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8§n<,0n = ePn—Pn—1 _ oPnt1—¥n_ (1.1)
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Panee Taxue pemenus mis ypasaerus Kanovuesa—Ilersuanmunny (KIT)
Buyy = (4uy — 6uly + Uzzz), (1.2)

6LIr ToCcTpOeHs! B pabote aBTopos [1]. VX KOHCTPYKIWs, KaK U CAMO IIOHATHE PaN2a Pe-
IIIEHNIA, OMIPAETCS Ha TEOPUIO KOMMY THPY IOIIMX OTHOMEDHBIX IM(()ePEHINAJILHBIX OIlepa-
TOpoB [2]. B cOBpeMeHHOI MaTeMaTUUeCKO! (M3VKe 9Ta TEOpHs MOABMIACH KaK T000U-
HBII asre0pandecKkuii aCeKT TEOPUY MHTENPUPOBAHIS HEJIMHENHBIX COJTUMTOHHBIX CUCTEM U
CIEKTPAJLHON TEOPUY IEPUOIMUECKUX KOHEUHO30HHBIX OrepaTopos [3]-[6].

Ypasuerue KII, kak v 1:060€e pyroe COIMTOHHOE Y PABHEHNE, IPEICTABIIAET COOOM JINIIIL
OIIHO U3 YPABHEHUI COOTBETCTBYIOMmeH nepapxvm. Pernennsa mosuoit nepapxun KII — 310
Gymaxmms u = u(t), 3aBucsamas or GeckoHeuHoro Habopa BpeMed ¢ = (i1 = z, to = ¥,
ts = t, ta, ...). Ecim amre6po-reomerpuueckre permenus (1 + 1)-cucreM Tuma ypashe-
oyt Ka®, nauunas ¢ paborol [7], BLLOEAINCH yCIOBUEM CTALMOHAPHOCTY OHOTO U3 1O~
ToxoB K n®-mepapxum, 1o nis ypassenus KII anreGpo-reomeTpurdeckyie pereHrst ypaBHe-
ura KII BLIIeIaoTCs yCaoBueM CTAaIMOHAPHOCTY OTHOCUTENLHO (08YL BPEMEH MepapXun
O, u = O,,u = 0. DTO yCIOBHUE KBUBATIEHTHO CYIIECTBOBAHMIO IAPHI KOMMY TUPY FOLIIAX
OOLIKHOBEHHLIX MU (epEeHIATLHBIX OIEPATOPOB

n m
[Ln,Lm] =0, Ln=Y uidi, Lm=)» v;0l, (1.3)
i=0 j=0

KOTOPBIE KOMMY TUDYIOT CO BCIIOMOTaTeILHLIMY onepaTopamut JIakca 0, — Lo 1 0y — L3 s
ypasrerms KII, Haiinenusivu Briepseie B [8], [9],

3
Ly =02 +u, L3:82+§u8x+w. (1.4)

Tem caMbiM, TAPHI KOMMY TUPYIOMAX OOLIKHOBEHHDLIX CKAJIAPHLIX JIMHEAHLIX U hepeHim-
AJILHLIX OMEPATOPOB ONPENEJIAI0T MHBAPUAHTHLIE TPOCTPAHCTBA 1is1 Beelt nepapxuu KII.
PanroM r napnl HA3LIBAETCS YKCIIO IMHENHO-HE3aBUCUMBIX COBMECTHLIX COOCTBEHHLIX ()yHK-
LIUA, T.€. YKCJIO PENIeHUE ypaBHEHNT

Lot = EY', L' =wet, i=1,...,r, (1.5)

LS TEX Tap KOMILIEKCHBIX unced (E, w), mis KOTOPLIX IPOCTPAHCTBO PEMIEeHnIt He [y CTo.
Panr mapu komMy TUpy oomx mid) pepeHImMAIILHLIX OIEPATOPOB ABJAETCA 00ULuM 0eaume-
A€M UX TIOPAIKOB.

Kaxk umcro asrebOpanveckas 3amada, IpodiaeMa KIACCUYUKAIMY KOMMYTHUDYIOIIAX
OOLIKHOBEHHDLIX CKAJSAPHLIX IU((epPEeHIMATLHLIX ONepaToOpoB ObLlTa IOCTAaBJIEHA €Ie B
20-x romax Bypxuanom n Yayum [10], [11], koTopble majiexko IPONBUHYINCH B DEIIEHUN
IULA CIIyYas OMePATOPOB B3AUMHO-TIPOCTLIX MOPAIKOB (B KOTOPOM PAHT BCEraa paBeH 1).
I PhexTBHAA KIACCHPUKAIAA KOMMYTUPYIOIMX ONEPATOPOB panra 1 Gnwia 3aBepmena
B [4]. DBypxuan u Yaynm ormeuvamu (cm. [11]), uyro obmas 3anaua mis padra r > 1
MIPEACTABJIIAETCA UPE3BLIYAMHO TPYIHOM!.

Ilepsoie mary Oblm caesnassl B paborax [12], [13]. Metoxn »(¢exTuBHON Knaccuprka-
IV KOMMY TUPYFOIX (e PEHIMANLELIX OIEPATOPOB ParTa r > 1 00mero nojaokenus
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611 co3nan aBTopamu B paborax [1], [2]. KommyTupyronwe napot pasra r 3asucar ot (r—1)
nPou3soavHol PyHKYyUY ONHOMN IepeMeHHOl, riaakoi aurebpandeckoii kpusoii I' ¢ 0dnotd
oTMeueHHOM Toukoil P u Habopa napamerpos Tropuna (XapakTepu3yIONX OCHAILEHHOE
cTabuiILHOE TOJIOMOPQHOE paccaoeHure). Mol Ha3bIBaeM TaKre KOHCTPYKIIAN 00HOTOY e~
HBLMU.

s ypasuennit 2D nenouky Tonn! yCIiioBYs, BLLOESIONMTE AJIr€0pO-reOMeTPIIECKIe
pemenns, MOryT OBITH COPMYJIMPOBAHBL TaK ke, Kak 1 B Teopuu KII. Ilpu aTom ycio-
BU€ CTAIOHAPHOCTY PEIIEHNET OTHOCUTEILHO ABYX IIOTOKOB COOTBETCTBYIOIIEH nepapxum
SKBUBAJIEHTHO CYIIECTBOBAHUIO MAPLI KOMMY TUPYIOIMNX PA3HOCTHBIX ONIEPATOPOB

Ny ' My '
L= Y w®@T, A= > T (1.6)
1=—N_ i=—M_

KOTOPLIE KOMMYTHPYIOT ¢ onepaTopamu Jlakca

L1 =0T —wn), L>=0,—cn)T, (1.7)

w(n) = Pne, C(’I’L) — e@n—WnJrl’

s 2D nenouku Tomer. 3mech u nasee T 0603HAUAET OMEPATOP COBUTA, MO MUCKPETHOMR
niepeMeHHOH, T'Yn = Yn+1-

7151 pa3HOCTHLIX ONIEPATOPOB BCS, CTABIIAA YIKe KIACCUUIECKOH, TeOpUs map KOMMYTU-
PYIOIIMX OIIEPATOPOB paHra ©* = 1 OCHOBBLIBAJIACD TOJILKO HA 08YLMOUEUHBLET KONCIPYK-
yusgz [14], [15]. Kombiia Takux onepaTopoB OKashBasmich n3oMopduer kostsnam A(T, PE)
MEpPOMOP(HBEIX (YHKIMIT Ha aJsreOpanveckoil KpuBoii I' ¢ mostocaMu B mape OTMEYeHHBIX
touek PE. Bameuarensua nowmu 2padyuposantas CTPyKTYPA, IMEIOIAACH B STHX AJIIe-
Opax. Cea3sw a1ux anrebp ¢ 6azucavu tuma Jlopana—Pyphe HA PUMAHOBLIX TOBEPXHOCTSX
6nL1a pa3suta aBTopamu B [16] mis Teopuu cTpyH.

B nmosHOM 00BeMe npobJiieMa KIacCuPUKAINI KOMMYTUPYIOMIX PA3HOCTHEIX OEPaTO-
POB He pellieHa, 10 CUX TOp. AHAJIM3 5Ol IPO0JIIEeMDI, IPUBEICHHLIA BO BTOPOM Iaparpage
HACTOsIIEN PabOTHI, IO3BOJINII ABTOPAM BBIAENTE DS HOBLIX CYIIECTBEHHLIX MOMEHTOB.
OKa3ay0chb, YTO0 KOMMYTUPYIOMIE DPA3HOCTHLIE OMepaTopnl panra r = 1 MOryT ObITh
MOCTPOEHBI € TIOMOIILI0 MHO20MOYEYHHLT KOHCTPpYKImii. A posteriori »Tor (axT He
[IPEICTABJIAETCSA yANBUATEILHEIM. JI715 KOMMY THPYIOMIX M) (pepeHImaILHBIX OIePaTOPOB
C MATPUUHBIMU KOS()(UIIMEHTAMY BO3HUKHOBEHVE MHOTOTOYEYHBLIX KOHCTPYKIMIT XOPOIIO
msBecTHO [4]. Tlo-BumiMoMy, miisi PA3HOCTHLIX ONEPATOPOB HE MPENCTABJIAETCS BO3MOXK-
HBIM €CTECTBEHHOE BBLLIEJIEHUE CJIy4as OIEPATOPOB CO CKAJSIPHLIMHU KOD((OUIMEHTAMMU.
IIpencraBiseTcs pa3yMHLIM CUMTATL, YTO PA3HOCTHLIM aHAJIOTOM KOMMYTUPYIOUMX JIV-
HEHMHBIX MI((epeHIMaIbHLIX OEPATOPOB CO CKAJLAPHBIMUA KOB()(UIIMEHTAMU SBJIAIOTCS
MapLl KOMMYTHUPYIOIMMX PA3HOCTHBIX OINEPATOPOB, BO3HUKAIONIMX B PAMKAX JIALIL 00HO-
u 0eyrmoueynnr KOHCTPyKImiA. s aBTOpOB HambOJee CYIECTBEHHLIM apryMEHTOM
B IOJIb3Y TAKOI'O IIPEMIOKEHUs IOCJIYKUJIO TO, UTO TOJBKO B DTUX CJIYYasXx COOTBET-
CTBYIOIIVE KOJIbIA KOMMY TUPYIOMIMX PA3HOCTHBIX OIIEPATOPOB OCTAIOTCS NHBAPUAHTHLIMI
OTHOCUTEJILHO MePAPXUN JBYMEPU30BAHHON ternouky Tomer.
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Crenyer nomUepKHYTH NPUHIMINAAILHOE PA3IAYNE STUX IBYX CiaydaeB. s mByxTo-
YEYHOI KOHCTPYKIMY ()yHKIMOHAJILHLIE TAPAMETPLI He BO3HUKAOT U KO3 ()(UIMEHTLI OIIe-
PaTOpPOB MOr'YT OLITH BHIUMCJIEHBI Uepe3 ToTa-(yHkivm Pruvana. B omHOTOWeurOM city-
4yae B KOHCTPYKIVM KOMMYTUPYIOMNX ONEPATOPOB A/ PAHroB [ > 1 BO3HUKAIOT (ymk-
yuonasvnore napamempor. Kod@uimeHTs COOTBETCTBYIOMNX OMEPATOPOB 3aBUCST OT
[IPOU3BOJILHBIX | ) yHKIWIT MUCKPETHOL e peMeHHO, Ty1a IKol asrebpandeckoil kpusoii I' ¢
0001 oT™MeueHHOM Toukol P u Habopa napameTpos Tropuma. Kax u B HenpepnBHOM City-
yae [2], 3a.1aua BOCCTAHOBJIEHNS COBMECTHBIX COOCTBEHHLIX ()YHKIVI TAKUX OTIEPATOPOB 1O
anrebpo-reoMeTPIYECKIM CIIEK TPAJILHLIM JAHHLIM CBOIUTCA K 3a1a4e Prvana Ha cooTBeT-
CTBYIOIIEH aJire0pandyeckoi KpUBOI 1 He MOYKET OBLITL PeIneHa ABHO. BmecTe ¢ TeM, Kak Obi-
J10 3aMedeHo B [1], 3a1a1ua BOCCTAHOBIEHNSA KOS UIMEHTOB KOMMY TUPYIOIIIX OIEPATOPOB
B PsiIe CJIyYAEB IOITy CKAET SIBHOE PeleHre. B 0CHOBe TaKOro PeleHus JIEXKAT Y PABHEHIIS Ha
napameTpsl TIOPUHA, ONUCHIBAIONME UX 3aBUCUMOCTDL OT HAYAJILHON TOYKY HOPMUPOBKU.
OrmernM, uTo B HenasHel pabore [17] Gblia yCTaHOBIIEHA CBA3L HENPEPLIBHLIX Ae(OpMa-
it mapameTpoB TiopuHa, OIMMCLIBAIONINX PEIeHs BLICImMX paHros ypasuenusa KII, ¢ Te-
opueii cuctem Xurunsa [18]. ViccienoBanue DUCKPETHON MMHAMUKY MapameTpos Tiopu-
HA TIO3BOJINIIO ABTOPAM HAWTU SBHLIM BU I KOMMYTUPYIOIIUX ONEPATOPOB, BO3HUKAIOIINX B
PaAMKAX OJHOTOUEYHON KOHCTPYKIWY PAHTA, [BA HA, 3JIJIUNITIIECKON KpuBoit. Koibiio Takmx
OIIEPATOPOB MOPOK IAETCA Iapon ormepaTopos L u A nopsankos 4 u 6:

2 3
L= Z ui(n)T?, A= v;(n)T.

1=—2 i=—3

Koa¢dumenTn! 9Tux 0omepaTopoB 3aBUCAT OT IOBYX IPOU3BOJLHBIX (YHKIWR Yy, U Sp.
B npocteiimem npumMepe ABHBLA BUA ontepaTopa L maeTcs CaemyonmMy GOpMyTaMu:

L=1L5 — p(7n) = p(yn-1),
rne Lo — pasuoctHiii onepaTop IIpé mmrepa
Lo=T+wvy +cy Tt
C K03 (prmmeHTaMn

dent1 = (55 = DF (Ynt1,¥0) F(yn—1,7n),
2U’n—}-l = SnF('Yn—l—la'Yn) - 5n+1F('7na'7n+1)7

rie
F(u,v) =(u+v) — {(u—v) — 2{(v).

3necy n nanee p(u) = p(ulw,w’), ((u) = ((u|lw,w’) — cTanmapTaBe PpyHKIIM Beliep-
mITpacca.

Ity HOPMYJIBI ABIAIOTCA MACKPETHLIMYA AHAJIOTaMU (OPMYJI LA A PEPEHIMATLHOTO
oneparopa L4 nopsimka 4 u panra 2, nonydensnix asropamu B [19]. B paore [20] 6ot nait-
[I€H SBHBIM BUA ()YHKIIMOHAJILHOIO IapaMeTPa, BXOMIEro B hopMysl mis L4, KOTOPBI



ABYMEPHW30BAHHAS HEIIOYKA TOJbI 55

cooTBeTcTBYeT onepatopy Jukcmbe [12]. Kos(rimenTs! 5T0ro onepaTopa ABIAIOTCS T0-
JINHOMUAJILHLIMU () Y HKIIMAMY HEIPEPLIBHOM He3aBUCMMON nepemenHoii x. IIpencrasisercsa
MHTEPECHOM 3a,1a1Ua TOCTPOEHUS MMCKPETHOTO AHAJIOra onepaTopa JIukeMne.

KoucTpykims ajaredbpo-reoMeTpuyecKx PemeHnii BLICIIX PAHIOB IS ypaBHeHwi 2D
uenouky Tompl, KpaTKo uasoxkeruas B [21], [22], npusomircs B TpeTnem maparpade pabo-
. OHA OCHOBAHA HA TOCTPOEHUM BEKTOPHLIX (GyHKImi Belikepa—Axuesepa ¢ mOMOIIBLIO
nedgopMaImii COOCTBEHHDLIX ()YHKIMIT KOMMY TUPY IOIIMX PA3HOCTHLIX OMEPATOPOB. DTU M€~
(hOpMAIMY IOTHOCTLIO ONPEIeSISIFOTCs IoBeneHreM (yHKIwi Befikepa—Axuesepa B OKpecT-
HOCTM OTMEUEHHLIX TOYeK, KOTOPAS 3aa€TCA € TOMOIILIO HEKOTOPLIX 3a1MpPasowHbLEY MaT-
PUUHLIX (YHKIME. BHOBL MPUXOAMTCA OTMEYATL IPUHIMIKAJILHLIE PA3JINYLA IBYXTOUECY-
HOT'O ¥ OMHOTOUEYHOT'O CJIYYaeB.

B mByxTOueuHOM C1yUyae, B KOTOPOM OTCYTCTBYIOT ()YHKIMOHAJILHLIE TAPAMETPLI IIPU
MOCTPOEHU KOMMY TUPY IOIIUX PA3HOCTHLIX ONEPATOPOB, QyHKIms Beiikepa—Axuesepa omn-
penessiercs: mByMs 3aTpaBounnivy Gyuxkmmsivu Y4 (€, z), ¥_(n, 2), Kaxaas U3 KOTOPLIX
3a1aeTCsI OOBIKHOBEHHBIM JIUI() ()e PEHIMATILHBIM Y PABHEHEM, KO3() (DUIIMEHTH KOTOPOI'O CO-
ZEePIKAT IPOU3BOJILHLIE ()YHKIMK OIHOW M3 HENPEPLIBHLIX IEPEMEHHLIX (€ W 1) COOTBET-
CTBeHHO). B omHOTOUEUHOM Caiyuae Bce HA0GOPOT. IIpOM3BONLHLIE (YHKIMN IVCKPETHOM
[IepEeMEHHOM IPYCY TCTBYIOT B KOHCTPYKIIV KOMMY TUPYIOIINX PA3HOCTHLIX OIIEPATOPOB, HO
[PY 9TOM HET IPOM3BOJIa B ONPENEJIEHNN 3aTPaBOUHOM ¢pyukmm Yo (n, £, 1, 2).

" B TOM 1 B IpyroM ciaydae MOCTPOEHHLIE MHOTONapameTpudeckre ¢pyukivm bBefike-
pa—Axuesepa ¢, = (1}) yIOBIETBOPSIOT ypaBHEHIAM

L1Yn =0, Lo =0, (1.9)

roe %1, %> —onepatopsi Buna (1.7). ComecTHOCTS ypasrenuii (1.9) sxksusasnentsa (1.1).
Kpowme Toro, u3 (1.9) crenyer, uro mpu kazxx noMm n Gpysxiwst Befikepa—A xuesepa, Kak (yHK-
1WA IepeMeHHLIX (€, 7)), YIOBIETBOPAET JuHelHoMY ypasHenuto [1Ipé mmrepa Bua

(92, + vn(&:m)0 + un(€,m)Yn = 0. (1.10)

Kak cnencTBre mosyyaem, UTO HANMM KOHCTPYKIMU TIPUBOIAT K MOCTPOEHUIO MIMPOKOTO
KJIACCa MHTET PUPYEMLIX Ha OJHOM yPOBHE 3Hepruu onepatopos IIpé nrHrepa B MarHUTHOM
moJie.

OGpaTHasA CHEKTPALHAS 32 1aUa Ha 00HOM Ypoene snepzuy miisa onepaTtopos IIpé mu-
repa B MarHUTHOM IIOJie Obljia IOCTaBjeHA U pemeHa B [23] misa caydas panra 1. Kom-
CTPYKIWSA MHTEr PUPYEMBIX HA ONHOM yPOBHE 9Heprur 1ByMepHLIX onepaTopos I pé murre-
pa mpoM3BOJILHOrO padra Oouia npemsozkena B [19]. CooTseTcTByOMME KOHCTPY K1Y LI
08yrmoseunsMu. BO3MOKHOCTL TOCTPOEHNUs UHTErpupyeMbix onepatopos Ipémmrepa
B PAMKAaX OMHOTOUYEYHLIX KOHCTPYKIMIT O HACTOAIIEH pabOTLI He 00CY K AaIach.

CrenyeT nomMUepKHY TL, UTO, TIO CYLUIECTBY, 33,4a4r IOCTPOEHIS PEIeHui ypaBHeHni 2 D
nenouky Toanl 1 3a1a4a TOCTPOEHUS MHTET PUPYEMBIX onepaTopoB I pé mmrepa B MarumnT-
HOM I0JI€ 9KBUBAJICHTHLL. B COBPEMEHHOM T€OpUM MHTErpUpyeMBIxX cucteM ypasHaenve (1.1)
u ero npezncrasienve Jlakca Obin BepBbIe TOLyYeHD o cxeme 3axapoBa—Illabara kak
IBYMEPHDII aHasor omHoMepHoi nenouku Tomwt [24]. Iloznaee BLIACHUIOCH, UTO 9TU ypaB-
HeHrs OBLIY XOPOIIO U3BECTHEL B KJIACCUYECKON M) (hepeHmaILHON reOMEeTPUN B S9KBUBA-
JIEHTHOH (popMe nenovex mpeodpaszosanuii Jlamnaca nis msymepuoro ypassenws [ pé mis-
repa [25].
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PaccvoTpuM nponszBonHLI mByMepHLIE onepaTop [Ipé mmrepa L B MaranTHOM TOJTE:
2L = (0z + B)(0, + A) + 2V, (1.11)
rae 0, = Oy — 10y, 0z = Oy + i0y. Obnruno pyuxkiwmm H = (B, — Az)/2ulU =—-H -V
HA3LIBAIOTCA MAZHUMHBIM NOAEM U NOMEHYUGAOM COOTBETCTBEHHO. [lya KpaTKoCcTu B
IaJILHEHIeM IO A TOTEHINAJIOM MLI OyIeM IOApa3yMeBaTh ¢pyHkimio V. OnepaTop L onpe-
IeJIEH C TOUHOCTLIO 10 KaJIMOPOBOUHLIX ITpeobpasoBanuii L — e~ fLel. EmmcTBernnmm
MHBapUaHTaMu L ABJAIOTCA oTeHma V u MmarautHoe nose H. Ilpeobpaszosanus Jlan-

G0, SIBJIAIONECS IBYMEPHLIM aHaJI0oroM mpeobpazosaunii baknyuna—lapby, onpenesis-
IOTCA CJenyonmM 00pa3om:

(85 + B)(8, + A) + 2V — V (0, + A)V (85 + B) + 2V. (1.12)
ToTermmaan ‘7 ¥ MarHuTHOE T071e H IpeoOPA30BAHHOIO OIIEPATOPA JAIOTCA (OPMYJIAMU
V=V+H, 2H=2H+AInV. (1.13)

Ecmm ¢pyrxums ¢ ynosaersopser ypasreruio L) = 0, To pyrxims {Z; = (0, + A) ¢ ynos-
serBopsieT ypasaernuio L ¢ = 0. Paccmorpum nenouky npeobpasopanuii Jlanmaca

Vi1 = Vi + Hny1, 2Hpp1 = 2H, + AlnV,,. (1.14)
Samena Vi = In (¢, — pg—_1) nepeBomur a1y nenouky B ypasrerus 2D Tomr (1.1).
§2. KoMmMyTupyromue pa3HOCTHbIE OIEPATOPLI

2.1. ITocranoBka 3amaun. OCHOBHOI LIEJILIO HACTOAIIErO Maparpada ABJSETCS TO-
cTpoeHre > PEeK TUBHON KIaCCUPUKAIWIY KOMMY TUPY IOIINX,

[L,A] =0, (2.1)
Pa3HOCTHLIX OTIEPATOPOB BIIA
Ny M,
L= Z ui(n)Ti, A= Z ’Ui(n)Ti, Ny=riny, My=rimy (2.2)
i=—N_ i=—DM_

CO CKAaJSIPHBIMU KOB()(UIIEHTaMU, T1e T4 — HANOOJIbIIe OOIMe NEJIUTEN CTAPIIIX U
MJIAIIVX TOPAIKOB OIEPATOPOB COOTBETCTBEHHO, T.€. YNCJA M4, M4 OTIWYHLI OT HYJA
¥ B3aUMHO IIPOCTHI:

(ng.ms) = (n_,m_) = 1. (2.3)

IIpemmonoxuM, 4TO CTapIme ¥ MJIAANE KO3((UINEHTL 3TUX OI€PATOPOB OTIMYHLI OT
Hyss1. s xpaTkocTy 0003HAYNM UX Yepes

wE(n) = usn, (n) £0,  vEM) = var, (n) £ 0. (2.4)
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Ypasuenue (2.1) MHBAPUAHTHO OTHOCUTEILHO KAJIUOPOBOYHBIX TIPEOOPA30BAHMHA BUIA
Ny
LA+~ L=gLg Y A=gAg~', L= Z g(n+i)g Y (m)u;(n)T?,  (2.5)
i=—N_

rze g(n) # 0 — IpoM3BOJLHAN HEOOPAINAIONMIASACS B HYIb (YHKIUA MUCKPETHOMN IepeMeH-
Ho#. KamOpoBouHLIM IpeoOpa3oBaHmeM MOKHO JOOUTLCSA TOrO, YTO CTAPIINEL KO () rIm-
eHT oniepaTopa L paBeH TOX IeCTBEHHO 1:

ut(n) = 1. (2.6)

9Ta HOPMUPOBKA, KOTOPAA B NAJLHENIIEM Oy €T NPEOIAraTLCA, OCTABIACT YACTIIHY IO
KamGpPOBOUHYIO CBODOMY, T.€. OHA MHBAPUAHTHA OTHOCUTENLHO KAJMOPOBOYHLIX IIPE0s-
pasoBanuii, orBevaronmx QpyHkimam g(n) rakum, yro g(n + Ni) = g(n). U3 ypasue-
Hust (2.1) caemyet, YTO A7 CTAPIIErO KOS((UIIIEHTA ONEepaTOpa A MMeeT MeCTo paBeHCT-
Bo vt (n + Ni) = vt (n). CrenosaTensso, KaIuGPOBOYHLIMY TTPEOOPA3OBAHMIAMI MOYKHO
ZIOOUTLCSA JOMOJIHUTENLHO BLITOIHEHNA Y CIOBUR

vF(n+ry) =vt(n) =0f. (2.7)

3mect 7 0003HAUAET BBIUET 7 TIO MOAYMIO 14, T.e. . — 11 = n (modry),0 < 7 < ry — 1.
Ocrapmascs KaIubpoBoUHas cBODOIA OTBeYAeT (yHKIMAM ¢(n) TakuM, 90 g(n + ry) =
g(n).

3adukcupoBaB KauubOpoBoUHyIo cBoGOxy ycaosusamu (2.6), (2.7), Mbl nomyunM, 910
MJIAIIVE KOS ()(PUIMEHTL OIEPATOPOB NMEIOT BUL

uw(n)=h"Y(n—N_)h(n), v (n) :fv%h_l(n—M_)h(n). (2.8)

3mecy n =n (modr_).

B cnyuae ry = r_ = r > 1 ypaBHeHNA KOMMYTAaTUBHOCTU 00J1a1aI0T JOMOJHUTEILHOM
MHBAPUAHTHOCTLIO. A MMeHHO, st 1:060ro 0 < 4 < 7 10 KAk 10# (YHKIMY Y, IVCKPETHOM
TIEPEMEHHOH 11 MOYKHO ONPENETUTEL HOBYIO (YHKIMIO Y, , UMEIOIIYIO HEHyJIEeBLIE 3HAYEHIS
TOJIbBKO B TOUKaX COOTBeTCTByIOH.[eﬁ IOOPEMETKM:

{ 0, n#i(modr),

Yo = .
Yn, N =70 +1.

(2.9)
IIpu aTOM cooTBeTCTBIM 1E000# OnepaTop mopsiaka N onpenesseT onepaTop nopsiaka V.
Ecsn B3ATH 1 map KOMMYTHPYIOMMX orepaTtopos [L;, A;] = 0 (He o6si3aTenbHO pasimy-
HDIX ), TO UX IIPsIMAs CyMMa, KaK OePATOPOB, JEACTBYIOMMX Ha COOTBETCTBYIOMIMX [IOAPEe-
meTKax, OyAeT yAOBJIETBOPSITL yCIOBUIO HEBLIPOXK IEHHOCTH (2.4) 1 ypaBHEHNIO KOMMY Ta-
tusHOCTH (2.1).

Y 100Dl NCKIIIOUNTDL YKA3AHHYI0 CBOOOIY, MLI OyIeM pacCMaTPUBATL KOMMY TUPYIOIINE
TIAPBL HEPA3A0 HCUMBLE ONEPATOPOB, T.€. OMEPATOPOB, KOTOPLIE HE MPUBOIATCA K OJIOU-
HO- IMArOHAJILHOMY UK BJIOYUHO-3KOPAAHOBY BULY TIPY PA3JIOKEHAU PEIIETKY 7}, HA TPAMY O
cymmy noppemeTok Buna kr + 4, 0 < ¢ < r — 1. 175 BLINOJIHEHUS YCIIOBUSA HEPA3IOKL-
MOCTHU [IOCTATOYHO IOTPe00BATEL, UTOOB! mist roboro ¢ = 1,...,r — 1 HaII0CHL TaKoe ng,
uTO

Vrmy—i(no) #0,  v_rm_+i(no) # 0. (2.10)
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2.2. CoekTpanbHas kpuBad. PopmanbHble 6eckoHeuHOoCcTH. Omnpenesenve agf-
Punnotl cieKTpaNLHON KPUBO B MUICKPETHOM CJIy4ae HAYEM He OTJIMYAETCH OT HElIPEPLIB-
HOro BapuadTa. Paccmorpuu jvHeiHOe npoctpanctso £ (E) pemennit ypasaenus Ly =
Ey, T.e.

Ny—1

YNy + Z i (n)Yn+i = Eyn. (2.11)
i =—N_

Pa3MepHOCTL 9TOr0 MpOCTPAHCTBA, PABHA TIOPAIKY JuHEMHOTO onepaTtopa L, dim £ (E) =
N4 + N_. Orpanunuenue oneparopa A va £ (E),

A(E) = A|$(E), (2.12)

SIBJISIETCST KOHEUHOMEDHBIM JIMHENHBIM orepaTopoM. CHekTpaJibHAS KPUBAS, TapaMeTPU-
3YIOMIAsl COBMECTHLIE COOCTBEHHEIE (PYHKIMM OnepaTtopoB L u A, onpenessiercs: xapakTe-
PUCTUUECKUM yPABHEHIEM

R(w, E) = det(w — A(E)) = 0. (2.13)

Marpuussie snementot onepatopa A( E) B 6azuce ¢* pemenuit ypasuenws (2.11), 3a naHabix
HAYAJILHLIMU yCJIOBUAMY

c%:&;’ i”n,:—N_,...,N_}_—l, (214)

ABJIAIOTCSA TIOJUHOMUAILHBIMY (yHKImAMY niepeMennoit E. CrnenoBatennno, R(w, E) saB-

JISTETCS TIOJIMHOMOM He TOJILKO TIO IEPEMEHHOH W, HO U TIO TIepeMeHHOI F.
KoMmnakTudukanus cieKTpajabHol Kpusoii. [locrpoenne cobcTBeHHLIX (yHKIIIit

KOMMY TUPYIOLIMX ONIePATOPOB B GECKOHEUHOCTN Y — 00 B MUCKPETHOM CJIydae, B IeJIOM

MIOBTOPSIOIIEE HENIPEPLIBHLIA CIIydaii, CONEPIKUT PSAI HOBLIX CYIIECTBEHHLIX MOMEHTOB.
O603HaunM yepe3 £ NUHEHHOE IPOCTPAHCTBO PEIIEHNI Y PABHEHA

Ld=2"+d, & ={d,}, (2.15)

BULOA

B, (z) = 27" (2 fs(n)zs). (2.16)

IIpu »T0M MBI Ipemmonaraem, uto &g (n) He PABHO HyJIIO 1O KpaliHeil Mepe 11 OZHOTO 3Ha~
YeHud Nn.

JIEMMA 2.1. IIpocmpancmeo Ly, paccmampueaemoe Kak AuretHoe npocmparcm-
80 1ad noaem ki n0panosckuxr padoe no nepemennol z, umeem pasmeprocms N .
Omno nopoxcdeno pewenugmu ®°, i = 0,...,Ny — 1, 00nosnauno onpedessemu.mu
YCA0BUTMU

®i(2)=2""0pi;, m,i=0,...,Ny — 1. (2.17)
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7151 MOKA3aTeNLCTBA JIEMMEL TOCTATOUHO 3aMETUTE, UTO TOIACTAHOBKA psaza (2.16) B
ypaBrerue (2.15) OpMBOIMT K CUCTEME DEKKYPEHTHLIX YDABHEHUH IJIs1 ONPENeNe s KO-
a(¢rmenToB pasznoxenus (2.16)

§o(n+ Ny) = &o(n),

(2.18)
§1(n+ Ny) =& (n) —unyn,—1(n)éo(n+ Ny —1), ...

W3 soii cucteMl caenyeT, uto $ 0MHO3HAUHO ONPENeaeTCa Haua ILHLIMYU AaHHLIMY E (7)),
1=0,...,Ny — 1.

IIpocTpancTBo £ MHBAPUAHTHO OTHOCUTELHO neiicTBus onepartopa A. CienoBaresis-

HO,
N+71 oo
ABL(2) = D Ay(2)®h(2), Ay = Y AP (2.19)
7=0 s=—M_
Crapumii K03 GUIMEHT TPEACTABILAET OO0 MATPUILY
M
AG™ = 0F 65 i 0y (mod vy)- (2.20)

3amena z — €z, rae ¥+ = 1, onpenenseT aBToMopdu3M nmpocTparcTa £ (z). Y3 aToro

BBITEKAET, UTO KO3()(PUIMEHTEI XaPAKTEPUCTUUECKOrO TTIOJIMHOMA,

Ny-1
det(w — Azj(2)) =w™+ + Y a(BE)w', E=z"Nt, (2.21)
1=0

IIPeCTaBIAIOT OGO pammt 1o Tlepemenroit £ = 2~ N+, Otciona cremyet, uTo cOGCTBEH-
HbIE 3HAYEHWS 9TON MATPUIILI ABJLIOTCS JJOPAHOBCKVIMU DSIAMY TI0 IEPDEMEHHOH 2 (a He 1o
apoGHbM crenersam z/F k> 1).

IIpenmonozKyM, YTO BLIIOIHEHDT Y CIIOBUS

v #ot, i, (2.22)
rze v onpenenenti B (2.7). B aToM cayuae MaTpuna A;;(2) MMeeT eIMHCTBEHHLIH COBCT-
BEHHLI BEKTOD o) (2),i=0,...,74 — 1, Buna (2.16)

() =2"" (5m + g:l &, (n)zS) . (2.23)

Crapumii usieH pa3ioKeHnsA ABIAETCA COOCTBEHHLIM BEKTOpOM MaTpuiin (2.20), oTBeuaro-
M COOCTBEHHOMY 3HAUEHUIO fu;." . 3amena z — €™+ z yMHOXKAET CTAPIINIA UJIeH Ha, €~ *7+.

CrenoBaTesLHO, BEKTOD zZ\Ilsf ) (z) passaraercs o creneHaM
20 = 2"+ = B/ (2.24)
Orcrona cienyer, utonpu ¢ > 0 mnsiBeex j = 0,...,r4 — 1 IMEIOT MECTO PABEHCTBA:

v () =2 0), i<,

v @) =R o), i

(2.25)
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U3 ycaosusa aepasnoxkumocty (2.10), B KOTOPOM, He OrpaHMUMBAS ODIIHOCTY, MBI TOJIATaEM
no = 0, cmenyet, uto o ¢ > 0 HyJeBasg KOMIIOHEHTa, COOCTBEHHOTO BEKTOPA MMEET BUI

i .
\IJ(() ) = O(2"7"). IlosTOMY HOPMUPOBAHHLIE CTAHAAPTHLIM 00PA30M COOCTBEHHLIE BEKTOPLI

) _ o (i
djn - T)a 1/}0 = ]-7 (226)

st > 0 mMmeroT BuI

(2.27)

st = 0 umeem:
1/)kr++_7 (20) = 25 *(1 4 O(20)). (2.28)

Takum 06pa3oM, TP BLIIOIHEHNN yCI0BUH (2.22) Mbl mocTpornu Habop u3 N4 dopMaiin-
HLIX COOCTBEeHHBIX BeKTOpOB onepartopa A(E) B okpectHocTN Geckoneunoctu E = oo.
AnanorrysnM 06pa30M MBI HOCTPOMM elrte oavH Habop 13 N_ (OpMAaILHLIX COOCTBEHHLIX
(YHKIIMI B TIPE€TIOI0XKEHIN

T, i) (2.29)

rze v; onpexeseHsl paeHcTBOM (2.8). [l ®TOro paccMOTPUM JIMHEHHOE IPOCTPAHCT-
BO £_ HAX MOJIEM JIOPAHOBCKUX PAIOB k_ TIO MEPEMEHHON Z_ , TIOPOXK ICHHOE PEIIEHUSIMU
YPaBHEHUA

Ld=2""-3 (2.30)

- O (2) =2" <§; & (n)zs>. (2.31)

IIpu »TOM mpemmotaraercs, uto &, (n) He paBHO HyJIIO IO KpajiHell Mepe IUIs OIHOIO 3Ha-
YeHU N.

IIoTHOCTL 10 TOBTOPSIA IPEMIIECTBYIOIIKE aPTyMEHTDL, TTOJYUMM, YTO XapPaKTePUCTAUEC-
Kuii mosmHOM onepaTtopa A~ (2_ ), MHAyIMpOBaHHOTO neicTBueM A B mpocTpancTse £,

VMeeT BUX
T— N_—
det(w — A~ H H — 0 (2k,—)),  zk,— =eheT, (2.32)
1=0 k=0
n_— ~— ~—
roee; = lupand; =7, (zo0,—)MMeeT BUL:
U; (20,—) =v; zO “(1+ O(20,—)). (2.33)

Hopmuposamsas cobcrsennas ¢yHxms onepatopa A~ (z_ ), COOTBETCTBYIOmAs COOCTBEH-
HOMY 3HAUeHMIO w = U, (2o,—) mpuBcex i = 0,...,r — 1, mueer BuT:
Ui yy(0,) = 0G5 ), iz
kr_+j\*0,—) = 0,—/» Z s

() T (2.34)
,(/)kT‘,—{—j(ZO;*) =0(z5), i<]j.
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B mipsmvoit cyvvie mpocTpascTs £y 1% MOKHO BLIOPATD Ga3uc ¢t , HOpMUPOBAHHLIIA Y CJ10-
BUSIMU
¢y =0in, t,n=N_,...,Ny—1 (2.35)

B »ToM Gasuce onepaTop A nMeeT Te ke MaTPUUHBIE JIEMEHTHI, UTO U TP IOCTPOEHNN a)-
(UMHHOI crekTpanbHOM KpuBoii. CienoBaTenbHO, XapaKTepUCTIYeckoe ypapHerue (2.13)
COBIIAZNAET C IPOM3BENEHIEM XapaKTEPUCTIYECKUX ypaBHernit st A(z) m A~ (z_), T.e.

Ty ny—1 r— n_—1
det(w — A(E)) = {H 1T (wﬁi(zk))] [H I (w=%;7 (zr.2))|,  (236)
=0 k=0 =0 k=0

Ile IPOM3BEeIEHNE B IIEPBOIl U BTOPOI I'PYNIIAX COMHOXKUTEJEN UaeT Mo BCeM KOPHAM U3
E~! cTenemu n4 1N _ COOTBETCTBEHHO:

E=z "t =2"". (2.37)

Pasnoxenve (2.36) naet ncuepnnBaroiLy 10 MHGOPMALMIO O KOMIIAK TUQUK ALIAY CLIEK TP AJIL-
HOI KPUBOH B TOM CJlyuae, Koraa ajis nouru scex E oneparop A(E) umeer N paznudusbix
COOCTBEHHBIX 3HAUEHUA. ITO CIyUYall KOMMYTHPYIOIIUX ONEPATOPOB paHra 1, KOTOpoMmy
TIOCBSIIIEH CJIEMYIONMNI IyHKT.

2.3. KommyTtupyronme oneparopsl paura 1. Ycaosus (2.22) u (2.29) rapantu-
pyIoT, uTo cobcTBeHHbIe 3HavYeHus1 oneparopa A(FE), COOTBEICTBYIOMME PA3IUUHLIM CO-
MHOXKUTEJISIM B IIEPBOM ¥ BTOPOM Ipom3BeneHusax popmyunt (2.36), pazmuunst. [lorpebyem
JIOTIOJTHUTEJILHO, YTOOLI He COBIIAIAJN MEXK Iy COOOM 1 COMHOXKUTEIN B PA3HLIX TPYMIAX.
17151 TOr0 DOCTATOYHO BLITIOJIHEHVISI OMHOIO U3 JBYX CJEIYIOIUNX YCJIOBUIL:

(i) myn_ #m_ny, (i) vl # v (2.38)

B »rom caryuae u3 paserctsa (2.36) caemyer, 4To ad pUHHAS KPUBASL, 33 JAHHAS Y DABHEHIEM
(2.13), B okpecTHOCTU GECKOHEUHOCTH KOMIAKTU(UIMpYeTcsal = Ty + 7_ Toukamu Pi,
i+ =0,...,7+ —1. B okpecTHOCTI GECKOHEUHOCTH, & 3HAYNT, U IIPY IIOYTH BCEX 3HAYUEHIIAX
E cnextpanbuas kpusas [ mveer N = N + N_ ymcros. CnenoBaTenbHO, KazK IO TOUKe
CIIEKTPAJILHOM KPUBOI OTBEUAET €NMHCTBEHHAS COOCTBEHHAA (YHKINA 1)y, ONepaTopoB L

n A. Chopmynupyem OCHOBHYIO T€OPEMY.

TEOPEMA 2.1. ITycmv napa Hepacnadaouurcs KOMMYMUPYOUUT ONEePamopos
yoosaemaopgem ycaosuam (2.22), (2.29), (2.38). Tozoa

(1) cnexmpanvnas kpueas T, sadannas zapaxmepucmuseckum ypasnernvem (2.13),
Komnaxmuguyupyemes na beckonenwnocmu l = ry +r_ mouxamu P;_, e oxpecmnoc-
MU KOMOPBLT AOKAAYNILMY KOOPOUNAMAMY TEATOMCT

_1 .
2k, + = E /nia
(2) coemecmmas cobcmeennas FYNKUUT NAPB KOMMYMUPYIOUUT ONEPATNOPOS

Lpn(Q) = Evn(Q), An(Q) = wipn(Q), Q= (w,E)eT,
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HOPMUPOBANHAT Ycaosuem o = 1, aeasemcs mepomopdroli gynxyued na T, dueu-
30p noatcos komopol D = {v,} ene ommeuwennnz movex P~ ne zasucum om n.
B oxpecmmuocmu ommeuennx movex o, umeem eud (2.27), (2.28), (2.34), m.e. ecau
npedcmasums n 6 suden =krp +jy =k'r— +j_, 0<jr <7+, mo

(2a) ¥, umeem noatocw nopadka k e mouxax P0+,P]t_+1, cees P:;r_l U NOAIOCH, NO-
paoxa k+ 1 6 mouxaz P1+,...,P]t_;

(2b) Y umeem nyau nopadxa k' € mowkar P; ..., P," _; u nyau nopadxa k' +1
6 mowkazr By ..., P, _y;

(3) 6 obwem nosoxcenuu, K020 CNEKMPAALHAT KPUBAT ABATCMCA 2Aa0K0T U He-
NPuBoIUMOT, “uUcA0 NOA0C08 Vs (¢ yuemom kpamuocmu) ynwkyuu Py (Q) ene omme-
YEHHBLE MOUEK PasHno pody g kpusoi L.

Takum 00pazoM, MBI IOCTPOUIIN OTOOPAIKEHNE, COMOCTABJIIAIOIIEE TIAPE KOMMY TUPYIO-
X OIEPATOPOB, YIAOBJIETBOPSAIONIUX YCJIOBUAM TeopeMbl, KpuByio I' ¢ | oTmedeHHBIMUI
Toukamu F; ", U IMBU30D CTEIICHN §:

[L,Al=0—{T, PE, D={7}}, 0<it<rs, s=1...,9. (2.39)

TTokaxkeMm Tenepn, YTo T AIreGpPO-reOMEeTPUUECKYE JAHHBIE OMHO3HAYHO BOCCTAHABJIMBA-
FOT KOMMY TUPYIOIIME ONEPATOPLL.

Paccmorprv npousBosbHyIo ri1ankyio kpusyio I' ¢ | = ry + r_ oTMe4eHHLIMU TOY-
KaMu Piii. W3 teopemut Pumana—Poxa caemyer, urto mis g1060ro HeCIeImaJaLHOrO IUBHY-
sopa D = (71,-..,7g) CYIIECTBYET EIMHCTBEHHAS C TOYHOCTLIO IO IPOMOPIMOHATLHOCTI
(QyHKIWA 1y, (Q), IMBU30D TIOTIOCOB KOTOPOH BHE OTMEUEHHLIX TOUEK He IPeBOCXomT D u
KOTOpas B TOUKax P;- MMeeT MOJOCL U HyI KPATHOCTEl, IpeanucansLx mi. (2a), (2b)
TIPEMIEeCTBYIOMIEN TEOPEMDBIL.

HetictBuTensHo, yeaosus (2a), (2b) ozravaroT, uTo QyHKIWs 1y, ((Q) ) IPUHALIEKNT IPO-
ctpaucTtBy £ (D) MEPOMOP(HLIX (IyHKIWIA, ACCOIMMPOBAHHLIX € IMBU30POM Dy,

rp—1 j_o—1

J+ r_—1
D,=D+k Y Pt+> PL-¥ > P - P,
i+=0 iy=1 i_=0 i_=0

rmen = kry + j+ = k'r— + j—. Crenesn Toro msu3opa paBHA ¢, IOITOMY B CHILY
Teopemntl Pumana—Poxa npoctpanctso £ (D) 0MHOMEPHO.
O603uaunm uepes o (T, Pi) KOJILIIO MEPOMOPHLIX (yHKIWi Ha ' ¢ montocamu B Pi.

TEOPEMA 2.2. ITyemov ¥(Q) = {¢Yn(Q)} — nocaedosamenvrocms dynxyud, coom-
semcmeyowan arzebpo-zeomempuueckum dannonm (2.39). Toeda dad 410600 Gyrryun
fed (T, Pii) cywecmayem eduncmeennl pazrocmnunl onepamop Ly (¢ koodduyu-
enmamu, ne zasucauumu om Q) maxot, wmo

Lp(Q) = f(Q)¥(Q)-

+
Ecau gynryug f(Q) umeem noaoce nopadrany un— 6 mowkazx P coomeemcemeen-
no, mo onepamop Ly umeem eud (2.2).
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JloKa3aTesnCTBO TEOPEMBI HEMIOCPEACTBEHHO BLITEKaeT u3 TeopeMmul Pumana—Poxa. leii-
CTBUTEJILHO, €CH (YHKIWA f MMEeT MOIOCH B TOUKAX PZ-i TOPSAIKOB 7, TO ()YHKIIAA
F (@), (Q) npuHAIIIEKUT TUHEAHOMY TIPOCTPAHCTBY:

ry—1 r_—1
F(@)¥n(Q) e‘=(£<l)n+n+ Z Pi-: +n— Z Pz>

iy=0 i_=0

Paszmeprocts sToro npocrpascTBa pasaa Ny + N_ + 1. U3 onpenesnenus 1), cienyert,
YTO PYHKIMY Yp4i, —TN— < ¢ < N4, 06pasyior 6azuc »1oro mpocrpancTsa. Kosddu-
IEHTE! U4 (1) onepaTopa L ¢ — 9T0 IPOCTO KO3 ((UIMEHTL PA3I0KEHNs f 1)), TI0 Ga3UCHLIM
e Y i

CrannapTHEIM 06pa3oM GYHKIMS 1y, (Q)) MOXKET OLITE SBHO MPEICTABIIEHA € TOMOLIILIO
ToTa-pyHKImY Prmana. Jli1a IpOCTOTLI IpUBEIeM 3T GOPMYJILL IUIA CAYUAAT = Ty = T'_.

IIpexxne Bcero onpenemm gysxmm hj, j = 0,...,r — 1:
1(@Q) 6(A(Q) + Z;) T 6(A(Q) +57)
R — . — : 2.40
roe
g—1
SE=H —APF) - A(ys), i=0,...,r—1, (2.41)
s=1
Jj—1 9
Zj=Zo+ S AP) =S APY), Zo=H - A(.).  (242)
i=0 i=1 s=1

O60o3uaumy gepes dN®) emmmcTBeHHLLA MepoMOpQHLIT mddeperimar Ha ['; nmerommii
IIPOCTBLIE MOJTIOCLI B TOUKAX PjjE ¢ BbryeTaMu 1 ¥ HODMUPOBAHHLINA Y CJIOBUSMU

f d0© = . (2.43)

0
k

KoopmmsaTs ero Bektopa by-nepuonos U(?) pasuwt

r—1
©_ 1 [ 000 - NS (4po) — APt 9.44
U 2mi bgd ;J( (Py) ( J)) (2.44)

JIEMMA 2.2, Pynxyuu ¥n(Q) pasru

(0) . + .
S hj(Q)G(A(Q) +KUO + Z))0(A(P}) + Z;) . (k /Q dQO> e

0(A(Q) + Z;)0(A(P; ) + kUO + Z;)

Hokazarennctso popmyint (2.45) cBOIUTCsI K IPOCTON IPOBEPKE TOrO, YTO OIPENEIIeH-
Has el0 (yHKuMA omHO3HAYHA Ha [ u 00namaer BceMy HEOOXOMMMBIMY AHAJIATIYECKIMI
CBOWICTBAMU.
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CHIEOCTBUE 2.1. Koafduyuenmo KOMMYMuUpyouur onepamopos panza 1 seas-
OMCT KBAZUNEPUOULECKUMU MEPOMOPPHILMYU PYHKUUTMU NEPEMENHOT 0.

2.4. Panr > 1. Cayuaii pa3nelieHHLIX 6ecKoHeyHocTeH. V3 koHCTpyKImu Gop-
MAJILHBIX COBMECTHBLIX COOCTBEHHBIX (YHKIMI onepatopoB L u A caemyer, 4To Ipy noutu
Becex 3nauenwsx E onepatop A(E) maronanusyem. HaGop xpataocreit yp = (p1, .. ., pig)
cobcrBenHbix 3uavenHnii A(E) Mol OyneM HA3LIBATL BEKTOPHLIM PAHIOM KOMMY THUPYIOIIAX
onepaTopoB. B 3amaue 0 KoMMyTUPYIOIMX M) (EPEHIMATLHLIX OMEPATOPAX CO CKAJLSP-
HLIMI KO2() UIIEHTaMI DAHT BCerna cKaJsipeH (k = 1) u sBisieTcs meanTesieM IOPsIIKOB
onepatopos [2]. TosiBreHre BEKTOPHLIX PAHIOB B 3a1a4€ O KOMMYTUPYIONMX I depeH-
[MAJLHLIX OMEPATOPaX ¢ MATPUUHBIMY KO3(mmenTaMy GL10 OOHApyKeHo B [26]. s
KOMMY TUPYIOIIIX OIEPATOPOB BEKTOPHOT'O PAHT (4 XaPAKTEPUCTUUECKOE YPABHEHNE VIMe-
eT BUI

k
det(w — A(E)) = [ [ R (w, B). (2.46)
=1

Basxno 3ametutsn, uto ycaosus (2.22), (2.29) Ha crapime KO3 (UIMEHTH KOMMY TUDY 0~
X ONEPATOPOB, KOTOPLIE FAPAHTUPOBAJIY IIPOCTOTY COOCTBEHHBIX 3HAYEHNI OIIEPATOPOB
A(z), A= (2_) B (opMaLHON OKPECTHOCTH GECKOHEUHOCTH, HE COBMECTHLI CO BCIIOMOI'a~
TeJILHLIMU JIMHEAHLIMY 3anavamu miisa ypasaernnii 2D Tomot. leficTBuTeLHO, U3 ypaBHEe-
HuiA

[L, %] = [A, %] =0, (2.47)

roe L, Au %; mmeror Buxn (1.6) u (1.7) cooTBeTCTBEHHO, CEMyeT, UTO

~_(me(n — N_) = un (n — e(n),

<
Z
=+
S
+
S—r :
[
Z
+
=
<

Tlocnemme paBeHCTBA O3HAYAIOT, UYTO BEJINUMHLI vii, omnpenesieHHbie papercTBaMu (2.7),
(2.8), yIOBIETBOPSIIOT COOTHOLIEHVIAM

of =0t v =vT. (2.48)

B »TOM caryyae a priori HET HUKAKUX MPEMATCTBUN UL BOHUKHOBEHUA KPATHLIX COOCT-
BEHHLIX 3HAUEHUH y onepatopa A(z) unu y onepatopa A~ (z_) MO OTAEILHOCTHL.

KoMMyTupytonme onepaTopul, Iisa KOTOPHIX COOCTBEHHLIE 3HAUEHUA onepaTtopa A(z)
HE COBNANAIOT € CODCTBEHHLIMU 3HAUeHUAMY onepaTopa A~ (z_ ), MLl Ha30BeM omepaTopa-
MU C pazdeseHHumu beckoneuHocmamu. i Toro, 9To6nl KOMMYTUDYFOLIUE OePATO-
PBI IMEJTU PA3IENIEHHBIE GECKOHEUHOCTY, OCTATOYHO NOTPEGOBATD BLIIOIHEHNS OIHOTO U3
ycrosuit (2.38), T.e. omoro us yeaosuit (i) man_ # m_ny, (i) vt # v~

Hazosem munom mapnl KOMMYTUPYIONIAX ONEPATOPOB € PA3NENEHHLIMEA DECKOHEUHOC-
TAMU HAOOPLI /,L?i KPATHOCTEA Pazauyholy COOCTBEHHLIX 3HAUEHMA onepaTopoB A(z),

A7 (z-),

Z ,ui =ry. (2.49)
i el
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31nech I+ — KOHEUHLIE HaOOPLI, TAPaMEeTPU3YIOIINE PA3INUHLIE COOCTBEHHDIE 3HAUEHIS Olle-
patopoB A(z), A~ (z—). Paznuunniv COGCTBEHHBIM 3HAUEHISM STUX ONEPATOPOB COOTBET-
CTBYIOT pa3ynJHble “OeCKOHEUYHOYIAJIEHHBIE  TOYKM, KOTOPBIE KOMIAKTUGUIIPYIOT KOM-
norenTo! ['; apdumHOl crekTpasbHON KpuBOiL, 3ananunie ypaBaenusmu R;(w, E) = 0.
IIpocToi moacuer cTeneHr MMBU30PA COBMECTHLIX COOCTBEHHDLIX (yHKIMM (IOAPOOHEE CM.
HIDKE N0Ka3aTenncTBO . (1) TeopeMsbr 2.3) HOKA3LIBAET, YTO HE CYLIECTBYET KOMIIOHEH-
1ol [';, KOTOpas KOMIAK TUQUIIMPOBAJIACL OBl TOUKAMY, OTBEYAOMIMY COOCTBEHHBIM 3HA~
YEHUSIM JIVIIL OHOTO 13 onepatopoB A(z) mm A~ (z_). Y3 Toro, uTo KpaTHOCTHL COBCT-
BerHoro 3HaueHua A(E) mocTosHEA Ha Kayk noi 13 kommoreHT [, caenyer, uro:

(1) 0nd Kaxc0020 snavenus undexca i+ waiidemeds no kpaiined mepe 00un UKIeEKc
JF maxoil, wmo /,L?i = /J,;F]F.

AmTopam mpencTaBJsgeTCs: IPABIONOAOOHLIM, UTO HET HUKAKUX MHBIX OTDAHMTYEHUI Ha,
TUILI KOMMYTHPYIOIIMX ONEPATOPOB € PA3Ne/IEHHLIMI OECKOHEUHOCTSIMY, T.€. UTO s
M1060r0 HabOPAa MOJIOKUTEILHBIX IIEJIBIX UMCeT ,uiii , YIOBJIETBODAOIMX PaBEHCTBY (2.49)
¥ COPMyIMPOBAHHOMY BbIlle YCJIOBUIO (1), HAMLyTCs1 KOMMY TUPYIOIE OEPATOPLI BUAA
(2.2) ¢ pazneseHHBIMYI GECKOHEUHOCTSIMI, UMEIOIIIE 3TOT HADOD B KAUECTBE CBOET'O TUIIA.

Huzke MLl IOKA3LIBAEM 9TO YTBEPKACHVUE UL TUIOB BUAA (T, 7). DTOT TUI OTBEUAET
KOMMY TUPYIOIIAM OrepaTopaM Buna (2.2) ¢ pas3neseHHLIMA GECKOHEUHOCTAMU, KOTOPLIE
KMEIOT OIMHAKOBLIE HANOOLIIIE O0IIVe NeTUTENN CTAPIIIX U MJIAIINX KO2() PUIIEHTOB,
T.e. T = r4 = r'_, 1 KOTOPLIE IMEIOT MAaKCUMAJILHO BO3MOYKHDIN CKAJIAPHLIA DAHT I = T.

JIEMMA 2.3. ITycmbs KOMMYMUPYOUas napa Hepasso HCuUMBL 0Nepamopos 8uoa
(2.2), 20e r = r4 = r_, umeem panz v. Tozda cywecmseyem eduncmeennni 10-
panosckud psao

vt (z) = vte™™+ + O(z—™+H) (2.50)

makotl, wmo cywecmeyem pewenue V(z) ypasrenui
LU(z) = 27""+0(z2), AT (2) =v(z")¥(2) (2.51)

auda
Up(z)=2"" <1 + ng(n)f). (2.52)
s=1
IIpocmpancmeo pewenuii ypasnenui (2.51) e £L(z) nopoxcdeno psdamu ¥(ez),
e’ =1.

IIpakTryecKku ¥ AEHTUYHOE YTBEPIK IEHNE UMEET MECTO U IJisi COOCTBEHHLIX 3HAUCHUN 1
COBCTBEHHBIX BEKTOPOB OrpaHuyeHus onepatopa A #a npoctpanctso £ (z_).

Coxparum oGosnauerve ' mna kpusoit, samamuoit ypasemveMm R(w,E) = 0, rme
R(w, E) — KOpeHL CTENEHN 7 U3 XaPAKTEPUCTUYUECKOTO TIOJIUHOMA,

det(w — A(E)) = R"(w, E).

3 YMH, T. 58, BhIn. 3



66 .M. KPUYEBEP, C.II. HOBMKOB

W3 yTBepK AeHMs 1eMMLL U ee aHaJIora 1uis oneparopa A~ (z_) caenyer, 4To B OKpeCcTHOC-
TU OECKOHEUHOCTY IMeET MECTO PA3JIOKEHVIE

R(w, E) :H;[l w— vt (zp) H];[ w—v" (21,-)) | (2.53)

TIe IPOU3BENECHVE B TIEPBOI U BTOPOI I'PYNIIax COMHOXKUTEJEH UAET MO BCEM KOPHIM U3
E~!crenermn, un_.

Kax ot Touke xpusoii I' cOOTBETCTByET 7-MepHOE IPOCTPAHCTBO COBMECTHLIX COOCT-
BeHHBIX (yHKI omepaTopo L u A. 3aduxcupyem 6asuc 1*(()) B 5TOM IPOCTPAHCTBE
YCJIOBUSIMI

Y(Q) = bin, imn=0,...,7—1. (2.54)

Ils1s1 BCEX N KOMITOHEHTLI 1/1,21 (Q) smasiroTcsa MepoMOpQHLIME GyHKIMAMY. Bum 91ux (yHK-
U B OKPECTHOCTU DECKOHEUHOCTU MOXKHO HANTU, UCIOJIL3Ys 0A3UCHI, 33 1aBAEMbIE Dsina-
vt UF (¥ 21 ). Kak u B HempepriBEOM citydae [2], 0coBeHHOCTI BeKTOP-(yHKImn )y, (Q) =
{4 (Q)} B aduEHOI YACTH CTIEKTPAILHON KPUBOH OMACHIBAIOTCA MATPUUHLIMU IABU30-
pam.

B 0o0mmem mostoxkeHny, KOraa, OIIOCH 1)y, TPOCTHIE, COOTBETCTBY IO MATPIYHLIA 11~
Bu3op D = {~s, a5} — 910 HAGOP HECOBIIANAIOMINX TOUEK Y5 ¥ HAOODP T~MEPHLIX BEKTOPOB
as = {al}, onpeneseHHLIX ¢ TOUHOCTLIO 110 TPONOPIMOHATLHOCTH (ts — Aavs. TOuKnM v —
BTO TOJTIOCKHE 1)), , & TAPAMETPEI (v OIPEIESIAIOT COOTHOMICHIA MEK Iy BLIUCTAMI

alresy, 1) (Q) = ol res,, ¥5(Q). (2.55)

Hanuee (7, a) 6bum HazBawe! B [1], [2] napamempamu Tropuna, Tak Kax, coraacso [27],
B ODIIIEM CJTyUa€e OHU OIIPENESAI0T CTAOMILHOE OCHAIIEHHOE paccaoenve & wan [’ parra r u
crenenu ¢1 (det &) = rg.

[IpuBemem okoHUATENBHYIO POPMYIUPOBKY TEOPEMEL.

TEOPEMA 2.3. ITycmb napa Hepasno nCumbs KOMMYMUPYOUUT ONEPAMOPO8 C Pa3-
deaennMu beckonewnocmamu yoosaemeopsem ycaosuio (2.38) u umeem paner = r4.
Tozda

(1) cnexmpanvras xpusas T, sadannas zapaxmepucmuyeckum ypasrernuem (2.53),
ABATEMCT NENPUBOOUMOT, KOMNAKMUPUYUPYEMCT Ha becKoOneuHOCmY 08YMT MOUKA-
mu P, 6 oxpecmmocmu £0mopus A0KGAVHBMU KOOPOUNAMAMYU ABATIOMCA Z4 =
Efl/ni;

(2) sexmop-gynryug Y (Q), Koopdunamamu KoOmMopotd AATIOMCA cOBMECTIHILE COO-
cmeennve PYHKYUU

LYi(Q) = EYL(Q),  AYL(Q) =wii(Q), Q= (w,E)eT,

HOpMUposanHbie yeaosusmu (2.54), seagemes mepomopdroi eexmop-gynryued na T,
Mampuurbl 0UBU30P NOAI0VCO8 KOMOPOU 8He ommeuennnr movex P.- wne 3asucum
om n; 68 obueM NOAOACEHUU, K0200 CNEKMPANLHAT KPUBAT ABAAECMCA 2400K0TU, cme-

neny dusuzopa noawcoe D = {vs,as} paena gr, 20e g — pod xpueod T
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(3a) & oxpecmmocmu mouxu P gynxyus ¢,iT+j (Q) umeem eud

Vhepy = 0GFY), i<,
Ul = 24 (14 0(24)), (2.56)
Vhrpy = 0GEHY, i> s
(3b) e oxpecmuocmu mouxu P~ dynxyus 1/),ir+j (Q) umeem eud
Ykryj = Ol i <J,
=0

zk+1)
-7 2.57
(F), (2.57)

i . .
Vkrtj i 2]

Bepuo u obpaTroe yrBepxkaenue. i mr000ro Habopa OOIIEro MOIOKEHUS TOYEK Vs U
BeKTOpOB as = (@), s = 1,...,g9r,i = 0,...,r — 1, CymecTByeT eIMHCTBEHHDI HAGOD
¢ysxImii Y7 () Takux, 4yro:

(i) ¥ (Q) Bre orMeueHHLIX Touek P wveeT He Gostee ueM MPOCTEIE TIOMIOCH B TOU-
Kax 7, (€CaM OHM BCe PA3JINUHEL); BLIUETEI 3TUX ()YHKIMHA YAOBIE€TBOPSIOT COOTHO-
mermsM (2.55);

(ii) 4 (Q) B OKpecTHOCTH OTMeueHHEIX ToueK P+ rveer Bu, ompenessembiit paBeHcT-
Bamu (2.56), (2.57).

TEOPEMA 2.4. ITyems ¥1(Q) = {8 (Q)} — dynxuuu, onpedesenniie eviwe no na-
6opy damwmz {U, PE, D = {vs,as}}. Toeda dasg awboii gynxuuu f € «(T, PF)
cywecmeyem eduncmeennuil pasnocmuui onepamop Ly (¢ Koaffuyuenmamu, ne 3a-
sucAuumuy om Q) makod, 4mo

Liy'(Q) = f(Q)¥'(Q).

+
Ecau gynxyus f(Q) umeem noawce nopaoka ny uwn_ e moukar P~ coomseemcmeen-
no, mo onepamop Ly umeem eud (2.2), 2der =ry =r_.

IIpuMEP. r = 2, g = 1. He orpasnuumBas 0OIHOCTY, MOYKHO CUMTATL, YTO IApa OTMe-
UEHHDBIX TOYEK HA SJLIUIITUYECKON KpUBO# ¢ mepronamu (2w, 2w’) 0TOXK IeCTBIEHA C Tapoi
TOueK BUZA +2zg. Buibepem BEeKTOpLL a1 , (g B BUIe s = (as, 1).

U3 (2.56), (2.57) cemyer, Uto 1)4,, MOMKeT GLITh TPENCTABJICHA B BUIE

¢%n(z)::‘An

o(z —20)0(z —71 — 72 — (2n — 1)20) [U(Z + ZO)]n’ (2.58)

o(z —m)o(z —72) o(z — 20)

roeo(z) = o(z; 2w, 2w’) — curma-pyskims BefiepiiTpacca. AHaIOrTUHOE BLIDAYKEHNE IS
3, mieet Bun

W0 (2) = (Bno(z — 71 — 2n2) n oz —v2 — 2nzo)> {0(2 + 20)

o(z—7) "oz —2) o(z — z0)

r. (2.59)

3*
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Yenosus (2.56) Ha BLIUETHI TO3BOJLAIOT BLIPA3UTL TapamMeTpnt B, , C), uepes A, :

o(y2 + (2n — 1)z9)a(y1 — 20)
o(v1 —72)0(2n20)
o(y1 + (2n —1)z0)a(y2 — 20)
o(y2 — 7)o (2nzo) '

Bn = alAn

(2.60)

Cp = az Ay, (2.61)

B oxpectrOCTN 20 $yHKIMA 13, MMeeT Bun (2 — 29) ~™. DTO MO3BONAET HANTU SBHOE BLI-
paxkenue s KO3 puimenta A, :

— 0(2112’0)(7(’}/1 — 72)
An = (a1 —a2)o™(2z0)0((2n — 1)z0 + y2)0((2n — 1)z0 + 1) (2.62)

Amnanoraanv 06pa3oM HAXOMUTCA ABHLIA BUL (QYHKIW 15, | 1

v o(z+20)0(z =791 =92 — (2n + 1)20) [ oz + ZO)]H (2.63)

0 —
'(/)2n+1(z) - O'(Z _ 'Yl)U(Z — 72) (Z - ZO)

B a(z) = <B;la(za(71 — 2n2zg) 4 C;U(Z — Y2 — 2nzo)> |:UEZ + zo)] (2.64)

Z =) o(z —2) o(z — 20)
rmoe
R a(y2 + (2n + 1)z0)o(71 + 20)
Bn — " An ( 72)0(271120) (265)
;14 001+ (2n+1)20)0(72 + 20)
Cl =ay A, o072 =)o (@n20) (2.66)
a;, = TEROERE) 1 1y (2.67)
;= 7+ Cnt D)ol +7(2n —Dzo)o(n +20) (2.68)
aio(zo — )
1= (11 + (2n+ Dzg)a(y2 + (20 — Dz0)o(y2 + 20) (2.69)

a20(zo — ¥2)

Ananoruysnie BLIpaXKeHUs: B TEPMUHAX TOTa-(QyHKIMI PuMana MOTy T OLITH BLIIACAHDLI U B
obrmeM cayJae.

CnEnCTBUE 2.2. Koaffuyuenmu onepamopos Ly, onpedesennnz 8 cuay npeo-
wecmayouell meopemvl, ABATIOMCA KEAFUNEPUOOUMECKUMY  PYHKYUIMY NePeMeEN-
Holl n.

3AMEUYAHUE. Cnemyer OTMETUTD, UTO ()yHKIN z/;é u 1/’2n 41 B KOHTMHYAJILHOM Hpe-
neJie
20— 0, n—o00, nz —x,

CXOIATCS K PA3JIMUHBIM ()YHKIIAAM HelIPePLIBHOL riepeMenHoit . [lo-Brmmumomy, 510 1 06b-
SICHSIET TO, YTO B 33,1a1€ O KOMMY TUPYIOMWX () (PePeHInaILHBIX ONEPATOPAaX He M3BECTHEI
€CTECTBEHHLIE CIIyYayr OTCY TCTBUSA ()yHKIIMOHAILHBIX IAPAMETPOB.



ABYMEPHW30BAHHAS HEIIOYKA TOJbI 69

2.5. Panr > 1. CaunBmuecs 6eckoHeYHOCTU. PaccMOTpuM Tenepsh Ciaydaii KoMMy-
TUPYIONIKX ONEepPaTOPOB BrAa (2.2) MAKCMMAJLHO BO3MOKHOTO panra l = r4 +r_. B atom
CIIy4ae MPOUCXOIUT CIVSHIE (POPMAJILHEIX COOCTBEHHLIX 3HAUEHIUI OrepaTopa A Ha IBYX
OeckoreunocTsax £+ . HeoOxomMbiv yC10BrEM BO3MOKHOCTY COBIIAIEHUA XOTs ObI OHO-
ro coBCTBEHHOrO 3HaveHus1 onepaTopa A(z) ¢ OmHUM 13 COOCTBEHHBIX 3HAYEHUI OIePATO-
pa A~ (z_) SBAAIOTCS PABEHCTBA My = M_ = M, N4 = N_ = N, T.€. CIy4all IOJHOCTLIO
WV YaCTUYHO CJIMBIINXCH OECKOHEUYHOCTEH MOKET BO3HUKHYTD JIAIIL B 33,1a4€ O KJ1aCCh-
(UKaIMY KOMMY TUDPYIOIIX OIEPATOPOB BUIA

N'I‘+ M'I‘+
L= Y w®mT', A= > v®mT, (n,m)=L1 (2.70)
1=—Nr_ i=—Mr_

Hazosem munom koMMy TUpYOLIEH HapLI OepaTOPOB HAGOPLL Hap ( ,u;" | ;" ), voe vEmexc i
npoberaer MHOKeCTBO | BCex pa3nnuHbix coOCTBEeHHDIX 3Hauenuii A(z) u A~ (z_), a ,uii -
KPATHOCTH COOTBETCTBYIOMEro COOCTBEHHOTO 3HAUEHUSA I KAZKIOTO U3 OEPATOPOB IO
ornesprOCTH. OTMETVM, UTO ONPENEIIEHHLIA PAHEE THUIT OIEPATOPOB € PA3NEEHHLIMEA Gec-
KOHEYHOCTAMU MOYKET BOCIPUHUMATLCA KAK YACTHLIA CJIydali OOmIero Onpenesenus, B KO-
TOPOM MHOKECTBO I €CThL 00 LeIMHEHre MHOYKECTB [ | KOTOPLIE MapaMeTPU3Y 0T UHIEKCLI
i+ B (2.49), a Bce mapnl UMEIOT BUL (uﬂ 0) nnm (0] ,u;)

ABTOpam npencTaBASETCA, UTO HUKAKUX OT DAHMYEHUI HA TUITHI, COCTOAIIME U3 TIAP, B KO-
TOPLIX 008 UNCJIIA OTINYHLL OT HYJLS, uit > 0, me cymecTByeT. Ecam xe cpemm map HaitneT-
csimapa Buna (] 0), 0, KaK 1 paHee, UMEETCS JIVIIL OZHO OIPAHUYEHVE, & UMEHHO JOJIXKHA
Halitucs u napa suna (0| 1). Iosmoe pemenre 3anaun KJIaCCUPUKAIMY KOMMY TUPY FOIIVX
PA3HOCTHLIX OIEPATOPOB NOTPEOYET KOHCTPYKIY KOMMY TUPY FOIIMX ONEPATOPOB PA3JIAd-
HBIX THTIOB. MLI OCTaBJIsAeT 9Ty MPOOIEMY OTKPBITON U PACCMOTPUM HUKE 33 Iady OCTPO-
€HVS1 KOMMY TUPY IOIIMX ONEPATOPOB JIVIIL LS TUIA, COCTOSIIEr0 13 OXHON napst (T4 | r_).
Kak yxke OLLIO CKA3aHO BLIIE, 9TO CJIYUYA ONEPATOPOB MAKCUMAJILHO BO3MOYKHOTO CKa-
JApHOrO panral =74 +7_.

IIpsamas cnexTpasnibHasa 3anava. V3 mocTpoenns ()OpMaILHBIX COOCTBEHHBIX (JYHK-
I B OKPECTHOCTY DECKOHEUHOCTER CIEMyeT, UTO HeOOXOMMMBIM yCIOBAEM BO3HUKHOBEHS
MAaKCUMAJILHOTO PAHTA | SIBJISIETCS BLIMOJIHEHVE YCJIOBUR v;r =0v; =U,Te. oba omepaTo-
pa mveroT Bua (2.70), a MX cTapmme U Mamme Koa(Q@UIMenTL B KamOpoBke Uy, = 1

VMEIOT BUI
U_Nr_ =h Y (n—Nr_)h(n), UMry, =V, U_Mp_ = vh™Y(n—Mr_)h(n). (2.71)

Kak u paree, coxparmm o6ozuauerue I' mis kxpusoii, 3anausoit ypasuernveM R(w, E) = 0,
rne R(w, E) — xopenn cTenenu | U3 Xapak TepUCTUUECKOTO MOJIMHOMA

det(w — A(E)) = R (w, E).

B OKPECTHOCTU 0ECKOHEUHOCTU UMEET MECTO Pa3JI0KEeHME

N—1
R(w,E) = [ IT (w- v(zk))}, (2.72)

k=0
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I'ZIe IPOM3BEIeHe UIET TI0 BeeM KopHsaM u3 ! cremerm N. 3HaunT, B CIydae MAKCIMATL-
HOTO PAHTa CMEKTPAJLHAA KPUBAA KOMIAK TUOUIIMPYETCS HA OECKOHEUHOCTU 00HOT T4
KO TOUKOH 1, KaK CJIEICTBUE, ABJIACTCA HETPUBOINMOI.

Kax no#i Touxe xkpusoii I' coorBeTCTBYeT [-MEPHOE IPOCTPAHCTBO COBMECTHLIX COOCT-
BEHHBIX (yHKI omepaTopos L u A. 3aduxcupyem 6asuc 1*(()) B 5TOM IPOCTPAHCTBE
YCJIOBUSIMU

Vo(Q) =0in, —r_<in<ry. (2.73)

O1MernM, UTO BLIOOD MHTEPBAJIA 3HAUEHUI TAPAMETPOB i, 1, UCIOJIL3YEMDIX TIPU (PUKCA-
I HOPMUPOBKY, TIPUHIIMITNAJIEH 15 BO3MOXKHOCTY 3aMKHYTOT'O OIMCAHUSA aHAJIATIYEC-
KUX CBOMCTB COBMECTHLIX COOCTBEHHLIX ()YHKIII B OKPECTHOCTU OECKOHEUHOCTH.

TEOPEMA 2.5. B cayuae obu,ezo noaoxncenus coemecmuvie cobcmeennwie Pynsyuu
Pl napu KOMMYMUPYOULUT ONEPAMopos parea l, nopmuposannvie ycarosuimu (2.73),
1Y008A€MBOPAIOM CALOYOUUM C8OTCTNEAM.

19. B agdunmnoii wacmu cnexmpanvnoti xpueoii T' gynxyuu % umerom gl ne zaeu-
CAWUT OM N NOAICO8 Vs, 8 KOMOPHLL BUINOAHAIOMET COOMHOULENUST

ad res., P (Q) = alres,, 1 (Q). (2.74)

=7

20. B oxpecmmocmu “becroneunoydanrennot” mouwxu Py eexmop-cmpoxa v, =
{Yt} umeem euo

b = (i fs(n)zs)‘l!g(n,z), 2" = E. (2.75)

3decy £5(n) = {€L(n)} — eexmop-cmpoxu,
& = &; (2.76)

Yo(n,z) - Mampuya Bponckozo \Ilgi(n, z) = ¢f1+j (2), —r— <i,j < T4, nocmpoennas
no 6azucy ¢* pewenull ypasHenuss

'I‘+—1

¢n+r+ + Z fzo(n)¢n+’t = Z_1¢n: (277)

1=—T_

Koafduyuenmu xomopozo fL(n) geamsomes nosunomuarsoLMu FyHKYUTMU KOIPPU-
yuenmos onepamopa L. Dasucnvie pewenus ¢* HOPMUPOBAHIL YCAOBUAMY

To(0,2) = 1. (2.78)

JIOKA3ATEJNBLCTBO. O6oszmaumM uyepez ¥(n,Q), @ € I, marpuy Bponckoro
Vit(n,Q) = 7i1+j(Q)’ —r_ < 1,j < r4. B oxpecTHOCTU GECKOHEUHOYIAJIEHHON TOUKYI
Py, rie T0KAILHON KoOpmHATOH apisercs z = £~ 1/™, ee MokHO cunTaTn ¢yHKIVIEH T1e-
pemerHO#t 2, T.e. ¥(n, z). C ee IOMOMILIO MBI OIIPEIEMM TIOJIMHOMEL ¢, TlepeMerHo#H 2 1,

3a1aBas UX aCUMOTOTUKY npu 2 — 0.
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JIEMMA 2.4. B cayuae 06usez0 noA0NCEHU CYULECTNEYIOM, U eOUNHCBENHBL GYHKY UL
¢ (2), 20n0Mmopfnse na pacwupennot z-naockocmu ecody kpome z = 0 u maxue,
wmo & oxpecmmnocmu z =0 sexmop-cmpoka ¢y (2) = (9% (2)) umeem eud

On(2) = rn(2)¥(n, 2), (2.79)

20e 1y (2) — sexmop-cmpoxa, zoromopdnad 6 oxpecmuocmu z = 0, 3nauenuve Komopod
npu 2 = 0 pasro
r5(0) = dp. (2.80)

3anavua nocTpoenus ¢y, (2) — 510 cTannapTHas 3anaua Pumana. Boibpas manyio okpect-
HOCTHL TOuku 2 = (), MBI OmpeznesisieM roJOMOP(HBIE BEKTOP-QYHKINA ¢y, U Ty COOTBET-
CTBEHHO BHE U BHY TP 3TOW OKPECTHOCTY TAKKE, UTO HA TPAHMUIIE BLITOJIHAETCS COOTHOIIIE-
are (2.79). Ecsu npupamenue apryMeHnTa IeTEPMUHAHTS, MATPULILL TEPEKIEHKY Tpu 06~
XOJIe KOHTYPA PABHO HYJIIO, TO B OOIIEM MOJIOKEHNN 3a1a4a PUMaHa nMeeT enMHCTBEHHOe
pellleHne, ecau 3a(UKCIPOBATL 3HAUEHNUE BEKTOP-(PYHKIMM B KaKoi-1160 Touke. Cieno-
BaTeJILHO, WISl JOKA3aTEILCTBA JEMMDL IOCTATOYHO AOKA3aTh, 4To nerepmutadt U(n, 2)
rosioMopen B okpecTHocTr 2 = () U B 0OIIEM TIOJIOKEHUY He paBeH HyJio mpu z = 0. 9T1oT
(aKT BBITEKAET 13 BAYKHOI'O IS HAJLHEHIIero Pe3yIbTaTa CIeLyOmel JIEMMEL.

JIEMMA 2.5. B okpecmnocmu beckoneunoydarennot mouky Mompuytas GynKy s

Z(n,Q)=¥(n+1,Q)¥ *(n,Q) (2.81)
umeem 8uo

0 1 0 0

0 0 1 0
(M, 2) = | oo , (2.82)

0 0 0 1

X—r_(n,2) X—r_41(n,2) Xr_42(n,2) ... Xr+71(naz)

Xl(naz) = Z_l(si,(] - f’i(ln’az)a (283)

20e fi(n,z) — pezyagpnve padu no nepemennol z.

JIOKA3ATEJBCTBO. Marpuiia & (n, () He 3aBUCUT OT HOPMUPOBKY GA3UCHLIX ()yHK-
i 1/)}:“ nosToMy 1utst Boraucsenvs acuvatotuku X (0, ()) B OKpeCTHOCTU BECKOHEUHOCTH
MOYKHO BOCIIOJIL30BATLCA (JOPMALHBIMY PEIEHMAMY, TOCTPOEHALIMUA B 1L 2.2. V3 paBencTs
(2.27), (2.34) caenyet, uto marpuna Bponckoro ¥ (0, z), mocTpoeHHas Mo TakuM (op-
MAJILHLIM PENICHUAM, MMEeeT OJIOUHLIA BUI

oo (0,2) = <Z;é()z) 1378) (2.84)

rne A(z), D(z) — kBanpaTHble MATPULLE pa3MepoB (r— X 7_ ) u (r4 X T4 ) COOTBETCTBEHHO.
Bcee matpuimt A, B, C', D sapasrorca psagaMu 1o nepemennoit z. CBOOOMHDLIA ujieH pana
D(z) sBaseTcs HIZKHETPEYTONLHOM MaTpuiell ¢ emuavuamy Ha auaronasy. CBoGOmHDIA
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unen psana A(z) ssasercsa BepxaeTpeyroanHOR MaTpreit. OTcrona caemyet, uTo oGpaTHAL
MaTpHIIA IMEET BULI

U210,2) = (2@18 ﬁl(%)) . (2.85)

TIpu TOM CBOGOMHBIE UIIEHLI PETYIAPHLIX pAnoB A, By, C1, D1 paBHLI

A1(0)

1 (0)
D+(0)

A~ 5 =

Il1a GOPMALHLIX pemenuit 1)’ , AMEIOT BULI 27158 + fi(2), roe f? perynspunr. Caenosa-
TeLHO, mocaemHsasn crpoka Marpurnt X (0), pasmas ¥, ¥ 1 (0), mveer Bun

ZT+7LY0) = 27158 + fi(2). (2.87)

B ¢ty TpaHCIAIMOHHON MHBAPUAHTHOCTU KOHCTPYKIMI ()OPMAJILHBIX DEIICHUH UHIEKC T
MOXKET OBITL 3aMEHEH Ha, 11 — 7. DTOT caBur He MeHsaeT Matpuiy & (n). CienoBaTennHo,
HOCJIEHASA CTPOKA MATpuLnl & (ng) 1Uis 1r060ro ng MMeet Ty ke cTpykTypy, urou & (0).
Jlemma mokazana.

Ycaosust HopMupoBKu (2.73) 9xBuBaienTHnl ToMy, uto ¥ (0, 2) = 1. U3 (2.82) caenyer,
uTOo

n—1 n—1
det ¥(n,z) = H det X (m,z) = (—-1)" H f—r_(m,2),
m=0 m=0

a 3HAUNT, OH IOJIOMOPQeH B OKpecTHOCTU 2z = () 1 B OOIIEM [I0JI0XKEHNY OTJINYEH OT HYJIS
mpu z = (. DTO yTBEPK AEHNE 3aBEPIIAET JOKA3ATEILCTBO JIEMMEI 2.4.

3aMeTuM, UTO [0 ONPEICJICHITIO TIOCTPOCHHDIE ()YHKIH ¢!, ABJLTIOTCS LMY ()Y HKI-
savu tepemensoit 2 1. Y3 Toro, uto MaTpuma nepexseiiku ¥ (n, z) MepoMopdHa B OKpecT-
HOCTH 2 = 0, CJIemyeT, 9To ¢!, B Touke 2 = () IMEIOT MOJTIOC KOHEUHOTO OPSIKA 1, 3HAUNT,
ABJIAIOTCA TOIMHOMAMY TIePEMEHHOi 2 1.

Hycts ¥o(n, z) — MaTprma Bporckoro dpymkmmit ¢, (2), T.e. ¥/ (n, 2) = ngij (2).

JIEMMA 2.6. B oxpecmnocmu mouku z = 0 mampuwnas gynxyus Yo umeem 6ud
\IJO(’I’L,Z) = R(n,z)\IJ(n,z), (288)

20e R(n,z) — zonomopdrar 6 okpecmuocmu z = 0 MAMPUUHAT PYRKYUT MAKAA, 4MO
R(n,0) umeem baounnd eud

R(n,0) = (%‘ ]gr), (2.89)

20e Ry — nuoacnempeyzoavhad, a R_ — seprnempeyzoavnad (r+ X T4)-Mampuysl ¢
COUNHUYAMU HA 0UAZOHANTL.
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JIOKA3ATENLCTBO. V3 onpenenernus ¢, ciemyer, uTo j-a cTpoka R; maTpummt R nyis

j > 0 paBna
j—1

Rj(n,z) = rpyj(n, z) H X(n+i,z2). (2.90)

=0
W3 pasencts (2.80), (2.83) crenyer, uto R; perynapua. DBosee Toro, KoopaHATLI
R (n,0) BexTopa R;(n,0) MoryT 6bITh OTIMdHL OT Hys jib mpu 0 < 4 < j. IIpu aTom

Rg(n, 0) = 1. O6patnas maTprma % ~ ' umeeT B

X—r_+1 X—r_+2 X—r+3 -+ Xrgp-—1 1
1 0 0 ... 0 0

X~l=x"1 0 1 0 ... 0 of. (2.91)
0 0 0o ... 1 0

IoBTOpAA IpemIecTBYIOMIe aPIyMEHTEI ¢ 3aMeHoit & Ha X ~ 1, mosyunm Tpebyemoe yT-
BEPIKIEHNE U U1 OTPULIATEILHBIX 3HAYCHII MHAEKCA J. Y TBEPIK AEHUE JIEMMBI JOKA3aHO.

TTo moctpoenuto ¥(0,z) = 1. Tak xak saementnt Marpuint Bporckoro ¥y ssasitorcs
TIOJTMHOMAMU TIEPEMEHHOM 2z ~ 1, To u3 paBercTsa (2.88) cienyer, uto ¥ (0, 2) aBssercs mo-
crosmuol MaTpuuelt, pasuoit R(0, 0). M3 a10oro uaaykimeid 1o j jerko JoKas3nLBaeTCs, YTO
U (0, z) ynoBneTBopseT ycaoBuaM HOpMupoBku (2.78), T.e. ¥y (0, z) = 1.

JlokazkeM Tenepn, YTO (yHKIN qﬁl VIOBJIETBOPAIOT ypaBHEHMIO Bua (2.77). s oTo-

TO PACCMOTPUM MATPHUILY
To(n+1,2)0;5 (n,2) = Xo(n,2) = R(n+1,2) X (n,2) R (n, 2). (2.92)

N3 (2.83) u Buna R(n,0) crenyeT, YTo eMMHCTBEHHBI 2JIEMEHT B MOCJEIHEH CTpoke X,
yMeronmii nostoc mpu 2 = 0, — 3TO %g +10, Kos¢dpumenT npy cHHTyIAPHOM UJIeHE
271 ero paznoxerma pasen 1. U3 Toro, uto ¥ peryasapua mpu Bcex z # 0, caemyer,
YTO OHA TIOTMHOMUAJILHASA (yHKIMSA MepeMerHoit 2~ 1. ClienoBaTe LHO, TOCTeIHAS CTPOKA
X umeeT TpeOyeMLIA BUI.

i 3aBepIIeHNs TOKA3aTeJILCTBA BTOPOrO IIYHKTA TEOPEMBL JOCTATOYHO OOPATUTE Pa-
BeHCTBO (2.88). Mmeem

U =R, (2.93)

DTO PABEHCTBO Ui CTPOKU C uHmekcoM j = 0 maer TpeGyemoe paBeHcTBO (2.75), B KO-
TOPOM TIE€PBLI COMHOKUTEJD — TO TeHAI0POBCKOE PA3JIOKEHNE COOTBETCTBYIOIIEH CTPOKU
maTpuret R~ (n, 2).

Tlocae Toro Kax HalimeHa ACUMITTOTUKA 1)y, B OKPECTHOCTY DECKOHEYHOY NAJIEHHON TOYUKY,
JIOKA3ATEJLCTBO TIEPBOTO Y TBEPIK IEHUST TEOPEMDI, T.€. HAXOXK JEHUE CTENEHN MATPUYHOIO
JMBU30PA TIOJIOCOB, TIOJHOCTLIO TIOBTOPSET XOI NOKA3ATEILCTBA AHAJOIMUHOTO YTBEPK-
JIEHVsI B HEIIPEPLIBHOM carydae [2].

JlokazanHas TeopeMa B ODIIEM CJIyUae COMOCTABIISAET NMAPe KOMMY TUPYIONIMX OIePaTO-
poB Buma (2.70), IMEIONMX MAKCUMAJILHO BO3MOKHLIA paHr | = 14 + 7_: HEOCODYIO aj-
rebpanueckyro kpuByio [’ ¢ oTmeuennoi Toukoit Py; Habop napamerpos Tioprma crenesu
gl m HabOp pOoM3BOLHLIX [ — 1 yHKIWIA fio(n) IVUCKPETHOM TePEMEHHOM N,

L: A {Fa ('77 a): fzo(n)} (294)
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OGpaTHasa cuekTpadbHas 3amada. PaccMOTPUM MPOU3BOJILHYIO TVIAAKYIO airet-
pandecKyo KpuByio I’ ¢ PUKCHPOBAHHBIM JIOKAJLHLIM TAPAMETPOM Z B OKPECTHOCTHU OT-
MeueHHOI Touku Fy. 3amamv Tpou3BOILHLIA HAOOD (yHKImi fln),r— <i<rym

Jit i :
obozuaunm yepes ¥ (k) marpuuny Bporckoro ¥ " = Pptjr T— < Jj < ry, MOCTPOEHHYIO
II0 PELIeHNAM PA3HOCTHOIO Y PABHEHIIA

T+
> R )gnyi=2""¢n, f, =1, (2.95)

I=7_
creneru | = r4 + r_, HODMUPOBAHHBIM YCJIOBUAMI
L =8, ro<i<ry. (2.96)

TEOPEMA 2.6 [21]. Jas awboz0 nabopa napamempos Tropuna obuezo nosoxcenuss
cmenenu lg u panea l, m.e. nabopa lg mouex vs u HaOOPA MPOEKMUBHBL |-MeEPHBLT
sexmopoe as = (al), r— < i < rq, cywecmeyem U eOUHCMBEHNA BEKMOP-PYHKYUT
Y (Q), Koopournamu, xKomopot ene mouru Py umeiom ne boaee wem npocmule noaCH
6 mouxax vs. Uz ewuwemwn e amur moukazr ydossemaeopsiom coomuowenuim (2.74).

B oxpecmuocmu mouxu Py eexmop-cmpora 1, umeem auo
g . .
Un = (Z fs(n)zs)\llo(n,z), & = 6. (2.97)
5=0

g a060i mepomopdrot gynryuu f € (T, Py) na T, umenowed eduncmeennul
noawc nopaoka N 8 mouke Py, cywecmsyem eduncmeennwd onepamop Ly euda

Nry
Li= Y w@T',  unp =1, (2.98)
i=—Nr_
maxot, 4mo
Lip(Q) = f(Q)¥(Q)- (2.99)

JokazaTenncTBo TeopeMsl cTanaapTHO. PasencTBo (2.97) 9KBUBAJIEHTHO TOMY, UTO 1)
SIBJIsETCS pernenvieM 3anaun Puvana sa I', B koTopoit ¥ siBisieTcs QyHKImMeH mepekaeiku
B OKPECTHOCTU OTMEYEHHON TOUKM. B 00IIeM MOJIOXKEH CyIIeCTBOBAHNE U €INHCTBEH-
HOCTL PEIICHNs 9TOR 330U CIENYET U3 pe3yanTaros [28], [29] uian mpocTo u3 TeopeMol
Pumana—Poxa misi BEKTOPHBIX paccioeruit (cM. nonpobree [2]). DT ke camble pesyIbTa-
THI TO3BOJLAIOT IOKA3ATh Y BTOPOE YTBEPIK IEHE TEOPEMEL.

TEOPEMA 2.7. Jlwboe xommymamueroe %0avu0 & onepamopos euda (2.98) max-
CUMAAYHO 803MONCHO020 parza | uzomopdro xoavyy (T, Po) mepomopdnng dyrryud
Ha Hexomopotl anzebpauueckol rpusod I' ¢ eduHcmMBEHHLM NOANCOM 8 OMMEUCH-
ol mowke Py. B cayuae obuezo nononcenud uzomopdusm & (L', Py) = o 3adaemes
pasencmeom (2.99), e xomopom eexmop-Pynryus Lelixepa—Azuesepa 3adaemes we-
Komopum nabopom napamempos Trwopuna (7, ).
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2.6. IInckpernas muHaMuka napameTrpoB Tropuua. Huxke Mol BRIBOmMM muic-
KPEeTHbIE yPABHEHNs HA mapaMeTpsl TI0prHA [ KOMMY TUPYIOIIMX OEPATOPOB CO CJIMB-
IMMECH OECKOHEUHOCTAMU, UMEIOMNX MAKCUMAJILHO BO3MOXKHLIA panr [. CorsacHo yT-
BEPIKIEHUIO TeopeMsbl 2.6, B 00ImeM moJI03Ke Y IIPOM3BOJIbHAS ajredpandeckas Kpusas '
¢ oTMeueHHOM Toukoil Py, Habop napamerpos Tropuna (7, ) 1 NpOM3BOJLHLIE KOS (U~
mentrt £, (n) passocTHOTO ypasremus (2.95) ONpenessioT BEKTOPHYIO (YHKIIAKO 1y, (Q).
Iycto, xax u panee, ¥(n, (J) o6o3HauaeT COOTBETCTBYOUIY O MaTpuily Bponckoro. Mat-
pruHas pyukma X (n, (), 3anaxHas popMyoit (2.81), nveer acumnToTrky (2.82), (2.83).
O603HaUNM Uepes

fi(n) = fi(n,0) (2.100)

3HaueHusi npu z = 0 peryJsapHLIX panoB f;(n,z) (2.83). DTu GyHKImMM IMCKpETHON nepe-
MEHHOI 7 MOTYT GLITL ABHO BLIDAYKEHDI Uepe3 ucXomHble nepevernste f,0(n) u mepsbie Ko-
s¢¢ramentsi {1 (n) paznoxerms (2.97) nis 1,. CoOOTBETCTBYIONME COOTHOIICHVS NATEKN
0T (YK TUBHBIX (OPMYJI, TOCKOJBLKY, KAK YK€ OTMEUAJIOCH BBIIIE, BHIPAKeHUs s {1 (n)
Yepe3 MCXOIHLIE NapaMeTpl (Vs, s, f,0(n)) TpebyioT pemerus 3anauu Pumana. Buecte ¢
TeM, KaK OyaeT BUIHO U3 JaJLHEAIero, HeOOXOMMOCTH B TIOJTY YCHUA ABHLIX (OPMYJI 1A
fi(n) HET, TOCKOILKY UX MOKHO BLIOPATD B KAYECTBE HE3ABUCUMLIX MADAMETPOB, ONPEe-
JIAOIMX KOS () YUIMEHTLI KOMMY TUPYIOIX OHEPATOPOB.

Huan # 0 obozuauum uepes vs(n) wyau det ¥(n, Q). B obmem monoxenuu, Kor-
13, OHU TIPOCTLIE, UX Yncio paBHO gl. OGo3HaumM uepes o (1) COOTBETCTBYIONIMMA JEBLIA
HYJIL-BEKTOD

as(n)¥(n,ys(n)) = 0. (2.101)

Ilnan = 0 onpenemm
75(0) =75,  as(0) = as. (2.102)

Hemnocpencrenno us onpenenenus (2.81) caemyer:

JIEMMA 2.7. Mampuunas gywxyus X (n,Q) umeem npocmuie NoAOCH 8 MOYKAL
vs(n). Jas eviuemos ee MAMPUIHBLE IAEMENRMOE UMEIOM MECTO COOMHOULEHUT

o (n) 1€, (n) Z™(n, Q) = ali(n) T€S, (n) Z™I(n, Q). (2.103)
Touxu vs(n + 1) seasomes nyasmu demepmunanma mampuyn X (n,Q), m.e.
det X (n,vys(n+1)) =0. (2.104)
Bexmop as(n + 1) seasemca aesum wyav-eexmopom mampuywe X (n,vys(n + 1)),
as(n+ D)X (n,ys(n+ 1)) =0. (2.105)

[TpocToii moacueT paszmepHOCTE ¢ UCIIOIL30BaHeM TeopeMil Pumana—Poxa mo3sodisier
MOJIYYUTD CJEAYIONEe YTBEPK ICHNE.
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JIEMMA 2.8. s 410600 2nadkol anzebpauveckol kpueol I ¢ guxcuposannot no-
xasvnoli Koopdunamoii k—1(Q) e oxpecmmocmu ommeuennoii mowxu Py u 2106020
nabopa dannunz (vs(n), as(n), fi(n)) obwezo nosoxcenus cywecmeyem eouHcmMEeEH-
nad mepomopdrad mampuunad gynxyua X (n,Q), Q € I', ¢ ne boaee wem npocmumu
noawcamu 8 mouwxaxr Py, vs u maxas, wmo:

(i) pasnoncenue X (n,Q) e oxpecmmnocmu Py umeem eud (2.82), (2.83), 8 xomo-
pom pezyasgpuve paow fi(n,z) ydosaemeopsiom coomuowenuio (2.100);
(i) ewwemmn X (n,Q) 6 moukax vs yoosaemsopaiom coommuowenusm (2.103).

Pagencrsa (2.104), (2.105) MOKHO BOCIPUHUMATL KaK yPABHEHUSI, ONPENEJIAIONINE Ta-
pametpst (s(n + 1), as(n + 1)) no 3anansoit MaTpruHoit ¢pyukmmu X (n, ()). Tak xak
TOCJIEHAS OMHO3HAUHO OMpeneaeTcsano (vs(n), as(n), fi(n)), To MBI IpUXOMmMAM K BLIBOLY,
YTO:

CHEACTBUE 2.3. Ilapamempur f;(n) u napamempe. Tropuna (v,a), sadarouue Ha-
waavhvie yeaosus (2.102) coomeemcmeywueli ounamuueckoll cucmembvl, TATOMCT
NOAHBM HAOOPOM OGHHBLL, NAPAMEMPUSYIOULUL KOMMYMUPYOULUE ONEPATNOPLL, OMEe-
waowue gurcuposarnnol cnexmparvnol xpusod.

IIPUMEP. g = 1,1 = 2. PaccmoTpuM napy KOMMYTHAPYIOIIMX OIEPATOPOB BIIA,

2 3
L=> wmT, A= vi(n)T*, (2.106)
1=—2 1=—3

VIMEIOIMX MAKCUMAJILHO BO3MOXKHGIN paur [ = 2. B »ToM ciayuae crnekTpasbHas Kpusas [
ABJIACTCA BJLIAITAYCCKON KpuBoii. Iyt 2w, 2w’ —nepromst 2Toi KpuBoi. 3a@UKCUpOBaB
(yHIaMeHTANLHY 0 00JIaCTh, MOXKHO, He OT DAHIUMBAA OOLIHOCTY, OTOXK NIECTBUTL OTMEYEH-
Hy10 Touky Fy ¢ Toukoii z = 0.

Omnepatopnt L u A 0@HO3HAYHO ONPEneisIoTCs napaMerpaMu TIoprHa, a TakKe mapa-
merpamu f;(n), ¢ = —1,0, KOTOpLIE MBI 0603HAYUNM Yepe3

f-1=cnt1,  fo=vnt1. (2.107)

Haumeit nestn 0 ABIS€TCSA MOy Y€HVE ABHBIX (POPMYIT IUIs1 KOS (YUIIMEHTOB KOMMY THP Y IOIIIX
onepaTopos (2.106) ¢ HOMONILI0 yPABHEHMIA, OIUCLIBAIOMMX MUCKPETHYIO QUNAMUKY TaPa-
meTpoB Tiopuna. [[a KpaTKOCTU BBEIEM 0003HAUCHUS

Tm=m), 75 =92(n). (2.108)

Jlns BekTOpoB @, ¢ = —1,0, onpeneseHHbIX ¢ TOYHOCTLIO 0 IPONOPIMOHAILHOCTY, ML
BLIOEPEM HOPMUPOBKY, TIPK KOTOPOii OCIeMHAS KOOPIMHATA Y = 1, T.e. B paccMaTpuBae-
MOM TIpUMEPE Qs (1) — TO MBYMEPHDLIE BEKTOP-CTPOKU C KOOPIMHATAMU

_ (1 _ 2
Oél(n) - (ana 1)5 a2(n) - (ana 1) (2109)
CorytacHo yTBep: K ieHnio eMMo 2.8, Besmranset Y52, a2, ¢, 41, Vpy1 OMHO3HAYHO OIpe-
newstoT Matpry X2 = X2 (n,z), 4,5 = —1,0. Haiinem ABHLIA BUI 3TOR MaTPUIHI B

TEePMUHAX CTAHIAPTHLIX hyHKImit Befiepmrpacca. Ilo onpenenenuio &, nMeeT BUI

%= (e o)) -
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Dnmvmrideckan GyHrIma x5 (2) mMeeT momoctr B Toukax 12 u paBHa —cp41 B TOUKe
z = 0. CnenoBaTesLHO, ¢ PrioTy OHA MOXKET OLITEL MPEACTABJIEHA B BUIE

Xn = —cnt1 +A1(C(z = 7m) + Cym)) + B1(C(z = 77) + <)) (2.111)

rze ((z) — crannaptHas mseta-¢yuximsa Befiepmrpacca.
®yrxmmsa Y2 B oTMeuerHOM Touke z = 0 mveeT Bum X2 = 271 — v,41 + O(2), Te.

X = —Uny1 +((2) + A2(C(z = 7) + <)) + B2(C(z —2) +C(va))- (2.112)
I/I3 DIJIIIIVIITUYHOCT Xln CJ'Ie,HyIOT paBeHCTBa
A1+ By =0, As + By = —1. (2113)

Kpowme Toro, mieem
A1 =alAs, By =d’Bs. (2.114)

N3 (2.113), (2.114) cnenyet

al a2
Xn = —Cni1+ "5 (U =) = (2 =) +Cm) —<Om), (2115)

2
X2 = C(2) = vngr + e (G = 98) + C()

al n n
+ = (C(z = v2) +COvm))- (2.116)

_ a1
an an

Cornacno yTBep:K IeHIIO JIeMMEI 2.7 TOUKH 7, 4 | ONPENeSIAIOTCA U3 YPABHCHNA

det Xn(vpy1) = Xl(%i+1) =0.

Otcrona
a}za% s 1 s 2 1 2
Cn+1 = al — a2 (C(’Yn—}—l - ’Yn) - C(ryn-i—l - ’Yn) + C(’Yn) - C(’Yn)) (2117)

OTmeTim, uTo cymma Y2 + 72 = 2¢ He 3aBUCKT OT 1, IOCKOILKY 75, ABJIAIOTCS TIOMEOCAMI,
a Yy, 41 HyJIAMA SJMNTITIECKO ¢yHKmm. Ciie0BaTeanbHO, MBI BCOT Ia MOKEM MOJIOKUTD

Yo ="n+¢ Y2=—-n+c, c=const. (2.118)

YuuTnmBas 9T0, IEPENUIIeM

1.2
Xh = 20 (e — n — €)= (e +7m — ©) = (a1 — ) — (o + )],
"o (2.119)
2
X3 = —na1 + () + = ({2 = n = ©) + (3 + )
1
+a2a+a1(C(Z+vn —¢) = ((m —¢)). (2.120)
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EcJin B KauecTBe HOBLIX HE3aBUCHMEIX JAHHLIX BLIOPATE ()YHKIIY IVICK PETHOM IepeMeHHON
Up, Y1 7Yp, TO ypaBHeHue (2.117)

1.2
anan

Cn+1 = (C(’Yn—{—l — ) = C(rn+1 +7n) + (v +¢) + C(vn — C)) (2.121)

al — a2
cJienyeT BOCIPUHMMATL IIPOCTO KaK OLPee/IeHNe IEPEMEHHDIX Cp 41 -
W3 (2.105) caenyer, uto
as(n+1) = —x2(7,(n +1)). (2.122)
Bocnonn3osasmuch popmysoi (2.120), mosyunM peKyppeHTHDLIE BLIPAYKEH ULl TIapar-
METPOB a,ll’il:

2
pg1 = Unt1 — ((Yn1 + ) — ala%(C(anrl — )+ +©))

- B (¢t 20~ Sl =), (2123)
2,1 = Vpt1 + C(yns1 — ©) + ﬁ(((%ﬂ +9m) — {(yn +©))
- e Gt =) + GOom = ). (2124)

Takvm 06pa3om, MBI TOKA3aJI1, YTO IIPOU3BOJILHLIN HAOOD () yHKIWA Yy, , Uy ¥ KOHCTAHTA OI-
PEemesISII0T MATPUUHYIO QYHKIMIO Xy, & 3HAUNT, U KO3() PUIMEHTLI KOMMY TUPY FOIIX OTIe-
PaTOPOB paHra 2, COOTBETCTBYIONMX SJIJIANTUYECKON CIEKTPAJLHON KpmBoit. Kax moii
TaKOM OMepaTop COOTBETCTBYET (PYHKIMM HA CHEKTPAJILHON KPMBOU, MMEIOIIEN MOJIIOC B
otmeuenHoit Touke z = (. IIpocTetinmii Takoii omepatop L4 nMeeT MOPAIOK 4 1 COOTBET-
ctByet dymkmmm Beitepmrpacca p(z) = 272 + O(2?).

Jlns HAXOXKEHNA KO3((QUIIMEHTOB 3TOrO ONEpATOPA HANO B3ATH BEKTOP-(YHKIIIO
©(2)10n ¥, u paznoxuts ee mo Y41, —1 < i < 2. Ilaa TOTO MOCTATOWHO Y BCEX
BEKTOPOB B3AThH JIVIIIL CUHIYJLSIPHLIE YIEHLI PAa3JI0Kenus B okpectaoctr 2z = 0. OBo3naumm
uepes @m TOJIMHOMET TIO Tlepemenroit k = 2z~ ! takme, uro 1, ¥, 1 = {/Jvm + O(k~1).
Torna

'[/;n-i—Z = (*Cn-i—l:k - 'Un—f-l); '[/;n-l-l = (07 1)5 1/}77, = (170) (2125)
na HaxOXK neHus Jn_l BOCIIOJIL3YEMCST TeM, uTo W, 1 = %7;1111/”,
_ 1 —Xz 1
¥ 1= ( n ) ) 2.126
" xh\xa O (2.126)

O0603HaunM yepes £Y Koo PMIIEHTHI PA3JIOKEHIIH

X711 = *Cn-i—l(l + 671112 + 5111222 + - )a (2'127)
Xo=k—vpp1+ &2+ (2.128)

Torma _
Yn_1=c; (k—v, — &L, —1). (2.129)

AnastormusniM 06pPa30M HAXOMUTCS U Yy, 9.
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TTocse mpAMBIX, HO JOCTATOUHO TPOMO3IKUX BLIUMCIEHUH TIOIyUaeM, uTo ornepaTop Ly
paBeH
2 11 11 11 11 —1
Ly=15— ({1 + & 2)T +cn(§1 +€02)T 77 + un, (2.130)

rne Lo — pasuoctaoiii oneparop IIpémrrepa,
Lo =T+ vy, +c, T4, (2.131)
a QyHKIWA Uy, OIpenenseTcsa GopMyIIon

Un = 0n(Et g — bt o)+ &1+ &7 — (1) — (81, + 61 ,). (2.132)

Cummerpuyusbill cayuan. Iycrs xkorcTanTa ¢ B (2.118) pasna mymmo, ¢ = 0. Tor-
ma X} spnsercs uetHoit dymkImeit mepemennoit z. CrenosaTenro, (X1 = 0. U3 (2.119)

CJIEMyeT, UTO
" (al —a2) ¢ ' '
n n n+1

Bocnounn3osasimuch Gopmystoit (2.121), moryunm

— 50/('771) _
"= (Yt +7m) — COmgt — n) — 2C(1m) P(1n) — p(Tn+1)- (2.134)

(s mosTyveHns OCJIEMHET0 PABEHCTBA MOKHO BOCIIOJIL30BATLCA (JOPMYIIAMY CJIOZKEHIS
s m3era-Qyskmym Belfepmrpacca, a MOXKHO ¥ IPOBEPUTD €€ HEOCPEACTBEHHO, CPABHU-
Basf MOJIIOCH U BEIYETEL 00eux uactell pasercrsa.) M3 (2.120) caenyet, uro

wh=o(m)- (2.135)

Toncrasass nocaemsve mse popmynnt 8 (2.132), moayurm, uro onepatop L4 B cummeTpud-
HOM CJIy1ae PaBeH

Ly = L3 — p(7n) — p(Yn—1)- (2.136)

B cuMMeTprYHOM CIryuae CyIeCTBEHHO YIPOMAIOTCS U ()OPMYJILL I KOS () PUIIMEHTOB OIIe-
paropa Illpémmrepa Lo, onpenenensoro B (2.131). O6ozuaunm uepes F(u, v) samumru-
YECKYIO (PYHKIIO

Flu,v) = C(u+v) — ((u—v) — 2 (v) = % . (2.137)

Torma gopmynsr (2.121)—(2.124) mnsa cummerpryHoro cayuas ¢ = 0 MOryT GBITH TIpen-
CTaBJIEHBI B BUZIE

anay
Cn+l1 = ——7 P} F(’Yn—f-la')/n)a (2138)
al —a

n

1
an+1 = Un+1 +
n

2 —
Ap+1 = Un+l —

N = N =

al +a?
(F('Yna')’n-{—l) + HF(7n+177n)) 5 (2.139)

3

al + a2

F(Yn,Yn+1) — ﬁF(%H,%)) ) (2.140)
n n
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Iocnemme nBa PABEHCTBA 9KBUBAJICHTHLI PABEHCTBAM

aiz—l—l - ai+1 = F(n,Yn+1): (2.141)
1 2
+a
g4+ A gy = 20p41 + 1 £ (mt17m). (2.142)
n n
O6o3uaunM yepes S, BLIPAYKEHUE
1 2
a, +a
n n
Torma
1 2 ana;, L 2
ap +an = =snF(m—1,7n), al —a2 *Z(sn = 1)F(yn-1,7n) (2.144)
n n
v paBeHcTBa (2.138), (2.142) MoryT OLITH NPEICTABJIEHLL B BILIE
denss = (52 = DF (1, ) F (1, 7). (2.145)
20n41 = $nF(Yn+1, Yn) — Snt1F (Yns Y1) (2.146)

ITocnemtee paBeHCTBO IOKA3LIBAET, UTO B CUMMETPUUECKOM CIYUa€e B KAUECTBE HE3ABUCHU-
MBIX [IEPEMEHHDLIX MOYKHO BLIOPATD Yy , Sy, - 1l0CIIE 3TOTO pOpMysnt (2.113), (2.136), (2.145),
(2.146) naroT 3aMKHY THIE SIBHBIE BHIPAMKEHUS U1 KOS () QUIIEHTOB onepatopa L4, KOTOpHIE
71 OLLIY IIPUBEIEHE! BLIIE BO BBEICH. AHAJIOIMYHO MOI'YT OLITE SIBHO HAM IEHLI 1 KOS ¢ (-
IMEHTHI BTOPOr'O KOMMY TUPYIOIIETo onepaTopa Ag.

§3. Pemenus Buiciinx pauroB 2D nemouku Tonbl

KroueBniM 31eMeHTOM aJre6po-reoMeTpUIeCKUX KOHCTPYKII PEIIeHI HeJIMHENHLIX
yDPaBHEHUIA SIBIISETCSA HOCTPOEHUE MK 020N apamempuyeckus Pyukimii Befikepa—Axuesepa.
DT YHKIMM, KAK CKAJISIPHLIE, TAK 1 BEKTOPHBIE, OMIPENESISIOTCS CBOMMI AHATIUTUYECKUMU
CBOMCTBaMU Ha COOTBETCTBYIOIIEH asredpardeckoit Kpusoii. Huzke ML ompenesisieM MHOTO-
MapaMeTpPUUEcKe BEKTOpHLIe GyHkimu Delikepa—Axuesepa, ABIAIOMMEC TehOPMAaIs-
MU COOCTBEHHDIX ()YHKII KOMMY TUPY IOIIUX OMEPATOPOB MPOMU3BOJLHOTO PAHTA. DTU KOH-
CTPYKIMU PA3NIUIAIOTCA IS CIIY YA€B KOMMY TUPY IOLIMX OLEPATOPOB C PA3NEIEHHBIMU Oec-
KOHEUYHOCTSIMU U ONIEPATOPOB CO CIUBIIMMICH OECKOHEUHOCTSIMU.

3.1. Pa3nesienHble 0€CKOHEUYHOCTH. KaK yiKe HEOMHOKPATHO OTMEUYAJIOCH BLIIIIE,
KOMMYTUPYIOIIME OIEPATOPLL C PA3NAEIIEHHBIMY OECKOHEUHOCTSAMY OJHO3HAYHO OIPEeNeJIs-
FOTCSI CBOMMU aIre6pO-TeOMeTPIYECKIMY CIIEK TPAJILHBIMY JAHHBLIMI: CIEKTPAJILHON KPU-
BOI ¢ OTMEUeHHLIMI TOUKaMu 1 mapaMeTrpamul Tioprura. Hukakux ¢yHKIIMOHAILHLIX TApa-
MEeTPOB B UX KOHCTPYKIMM HeT. PyHKIIMOHAMLHLIE TApaMeTPLI MOABJIAIOTCA B KOHCTPYKIIN
coOTBeTCTByommX perenuit 2D nenouku Tonwt. CemyeT OMUepKHYTh, YTO 9TU ()YHKIO-
HAJIbHBIE [IAPAMETPHI, B OTJINYNE OT KOHCTPYKIIMU KOMMY TUPYIOLUIIX ONEPATOPOB CO CJIMB-
IIMMUCS OECKOHEYHOCTSIMU, ABJLAIOTCS (PYHKIMISIMU HE OUCKPETHON, & HENPEPLIBHOU mepe-
versoi. Omu onpenensior sampasounie Gpyuxmm Uy (T, 2), kak nas 13 KOTOPLIX 3aBH-
CUT OT COOTBETCTBYIOIIEH IIOJIOBUHLI BpeMeH uepapxuu ypasuernus 2D Tonwr u aBisercs

nies10ii yHKImIe epemensoit 2 L.



ABYMEPHW30BAHHAS HEIIOYKA TOJbI 81

3aduKCupyeM mBe TpOM3BOILHLIE Tienle pyskmm W4 (z) mepemerHoit z ! Takue, uTo

npuparrenue aprymenTa In det ¥ npu 00xone HaUa1a KOOPAMHAT PABHO HYJIIO,
}{ d(In det ¥) = 0. (3.1)
lz|=¢

JIEMMA 3.1. Jasg a1060G 2nadkot aneebpauyeckol xpusot I' ¢ durcuposannvmu
AOKAADNBLMU KOOPOUHAMAMY Z4 8 OKPECMHOCTMAL 08YL OmMeueNHns movex Py u
2106020 Habopa napamempos Twopuna cmenenu rg U panza T 06ULE20 NOAONCENUT CY-
wecmeyem eQUHCMBENHAA 8eKmMop-PynKyud Py (Q) maxas, wmo:

(i) ee xoopoumamwm %, i = 0,...,r — 1, ene ommeuennbr mouex PE umeom
He boaee wem NPOCbLE NOAOCH, 8 MOUKAT Vs, 20€ UMENM MECTNO COOMMHOULE-
nus (2.55);

.o P:l: a

il) 1y, 6 okpecmHOCU OMMEYENHBT MOUEK uMeem 8u

Ykt = 2L R (kr + j, 22) Ui (22), (3.2)

20e Ry (n, z) — 2000MOpPHbIE 8 OKPECTNIHOCTIY HYAT BEKMOP-CMPOKY, FHAYEHUT
Koopouram xomopuxr 8 mouke z = 0 Yy008.4eMBOPAIOM YCAOBUIM HOPMUPOBKL
i ) . i ) 0, i>yj,
R (kr+j4,00=0, i<j, R (kr+3,0) = L i (3.3)
, =]

JloKa3aTesnLCTBO JIEMMBI CBOIMTCA K TIPOCTOMY TIONCYETY PA3MEPHOCTH MIPOCTPAHCTBA,
penenuii 3anaun Puvana, KOTopast SKBUBAJIEHTHA yCIOBUM (3.2).

Ecmm ¢yskmm ¥4 = Wy (t%,2) 3aBUCAT OT HOKOTOPLIX HE3ABUCUMEIX TI€PEMEHHLIX
tt = (t;t), TO OIpeZesIeHHbIe BBIIE BEKTOPHBIE (yHKImY DBelikepa—Axuesepa 1)y, sBis-
I0TCA (YHKIAMYI TOJTHOTO HAbOpa TMepeMenHLIx, ¢, = ¥, (tT,t7, Q). 3amamm Terepn
3aBUCHMOCTI 3aTPABOUHLIX (yHKImE W 1 OT mepemerHbrx ¢+ Taxum 06pazom, ITo6bI COOT-
BeTcTByIonme (GyHKimm Belikepa—Axresepa IPUBOMVIIN K PEIIEHVAM NEPAPXAY Y DABHEHNS
2D Tomwr.

Ecnu orpasnuntiest mocTpoerueM permenuii cobctsenno ypasuenuii 2D Tomr (1.1), T0
Takas 3aBUCUMOCTE OT tf = £, t{ = 7 3amaeTcsa OOLIKHOBEHHLIMU IV (hePEHINAILHLIMI
YPABHEHUAMY, KOS (YUIMEHTH KOTOPLIX ¥ €CTL MPOU3BOJILHLIE ()Y HKIIMOHAJILHLIE TIAPAMET-
PLL

s moBoro #abOpa MPOM3BOJILHLIX (YHKIMNA a; (tj’), yi(t] ) onpenesM 3aTpaBOYHBIE
¢yuxmvm ¥4 ¢ TOMOIILIO Y PABHEHMIT

0,0z = MP' WL, Wi(0,2) =1, (3.4)

B KOTOPBIX MAaTpYIInl M i’l (tli, Z) IMEIOT BUI

a 10 0 00 0 Dozt
0 a1 0 by 0 0 0
MP = . Mt 0 by 0 0o |, 353
0 00 1
271 0 0 Ar_—1 0 0 br_1 0

roe
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TEOPEMA 3.1. Bexmop-pynwuyus DLelixepa—Azuesepa 1y, coomeemcmeyou,ad npo-
usgoavhomy wabopy dawnnix {T', Py, z1, (v, ), ai,y;} obuezo nosoxucenud, yoosse-
MEoPAEM YPAEHEHUTM

%A/Jn = Ynt1 + Vn¥n, atf¢n = cnPn—1, (37)
Ko PuLuenmsl KoOmopur pasrs
Up = 8t;r<pn, Cp = e¥n Pl
20e

Orrai = yi(ty) IR (kr +14,0,tF,¢7). (3.8)

Lns awbott gynkyuu f € (T, P), umewouyeii nostocs, nopsoxa ny u n_ e mou-

xaz P;- coomeemcmeenno, cywecmeayem eduncmeennii paznocmmuuii onepamop Ly
+ - - i — foni

suda (2.2) ¢ sasucauwumu om ti, t; woafduyuenmamu maxod, wmo Li)* = fob*.

Ycnosue coBMecTHOCTH ypapHeHui (3.7) oxBuBasienTHO ypapHenuam 2D Tomwr (1.1).

CRHERCTBME 3.1. Pynkyuu @, 3a0annbie gopmyarot (3.7), 6 Komopod emopoe caa-
2aemoe onpedeaTemcs 3HAYEHUEM 8 HYAE PeZYATPHO20 COMHoucumend R_ pasroxnce-
nud (3.2), geagomes pewenugmu ypasrenuts 2D Toow.

JlokazaTesnCTBO T€OPEMBI CTAHIAPTHO ¥ CBOAUTCS K IIPOBEPKE TOT'0, YTO ()YHKIWM, 33~
JAHHLIE (JOPMYJIAMU IPABLIX U JIEBLIX YacTell pPaBeHCTB (3.7), MMEIOT OIMHAKOBLIE AHAJIU-
Trdeckye cBoicTBa Ha I'. ©T0 M0Ka3aTENLCTBO B MAJION CTENIEHN NCTIOIL3YeT CIeIMaIbHLIH
Bun (3.5) maTpun M i’l. YTBEpPK ACHUA TEOPEMEI U CJICACTBUSA OCTAIOTCSA TTOJHOCTLIO B CU-

Jie, ecyi 3aMeHUTL M i’l HA MATPUILI BUIA
770,1 _ 2,0,1 +
My™ =My +mx (i), (3.9)
L.Ie MATPUYHLIE 3JEMEHTEL M} He 3aBUCAT OT Z U yAOBJIETBOPAIOT yCIOBYAM
mfﬁ =0, i<j, m”=0, i>j. (3.10)

Pacmmpenne xracca 3aTpaBOYHLIX ()YHKIMI HE IPUBOIUT K PACIIMPEHMIO KJ1ACCA ITOCTPO-
EHHLIX pertenuii ypasreruii 2 D-nenouku Tomwt. JleficTBuTesmHo, pasiokenue (3.2) uycio-
Bust (3.3) MHBaPUAHTHLI OTHOCUTENLHO IPe00pA30BaAHMUIA

Uy =930y, Ry=Rigll, (3.11)

rIe g4 (tf) — HUZKHETPeyroJIbHAS MATPUIIA C €UHUIIAMI HA IUATOHAJM, a g (1] ) — BepxHe-
Tpeyroanpaas MaTprma. CuenoBaTeanHo, 3Tu peoGpa3oBaHnA He MEHAIOT COOTBETCTBYIO-
myo ¢pyukimio Befikepa—Axuesepa. [Ipeobpazosanus (3.11) npuBoaAT K KAIMOPOBOYHLIM
peoOPA3OBAHMIM MATPUIL

770,1 — —1770,1
My '—’gilatitgﬁ:—gilMi 9+, (3.12)

KOTOPBIMU BCET' Ia MOYKHO HOOUTHLCs paBeHCTB M4 = (.
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s MOCTPOEHUSA pelleHnii TOJTHOM nepapxvm ypasHeruit 2 D-nienmouku Tonnt noctaTou-
HO 33aTh 3aBUCUMOCTDL 3aTPABOUHLBIX (yHKIMA WL OT BCEX BpEMEH t;,t Mepapxun ¢ TOMO-
IILIO IU((PePEHINANLHLIX yPaBHEHIIA

0,0z = MPPOL,  Wi(0,2) =1, (3.13)

0, o
roe marpumst M i’l(ti, %) TONMHOMUATLHO 3aBUCAT OT TIEPEMEHHOH 2z 1. YCaoBua COB-

MeCTHOCTH ypaBHeHwii (3.13) m71a KaskIoi 13 MOJIOBUH BpeMeH t; nm ¢, KaaOpOBOYHO
SKBMBAJIEHTHLI OmHON n3 r-pemykimii nepapxvm KII. Ilockonnky Hammei 0CHOBHOM IeJILIO
SIBJLSIETCS TIOCTPOEHre pernennii ypasaenuii (1.1), TO MbI OCTaBUM BHE PaMOK HACTOSIIEH
PpaboTLI IBHOE OMMCAHUE CTPYKTYPLI MaTprar M i’p , p > 1, u maJgLHENNMi aHAJIU3 BO3HU-
KAIOIIel BCIIOMOraTEILHOMN COTTMTOHHON CUCTEMLI.

3.2. OmaoToueuHb ciryuaii. Kak 1 B coydae pasme/eHHLIX GECKOHEUHOCTE!, 3a-
BUCUMOCTDL OTHOTOUEUHON MHOTOMIapaMeTpuyueckoit pyukivm Belikepa—Axuesepa OT nepe-
MEHHDLIX t;]t TIOJTHOCTLIO ONIPEneIACTCSA 3aBUCMOCTLIO OT 3TUX IIEPEMEHHLIX BanaBO‘H{Oﬁ
¢ysxmm Wo(n,t, z). 3aBUCUMOCTH OT KayKIOW U3 TAKNX IEPEMEHHBIX ONPENeJIAeTCS Jn-
HeMHLIM ypaBHEHNEM

9,2 %o(n,t,z) = M3P(n,t,2)¥o(n,t, 2), (3.14)

B KOTOpOM MaTpuma, M i’i(n, t, z) TOMMHOMUAILHO 3aBUCKAT OT TIepeMeHHoi z 1. Cymect-
BEHHBIM OTJIMYMEM ONHOTOUEUHON CUTYAIMK OT CJIyUYas PA3IEJIEHHLIX OECKOHEUHOCTEN SB-
JISIETCS TO, UTO YK€ I IOCTPOEHIs PerneHuii cOOCTBeHHO ypaBueruit 2D nermouku Tozmet
MaTprnt M i’l MOJI¥KHBI YAOBJIETBOPATDL YCIOBUAM COBMECTHOCTU ypaBHeruit (3.14) ms
p = 1 1 pa3HOCTHOTO YPABHEHUS

Uo(n+1,t,2) = Xo(n,t,2)¥o(n, 2), (3.15)
KOTOPOE ABJIAETCA ClencTsyeM onpezneenusa Wo kak MaTpuint Bposckoro pemenuii ypas-

nerwii (2.95). Ilocaennee osnauaer, uto Matpmmua Zo = (Xy7), r— <i,j < r4 — 1, umeer
BILI

0 1 0 0
0 0 1 0
0 = | e , (3.16)
0 0 0 1
Xo—r, Xo—r,+1 Xo—r,+2 aE X2+—1
rae
XY =27180 — fP(n,t). (3.17)

Paccmorpry maTpranste ¢pyskmmm M i’l BUIA
MO = 2o+ A(n,t), M>'=Bn,t)Z; ", (3.18)
rae A u B — muaroHajnHbIe MATPUILI BUIA

A =diag{a(n —r_,t),...,a(n +ry —1,t)},

. (3.19)
B = diag{b(n —r_,t),...,b(n+ry — 1,1)}.
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Torma ycaoBus coBmectHOCTH ypaBreHu# (3.14) must p = 1 u ypasuenus (3.15) sxBuBa-
JICHTHDI YCJIOBUAM COBMECTHOCTY JIMHEAHON CUCTEMDI

8t1|-¢n = ¢nt1+a(n, t)én, 8t;¢n =b(n, t)pn—1

u ypasaerus (2.95). CrenoBaTesbHO, ecym 0003HAUNTD Yepes Yp, (t) Takue (yHKImMM, uTo
b(n,t) = e¥n~Yn—1 10 ycnoBusa coBMecTHOCTU ypapHenuii (3.14), (3.15) osxBUBaIeHTHLI
penykimm ypaBHenuit 2D nienouku Tomnt ans y, Ha CTAIMOHAPHLIE TOUKM HEKOTOPOI JIn-
HeHOI KOMOMHAIY IIOTOKOB MePapX1K, OTBEYAIOMKX BpeMeHaM £, .. ., tj,'Jr.
SagurcupyeM Kakoe-mubo perenue ¥, SToi penykmm u oGosnaum Wo(n, t1, 17, 2)
COOTBETCTBYIOIIEE DeIleHre BCIOMOTaTeNLHOM uHelHON crctemst (3.14), (3.15). Torma

MeeT MeCTO CJIeAyolee yTBEePXK IeHIeE.

TEOPEMA 3.2 [21]. Jaa 410608 2nadkol anzebpauyeckol xpueol I' poda g ¢ fux-
CUPOBANNBM AOKAABHOLM NAPAMEMPOM 2 8 OKPECMNOCU ommeuennoi mouky Py u
Oas 106020 nabopa napamempos Topuna (v,a) obwezo noaoxmcenus cmenenu lg u
panza | cywecmayem u eQUNCMBENNA BEKMOP-PYNKUUT wn(tf,tl_,Q), KOOPOUNHAMDL
Komopot ene mouxu Py umewm we boaee wem nmpocmue noawcw 8 moukar vs. Hx
8BLYETNBL 8 IMUT MOUKAT YIo8AeMBOPTIOM coomnowenum (2.74). B oxpecmmocmu
mouku Py eexmop-cmpora 1, umeem eud

Y = (Z és(n,tf,t;)zs)mo(n,tf,t;,z), €= o0, (3.20)
s=0

Ima pynryus yoosaemaopsem ypasHeHUIM
8ti|'¢n =41+ (8ti|-§0n)'(/)na atl—'(/)n = (ewn_w"71)¢n_1, (321)

20€e Yy, datomesa fopmyaol

on =yt 47) +In(1+ &V, tF,47)), (3.22)

)

(-1 .
8 xomopoi §§ — amo Kxoopdunama c¢ undexcom i = —1 sexmopa &1 6 passoxce-

nuw (3.20).

IIpuMEP. B cnyuae panral = 2, r1. = 1 3arpaBounas ¢yuxiws ¥ onpenesseTrcs no
JII0O0OMY PeIIeHrIo OMHOMEPHOMH mernoukn Ton

fjp = e¥n~YUn—1 _ eUn+1=¥n (3.23)

U Me€eT BUI
-1

Uo=d(n,t,2)e” |, x=t7+t;, t=tF—t], (3.24)

rne & — marpuia Bporckoro pemenuii BecnomoratennHo imHeHOH cucteMot mist (3.23).
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3.3. Iedopmanumu mapamerpoB TropmHa. 3anaua BOCCTAHOBJIEHUS] BEKTOPHOM
¢yuximu Gefikepa—Axueszepa 1o ee TAHHLIM CBOAUTCS K PEIICHUIO JIMHEWHON 3anaun Pu-
MaHa, B KOTOPOIt 3aTpaBounas gyskiwsa ¥o 3amaeT (yHKINIO IEPEKIEHKY B OKPECTHOCTH
BLizenerHol Touku Py. Kak yike orMeuanocn Boire, B 00IIeM Ciyuae OHa He MOYKeT OBIT
perena ABHO. BMecTe ¢ TeM, B psme CIydaeB MJis COOTBETCTBYIOIINX PEIICHNI IBYMEPU-
30BAHHOM IIETIOUKY MOYKHO MOJIYUUTL 00JIee ABHLIE BLIPAYKEHUSA, UCTIONL3Ys YPABHEHUSA e~
¢popmarmu mapamerpoB Tropusna.

O6o3naunm uepes ¥(n, t, ()) maTprily BpOHCKOTO, CTPOKaMU KOTOPOU ABJLAIOTCS BEK-
Top-(yukmm Gefikepa-Axuesepa ¥n4(t, Q). Kax u panee, medpopmarmio napameTpon
Tropusa onpeneanM ciaemyommm obpasom. B obmem nonoxervu det ¥ (n, ¢, Q) umeet gl
NPOCTLIX HyJe# y5(n, t). Obo3naumm yepes s (n, ) COOTBETCTBY IO JIEBLI HyIL-BEKTOD

as(n,t)¥(n,t,vs(n,t)) = 0. (3.25)

PasnocTHbIe ypaBHEHMS, ONUCHIBAIOIME JMHAMUKY IapaMeTpoB TIOprHA 0 IUCKPETHON

[IEPEMEHHOM 1, OBLIIN [TOJLY Y€HbI BBIIIE B II. 2.5. Y PABHEHUA U151 HEIPEPLIBHLIX Ae(opMarmii

napamMerpoB TioprHA CIIEoyIOT U3 IPEMIIECTBY IOIIMX PE3yILTATOB aBTOPOB [21].
PaccmoTrpum sorapudmuyeckyro npoussomryio ¥ no ro60My 13 BpEMEH nepapxun

— P
8%\1! = MJV. (3.26)
Dra norapudmudeckas npoussomsas MY ssisercs mepomopgroi pyskumeii va I' u BHe
OTMEUEHHOM TOYKY MIMeET IPOCTELIE IOJIOCH B TOUKAX Y5 = Ys(n, t). Ee nopaHoBckoe pas-
JIO’KEHVIE B OKPECTHOCTH Y IMEET BUI

M= =273 + ps + O(z — 2(7s)), (3.27)

LII€ M s — HEKOTOPLIH BekTop-cTober. (s KkpaTkocT hOpMyIT 30eCh U HUZKE MDI OILyCKa-
eM MHIEeKCH p, +.) IlepBrie 1Ba KOR(UIEHTA STOTO PA3IOKEHNS 33 1aI0T IPABLIE YACTH
ypaBHEHUIT De(OPMALY TI0 TIEPEMEHHON ¢ = tpi

Ot 2(vs) = — Tr(msas) = —(asms), Oras = —aspus + Ksas. (3.28)

31ech kg — HEKOTOpas KOHCTAHTA. Fe Haauyre B MPaBO# YaCTU yPABHEHUs OTPAKAET TO,
UTO BEKTOPHI (g ONPENEJIEHDI ¢ TOYHOCTBIO [0 MPOMOPIMOHAILHOCTY. Y paBHerus (3.28)
KOPPEKTHO ONPENEeSISIOT IMHAMUKY HA MPOCTPAHCTBE MapamMeTpoB TiropuHa, KOTOPOE fB-
JAeTcs cummerpudeckoii crenennio S (T x CPI—1).
YcIoBYA COBMECTHOCTU
0t Xn = Mpi1Fn — XMy, (3.29)

JIMHEMHDIX 33,034

\IJn—f-l = %n\I’na at\I’n - Mn\I’n (330)

3a1AI0T KOPPEKTHO ONPENEIEHHYIO CUCTEMY HEJIMHEMHLIX YPABHEHMI HA TAPAMETPLI, BXO-
LAIIVE B CUN2YATPHBLE KOPPuyuenmst pasioxkerus maTpun X, u M, B OKPeCTHOCTHU BLI-
ZeJieHHOH Touku. 3zxech u masee ¥, = ¥U(n,t,Q), Xn = X (n,t,Q), M, = M(n,t, Q).
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JuckpeTHLIM aHaJOT ypaBHerua Kpuuesepa—Hosukosa. PaccmoTpum B Xxa-
YecTBe WJIIOCTPUPYIOIIErO IpHMepa HeJIVHEHHbIEe YDABHEHUsI, BO3HAKAIOIIE B CIIyUae
paura ! = 2 u pona g = 1. HanomumM, 4TO B 2TOM ciydae KO3()(UIMEHTLI JMHEAHOM
CHCTEMDL, OIPEeNeJIoNIe 3aTpaBounyo Gpyuxkmmio P B (3.24), mvenu Bun

01 —k+ 200 2 _
950:< ) M0:( n ) k=21 3.31
" _C?z+1 k— 7124—1 " _20?14—1 k ( )

Ypasuenus Jlakca 17151 9T0 CUCTEMBI TPUBOAAT K Y PABHEHUSIM OMHOMEPHOM 11enouxy Tomwl.

I'napubte vacty “onersix” mMatpuil Xy, (cM. (2.110)) u M, UMEIOT TOT JKe CAMBIA BUL,
HO C APYTUMU QYHKIWMSMU Cp, , Uy, . B vacTHOCTH, MaTpua M, B okpectHocTr 2 = () mmeeT
BUI

M, = (2”" —k 2> +mpk P+ 0(k™?), k=21 (3.32)
72Cn+1 k

Ypasuerus (3.29) IpuBOAAT K CHCTEME
. _ . _ 22 22
ent1 = 26n41(Vnt1 — Vn),  Ung1 = 2(Cng2 — Cny1) + My —mpsg. (3.33)

JlomoTHUTe TLHEIe WIeHE ) B 3T CHCTeMe SIBHO BLIPAYKAIOTCS UePe3 Cr,, Uy, W TTAPAMeT-
put Tropuna v, , a;,. Hameil neanio ABIAETCA TOIYUUTL 3aMKHYTYIO CUCTEMY yDPaBHEHUIA,
KCIOJIBb3Ys YPABHEHU Ui apameTpoB TiopuHa.

151 IPOCTOTHI MBI PACCMOTPUM CUMMEMPUNNHBLY CAY%aTl, NI KOTOPOro B ()OPMyJIax
npuMepa 1. 2.5 cJenyer MoJI0KUTL KOHCTaHTY ¢ B (2.118) pasroii myumto, ¢ = 0. 113 oupene-
sneuus M, caemyet, 4ToO

M2 = s + 22, M2 =gy + X2 (3.34)

3uaunT,
2 =&0 = p(n) (3-35)

ToncranoBka 2TOH GopMmysst B (3.33) IPUBOINT K yPABHEHUIO

m

Unt1 = 2(Cnt2 = Cnt1) + P(Yn) — P(In+1)- (3.36)
W3 (3.28) caenyer paBeHCTBO

1 2
a, +ap
1 27
ayn — an

n = —res,, Mp = — (3.37)

KOTOPOE TIO3BOJIAIET OTOK IECTBUTD Yy, C IEPEMEHHDLIMU S 5, , OnpeneseHHnivu B (2.143). Tloc-
Jie 9TOT0 OTOXK IECTBJIEHNsS paBeHcTBa (2.145), (2.146) mprobpeTyT B

dent1 = (5 = DF (Ynt1, ) F (Yn—1,7n), (3.38)
20p41 = '.YnF('Yn+1a'7n) - ’.7n+1F('7na'7n+1)- (339)

IIpuBeneM mBa TOXK IeCTBa, KOTOPLIE OYAy T MCIOIL30BAHLI HIKE:

Oy In F(u,v) = —F(v,u), (3.40)
Oy In F(u,v) = —F(u,v) + 2¢(2v) — 4¢(v), (3.41)



ABYMEPHW30BAHHAS HEIIOYKA TOJbI 87

rze sanunTdeckas pyakmms F(u, v) onpenenena popmyuoii (2.137). O6a Tox nectsa mpo-
BEPSAIOTCA HETIOCPEICTBEHHO CPABHEHVEM OCOOCHHOCTEH TPABLIX 1 JIEBLIX yacTeid. [loncras-
asas (3.38), (3.39) B nepBoe uz paBercTs (3.33), noxyunm ¢ nomommio (3.40), (3.41)

Vn = (’7721 - ]-) (V(’Yna')/n—l—l) + V('Yn;’}/n—f-l))a (342)

roe
Viu,v) ={(u+v) + {(u—v) — ((2u). (3.43)

Wcnonn3ysa Te e COOTHOLIEHNS, MOXKHO HEIOCPEACTBEHHO IIPOBEPUTDH, UTO NMOICTAHOBKA
(3.38), (3.39) B paBenctBo (3.36) npuBomMT K TOH XxKe cucteme (3.42).
Cucrema (3.42) sBiIAETCSA MrAMUIILTOHOBOH € TAMIIBTOHUAHOM

H= Z[ln(sh_2(pn/2)) +In(p(zn — Tn-1) — P(Tn + Tn—-1))]. (3.44)

Oma GbI1a oIy UeHa OHIM 13 aBTOpOM B paboTe [30] kak pemenne oGpaTHON 3a1aum BOC-
CTAHOBJIEHNsI MHTEI PUPYEMOLT CUCTEMBDI 10 33, JAHHOMY CEMECTBY CIeKTPAILHLIX KPUBLIX.
TlonoGuas 3anaua ecrecTBenHa B Teopun Burtena—3aiibepra, B KOTOPO TAaKMe CeMENCTBa,
IApPaMeTPU3YIOT MOMYJIN (PU3MUECKY HESKBUBAJICHTHLIX BAKYYMHLIX COCTOAHUIA B CyIep-
CIMMETPUYECKUX KAJINOPOBOYHBIX MOIEJISX.

Cucrema (3.42), Haspaunas B [30] sunmmrrdeckum aHagzoroM nenouky Tomsl, moce 3a-
MEHDI [IePEMEHHLIX COBIAIAET C ONHUM U3 Y PABHEHUH, IOy YeHHBIX B [31] B pamMkax 3anaun
KiIaccuukaryy nHTErpupyeMsix nenodek. B [30] cuctema (3.42) Gplna 0TOXK IeCTBIIEHA
C TIOJTFOCHOU CUCTEMOM, ONMUCHIBAIOMIEN BJIJIUIITIUECKUE TI0 IEPEMEHHOM T PEIeHns By Me-
pusoBanuoii rienouku Tomnt. [losBenue 91O e CUCTEMDBI B TEOPUM PEIIEHNIT paHTa IBa
JIBYMEPU30BAHHON IerIouky TOALI 0Ka3aI0Ch 7151 aBTOPOB 9TOM PAbOTHI IOTHON HEOXKU-
JAHHOCTLIO.
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