nexut B w(E, \ E;), Toraa cyliecTByer Takoe s, uto (X, s) npu-
Hapiexut B\ E;. Hanomuum, uto (q, p) siBsiercs pewenuem, co caoiictBoM (q, p)(0) = x. Toraa
CYLLLECTBYET TaKOH MOMEHT BpeMeHH ¢ < s, uto [0, o) IB/sieTCsl MUHUMaJIbHBIM HHTEPBAJIOM, B KOTO-
poM ornpeiesieHo (g, p). JlelicTBUTENBbHO, €C/iH 0 > s, TOTJIa HENMPEPBIBHOCTD PelleHHH M0 HauaJlbHbIM
JIaHHBIM FapaHTHPYET, UTO AJ1s1 KaxK0r0 € > 0 CyIIeCTBYeT Takast OKpeCTHOCTb U TOUKH X, UTO BCe pe-
LIeHus1, HaunHatotmecs B U, cyuiecTByioT Ha [0, 0 —€). Ho 310 mpoTHBOpeunT ToMy, uTo (X, $) BJsIeTCs
NnpeesbHOM TOuKoi MHOXKecTBa E-. [TocKoJIbKY X He omnpejie/isieT TPaeKTOPHIO CTOJKHOBEHHUS, (, P)
JIOJKHO BECTH K MCEBIOCTOKHOBEHHIO. DTO 3aBepllIaeT J0Ka3aTelbCTBO. [

Crenyouii peayJbrar, Takxke nokasanubiit Caapu u [1la, nokasbiBaer, uto pelieHusi, Beayline
K TICEBIOCTOIKHOBEHHUSIM, IPOXOJISIT TPOM3BOJILHO GJIM3KO K CTOJKHOBEHHSIM. ET0 10Ka3aTeibCTBO CM.
B [24].

Teopema 9.2 (Caapu u WWa, 1996 .). /Iycmo x — mouka us N,, Komopas eedem K nces-
JOCMOAKHOBEHUIO 8 MOMerM 8pemenu T. Toeda 0as awboeo € > 0 cywecmsyrom maxue to u3
[0,7) uy us Cr, umo paccmosiHue mendy peuleHuImiL, COOMBEMCMBYIOUUMI X L'y 8 MOMEHITN
spemenil to, menouwie uiu pasHo €. boaee moeo, t* < €, ede t* — momenm cmoiKHOBEHUA, COOM-
8emcmayrouuLly.

Teopembt 9.1 u 9.2 TakKe ocTalOTCS UCTUHHBIMH, ecyid Mbl 3aMeHUM C'r (W cOOTBeTCTBEHHO F;
1 N;) MHOXKeCTBOM 1’7, B KOTOPOM BMECTO CJIOBA CHIOAKHOBEHUE Mbl 3aMULIEM N0 MeHbuletl mepe
mpotinoe cmoakrogenue. [1o1 3TUM Mbl TTOHMMaeM, 4TO CTOJIKHOBEHHE He SIBJISIeTCS] ABOUHBIM MJIH
MHOTOKPATHBIM JBOMHBIM, NOTOMY 10 MEHbLIEH Mepe TPU TeJ1a CTOJNKHYJIUCH B OJIHON U TOH K€ TOUKe
MPOCTPAHCTBA. DTO M03BOJSIET HOJiee SICHO MPEACTABUTb CBSI3b MEXJY CTOJKHOBEHHSIMU W TCEBJIO-
CTOJIKHOBEHHUSIMH.

MoO>KHO MOJIBITOXKUTb pe3yJibTaThl 3TOro naparpada cjaeayroium o6pazoM. B MHo»KecTBe oco-
OEHHOCTEH, BO3HUKAIOUIHUX B KAKOH-HUOYJb KOHEUHbIH MOMEHT BPEMEHH, KOTOPbIH HE MPEBOCXOAUT
(hMKCHUPOBAHHOTO 3HAUEHHUSI T, MHOXKECTBO TCEBJOCTONKHOBEHUH 00pPa30BaHO U3 MpelesbHbIX TOUeK
MHOXKECTBA 0COOEHHOCTEH CO CTONKHOBEHHUAMH, B KOTOPBIX YUaCTBYIOT, 0 KpalHeH Mepe, TPH TeJa.
Bousee Toro, pelienus ¢ nceBA0CTONKHOBEHUSIMH MPOXOJASAT MPOU3BOJILHO OJIM3KO K CTOJKHOBEHHUSIM C
ydyacTHeM, 110 KpalHel mepe, Tpex TeJl.

HEJIMHEMHASI JMHAMMKA, 2005, Tom 1, Ne2, . 261280 E



272 b Quaxy

10. IlpoaoaxKeHue nocje CTOJKHOBEHHUS

Korna crankupatorest e uin GoJsiee ToueuHbix Macchl, cucrema (1.1) tepsier cBoit embica. Ho
HaM XOTeJoCh Obl MOHSTb, UTO CJYUHUTCS MOCJEe YIPYroro OTCKOKA, NPOUCXOosillero 6e3 u3MeHeHHs
MOJIHOH 3Heprun cucteMbl. TakuMm 00pasoM, OJHOH M3 BayKHEHIMX Mpo6JieM, BOSHUKAIOLIMX B CBSI-
34 C U3yueHHeM 0COOEHHOCTeH B 3afaue N TeJ1, ABJsSeTCs NpodJeMa peeyiapusay i CTONKHOBEHHH,
T. €. IPOJIOJKEHHE JIBUXKEHUS MocJ/1e CTONKHOBeHHsl. C MaTeMaTHYeCKOM TOUKH 3pEeHHs] JI/Is 3TOr0 Tpe-
OyeTcsl POJ0JIKEHHE pelleHus! ocse 0COOEHHOCTH t* «ocMblceHHbIM 0oOpa3om». Ho uto o3navaer
«OCMBICJIEHHBIH» B 3TOM CJydae?

OnHo# M3 TOUeK 3pEHHsT Ha MPOLIECC PeryJisipu3alivi siBjsieTes noJyueHde riao6ajdbHbIX aHa/u-
THYeCKHX pellleHuil cuctembl (1.1), onpenenennbix Ha BceM R. D10 dopmysrpoBka Befliepuitpacca
OCHOBHO# 3a1aun Ha conckanue I1IBencko-Hopexckoro npusa kopossi Ockapa I, kotopsiit B 1889
I. 6611 npucyxkeH [lyankape (cm. [6]). Ho HecMoTpst Ha BaxKHbIe OTKPBITHSI B JaHHO#H o6JacTH, cle-
JlaHHble B MPU30BO# ctathbe, [lyaHkape He pellnsl KOHKpeTHO 3aaady peryJsipusauud. [TepBbim ana-
JIMTHUECKOE TMPOJIOJKEHHE JIBOMHBIX CTOJKHOBEHHI B 3ajaue Tpex Tesl MoJyuus GHHCKHI acTpOHOM
LIBEJICKOTO nponcxokaenust Kapa 3ynaman [28], nmpeicTaBuBILIKii pellenne B BUE CTENeHHoro psja
ro t1/3, cxonsulerocs npu Beex t. EAMHCTBEHHDI HCKIIOUMTEbHBII CJyuail — 3To cJlydail HyJIeBOTO
KUHETHYECKOT0 MOMeHTa, ¢ = 0 (UTo sBJIsIeTCs HEOOXOIMMbIM YCJOBHEM JIJ151 OCYLIECTBAEHHUS TPOHHBIX
cTosikHOBeHUi [26]). [TosnHee Hemelknit MatemaTuk Kapa Jlroasur 3uresb 1okasal, uto 3a UCKIOUe-
HHEM JIMCKPETHOro Habopa macc, pelleHHsl ¢ TPOHHbIM CTOJIKHOBEHHEM He MOTYT ObiTb aHaJIMTHUECKH
npojo/Kenbl [25]. Oanako 60JblIast MPOJOAKHTENBHOCTb U TEXHHUECKAS CJI0KHOCTh 3THX J0Ka3a-
TEJILCTB He MO3BOJISIOT HaM MOJPOOHO NMPEJICTABUTD HX.

Jlpyrofi noaxo K 3To# npo6JieMe HCMONb30BAJICS UTAbSIHCKUM MaTeMaTHKoM TyJino JleBu-Hu-
BuTa [ 14], KOTOPBI CuMTAal, UTO OCMbIC/IEHHAS PEryJisipU3aliis 10/LKHA ObITh CBsi3aHa ¢ GJM3/IexKallH-
MU TpaektopusiMH. Tem cambIM oH TpeGoBaJl, YTOObI HEMPEPLIBHOCTb PeLeHHi M0 Haya/bHbIM JlaH-
HBIM BbIMOJIHSIJIACH TP MPOXOXKIEHUH uepe3 cToJiKHOBeHue. Harpumep, 1BOHHbIE CTOJKHOBEHHS B
HBIOTOHOBO# 3aj1aue JIBYX TeJl MOIYT BO3HUKATb, TOJBKO €CJIU JIBHKEHHE MTPOUCXOUT Ha NPSIMOH JiM-
nuu [30]. Ho npsimosiunefinoe aBm:keHue sIBJASIETCS MPEAeIbHBIM CJIydaeM CHJIbHO BBITSHYTOTO JIJHI-
ca, N03TOMY HelpepbIBHOCTb M0 HauaJbHbIM YCJI0BUSIM BbinosiHseTcsl. OiHaKo B 3ajaue 1Byx Tesa Ma-
HeBa C PeJIITHBUCTCKOH MOMPaBKOH K HbIOTOHOBY MOTEHIIHAJY JBOHHbIE CTOJKHOBEHHSI MOTYT IPOUC-
XOJUTb Ha CMHPaJIbHBIX TPAEKTOPHUSIX, KOTOPbIE He alMpOKCUMUPYIOT JIIUIC [4], MOITOMY JABHXKEHHE
He SIBJISIETCS peryJisipu3yeMbIM M0 HayasbHbIM JaHHbIM. TpakToBKa peryasipusauuu no Jlesu-Yusura
uMeeT OOJblIee NpaKTHUeCKOe 3HaUeHHe, NMOCKOJbKY OHA MO3BOJISIET U3YUaTh TPAEKTOPHH, NPOXOsi-
e BOJM3K cToJKHOBeHHH. CoBpeMeHHast TOUKa 3peHHst Ha peryJ/isipu3altio 3Toro THIa pa3BuBaeTcst
amepukaHckumu Matematikamu Yapsab3om Konmu, Po6eprom Meronom n Puuapnom Makluxu (cwm.,
K nipumepy, [10]) 1 u3BecTHa B siuTepaType Kak O10unas peeyaapusayus. Ipennaraem o6cyUTh ee
6oJiee nopoOHoO.

11. bnoynas peryasipusauus

Uro6bl MpeacTaBuTh MOHATHE OJOUHAS Pery/spu3alis, HaM TpeIBapUTeNbHO HYKHO BBECTH
HecKoJIbKo 0603HaueHuit U onpejenenuit. [lycts M — mHoroo6pasue knacca C'°° pasmepHocTH d,

'K cosxaennio, pelenre 3yHaMana 3a1auu TPeX TeJ 0Ka3anoch M0J1e3HbIM TOJILKO ¢ TOUKH 3pEHUsl 3a[auH PeryJsipHaa-
1MH. B ocTanbHBIX cayuasix OHO MaJsio MoJIe3HO KaK C TeOpeTHUeCKOH Tak U ¢ TPAaKTHUECKOH ToueK 3peHust. DTO MPOUCXOIUT
13-32 UPE3BLIYANHO MEJICHHONH CKOPOCTH CXOAMMOCTH, H HEOGXOAMMO B3AITh, 110 MeHbLueil Mepe, 10309009 ypenop crenen-
HOTO Psifia, UTOObI OH MOT HCIOJIb30BATHCS B TPAKTHUECKHUX ACTPOHOMHUECKHX HCC/e0BaHusX (cM. Takke [7]u[20], ¢. 125).
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A — 3aMKHYTOe MHOXKeCTBO, cofepxKatieecss B M, u V: M\ A — M \ A — BeKTOpHOE T10JIe KJac-
ca C!, kotopoe onpesiesisier cucteMy audpepeHnanbHbIX ypaBHeHHi

x = V(x).

Ecin x — pemtennie 3anaun Koum, onpenenerntoe yesaosuem x(0) = -, To Takxke 0603HaunuM x(t)
uepes yt. Takxke paccMoTpum noamHoxKectBa A mHoxkectBa M\ A n A muoxectBa R. Ecain vt onpe-
JleJIeHO JU1sT KaXka0ro x u3 A u ¢t us A, 0603Hayum

AN={yt|x€ A, t e}

Bynem HasbiBaTh vt deticmauem BektropHoro noJisi V Ha MHoroo6pasun M\ A. Jlasee npeanosioxum,
yto N sIBJIsIeTCsl KOMNAKTHBIM MoJMHoroopasuem MHoroo6pasusi M kjacca C'*° Toii ke camoii pa3-
MepHocTH d. O603HaunM uepe3 n rpaHuiy N W npeanosnoxum, uto n 1 A He nepecekatorcst. [lanee
0603HAUUM uepes

nt = {y € n| s nekoroporot > 0, v(—t,0) NN = &}
MHOKECTBO MO4eK 8X00a IPaHKLIbI N U Yepes
n~ = {vy € n| ms nekoroporot > 0, v(0,t) "N = &}

MHOKECTBO MO 4eK 8blx00a rpaHuLibl n. JIpyrumu cioBaMi, n™ W n~ — TOUKH BXOJ/id B 1 Bbixozia n3 N
COOTBETCTBEHHO JUISl PellleH il CHCTeMbl X = V (x). AHajlornuHo 0603HauNM uepes

7 ={y € n| V kacaercsi n Ha 7}

MHOXKECTBO MOUeK Kacarus pelienui ¢ n. 3ametum, uto n™ Un~ U7 = n. Bynem roBopurs, uto
N — ugoaupyrowuii 620x jns 'V, ecin 7 = n Nn~ u 7 — noamuoroo6pasue kiaacca C'°° n Kopas-
MepHOCTH | 1s n.

3AMEUYAHUE 1. B o6liem caydae n™ N n~ He BJsIETCs MOJMHOMKECTBOM T, U T He SIBJISIETCSI TIOAMHO-
kectBoMmnT Nn~.

3AMEYAHUE 2. Eciu N — ugoaupyioumii 6J0k st V, To nt 0 n™ siB/stioTest M0JAMHOr006pas siMi n
¢ o6111ell rpaHuLel T.

Jlasnee onpenesiiM MHOXKeCTBA
a” ={yen" |yt €N msbcext >0, 115 KOTOPbIX YL onpeje/eHo},
npeicTaBasitole coO0i Bce TOUKH BXOJA, JIsl KOTOPBIX pellieHue He nokuaaetr N, u
a~- ={yen |yt e N msBcext <0, Wi KOTOPBIX yt ONPeJIeSEHO },

NpecTaBJsiioline co00l Bce TOUKH BbIX0JA, JIs1 KOTOPBIX pellieHre HaunHaercst B IN. Ciie0BaresbHo,
n™ \ at — 3T0 MHOKECTBO BCex TOUEK U3 ™, COOTBETCTBYIOLIMX PeleHHsIM, KOTopble BXoaT B N U B
KOHEYHOM HTOre MOKHJIAIOT €ro, an~ \ @~ — 9TO MHOKECTBO TOUEK U3 ™, COOTBETCTBYIOLINX pellle-
HHSIM, KOTOpble MoKuaatoT IN, paHee BOHIS B HEro B HEKOTOPBI MOMEHT BpeMeHH. TakxKe onpenesium
hyHKIHIO
m:nt\at —n \a, w(y)=9t",

rae tt = sup{t > 0 | vt € N}. OT™Merum, 4To 7 BIIOJIHE ONpeJiesieHa, i YTO OHa SIBJISIETCs FOMEOMOp-
dusmomuznt \at Bn~ \a .
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Tenepb Mbl MOKeM OMpee/IMTh NOHsITHE OJI0UHON peryJsipusauud. [Ipennonoxum, uto N — 13o-
JUpYIOLIHi 6J10K 1 uTo A sBsisieTcst moamMHoxKecTBoM IN. Ecain 7 jonyckaer eMHCTBEHHOE TTPOJIOJIKE-
HUe B BUJe roMmeoMopdusmMa 3 nt B n~, To A HasbiBaercst 0404HO-peeyiipusyenoii. B sanaue N
Tes1 A siBJsieTcst 0COOEHHOCTBIO CO CTOJIKHOBEHHEM, MT03TOMY OJI0UHAst peryJisipu3aliis CTOJKHOBEHHUS
03HavaeT CoeJMHEHHE eIMHCTBEHHBIM CITOCOOOM pelleHHsT CO CTOJKHOBEHUEM C BBIXOSIIIAM pellleHH -
€M, TaK YTOObl HeMIPEPBIBHOCTh PeLeHUH M0 HaYaJbHbIM JAHHBIM JIJIs1 BCeX OJIM3JIeXKallluX TPAEKTOPUI
BBIMOJIHSIACH.

Jlns 6J104HOM perysisipu3alii HbIOTOHOBOH 3ajauu AByX Tes Pobept McToH nokasan cienyonumi
pesyJabtar [10].

Teopema 11.1 (Ucron, 1971 r.). Pewerusa co cmoikHOBeHUAMU 8 HbIOMOHOBOL 3adaue
08YX Men A6AA10MCA ONOUHO-DE2YAAPUYEMbIMU.

JlokasaresbCTBO OCHOBaHO Ha paHee chopMyJHPOBAHHON HJee, UTO 3aaua ABYX Te/ Ha MPSMOH,
B KOTOPOH MPOUCXOJSAT CTOJKHOBEHHUSI, SIBJSIETCS NPEJIEbHBIM CJIydaeM 3JJIMITHUECKHUX TPAEKTOPHI.
Jlns 6710uHON pepysipudalyi TPOHHBIX CTONKHOBeHUH Puuapn Makluxu nosyuun ciaenytoiiiee yTeep-
)KneHue [16], n1oka3aTeabCTBO KOTOPOTO SIBJSIETCS CJAMUIKOM JUIMHHBIM JJIsl Hallled CTaThH, HOCSIIEH
BBOJIHBIH Xapakrep.

Teopema 11.2 (Makluxu, 1974 r.). 3a uckaoueruem npeHedPescumesvHo mai020 MHo-
Jcecmaa Habopos Macc MPOLiHble CIMOAKHOBEHUS He ABALIOMC OAOUHO-PEeYAIPUSYEMOLMU.

dakTHueCKH, HEOOXOMMMbIM YCJIOBUEM /ISt TOTO, UTOOBI CTOJIKHOBEHHSI ObIIH GJIOUHO PEryJisipu-
3yeMbIMH, SIBJISIETCS] UX UCKJIIOUMTENLHOCTD C TOUKH 3PEHHST TEOPHH MepPbI (3TO BBIMOJIHSIETCS B CJIyuae
HbIOTOHOBOH 3anaun N TeJ, uto gokasas Jlonanba Caapu B 1971—1973 rr., em. [5]). Llokaxem pesynb-
TaT B 3TOM CMbICJIE.

Teopema 11.3. [Ipednoarosxcun, umo dia aoboeo uzoaupyoueeco baoka N coomsemcemay-
rowuii eomeomopgusnm: nt\at — n~\a~ geagemes makum, umo at ua~ codepucam mHoxme-
cmaa, Komopole ABALIOMCA OMKPOLMbIMU 8 UHOYYUPOBAHHOU monosoeuu. Toeda mHoIcecmso
ocobernHocmell A He A8a3emcsa OA0UHO-PecYAsPUIYEMbIM.

Hokazameavcmeso. Ilycte N — uzosupytotuit 6J10K, /151 KOTOPOro COOTBETCTBYIOLIMH roMeo-
MOP(H3M T MOXKET GBITh MPOJI0JIKEH 10 roMeoMopdusma 3 nt B n~. Hoa™ na™ — 3amMKHyTbie MHO-
»KecTBa B IN, KOTOPBIH SIBJISIETCS KOMIAKTHBIM, TIOTOMY OHH TaKzKe SIBJSIOTCS KOMMaKTHbIMU. CHauasa
MPeNoJIOKIM, uTo a™ na™ ogHomepHble. Torza, Mo KpaiiHei Mepe, 0JIHO U3 UX CBSI3HBIX MOJIMHOKECTB
roMeoMop(hHO HEKOTOPOMY 3aMKHYTOMY MHTepPBaJy [a,b] U rpaHuuHble TOUKH OTOOPAXKAIOTCS B KOH-
1bl MHTepBasia. Ho cyniecTByer GecKoHeuUHOe MHOXKECTBO ToMeoMOphH3MOB U3 [a, b] B [a, b], KoTopbie
otobpaxatoT a B a 1 b B b. [TloaToMy nponoJKkeHue He siBJsI€TCS eAMHCTBEHHBIM. /1 MHOKecTB 6oJtee
BBLICOKHMX pagMepHocTeil at ua™ Mbl MOXKeM 0006LIUTDL HIEK0, HCMOJb3Ysl THIIEPKYObl BMECTO HHTED-
BaJIOB. DTO 3aBepllaeT JI0Ka3aTe/bCTBO. |

Tor cpaxr, uto ABOiHBIE CTOJKHOBEHHST B 3a/1aue JByX Tesl ManeBa He siBJISIOTCsT GJIOUHO-PEryJisi-
PU3YEMbIMH — CJIEJICTBHE 3TOH TEOPEMbI. DTO MPOUCXOAUT MOTOMY, UTO MHOYKECTBO HaUaJIbHbIX JaH-
HBIX, TPUBOJISIILIMX K CTOJIKHOBEHHUSIM, COJIEPIKUT OTKPBITOE MHOXKECTBO. FIHTepecHO 3aMeTUTh, uTo He
CYLIECTBYET CBSI3H MEXKLy OJIOUHOMN peryJ/sipusaiiieil 1 aHaJJUTHUECKOH peryJisipuaalideit BoJib pelie-
nusi. [Toxpo6HocTH cM. B [5].
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12. MHoroo6pa3ue CTONKHOBEHHI

[TosieaHoe cpeacTBo /st MOHUMaHUsST OCOOEHHOCTEH CO CTOJIKHOBEHHSIMH ObIJIO OTMUCAHO aMepH-
KaHckuM matematikoMm Puuapnom Makluxu [16]. Ero uaes 3akmiouaercs B HCMONb30BAHUM MOAX0-
JSLIMX NpeoGpa3oBaHuii, KOTOpble Pas3ayBaloT 0COOEHHOCTb B MH02000pa3ue CMOAKHOBEHUL, KO-
Topoe pacuupsier hpazoBoe npocTpaHcTBO. [ToTOK B MHOr006pasuu CTOJKHOBEHHH SIBJSIETCS (PUKTHB-
HbIM B TOM CMbICJIE, UTO OH He HMeeT (PU3HUECKOro CMbICJ/IA, HO BBHY HEMPEPLIBHOCTH peLIeHHi Mo
HavaJIbHbIM JAHHBIM €r0 HCCJIeIOBaHKE MTO3BOJISET MOMYUUTh HH(POPMALIHIO O (PU3UUECKOM MOBEAEHHH
TPAeKTOPHH, MPOXOASLIMX BOJU3M CTOJKHOBEeHHSI. Bo MHOTHX ciydasix 3Ty MH(OPMALHIO MOXKHO HC-
M0JIb30BATh /151 OJIyUeHHs! IMI06a/bHBIX Pe3yJIbTATOB O KaueCTBEHHBIX CBOHCTBAX MOTOKA.

Tenepb nmpuMeHUM 3Ty HJIEIO K 3ajaue JIBYX TeJl, 3aJlaHHOK OJIHOPOAHBIM MoTeHIHasoM U(x) =
= |x|7%, re |x| — paccrosiide MeXxIy JBYMsi MaTepHaJbHbIMH TOUKAMH C €IHHUUHOH MaccCoH,
a o > 0 — KOHCTaHTa. 3aMeTHM, 4TO MPH « = 1 Mbl MOJYUUM roTeHlMas HbloToHa ¢ eMHUYHBIMU
maccami. (I[ToxpoGHoe uanoxKeHue 3TOro anaauaa cM. B[17].) YpaBHenus ABHKeHHST UMEIOT BUL

% = —alx| " *x

OueBHJIHO, UTO CTOJIKHOBEHHUSI POUCXOJSAT, TOJbKO ecii X = (x1,z2) = 0. MHTerpasnl sHepruu u
KHHETHUECKOTO MOMEHTA 3a7a10TCsl ypaBHEHUSIMU

SlyP—xT=h u xiye +aoy1 =,

rie y = x — umnyJbc. Jasnee paccmotpum npeo6pazopanust Makluxu
R x (R\0) — (0,00) x [0,27) x R x R, (x,y) — (r,0,w,0),
3ajlaHHble (hopMyaMu
x1 =17 cosb,
T9 = 17 sin b,
y1 =1 (vcosf — wsinh),

Y2 = 1P (vsinf + w cos ),

rie 3 = % Hy = ﬁ DTOT aHAJUTHUECKHE (D PeOMOPHHU3M TPUBOJIUT K HOBBIM YPABHEHHSIM
P =B+ v,
6 = rilw, (12.1)
W= r_l(ﬁ — 1w, '

b =rfw? + A7~ 2)],

COOTHOILICHHST JIs1 SHEPTHH ¥ KHHETHUECKOTO MOMEHTA HMEIOT BH]L
w202 —2=2m u 1y =
Onpenesum MH02006pasie NOCMOSIHHOLL IHepeiLU

M(h) = {(7’,0,11),7)) € R4 ’ T 2 0, ’UJ2 +U2 — 2= QhTCW}
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W MHO2000pasiLe CroAKHOBeH UL
C={(r0,ww) eR|r=0, w?+v> =2},

KoTopoe conepxutcsi B M(h) npu Kaxaom 3Hauenuu h. Otmernm, uto C romeoMophHO AByMEpPHOMY
topy S x S1. Cucrema (12.1) neonpenenena na C. Uto6bl npoao/kuth cuctemy (12.1) na C (uto
reoMeTpUYeCKH 03HAUaEeT BJIOXKEHHE Topa B (ha30BoOe NMPOCTPAHCTBO), H3MEHUM MacllTab BpeMeHH Oi
nepemMeHHOH ¢ OMOL1IbI0 peoOpa3oBaHuUs

dt = rdr,
SIBJISIIOLIEr0oCst aHaMUTHIeCKUM eoMopduamMom, KoTopblil peoGpasyet cuctemy (12.1) K Bumy
= (B+1)rov,
0 = w,
w' = (8 — 1w, (12.2)

v =w? 4 B(v? - 2).

WTpux o3navaer nuddeperpoBanme no GUKTUBHON BpeMeHHOH nepeMeHHOH 7. COOTHOLIEHUS JIsl
SHEPrUH U KMHETHUECKOro MOMeHTa, a Takxke MHorooOpasust M(h) u C B 3THX HOBBIX MepeMeHHbIX
coxpaHsiioT cBoil Bua. OTmernm, uto cuctema (12.2) reneppb onpenenena npu r = 0, nostomy a-
30BO€ TPOCTPAHCTBO MPOJoMKaeTcs Ha MHOroo6pasue croskHoBenn# C. [Tocnennue nBa ypaBHenus
cuctembl (12.2) 06pasytoT He3aBUCHMYIO CHCTEMY

W' = (8 - Dy,

Yt 4 B 2) (12.3)

JIS1 KOTOPOH OKPYsKHOCTL w? 4 v? = 2 cOOTBETCTBYeT MHOr00GpasHio ctokHoBenHit C. Jlio6oe pe-
mienne cucrembl (12.3), kotopoe npubsmKaercss K 3TOH OKPYKHOCTH, CTPEMHUTCS K CTOJKHOBEHHIO.
(Mcnonbays pesyabrathl §§ 3 1 4, jierko yBUeTb, UTO TMCEBIOCTOJNKHOBEHHS HEBO3MOXKHBIL. ) UTOOBI
NPOBEPHUTb, MOTYT JIH MPOUCXOJIUTh CTOJIKHOBEHHSI, HAM MPEABAPUTE/BbHO CJIe/lyeT HCCe0BaTh MOTOK
Ha MHOr006pa3un CTOJIKHOBEHHH, KOTOPBIH HE HMeeT HeMOCPeACTBEHHOro (hrU3nueckoro cmbicya. Cu-
ctema (12.3) Takke naer Ham r106a/bHYI0 KaueCTBEHHYIO KAPTHHY 3a/aul. DTa KapTHHA 3aBUCUT OT
3HauyeHuil napametpa 3. O6cyaum ajiee Bce BO3MOXKHbIE CJyUau.

13. Cayuain B < 1

B arom naparpade onpenennm rnobaibHbIi motok cucteMbl (12.3) npu 8 < 1. Kak mMbl yBUInM,
KauecTBEHHOE MOBeJIeHHe PellleHHH B 3TOM KJlacce YaCTHUHO MOX0Ke Ha MOBeJIeHHe pellleHui 3a1aun

Keniepa (ﬁ = %), KOTOpPast COJIEP?KUTCS B OMTUCBIBAEMOM KJlacce.

Cucrema (12.3) umeert 4 nosioxkenust papHosecust: (++/a, 0) u (0, £1/2). Oxpyxuocts w? +v% =
= 2 u npamas w = 0 AB/IAIOTCA HHBapPHAHTHBLIMH MHOKecTBaMH. MHdopmatimio 06 ocTajbHOM yacTu
I0TOKA MOXHO MOJyUHTb, JIMHEAPHU3Y$s CUCTEMY B KaXK/JI0M 3 110JI02KeHH I paBHOBecHs1. JIMHeapuaalus
MO3BOJISIET HAM Cle1aTh BbiBOJ, uTo (0, +1/2) sBastiores cemviamu. Mlenosibayst MHTErpas SHeprun Tak-
K€ MOXKHO YBHJIETb, UTO (£+/cv, 0) sIB/ISTIOTCS LieHTpaMK. B pesyJibrate nostyuaeM H306pakeHne MoToKa
Ha puc. 1. VI3 COOTHOLIEHHST U151 SHEPTHH MOYKHO BBIUMCJIHTD, YTO OKPYKHOCTb w? + v? = 2 cooTBeT-
cTByeT h = 0, Tora Kak MNOTOKH BHYTPH U BHE OKPY>KHOCTH 0TBeuatoT h < 0 u h > 0, COOTBETCTBEHHO.
Bcenomunasi, uto MHBapUaHTHAsl OKPYKHOCTb MpeJcTaBisieT co6oil MHOrooGpasue cToskHoBeHuH C,
Mbl MOKEM CJlefIaTh CJIeIyIolle BbIBOIb U3 U3yuenus cucteM (12.2) n (12.3).
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Teopema 13.1 (Makluxu, 1981 r.). /Ipu h > 0 (umo coomsem- v
cmsyem eunepboAutecKuM Ul NapadoOAULecKUM MPACKMOPUAM 8
sadaue Kenaepa) u w# 0 (m.e. 045 HEHYA€B8020 KUHEMULECKOSO
MOMEHMA) 8Ce PeuleHus HeoepaHuueHsl 8 060UxX HaANnpasieHUAX,

ecau w = 0, mo pewenus abO HAYUHAKMCL CO CIMOAKHOBEHUSL, /‘\ /\
Aubo 3aKanuusaromes cmoakHoseruen. /las h < 0 (4mo coom- . . w
semcmeyem aaaunmuueckum mpaekmopusin 8 sadaye Kenaepa) U U

sce peutenus oeparudensl. Cyujecmsyrom dse ycmouuusolx Kpy-
20BbLX NePUOOU1ecKUX mpaeKkmopuL, COOMeemcmsyouux Kpumu-
weckum mouxam (£+/a,0); npu w = 0 mpaekmopuu Ha4uHAIOMCs
€O CMOAKHOBEHUA U 3AKAHYUBAIOMC CMOAKHOBEHUEM; 6Ce OpYale
mpaekmopu A8A0Mcs b0 nepuodudeckumnu, Abo Ksasunepu-

odunecKkumu. Puc. 1. [ToTok CHCTe-
Mbl (12.3) npu 5 < 1

14. Cayuan 8 =1

B sTom naparpade Mbl onpeneaum rioOasbHbI MOTOK CHCTe-
Mbl (12.3) npu B = 1. 1o norpannunelii ciaydail Mmexay S < 11 3 > 1, U OH 1€EMOHCTPUPYET BecbMa
MHTepeCcHOe KaueCTBEHHOE TT0Be/ICHHE.

[TepemeHHast w cTaHOBUTCS KUHETHUECKUM MOMeHTOM. [Ipu h = 0 v Tak:Ke CTAaHOBHUTCS MePBbIM
unrerpasom. M3 cooTHOLIEH S [1/151 SHEPIHH MOYKHO YBUJIETh, UTO OKPYKHOCTb w? + v = 2 cooTBeT-
ctByeT h = 0, TOT/Ia Kak MOTOKH BHYTPH H BHE OKPY»KHOCTH 0TBeuatoT h < O u h > 0 COOTBETCTBEHHO.
Cucrema (12.3) umeer 6eCKOHEUHO MHOTO TOJIOYKEHHH PaBHOBECHS, U BCE OHHU
Jexat Ha okpykHocTH w? + v2 = 2. JIpyrie TpaekTOpHH SIBJSTIOTCST BEPTH- v
KaJIbHBIMH B (ha30BOH MJIOCKOCTH, MO3TOMY OHH JIMGO JIOCTUraloT MHOTOOGpa-

3ust cTosikHoBeHust C, in60 HeT. [ToToK n3o6paxken Ha puc. 2. Mbl noJiydaem /'/0\'\
CJICIYIOLLIMH pe3yJibTar. w
Teopema 14.1 (Makluxu, 1981 r.). llpu h > 0 u |w| > V2, kax- \ /
U

doe peulerue HEOSPAHUUEHO 8 0O0UX HANPABACHUSLX OBUNCEHUs BpeMme-
Hu; npu |w| < V2 kaxdoe pewenue b0 HaUUHACMCS CO CIMOAKHOBE-
HILS AUO0 30KAHUUBACMCSA CIMOAKHOBEHUEM Il HEOZDAHULEHO 8 ODYSOM b\ o [orok crere-
nanpasaeruu. llpu h =0 u v # 0 kaxdoe pewenue makice wbO Ha- wbi (12.3) ipu 3 = 1
YUHACMCA CO CMOAKHOBEHUA, MO0 3AKAHUUBACMCA CIMOAKHOBEHUEM U

HeoepaHruieHo 8 opyeom Hanpasaeruu; npu v = 0 Kaxdoe peulerue 18-

asemes kpyeosoin. [lpu h < 0 kasjcdoe pewerue Hauuraemcs coO CMOAKHOBEHUS U 3AKAHYUBA-
emcs CMOAKHOBECHILEM.

15. Caywain 3 > 1

B sToM naparpade Mbl onipesiesinm r106aibHbIE TOTOK cucTeMbl (12.3) pu 8 > 1. B 3ToM caiyuae
KauecTBeHHOE MOBeJeHHe TIOTOKA CHIIbHO OTJIMUAETCS OT MOBeeHUs MOToKa B 3aj1aue KenJepa.

Cucrema (12.3) BHOBbL MMeeT 4 noJioxKenus papHoBecust: (£+/a, 0) 1 (0, 4+/2), Ho, B OT/IHUHE OT
cyuast 3 < 1, mepBbie IBa NOJIOXKEHUsS pABHOBECHS TeNeph JIeXKaT BHe OKpYKHOCTH w2 +v? = 2, KoTo-
past siBJIsIeTCS MHBAPHAHTHBIM MHOXKeCTBOM. MHopmalmnio 06 ocTasbHOM UaCTH MTOTOKA MOXKHO MOJTY -
UWTb, JIMHEAPU3Ysl CHCTEMY B KaXKJIOM U3 M0JIOXKEHHH paBHOBecHs1. JInHeapuaalys Mo3BoJsieT ciesaTh
BbIBOJL, uTO (++/c,0) 1 (0,£/2) ABASIOTCA CeMIaMH, TTOITOMY MOTOK BHIFJISMT TaK, KaK M0Ka3aHo
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Ha puc. 3. I3 cOOTHOLIEHUs /sl SHEPTHH Mbl BUIMM, 4TO OKPYKHOCTb w? + v? = 2 coOTBeTCTBYeT
h = 0, Toraa Kak NoTOKH BHYTPH M BHE OKPY>KHOCTH oTBeuatoT h < 0 u h > 0 cooTBeTcTBEHHO. Beno-
MMHAasl, UTO UHBAPHAHTHAS OKPY>KHOCTb MPEACTaBJsAeT co60i MHOTOOOpa3ue CToJMKHOBeHUH C, MOKHO
clleNaTh CJeyioline BbIBOJbI U3 u3yueHus cuctem (12.2) u (12.3).

Teopema 15.1 (Makluxu, 1981 r.). Kpy-
v eosvle nepuoduieckiue mpaexKmopuu, coomaseni-
cmsyouue noroxcerusn pasrosecus (+£+/a,0),
Komopble menepb BO3HUKAIOM NpU NOAONHCU-
meavHotl 3nepeuu, Heycmouuuso.. Hexomopoie
peulenus, ABALIOUUECs ACUMNMOMUYECKUML K
O00HOIl U3 Kpyeosvlx mpaekmopuii, npusooam K

\ )

/ CMOAKHOBEHUAM, moeda Kak opyeue HeoepaHu-
uenol. [lpu h > 0 cywecmsyrom HeoepaHuueH-
Hble peulenus co CMOAKHOBeHUEeM, PeUeHusl, Ha-

YUHAIOULECS CO CIMOAKHOBCHUS U 3AKAHYUBAIO-
wuecs CMoOAKHOBEHUEM, U PeulerHus, HeoepaHri-
uenHbvle 8 oboux nHanpasrenusx. [lpu h < 0 sce
peulerus HAUUHAIOMCS CO CIOAKHOBEHUS I 3a-
KAHYUBAIOMCA CMOAKHOBEHUEM 34 UCKAIOHYEHU-
eM peuleHull ¢ HyiesulMU IHepeuell U KUHemUu14ecKum MOMEHRMOM, KOMOopblie HAUUHAIOMCS CO
CMOAKHOBEHUS WAL 3AKAHYUBAIONCA CIMOAKHOBEHUEM L HEOPDAHUYEHbL 8 OPYeOM Hanpasae-
HULL.

Puc. 3. ITotok cucrembl (12.3) npu 5 > 1

16. BbiBoabl M MepPCNEKTUBDI

N3yuennie oco6eHHOCTEH BJSETCS BayKHBIM /151 TOHUMAaHH 1 KAUeCTBEHHOTO MOBE/ICHUS PellIeHHH
B IMHAMHKE CUCTEM MaTepHasibHbIX ToueK. B HeKOTOpBIX cJiydasix 104151 HauaJbHbIX YCJOBHH, MPUBO/ISI-
LIMX K CTOJIKHOBEHHUSIM, SIBJISIETCS TPeHeOPeKUMO MaJIol, HO B APYTHX OHA MOXKET ObITh OOJIbLIOH KaK
C TOUYKH 3pEHHUST TEOPUH MEPBI, TAK H C TOTIOJOTHUECKOH TOUKH 3peHHus (CM. TaKkxe [22]).

MHorue U3 BbIIIEH3I0KEHHbBIX uaen MOTYT HCIIOJIb30BATbLCA B APYTHUX 3ajayvaX, a TakKxKe MOTryT
ObITb 00001LEeHbI JJIsT HEOAHOPOAHbIX MOTEHIHaJ 0B, Hallpumep, AJisi /{Basuoduopodubtx NnoTeHura-

JIOB, KOTOPbIC UMEIOT BUJL % + i, rie a, b, a, u B — KOHCTaHThI, yaoBJaeTBopsitome 0 < a < S.
r r

Onu s1Bsisit0TCS 060011IEHHSIME MHOTHX TIOTEHIIHAJIOB, HCMOJb3yeMbIX B aCTPOHOMUH, (DU3HKE W XHUMHUH,
a uMeHHo noreHuuanoB Hutotona, Maunesa, Kysona, Ban nep Baasbca, [lIBapumnabia, bupkroda,
Jlennapna — JI>konca, Jlubodda u 1. 1.

Tax>ke BaxKHBIMU SIBJISIIOTCS aHU30TPOINHUECKHE MTOTEHIHAJbI, TOJBKO BA U3 KOTOPbIX U3YyUaJMCh
MPUMEHUTENBHO K 3ajiaue JIBYX TeJl BIJIOTh JI0 HACTOSIIIErO MOMEHTAa: aHU30Tponnyeckue 3anaun Ker-
Jepa [13] u Manesa [3], [8], [9]. [lepBas nose3na aasi MOHUMAHUS CBSI3€H, CYLIECTBYIOLIMX MEXKILY
KJIACCHUYECKOH M KBAHTOBOH MeXaHUKaMH, TOT/la KaK BTOpasi HAXOAMUTCS Ha MepeceueHnn Kiaaccuue-
CKOM, KBAHTOBOH U PeJIITUBUCTCKON MeXaHUK. B KaxK1IoM U3 3THUX cJydaeB, a Takxke B 00llleM cJyuae,
0COOEHHOCTH UrpaloT KPUTHUECKYIO poJib. VI3dyueHne KBa3MOAHOPOJIHBIX MOTEHIHAJIOB C 3TOH TOUKH
3pEHHS elle 1aJeKO He 3aBEpPLUIEHO.
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