3anucKM Hay4JHBIX
cemunapos [ITOMUA
Tom 276, 2001 r.

JI. B. KoBaues

MOHOTOHHOCTDL OBOBIIEHHOT'O
INPUBEOEHHOT O MOIYJIA

[IpuBenenHbii MOIYb OTKPBITONO MHOMKECTBA XapaKTePU3YeT
ACUMIITOTUYECKOE TIOBENEHUE EMKOCTEN KOHIEHCATOPOB WU MOIY-
jieli ceMelCTB KPUBBIX IIPU BHIPOMKIAEHUM COOTBETCTBYIOMMUX 0ODHeEK-
TOB. B maeiinoMm mitaHe 9To MOHATHE BocXoauT K paboram I'. I'péria
u O. Telixmonnepa nagana 20-ro Beka, a €ro CUCTEMATUYECKOE KC-
110JIb30BaHKE B TeOpUM PYHKIMA B COUETAHUN ¢ CUMMeTPU3AMOHHOMA
TexHUKOH Geper Hadaso B paborax Y. K. Xefimana (cwm. [1]). Brmo-
CJIeACTBUU PACCMATPUBAIUCH MHOTOYNCIIEHHBIE PA3HOBUIHOCTH TIPU-
BeneHHbIX Moayiiei [2, 3]. B. H. Jly6unun [4—6] paccmoTped npuse-
JEHHBI MOy Jb, BO3HUKAIONIUA TPU CTATUBAHUEU TJIACTUH 0060 8IeH-
HOI'O KOHAEHCATOPa B TOYKU IO CTEMEHHOMY 3aKOHY. DTa KOHCTPYK-
WA Halllla JajibHellliiee pasBUTHUE U IPUIOKEHUsA B cTaThax [7—10].

JoCcTOMHCTBOM ®TOr0 MOAXOAA ABIAETCA MMPOTA KIacca pelrae-
MBIX 3a/1a4: TeOPeMbI MCKaKEHNUA, 3aaUn 06 BKCTpeMaJbHOM pa3bu-
eHUM, HeEpABEHCTBA JJIA TOJUHOMOB U Apyrue. BmecTe ¢ Tem cienyer
OTMETUTH, YTO ONUCAHUA HKCTPEMAJbHBIX 06beKTOB B paborax [4—
10] memoHbl 1160 oTCYTCTBYIOT. JLis yCTpaHEHUA DTOrO HEJOCTATKA
He0oOXOMMO DEMUTH ABE 3aavd: HAWTU HeoBX0AMMBIE U AOCTATOY-
HBle YCJIOBUA COXPAaHEHU MPUBENEHHOTO MOIYJA MPW PaCIIUpeHUN
OTKPBITOTO MHOMKECTBA M MPU €ro CUMMETPU3AIMOHHBIX TIpeobpaso-
BaHUAX. B HacTosAmel cTaThe pelleHa MepBad U3 BTUX 3aad.

B mnepsom maparpade BBOmATCA 0603HAUEHUSA U JAOKA3ZBIBAIOTCA
JIEMMBI BCIIOMOTaTeTbHOTO XapakTepa. B §2 Halineno Heobxoaumoe u
JAOCTATOYHOE YCIOBWE PAaBEHCTBA MPUBEAEHHBIX MOAYJEH OTKPBITHIX
mMuoskecTB Q u B, e @ C B u R™\ B Henoasipro. C HOMOIIBIO 9TOT0
KpUTepurA B §3 pellleHa aHAJOTMYHAA 3a7a4a [IPU YCIOBUAM TTOJIAPHO-
cru MHOkecTBa R™\ B. B uerBepToM naparpade B KauecTBe puMepa
NPUITOKEHNA Pe3yNbTaToB §3 Hali/leHbl 9KCTpeMalibHble QYHKIMM J1JIA
TeopeMbl UCKaKEHUSA B KilacCe OJHONUCTHLIX (QYHKIMA, 0Tobpamkaio-

Pa6ora BoinosnneHa npu noanepxke POOU (rpant 99-01-00443) u nporpam-
MEL ” Y HuBepcuTeTH Poccun” (rpanT 991282).
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IUX e JMHUYHBIA KPyT Ha 06JIacTh ¢ OTPAHUYEHHBIM TPaHCOUHUTHBIM
AvameTpom, mokaszanuoil panee B.H. JIybununbim [5].

§1. ONPEAEJEHNUA. BCIOMOTATEJBHBIE PE3YJIbTATHI

1.1. Bcroay mmke N o6o3HadyaeT MHOXKECTBO HATYPAJbHBIX YHUCe,

N,, = {l,...,m}, R® — n-MepHOoe eBKIMUAOBO MPOCTPAHCTBO TOYEK
x = (21,...,&,), n > 2, c HOpMOIA |x| = \/27+ -+ 22 n HyneBBIM
siremerToM 0 = (0,...,0). Hepes R? = R"U{o0} oGosHagaeTcd 0HO-

TodyeuHad KoMnakTuurkanma R”. B maabHelinieMm, eciit He oTOBOPEHO
MPOTUBHOE, TOMOJOTUYECKE TEPMUHBI (HAPUMED, TPAHUIA MHOKE-
ctBa P, o6o3navdaemMasn 0F) 0OTHOCATCA K TOMOTOT UM R7. BBeaeM Tak-
JKe cileayrole 0603HaUeHNA:

R™ n2>3
{ - Knp(z) = {
R n=2;
Ur)={xeR": x|<r}, U=T);
Fa,r) = {x €R": [x—a|<r}, acR" [Eoo,r) =R\ U(1/r);
B { [(n/2)7="/?(2n —4)~', n>3,
" (27)~1, n=2

n _$2_na 7'L> )
Ry =
log x, n=2;

BopeneBckoe mHOoEecTBO £ C R? HasbBaeTcA MOJIAPHBIM, e€CIHU
I3 Mo 60 KOHeUHOM HeHyIeBoii GopelleBCKoOM Mephl ¢t Ha R”™ ¢ Kom-
MTAKTHBIM HOCUTEJIEM, JIEKAIIMM B F, BBRIMOJIHAETCA PABEHCTBO

[ Ealix =y dudty) = .

CoracHo 5ToMy ONpeIeleHNIO, I 7 3> 3 MOAMHOMECTBO R”, co-
Hepskaliiee 00, He ABAAeTCA MOMAPHBIM. O TMONAPHBIX MHOMKECTBAX
cM. [11-13]. B manpreiimnem ¢ppasza “TpubIM3UTENBHO BCIOLY O3HA-
YaeT “BCIOMAY, 33 MCKIIOUEHNEM IOJIAPHOTO MHOMKecCTBA” .

ITyctb B — otkpbiToe moamuosxkecTBo R? R™\ B HenoansapHo. PyHK-
meii ['puna ¢p(X,y) MHOEecTBa B ¢ momocoM B Touke y € B Ha3bl-
BaeM HAUMEHBIIYIO U3 HeoTpUllaTelbHbIX rapmonnueckux B B\ {y}
GYHKIINNA, UMEIONUX IIPU X — Y aCUMITOTUYECKOE PAa3JloKeHne

9B(x,y) =
_ { log |x| + log (B, y) + o(1), ecom n=2my = oo,
|l —Ku(x—y])+ Ku(r(B,y)) + o(1) B npotuBHOM cayuae.
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Bxoasman B »To pasnoskenue BeawurHa r(B,y) Ha3bIBaeTCA Tap-
MOHUYECKAM pPajUyCcoM MHOMkecTBa B oTHocurTesbHo Touku y [14,
15]. CymiecrtBoBanue,; e AMHCTBEHHOCTb U OCHOBHBIE CBOMCTBA ()YHK-
wmu [ puna mokazaubl B [11, ¢. 267-273], 12, ¢. 285-286].

MMycts B C RY — oTKRpBITOE MHOKECTBO, X = (X1,...,Xm) — YIOPs-
JOYEHHBIA HaGop pasnnyHbix Touek B, W = (wy,...,wy) € R™\ {0}.
O6o3naunm

m
S(B, X, W) :efz ZAH (B,x1)) —|—ZZwkw1g3 (x1,%7),
k=1 k=1 1#£k

ecau muOoxkecTBo R™\ B HermoasapHo, 1

SBXW)E 3T N wpwKa(xe — xil),

kellel\{k}
I={keN,,: x; #},

B IPOTUBHOM CIIyUae.

Tlox roHmeHcaTopoM monuMaerca mapa (P|A), rae P = (Fy,. ..,

Fpn) — KOHeUHAsA [MOCTEeT0BATENBHOCTD HElTePECEKAIONINK CA HEILY CThIX

3aMKHYTEIX TI0IMHOMECTB [R", Ha3bIBAEMBIX [IACTUHAMM KOHIEHCA-

Topa, A = (81,...,6y) € R™. Tlpu n > 3 AONOJHUTENLHO Tpebyem
m

o0 € |J Ej. Emrocth koHAeHcaTopa C' = (P |A) pabna
k=1

(:apC'd:ef inf/|Vv|2dx,

rjle HWEKHAS TI'paHb OepeTcs 10 BCEM HeIPepPBIBHBIM (YyHKIMAM
v: R?” — R, gummmiteBbiM B R” 1 paBHBIM 8 Ha MHOMKECTBe Fj,

k € N,,. Moaynb kougencaropa C pasen |C] def (cap C)~1

IIycte B C R} — OTKpPBITOE MHOMKECTBO; X1, ...,X; — PA3JIMYHBIE
Tourr B; A= (b1,...,8m) ER™\{0}; ¥ = (¢1,...,¢%m), e ¢5(r) =
per’* o pr,ve > 0. Obosraunm

-1
Vn, A W) = (Zézuz i)

C(r; B, X,A,0) =
= ((BR7\ B,E(x1,¥1(7)), - - -, E(Xpm, ¥ (1)) | (0,61, ..., 6m)) -
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Fcan nveer MecTo acMMITOTUYECKOE Pa3JI0kKeHMe
|C(r; B, X, A, ¥)| =
= —spv(n, A O)K,(r) + M(B, X, A, ¥)+0o(1), r—0,

To BXoadmas B Hero pemmumHa M(B, X, A ¥) HaspiBaeTCA NpuBe-
JEHHBIM MOIYJIEM MHOMKeCTBa B OTHOCUTENbHO COBOKymHOCTer X, A
u V.

IMpu m = 6, = py = v1 = 1 u Henoasipuom MHokecTBe R™\ B
OIMCAHHAS BbIIIE KOHCTPYKIMA Xopoliio usBectHa [1, 14, 16] 1 namia

MHOTOYMCJIEHHBIEC MTPUJOKEHNA B TE€OpPUN (i)yHKL[I/Iﬁ B stom cilyd4dace
MeeT MeCTO paBEHCTBO

MB, (%), (1), (1) = 0 Fon(1( B, %)),
ABIATIOMEECA YACTHBIM CIydaeM (hopMy bl
M(B, X, A, W) = aS(B, X, (647 2v7h, o bp v ) — B, (1)
rae o =sx,v(n, AU B=0mnpu n >3,

8= Zégyk_zlogﬂk npu n = 2.
k=1

Ona m > 1 x HacroAmeMy BpeMeHn papeHcTBO (1) mokrazaHo B
CIeAYIOMMUX ciy4dasx.

1) n =2 A=(,...,1), R?\ B HenoJssipHo: TpeaBapUTebHOe
coobenne B [17], moapoGHoe usnoxkenue — [4].

2) n = 2, R?\ B HenoxsapHo: npeasapuTeibHoe coobileHne —
[6], mompoBHOe w3nokeHne — [5], momoiHeHue A ciydas 0 €

(61,60} = [7).

m
3) n=2, R?\ B noaspuo, > 6;61/];1 = 0: mpeaBapuredbHOEe CO06-
F=1

menne — [6], moapobHOe M3T0M%enTe — [7].
Hn 236 #0, 1y, = 1, k € Ny, R®\ B HenmodsApHO W 1IpU
y € 0B, k € N, Bemonnserca lim ¢p(x,x;) = 0 — [8] (ormernm,
X—Yy

YTO B HACTOAIINENR cTaThbe HOPMUDPOBEKQ (i)yHKL[I/II/I FpI/IHa OTJIIMYHA

or [8]).

m
-1
Sameuanme 1. Yciosue Y 6v; = 0 B caydae 3) Heo6xommmMo
k=1
JUIA CyINeCTBOBAHUA NIPUBEIEHHOr0 MOAYA. elicTBUTENbHO, TyCTh
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S brvyt # 0. OBosrauum
k=1

(l
~—~

>
=

>
3
~—

m m -1
EZZ‘SW?(Z’/F) ; Sh=06r—¢, kEN,,; A
k=1 k=1

Hetpyano Bumeth, uTo
—k — — =

N
2 —_ _—
(QA\I! E;yk 2A\I!)

ns olpeAcyJeHUsI EMKOCTU KOHACHCATOPA BBITEKAET PABEHCTBO

capC’(r;B,X,z,\I!) =capC(r; B, X, A, 7).

Tak kak mocaemoBatenpaocTn X, A 1 ¥ yAoBAE€TBOPAIOT yCIOBUAM
MyHKTa 3), TO MMeeM

|C(r; B, X, A, W)| = |C(r; B, X,A, 0)| =

2,A, ¥
= —% logr + o(1), r—0.
C yuerom (2) monydaem
2,A ¥
lim <|C’(r B, X, A T)| + %logr) = +o0.
r—0 T

Sameuanme 2. Ycaosue & # 0, k € N,,,, B yHETe 4 HecyImecTBeH-
Ho anA cupaBemimuBocTu popmynasl (1). B sroMm jmerko yGeanmThbed,
HMOBTOPAA paccyskiaenus us [7, ¢. T7] s caydasa n > 3.

1.2, HeHOCpeﬂCTBeHHO 13 oIIpedeJIeHUsA IpUBEACHHOTO MOAYJIA CJie-
AyeT €ro MOHOTOHHOCTB!

ML XA T) < M(B, X, A T), (3)

ecim § C B w mpuBeaeHHbIE MOAYIN CYIIECTBYIOT. DTO CBOHCTBO B
coverannu ¢ (1) M cMMMeTPHU3AIMOHHBIMI NpeoGpasoBannaAMu [17]
NPUBOIAT K PANY KJIaCCHMUYECKUX M HOBBLIX Pe3yJbTaTOB B TEOPUN
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¢yurmmit [4-10]. B cBA3M ¢ 9TUM ABNAETCA aKTyalbHON 3ajaua Ha-
XOMKIEeHIA HEOOXOAMMEBIX 1 JAOCTATOYHBIX YCJIOBUIA paBeHcTBa B (3).
Beuny coorromenus (1), B HacToAmel cTarbe BMecTo (3) paccma-
TpUBaETCA HEPABEHCTBO

S, X, W) < S(B, X, W), (4)

cupaBegauBoe nipu 2 C B C R” 3a mckmouenumeM ciydvas, KOTJa
m

n =2, R?\ B nonapuo, R*\Q nenonsaprou > wi # 0 0iHOBpeMeHHO.
k=1

HeficTBUTeNBHO, DU HOJNApHOM MHOkecTBe R™\ 2 H0Ka3bIBATEH He-

vero. Ecim n = 2 m He MMeeT MecTa yKa3aHHBIA MCKJIIOYUTENHHBIA

ciydaii, To HepabeHCTBO (4) cienyer w3 pesyapraTa (3) paGoThl

Hexapu [18]. TIpu n > 3 momoskum A = W, ¥ = (¢, ..., ¢%p), Tae

Yr(r) =7, k= 1,...,m. O6osnaunm depes {Q: k € N} raryo mo-

CIle0BaTENbHOCTE OTKPLITHLIX MHOMKECTB, uTo X; € £y npu [ € Ny,

_ (o)
O C ey, U Q% = Q moana gaskaoro Qp cupaBemiinBo paBeH-

k=1
ctBo (1). Ecam R™\ B menonsapHo, 10 depes { By, : k € N} o6ozHaunm
AHAJOTUYHYIO MOCIEI0BATENLHOCTE MU B; B MPOTUBHOM Ciydae To-
noxuM By = U(k). Herpyaro Buaerh, UTo JiIA 06000 HATYPaib-
Horo k cymectByer Takoe umcio p(k) > k, aro Qi C Bp). Beuny
(1) m (3) mmeem S(Q, X, W) < S(Bpr), X, W). Yerpemasaa k — oo u
yuuThiBas paBeHcTBo [8, ¢. 102]

S(U(p), X, W) == wilp—|xx’/p)* "+
k=1

+ ZZwkwl <|Xk — X 2-n _

k=1 1k

nonyuuMm (4).

Ina onvicaHns ciiy4daeB paBeHCTBa B (4) HaM MOTPeBYIOTCA AOTIO -
HUTeJbHLIE 0603HaUEeHUA W BCIIOMoTaTeNbHbIe pesyabTaThl. O6o3Ha-
yum uepes {F) MHOMECTBO CBASHEIX KOMIIOHEHT MHOMkecTBa I C R™;
(E,x) — anement (E), comepsammii Toury x € F; (E, F) — siiemenT
(E), comeprammii cBAsHOe MHOMKecTBO I C F.

Jlemma 1. Feauw D C G C R? - obaacmu u muoxncecmeo 0D NG
noagpuo, mo G\ D = 0D NG. B wacmuocmu, G\ D noagpno.
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JokazarenscTBo. Y caoBue cBasHoctu [ u Briatodvenne D C G mpu-
BoJAT K paBeHctBy D = (G \ 0D, D). Tak rak xaycaoppoba pas-
MEepPHOCTD ToJApHoro MHoskecTBa 0D N G #He npesocxoaur n — 2 [12,
c. 245], ono He paszgeaser n-mepuyw obnacth G. CienoBaTesbHo,
MHOxecTBO G\ 0D cBAsHO, yTo Biever D = G\ dD. Hocnexnnee pa-
BeHCTBO paBHocuibHO G\ D = 0D NG. Jlemma mgokazaHa.

IMMycte D C RY? — obaactb, R®\ D nenoasipuo. [apmonuueckas
mepa [11, ¢. 133, 265] 6opesesckoro muoxkectBa E C 0D, 06o3Ha-
gaeMad wp (X, F), paBHa BepxHell ornbaroreil GpyHKIWIA h, rapMoHN-
dyeckuxX B D W yAOBIETBOPAOIIUX yCIOBUAM

— L, SO
Tim h(x) g{ Y
x—y 0, yedD\LE.

Mpu x € D wp(x,-) — 6openeBckad Mepa Ha JD. Tak Kak paBeHCTBA
wp(x,F) = 0 paBHOCWIBHBI pu Bcex X € D, sammch wp(F) = 0
ABNAeTCA KoppekTHoW. Hocmrenb Mep wp(X,:) obosHauaeMm depes
Suppwp .
TTokaskeM, 4To peryispHBIEe IpaHWYHbIE ToYku obmactu D (T.e.,
ToukM y € 0D, niisg KoTOopBIX pu Xg € [ BBITOIHAETCA ilH;, gp(x,%0)
-

= 0) mpuHaaIexRaT SUPp wp. JelcTBUTENBHO, eClU Yy — PeryiApHasa
PpaHWUYHAA TOYKa, TO AiA jmoboro r > 0 BeModHAETCA wp(x, 0D N
E(y,r)) — 1 mpu x — y [11, c. 265]. Crnenoarenbto, wp(dD N
E(y,r)) > 0, uro BieYeT y € suppwp.

3aMeTuM, YTO COTJACHO OIPENEIEHUIO PEryIAPHOW T'pPaHUYHOMN
TOYUKW IUIA BCAKOW HeorpaHmveHHoU obmactm D C R”, n > 3, rpa-
HUYHAA TOYKa OO0 ABIAETCA PEryIAPHOW, W MOTOMY MPUHAIIEKAT
Suppwp .

HamomuuM ABa OCHOBHBIX pe3yibTaTa TEODUM MOTEHIHMANA, WC-
nosib3yeMble B gaibHefmeM. Jlemva Kemmora [11, c¢. 260]: mHOKe-
CTBO HePEryJAPHBIX TPAHUYHBIX Touek obiiacTu moasapuo. O6obien-
HBIE npuHnMn Makcumyma [11, ¢. 250]: orpanuvennas cy6rapMoHu-
deckasa B obnactu D C R} ¢yHKIMA, rpaHWYHBIe 3HaYeHUA KOTOPOH
HEMOJORUTENBHBI “IPUGIU3UTENbHO Beoay” Ha 0D, He IPEeBOCXOIUT
HyJa B D.

Jlemma 2. [Tycme D C R? — obaacms, R™\ D wenoaspuo, E — bope-
aeackoe nodmuoncecmao OD. Tozda:
a) Ecau F noagpro, mo wp(E) =0 [11, c. 266].



226 JI. B. KOBAJIEB

b) Ecau E omxpwmo omuocumeasio 0D w wp(F) =0, mo E noagp-

HO.
HoxazareabcrBo. FEcmu E otkpeito B 9D n wp(F) = 0, 1o BN
suppwp = @. Ilo morkazaHHOMY BHIIIE, MHOMXKECTBO F He COIEPKUAT

PEryIApHBIX TpPaHUYHBIX Todek obmactu ). CornacHo nemme Kein-
Jora, OHO MOJAPHO. Y TBepikAeHNEe b) M0Ka3aHo.

§2. MHOMKECTBA C HETOJAPHBIM AOMNOJTHEHUEM

Teopema 1. [Tycmy Q@ C B C R? — omkpsmete muoxmcecmea, R™ \
B wenoagpno, X1,...,Xy — pazauunsie mouku 2. Oboznwavum W

(wl,...,wm) ERm\{O}7

E= {x € B: iwkgB(x,xk) = 0}.

k=1

Tozda 6 nepasencmee (4) pasencmeo umeem Mecmo mozda % MOALKO
moezda, xozda muoxncecmeo B\ (U E) noagpuo.

JHoxazarenscTBo. [Ipennonosxknm, uro MHoxecTBo B\ (Q U E) 1mo-
JAPHO, U MOKaskeM, uTo B (4) nMeer MecTo paBeHcTBO. V3 cBoOMCcTB
¢yurrun I'puHa, seMmbl Kennora m 06061eHHOr0 IPUHIUIIA MaKCH-
MyMa CcJeayeT paBeHCTBO

> wigalx,xp) =Y wigs(x,%;), x€ Q. (6)
k=1 k=1

Mputasusaa k obeum uvactam (6) wiKy(|x — xi|) (mam wlog(1/]x]),

ecam X; = ©0), Tepexod K Mpefeny Npu X — X;, YMHOKAA HA W] U

cymMupys 1o | € N, npuxoaum & TpebyeMoMy paBeHCTBY.
Ipeamonoxum, uro MHOkecTBo B\ (QU F) He aABIAeTCA MONApP-

HBIM, M TOKa)KeM, UTO B 2ToM caydae B (4) mMeeT MecTo cTporoe
HepaBencTBo. Obosnaunm G = (B \ B, xi), Dy = <Q xi), k € Ny,

N3 onpenenenus muoskectBa E cuenyer B\ F = U Gy. Orcrona
k=1

B\ (QUE) U (Gr\ Q) C U (Gr \ Dy).

CrenoBarelbHo, 0 HeKoToporo p € N, MHokecTBO () \ D), Hemo-
ngapuao. O6osnaunm D = D, G = G,. C yueTrom meMME! 1 moxydaem,
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uro 0D NG HenmonsapHo. B cuny smemmer 2, wp (0D NG) > 0. Tlycts
Yo € suppwp NG, Toraa

ZwkgB(Xk,yo) #0. (7)
k=1

Mycte Fy = E(yo,r), nae r > 0 HACTOIBKO MaJI0, YTO BHITOTHAIOTCA
ycaosua F, C Bu D\ E, # @. O6osnauum v, = DN FE,, B(r) =
(B\ 7r, D). HokaskeM paBeHCTBO

IB(r) = ~, UJ(B,yo) (8)

HeiicTBuTenbHO, U3 yciaoBuid v C 0D, D C B(r) nu 7. N B(r) = @&
caenyer, uro vy, C 9B(r). Tak rax dB(r) C (B \ yr), uMeem

IB(r)N Er = 7,. (9)

O6aacth (B, yo)\Er comepsnrca B B\, , mepecekaerca c D u motomy
comepnrca B B(r). C apyroii croponsl, us ycnosus B(r) C (B, D) =
(B,yo) cienyer B(r)\ E, C (B,yo)\ Er. Ntak, B(r)\ E, = (B,yo)\ Er,
orryana 0B(r)\ F, = 9(B,yq), 4ro B™MecTe ¢ (9) naer (8).

YuuteiBas, uro v, C 0B(r)NID u D C B(r), coriacHo IPpUHIAILY
Kapaemana mmeem

WB(T)(XaPyT) Z WD(XaPyT) > Oa x€D.

Mycte I = {k € Nyt x5 € (B,yo)}; ¢ = 98(yo,%xi), k € I; g =
9B — 9B(r)- 3aMeTuM, 9To ¢,(X,x) = K, (r(B,x))— K, (r(B(r),x)), x €
B(r). B cuny uenpepwuBHOCTH ¢pyHEKImK ['puna ¢p(y,x5) = ¢ + o(1),
Y €7y, r |0, k€l (3mech n HImEKe, OlleHKA 0CTATOYHOrO 4YieHa o(1)
paBHOMepHa 1o X,y ). CrenosareinbHo, mpu k € I paBeHCTBO

iggr(x,xk) = (ex + o(1)) ii_rng(r)(x,'yr), r |0, (10)

BBIMIOJIHAETCA “TIPpUOAN3UTETBHO BCIOAY Ha v,. KpoMe Toro, 1Mo jJeM-
Mme Keiora o6e yactu (10) obpaimaiorcs B Hy/Ib “TIPUGIU3UTETHHO
Bcroay” Ha O(B,yo). Beuay (8), mo 0606ueHHOMY TPWHIAIY MaKCH-
MyMa UMeeM

gT(Xan) = (ck + 0(1))“}3(7‘)(){’77‘)’ r l Oa X € B(T)
O6osmavas wi(r) = wp)(Xz, 7 ), k € I, maxommm

gr(x1,%x5) = (cp +o(1))wi(r), 710, k,{el. (11)
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BBuny cummMmerpuuHocTu ¢pyHKmmmM 1'puna,
gr (X1, %x1) = gr (X, x1) = (e + o(D)wi(r), r10, k,lel. (12)

Bribepem j € I u monoxuM «(r) = w;(r)/¢;. Torma mz (11) u (12)
nosnydaeMm wi(r) = (¢; + o(1))a(r), r | 0, l € I. CaenoBareinbHo,

gr(x1,x5) = cpaa(r)(1 +0(1)), |0, k1€

Urak,

S(B,X,W)—=8(B\ 7, X, W)= ZZwlwkgr(xl,xk) =
lel kel

= a(r)(l —|—0(1))ZZwlwkclck =a(r)(1+o(1 (Zwkck) , r]o0.

B cuny (7) npu mocratouHo Manbix r > (0 HocilenHee BhIpasKeHUE
mooxEuTENRHO. Clle 10BATENBHO,

S(B, X, W) > S(B\ 3, X, W) > S(2, X, W).

TeopeMa JOKa3aHa.

§3 MHOMKECTBA C TTOJAPHBIM HJOMOJTHEHUEM

Ecan o6a mHOKecTBa R™\ B 1t R™\  monapabl, 1o (4) oGpammaer-
cA B paBeHCTBO o omnpeneiennto. OcraeTcsa paccMOTPETH CIydYaid,
KOTJla MOJIAPHO POBHO OJHO U3 TUX MHOMKeCTB, a uMentno R™\ B. Ha-
IMOMHUM, YTO TIPHA BTOM MPEAMOTOKEHUN U 1 = 2 AJA CYIECTBOBAHUA
IPUBEIEHHOTO MOAY A 06acTu B Heo6X0AMMO U JOCTATOUHO JOTIOJI-
HUTEJbHOE yCJIOBUE Ha ero napamerpbl. B crarbe [8] Oblia BbiCKa-
3aHa TUII0TE3a, YTO MPU N > 3 HE0OXOAMMOCTH B 10 00HOM yCIOBUU
Her. Tem He MeHee, B HACTOAIEE BPEMA DTOT BOMPOC OCTAETCA OT-
KPBITBIM, UTO OTpaykaeT CYIECTBEHHOE PA3JIMdhe CBOWCTB IIIIOCKUX
U TTPOCTPAHCTBEHHBIX 06JacTell ¢ MONAPHBIM AomojHeHneM n0 R™. B
HacToANeM mnaparpade ciaydam n = 2 U n 2> 3 PacCMaTpPUBAIOTCA
OTAENBHO.

Teopema 2. ITyems Q C B C R2 — omkpumete mMmuoxcecmea, R\ Q
wenoagpno, R2\ B noagpno, X1, ..., %Xy — pasauunsie mouxu 2. ITycms

W = (w1,...,wy) €ERT\ {0}, 2de > wy = 0. Obosnavum
k=1

I={keNy: x £}, FEA)= {XEBZ Zwklog|x—xk|:/\}.
kel
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Tozda e wnepasencmee (4) pasencmeo umeem mecmo mozda % MoAb-
Ko mozda, kozda npu wexkomopom A € R mnomcecmeo B\ (2 U E(X))
ROATPHO.

JokazaTesqbcTBo. [[oBTOpPAA MOKa3aTENLCTBO TEOPEMBI 3 CTATHU
[7], momydaem, 4TO MpW YCIOBUM MOJAPHOCTH MHOMxecTBa B\ (U
E(X)) B (4) nuMeeT MeCcTO PaBEHCTBO.

Mpeanonoxmm, uto B (4) MMeeT MeCTO DPABEHCTBO M TTOKAMKEM,
UTO B 9TOM cilyyae cylecTByeT A € R, 1A KOTOPOTO MHOM¥ECTBO B\
(QUE(X)) monspuo. Beuay onpeneneana S(B, X, W) MoskHO cuntaTh,
gro B =R2 Mycte D € (Q), yo € suppwp \ {0},

A= Zwklog|yo — x|
kel

Mpu 0 < r < sup |x — yo| monoskum v, = 9D N Ky, r) u B(r) =
x€eD

<@ \ 7r, D). Cuenysa mokazaTedbCcTBY coOTHoIeHUA (9), momydaem
IB(r) = y,.

Tak rar Q@ C B(r) C R2, IpeaoIoKeHNe 0 paBEHCTBE B (4) Bute-
ger S(Q, X, W) = 8(B(r), X,W). Ilo mocrpoenunio nmeeM wp(7,) > 0.
YuurbiBan jemMmy 2 u Brmouenue vy, C R?\ B(r), npuxoaum & Bbi-
Boay, uro R?\ B(r) He sBiseTCA M0AAPHBIM MHOMkecTBOM. [lpumensis
TeopeMy 1 kK MHOMKecTBaM § u B(r), momydaem aHasor paseHcTBa (6):

m m
Zwkgg(x,xk) = ZwkgB(r)(x,xk), x € Q. (13)
k=1 k=1
ITycTe £ > 0, Torma mMpm JAOCTATOUHO MAJLIX 7 > (
Zwklog|y—xk|—/\‘<e, Yy €Y. (14)
kel

B manbHeiinem cunrtaem yciobue (14) BreimonHeHHBIM. PaccMorprm
rapMoHMYecKyIo B B(r) ¢yHKImIO

h(x) = Z W gB(r) (X, Xk ) — (A — Z wg log |x — xk|)
k=1

kel

Beuny (14), “npubmmsurensHo BCloAy” Ha ¥, UMeeM

lim h(x)‘ <e.

X—Yy

ITo ofoBIeHHOMy TPWHIMIY MakcuMyMma, [h(x)| < ¢ mpu x € B(r).
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Wcnonbaysa (13) u npousBodpHOCTL BEIGODA €, MPUXOIUM K paBeH-
CTBY

Zwkgg(x,xk) =)- Zwk log |x — x|, x €.
k=1 kel

C yuerom JeMmmbl Kensora mosydaeMm, uto MHOskecTBo 082 \ E(})
nojapHo. IlpuMenasa demmy 1 K CBA3HBIM KOMIIOHEHTAM MHOMKECTB
OQ\NE(N) m R2\ E()), npuxoum k BhiBoay, uto R\ (QU E(})) Takke
MOJIAPHO.

Teopema moka3aHa.

Teopema 3. Illyems n > 3, @ C B C R” - omxpumsie Mroxmcecmea,
R™\ Q nenoagpno, R™\ B noadpno, X1, ..., Xy — pazaususie mouxy £2.
Obosnavum W = (wy, ..., wy) € R™\ {0},

E= {XEBZZwk|X—Xk|2_n:0}.

k=1

Tozda 6 nepasencmee (4) pasencmeo umeem Mecmo mozda % MOALKO
moezda, xozda muoxncecmeo B\ (U E) noagpuo.

JokazaTesqbcTBo. Bes orpaHmyeHus oBIMHOCTM MOMKEM CUMTATh,
uro B = R". BunousMmeHAs JoKa3aTelbLCTBO TeoOpeMbl 3 cTarTbu [7],
MoJiy4daeM, 4To IPU yCIOBAM MoApHocT MHOKRecTBa R\ (QU F) B
(4) MMeeT MeCTO paBEHCTBO.

Mpeamonoxnm, uto B (4) MMeeT MeCTO DaBEHCTBO, M MOKAKEM,
uTo B aToM caydae R™\ (U F) monspHo. BHauaje 3aMeTnM, 4To
MHOMKeCTBO ) HeorpaHnuueHo. JleficTBUTENbHO, B IPOTUBHOM CllyUae
[OpY JAOCTATOYHO GOJBINOM p BHIIOIHATOCH 661 ) C U(p). Beuay (4)
u (5) mocieHee BRIIOYEHME BI€YET

S, X, W) < SU(p), X, W) < S(R™, X, V),

YTO IPOTUBOPEUNT HallleMy TpeArnoioskennio. MTak, cyImecTByeT 1o
KpaliHe#i Mepe oJHa HeolpaHMYEHHAs CBA3HAA KOMIIOHEHTA MHOMKeE-

ctBa 2, KoTopyio MbI oGosmaumm depes D. Ilpu 0 < r < sup |x|~*
x€eD
nosoxkuM ¥, = OD\U(1/r)u B(r) = (R™"\7,, D). Cnenys nokasareib-
ctBy (9), momyqaem 9B(r) = y,. Tak rax Q@ C B(r) C R”, To Hame
npeanonoxkenne maer S(Q, X, W) = S(B(r), X,W). B cuny nemmebl
2, mHOecTBO R"™\ B(r) D 4, Hemomapuo. Ilpumensas teopemy 1 K
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MHOkecTBaM 2 u B(r), momydaem (13). Ilycts ¢ > 0, Torga npu
JOCTATOUHO MAJbIX 7 > ()

m
> wily = xx”7"
k=1

B manbHeiinem cuntaem yciobue (15) BrimosnHeHHBIM. PaceMorprm
rapMoHMYecKyIo B B(r) ¢yHKImIO

<& YET. (15)

m
h(x) = Zwk (gB(r)(x,xk) —|x - Xk|2_") .
k=1
Beuny (15), “npubausurensHo BCloay” Ha 7y, uMeeM | lim h(x)‘ <e.
x—y

ITo oGobuienHOMy HpHUHIMITY MakcuMyMma |h(x)| < ¢ mpm x € B(r).
Ncnonbsysa (13) u npon3BoNbHOCTE BEIGODA £, MONyUYaEM

m m
Zwkgg(x,xk) = Zwk|x —xp]*7", xeq.
k=1 k=1

ITo semme Kennora muoxkectso 02 \ F noasipuo. Ilpumenss neMmmy
1 ® cBA3HBIM KoMmIloHeHTaM MHOxecTB 2\ F u R®\ E, npuxoaum K
BEIBOAY, uTo R\ (2 U F) Takke MOIAPHO.

Teopema mokaszaHa.

§4. IIPMIOKEHNA

Pesynbrarer §§2,3 ABAAOTCA OCHOBOW MJIA TOJYyYEHUA TIOJITHBIX
OTIMCAHUR DKCTPeMAJIbHBIX KOHPUI'YpalMii BO MHOTMX 3ajadax, pe-
ITAEMBIX C TIpUBJedYeHreM 0OOOIMEHHBIX TIPUBEIEHHBIX Moayieir. B
KadecTBe IpUMepa yEKaxkeM pKCTpeMaJibHble QYHKINNA AJA TeOpeMBL 7
crateu [5]. Kak o6bruno, C u C orosaectsasiorcs: ¢ R? u R2 npu
nomory Guekimn z — (Rez,Imz). Ham morpebyerca ciemayrommii

pe3yibTaT, HECKOJIbKO yCcUIMBaomuii Teopemy 4 us [5].

Teopema 4. I[Iycms B C C — omkpsimoe muoxcecmao, codepucauiee
mowku 0 u z1,...,2,, 20e argzr = 27k/n, k € N,,. Obosnanum 7 =
(0,21,...,20), W=(-n,1,...,1). Tozda

exp(S(B, Z,W)) < n™" [] |z " (16)
k=1
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Pasencmeo ¢ (16) umeem mecmo mozda v moavko mozda, koeda cyuye-
cemeyiom maxue wucaa R, A > 0, wmo |z1| = -+ = |zn| = R v Muoxce-

emeo C\ (BU{z € C: [1 = (R/z)"| = A}) noaapno.

JHoxazarenbcTBo. [Ipeskie Bcero oTMeTuM, 4To B HepabeHncTse (11)
craThu [5]

HH|zk—zl|>n"H|zk|n_1, arg zp = 27k/n, ke N,, (17)
k=1

E=112£k

PaBEeHCTBO MMeeT MeCTO TOJLKO MpH |z1| = -+ = |z,|. elicTBuTenn-
HO, Kak IokasaHo B [5, ¢. 67], nepaa yacth (17) He MeHbIIE

ny\”n" -
(5) H |Zk|n/2_1 (|Zk|n/2 + |Zk+1|”/2) y DAC Zny1 = 21

k=1

|n/2 |n/2

Tak kak |zg + |zk41 > 2zpzpg1 |4, mocnmennee BrIpaskenue He
MeHbIIIe TpaBoii yactu (17) 1 paBHO il TOIBKO MpH |z1| == |z

Ilpu A > 0 obosHauum FE(X) = {z e C: ]
k:

TEeopeMeE 2B HepaBEHCTBE
exp(S(B, Z, W) < ] =™ H H |2k — 21|74, (18)
k=1 k=1

ABIAIONEMCA ClleICTBHEM (4), paBEHCTBO UMEET MECTO TOTIA U TOIb-
KO TOTJa, KoTJa Mpu HekoTopoM A > 0 mHoxkecTBO C\ (BU E(A)) 1m0-
asapro. CormacHo (17), mpabas dacTh (18) He IpeBOCXOANT MPABOA
qactu (16).

Wrak, ana mocTwskeHnsa pabeHcTBa B (16) Heobxomumo u mo-
CTATOYHO, YTOOBLI BBINOJHANOCH |z1| = --+ = |z,| U MHOMxecTBO
C\(B U E(/\)) Eb1t0 moAApHBIM. OcTaeTcsa 3aMeTHUTh, UTo MpH |z1| =

= |zn| = R nmeem E(A) = {z € C: |1 = (R/2)"| = A}. Teopema

JOKa3aHa.

Cuaenyioliee yTBepRIeHAE PACIIPOCTPAHAET TeopeMy 7 cTaThi [5]
Ha HEOJHOJMCTHBLIE QYHKIMM C MOJHBIM ONUCAHUEM CJIy4YaeB paBeH-
crBa. Yepes d(F) obosHavaeTca TPaHCOWHUTHBIA JMaMeTp MHOMKe-

crBa F [19, c. 286].
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Teopema 5. Ilycmb peeyagprag e xpyee U dynxyus f omoopaxncaem U
6 ozpanuvennyio obaacms D, npuvem d(D) < 1. Ipednoroxcum, wmo
MOUKY Wy U 21, .. ., 2, YoOBAECMBOpAIOM Yenosuam f(zr) # wy

arg [(f(zr) —wo)/(f(z1) —wo)] = 27k — 1) /n, k=1,...,n.
Tozda .
wn T Gl ) — wol ™ <

k=1
<] <H|zk—zl|H|1—zkzl|_1), (19)
k=1 l#k =1

20e pasencmeo docmuzaemcs mozda u Moavko mozda, xozda

D={weC: |(w—wy)" —n"| <1} (20)

J(2) = wo + (1= [n"™ )" (w‘—) x

1—502

n —1/n
n ]
x(l—n (Ml_w)) , (21)
y4

20en,z0 € U u ¢ € R maxoen, wmo i 20 nexp{2wi(k — 1)/n}
npu k € N,,.

— ZoZk

JHoxazarenscTBo. O6o3HauMM npabyio dacth (19) gepes M u BBe-
HeM cilenyIolre 0603HaAYEeHNUA:
F(z) = 1/(f(z) —wo), Bi=F(U), By=C\DBu,
S =(0,F(z1),...,F(z)), W=(-n,1,...,1).

Herpyaro Bumeth, uro r(By,0) = 1/d(D) > 1. Vcnombsya npuaImmn
JTunneneda [19, c¢. 328], monyuaem

exp(S(By U By, @, W)) =

= r(Bo,0)"" [T r(Br, F(z1)) TT T expdym, (F(zr), F(z0))} =

k=1 k=11#k
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kli[l ()| (1 = |z2]%) HH

k=11#£k

Zkzl

ITo Teopeme 4

exp(S(Bo U By, ®, W) —"H|f a) —wo|TNTH (22)
k=1

Wz (22) u (23) aememnento ciaenyet (19). Mycte B (19) umeeT mecTo
pasernctso. Toraa d(D) = 1 u coornomenus (22), (23) obpamaiorcs
B paBeHctBa. CoraacHo npusrminy Jlungeineda, 5T0 BO3MOKHO JIUIIb
LA o gHOUCTHOR GyHkimu . BBuay Teopembl 4, cylecTBYIOT Takue
yncia R, A >0u 8 € R, uro

F(z) = Rexp{i(6 — 2w(k — 1)/n)}, k€N, (24)
C\ (BoUB U{CEC: [1— (R /()" = A})

MOJIAPHO. Y UMTHIBaA, UTo Bi — OJHOCBA3HAA 06JaCTh, COAepAKaIIaL
Tourn F'(z1), moiydaem

By = {oc}U{¢ € C: L= (Re™ /()" < A},
D ={we C: |1 - (Re"(w—wp))"| < A},

rae A > 1. W3 pasencrBa d(D) = 1 cimexyer A = R". Herpymso
BUAETEL, uTo npu 1) = ¢~ % /R mmeet mMecTo (20).
_ -1
SameTuM, 4To wy € D u obosHaunm zg = f1(wg). Ilo mnorasaHHO-
My, GyHrmuA z — (f(z) —wp)? — 9" ABAAeTCA HpoUsBedeHNeM BidAmke
CTeNeHr N ¢ HYJIAMU B TOYUKAX 21,...,Z, U €AUHCTBEHHOU KpUTUYE-
CKOIi Toukol zp. CnemoBaTenbHO,

(f(z) —wo)" =0 =
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21—
rae ¥ € R yIoBaeTBOpAET YCIOBUIO 621#11770

— 2041
mpienno ciegyer (21). C yuerom (21) n (24) monyuaem

= 1. Orciona HeMe-

ok — 2
gl ZE 0 nexp{2mi(k — 1)/n} npm Bcex k € N,.
1— Zgzg

Teopema mokaszana.

AHaJorMuHBIM 06pa3oM MOTYT OBITH OIMMCAHLI SKCTPeMaJtbHEIE
koHpuryparmu Teopembl 11 crarbu [4], Teopembr 6 usz [5], Teopem
5 u 6 [7], reopem 2 u 3 [8], Teopem 1 u 2 [9].
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