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FIXED-POINT PROPERTIES OF
PRODUCT SPACES

A. Dold

0. Introduction. Let Ρ and Q denote non-empty compact connected
polyhedra with base points pt e P, pt G Q. If h: Ρ X Q -»• Ρ Χ β is a
continuous map, then hP: Ρ -*• Ρ and Ид: Q -> Q, the so-called edges of h,
are defined by Ap(x) = proji(/?(x, pt)) and AgO) = proj2(A(pt, y)). One
might ask to what extent the fixed-point properties of h are influenced by
those of hP and HQ . But examples show that there is very little influence,
in general. The picture changes if one also takes iterates into account. The
study of examples makes me believe that the fixed-point index I{h) can be
expressed in terms of I(hP) and 1({п1)дУ, where / , / = 1 , 2 , . . . - but so
far I have not been able to prove it. The present note shows (see 2.1 and
2.2) that for a certain non-trivial class of maps h (or spaces Y)

where m is the smallest natural number in [1, dim (P)] for which the
characteristic rational function of (hm )Q is non-trivial (or IQi) = I{hP), if
there is no such m). The proofs, and in fact the whole set-up, are algebraic.

1. Preliminaries. Notation. We consider finite-dimensional graded (anti>
commutative connected algebras X over a field k. Thus,
X = {Xo, Хъ X2, . . .}, dim(Xj) < °° for all /, Xf = 0 for sufficiently
large /, XQ = k; the commutation law is xy = (-l)^xUyiyx, where I x I is the
degree of χ (so that χ ε JT |JC(). We have an injection ι: к = Xo -*• X and
a projection (= augmentation) π: X -*• Xo = к of graded algebras ^
(i 0 = id, π 0 = id, π;· = 0 for/ > 0), with πι = id. The augmentation idealX = Кег(тг)
consists of {Хг, Х2> · · ·}·

Typical examples of such algebras are the cohomology algebras
X = H*(P; k) of compact connected polyhedra Ρ Φ φ. The map of Ρ
onto a point pt, and the embedding of the basepoint pt -*• Ρ induce, by
passage to cohomology, the injection к -*• X and the augmentation X -*• к
of X = H*(P; k).

If X and Υ are algebras as above, then so is their tensor product

56



A. Dold 57

[ ® Y = X ® hY, with (X ® Υ), =θί Xi ® Y M , and the multiplication rule
(x ® y)-(*' ® »') = (-I)1* ux'\xx') ® iyy') for χ, χ G X; у, у' G У. The
njection t and projection π of Ζ and У can be used to define injections

(1.1) J S *

and projections

(1.2)

In particular, we may (and shall) view X and У as subalgebras of Χ ® Υ.
In our geometrical examples, where X = H*{P\ к), Υ - H*(Q; к), we have
H*(P X Q; к) ss. X ® У by the Kiinneth theorem. The injections (1.1) and
projections (1.2) are induced by the geometric projections P * - P X (2 ~* Q
and inclusions Ρ = Ρ X pt -* Ρ X Q *- pt X Q = Q.

If a: X -> X is a fe-linear map of graded vector spaces (thus,
α = {<Xj\ Xj -> Χ;};·), then its Lefschetz trace L(a) G /c is defined as

(1.3)

It inherits the familiar properties of the ordinary trace. For example, if
β 7

X ->· У -> X are graded maps of graded /c-vector spaces, of degree d and
-d, respectively, (that is, β;·: Χ,- -* Y/+d, 7;·: Υ;· -* X/^), then

(1.4) ΜγΡ) = (-1)* £(βγ).
In our geometrical example X = Я*(Р, /с), if /: X ->• X is a continuous map,
then the Lefschetz trace of a. - /* : X ->• X coincides with the Hopf fixed-
point index: L(a) - I(f), by the Lefschetz—Hopf fixed-point theorem.

If a: X ->· Χ, β: Υ -+ Υ are both of degree zero, then so is
o i ® P : X < 8 > y ^ X ® Y , and we have

(1.5) L(a ® β) = (L

Geometrically, this becomes I{f X g) = (If){Ig) for maps /: Ρ ->• Ρ and
g'· Q "* Q- As explained in the Introduction, the motivation for this note
is to study I{h: Ρ X Q ->· Ρ Χ Q) when h is not a product map.
Algebraically, this amounts to study the Lefschetz trace L<p of algebra
endomorphisms φ: X ® Υ ->-X ® У that are not of the form α ® β.

2. Results and Proofs. Let X and У be fc-algebras as in § 1, and let
φ: X ® Υ -+X ® Υ an algebra-homomorphism. Let ip "̂. X -* X and
ψγ : Υ -*• У, respectively, denote the composites of ψ with the injection

(1.1) and the projection (1.2); thus, φχ : X ^ - Χ ® Υ Λ Χ ® Υ - ^ Υ .
These algebra homomorphisms are sometimes called the edges of ψ.

2.1. PROPOSITION. If m > 0 is a natural number and
φ: Χ ® Υ -ν Χ ® Υ is an algebra homomorphism such that φ>Υ С X /or
1 < / < m and ^ m У С У, inen

* See A. Dold, Lectures on algebraic topology, Springer-Verlag, Berlin-Heidelberg-New York 1972,
Ch.VlI §6.



5 8 Fixed-point properties of product spaces

2.2 PROPOSITION. If m > 0 is a natural number and
φ: Χ ® Υ ->· X <g> Υ is an algebra homomorphism such that ψ> Υ С X for
1 < / < m and that φ(γ) φ2(γ) . . . φ™ (у) = 0 for all у Ε Υ (that is, all

у of positive dimension), then £φ = Σ(φχ).
2.3 REMARK. The assumptions on φ in 2.1 and 2.2 are, of course, very

restrictive. Nevertheless, as we shall see in §3, for some familiar algebras Υ
they are always satisfied (for all φ).

PROOFS. Let Τ denote a Лг-basis of Υ with 1 G T. Then Τ is also an
X-basis of Χ Θ Υ. There are unique £-homomorphisms (φ5[: Χ~*X)seT ter
such that

(2-4) <P(x ® t) = Σ 4>st (z) <8> s for χζΧ.

The degree of φα is equal to \t \ - \ s |. Clearly, the Lefschetz trace of ψ
is given by

(2.5) Ltp^Si-if'Litpu).

Now we need a lemma.
2.6 LEMMA. If φ1 Υ С X for 1 < / < m, then 1(φη) coincides with the

Lefschetz trace of the following map

Χ ~> Χ, χ~ φ(Λ(χ'φ>(ί)),

for 1 < / < m.

PROOF OF 2.6. We use induction on/. For/ = 1 we calculate

ψ (χ Ig) t) = φ (χ 0 1) φ (1 0 t) = ( 2 φ5ΐ (x) Θ s) (ψ (t) (g> 1) =

hence

By (1.4),

£ (<Ы=•£ [ζ ·-* φ« (щ (0)1.

which starts the induction. Now let / > 1. We calculate again

φ (χ • φ3'"1 (t) <g> 1) = φ (x <8> 1) φ (φ'"1 (if) ® 1) =

hence

(2.7) Φί1 ( V 1 (0) = ( -

В У ( J ' 4 ) ' /; fa; ·-• φ Μ (а: · φ'

which completes the induction.
PROOF OF 2.1. If m = 1, we calculate
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φ (ζ <g> ί) = φ {χ ® 1) φ (1 ® ί) = ( Σ φ.ι («) ® β) (1 ® φ (<)) = Σ Φ.ι 0*0 ® «·φ («)-
s i

If s # 1, then I s | > 0, hence | s-<p(t)\ = \ s \ +\ t \> \ t \; therefore, these
summands do not contribute to φη(χ). But the remaining summand
Ψι i(x) ® φ(ί) is equal to φχ(χ) ® <Py(O> which proves that by (2.5) and
(1.5), Ιφ = 1(^)-1(<р у ) .

If m > 1, we calculate

φ (ζ-φ"1-1 (i) ® 1) = φ {χ ® 1) φ (φ"1"1 (ί) ® 1) =

= ( Σ φ . ι (*) ®«)(ΐ ® φ7"(0) = Σ<ρ.ι(*) ® «-φ1"(0-
S S

As before, the summands with s Φ 1 do not contribute to
1 ) , an.d the remaining summand <Ρπ(χ) ® φ™ (Ο is equal to

)·' Therefore,

Σ ( - 1 ) ' " L [* — <ptl (г · φ™-· (ί))] = L ( φ χ ® ( Ф

т ) г ) = ^ φ χ ) • (L (ф
tt

But the left-hand side of this is equal to Ly, by Lemma 2.6 and (2.5).
PROOF OF 2.2. By (2.5) it suffices to show that L(v?rf) = 0 for t Φ 1,

since φη = φχ. From Lemma 2.6 we know that L(<pff) coincides with
Ь(ф{), where ф({х) - φί i(x'<pm(t)); and we also know that
<p(0 ψ2{ί) . . . ip w (0 = 0. We shall show, in fact, that \]st is nilpotent for
t Φ 1; in particular, L{\jjt) = 0. Indeed the г-fold iteration of 4/t, where
r < m, gives

(1|>*)р(*) = ±(Фн)г(*-Фт(0-ф"1-1(0 ... Φ " - 4 1 (0).

as one proves by induction on r, using (2.7). For r = m the right-hand
side vanishes.

3. Examples, Applications, Generalizations.
3.1. TRUNCATED POLYNOMIAL ALGEBRAS. Let V a finitely generated

graded vector space over a field k, and SV its symmetric algebra; thus, if
{ι*!, . . ., un} is a basis of V, then SK is the polynomial algebra

k{ux, . . . , un). Let / be the augmentation ideal, generated by и ι, . . . , ип,
and let SrV = SV/Ir+i, where r e N; thus, S T is the polynomial algebra
on и γ, . . . , un, truncated at height r + 1. We assume that V is graded by
even positive degrees; then Υ - SrV is a finite-dimensional, graded (by even
degrees) commutative connected fc-algebra. We shall see that 2.1 and 2.2
can be used to calculate the Lefschetz trace L<p for all (X and)
φ: X <g) Υ -*• X ® Y, provided that r + 1 is not a multiple of the
characteristic of k.

To begin with we assume that V is concentrated in one degree d, that is,
Ι υ | = d for all υ G V, and d = 0 mod 2. The general case can be handled
in essentially the same way by calculating modulo terms of higher
filtration (see 3.4). For every υ £ V, υ Φ 0, we have vr+l = 0 and
ι/ =£0 in Υ. Η ψ: X <S> Υ -»- Χ Θ У is an algebra homomorphism (as in
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§2), then ψ(\ <g> v) = vx ® 1 <g> 1 ® y2 with D, £ 1 and i>2 Ε F, hence
0 = (̂ (1 ® υ ' + 1 ) = <p(l <g> υ)1""1"1 = (υ, ® 1 ® 1 ® u a ) ' + 1 . In the binomial
expansion, each term must be zero (for reasons of degree); in particular,
(r + 1) (υι) ® (u 2 ) r = 0. If char к does not divide r + 1, this shows that
either Uj = 0 or y£ = 0. Since u2 Ε F, we have [υ2 = 0 <=> u2 = 0] .
Altogether, we see that v1 = 0 or v2 - 0 for every υ Ε V. Moreover, this
choice must always be the same, because if we had υχ Φ 0 and w2 Φ 0
for some v, w Ε V, then vwr = 0, whereas i^l ® vwr) = vl ® wr

2 Φ 0,
which is a contradiction. In other words, either <p(V) С Ζ or
< (̂F) С F С У. Since V generates the algebra Y, this proves the next
result.

3.2 PROPOSITION. // Υ = SrV is a truncated polynomial algebra as
above (all generators of the same even degree, char к does not divide r + 1),
then for all algebras X (as in §1) and all algebra homomorphisms
φ: X ® Υ -ν X' ® Υ we have φΥ С X or ψΥ С Υ, hence also
ψ'Υ С X or φ'Υ С Υ, for every j G N.

In particular, Propositions 2.1 and 2.2 always apply to φ. For example,
if Υ = SrV is generated by one element u, that is, if Υ = k[u]/ur+1 with
1 и | Ξ ο mod 2, then the Lefschetz trace of every ψ: Υ -*• Υ has the form
1 + λ + λ2 + . . . + λ'. It follows that the Lefschetz trace of every
φ: X <g> У -» X % У has the form Σφ = (Σφχ)(1 + λ + λ2 + . . . + λ').

3.3. Geometrically, truncated polynomial algebras can be realized
as cohomology algebras of symmetric powers of wedges of spheres. More
precisely, if St, S2, . • . , Sm are even-dimensional spheres and
V = H*(S1 V S 2 V · · • V Sm ; k), char к = 0, then

ff*(SPr(S1 V £2 V· • · V Sm); к) s SrV,

by familiar "equivariance" arguments. In particular,
H*(SPr(S2n); k) as k[u]/(ur+1) with | и I = In. Similarly, H*(PrC; k) and
H*(PrH; k) have this form. By the remark after Proposition 3.2, if Ρ Φ Φ
is any compact connected polyhedron and Q = SPr(S2"), or Q = PrC, or
Q = Prft, then the fixed-point index of every self-map h:PX Q^-PX Q
has the form

where hP: P->P and hg\ Q-+ Q are the edges of h, and λ Ε Ζ is either zero
or the first non-vanishing "degree" of hi. In particular, every finite product
of spaces SP2r(S2n) has the fixed-point property.

3.4 CALCULATING MODULO HIGHER TERMS. Every connected
graded algebra X, as in § 1, can be filtered by the powers of its
augmentation ideal X:
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We can form the (bi-)graded algebra ΘΧ associated with this filtration,

( Θ Χ ) η = θ ί ( θ ; Χ η ) , where θ,Χ = ΧνΧ*+1.

Then Θ(Χ ® Υ) = (ΘΧ) <g> (ΘΥ). An algebra homomorphism a: X ->· X
induces a homomorphism da: ΘΧ -*• ΘΧ, and the usual additivity of traces
on short exact sequences yields

La. = L(fla).

This allows us to extend Propositions 2.1 and 2.2 to more general
situations (the details are left to the reader): Instead of a.'Y С X or С Υ,
respectively, it suffices to assume that {θφ'){ΘΥ) С ΘΧ, or С 0Г,
respectively. This, in turn, follows if (в^')(в^) C f l ^ o r C S , } ' ,
respectively, because θΧΥ generates ΘΥ.

As an illustration, we consider again a truncated polynomial algebra
SrV = SV/Ir+1 as in 3.1, where V is graded by even positive degrees, but
not necessarily concentrated in one dimension. Then it is no longer true,
in general, that φ Υ С X or φΥ С Υ. The argument fails because ^(1 <g> υ)
may now have mixed terms:

φ (1 <g> v) = Vi <g> 1 + 1 <g> z;2 + 2 Ч ® У»·
μ

But the mixed terms χβ <g> уμ are of higher filtration. They vanish in Θ,
and as before, we conclude (by looking at φ(\ ® ι/+ 1) and φ{\ ® vwr)),
that (θφ)(ΘΥ) С ΘΧοτ С θ Υ; in other words, we find that Uj = 0 for all
υ Ε V, or υ2 = 0 for all υ Ε F. For example, if F has a basis
{uj, . . ., un) such that | up \Φ \ uq\ for ρ Φ q, then the Lefschetz trace

of every ψ: X ® У ->- X <g> Υ has the form

for sui table λ(· Ε к; t h e s u m e x t e n d s over all ν = {vx, . . . , vn) s u c h t h a t
η
Σ vt<r.

ί'=1


