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In this paper, we contribute to the existing theory of abstract degenerate Volterra integro-
differential equations by investigating abstract degenerate non-scalar Volterra equations.
We consider the generation of (A, k, B)-regularized C-pseudoresolvent families in Banach
spaces, as well as their analytical properties and hyperbolic perturbation results.
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1. Introduction and preliminaries

The theory of abstract degenerate Volterra integro-differential equations becomes
very popular over the last few years. The main purpose of this paper, which is written
in an expository manner, is to show how the techniques established in [1| and [2] can
be helpful in the analysis of a substantially large class of abstract degenerate Volterra
integral equations of non-scalar type.

Let X and Y be two complex Banach spaces satisfying that Y is continuously
embedded in X, let the operator C' € L(X) be injective, and let 7 € (0, oc]. The norm in
X, resp. Y, will be denoted by || - ||x, resp. || - ||y; [R(C)] denotes the Banach space R(C')
equipped with the norm ||z ) = ||C~ 2| x, z € R(C), and, for a given closed linear
operator A in X, [D(A)] denotes the Banach space D(A) equipped with the graph norm
|z|lpay = llzllx + |Az|x, * € D(A). By B we denote a closed linear operator with
domain and range contained in X. Suppose F'is a subspace of X. Then the part of A in
F, denoted by A, is a linear operator defined by D(Ajr) := {x € D(A) N F: Az € F'}
and Ajpx = Az, v € D(Ap).

Let A(t) be a locally integrable function from [0,7) into L(Y,X). Unless stated
otherwise, we assume that A(¢) is not of scalar type, i.e., that there does not exist
a € L, [0,7), a # 0, and a closed linear operator A in X such that Y = [D(A)] and
A(t) = a(t)A for a.e. t € [0, 7).

In the sequel, we will basically follow the notation employed in the monograph of
J. Priiss [1] and our previous paper [2] on abstract non-degenerate equations of non-
scalar type (cf. also [3; 4] for some other relevant references in this direction); the
meaning of symbol A will be clear from the context. We refer the reader to [1] and
[5; 6] for further information concerning abstract non-degenerate Volterra equations of
scalar type. For the basic source of information on abstract degenerate Volterra integro-
differential equations and abstract degenerate fractional differential equations, we may
refer to the monographs [7-11|, and references cited therein. Concerning the vector-

valued Laplace transform, we recommend for the reader the monograph [12].
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We need to introduce the following condition

(P1): k(t) is Laplace transformable, i. e., it is locally integrable on [0, co) and there exists
B € R so that k(\) := L(k)(\) := limy_,o fob e ME(t)dt == [ e Mk(t) dt exists
for all A\ € C with Re(\) > 3. Put abs(k) :=inf{Re()) : k(\) exists}.

Let us recall that a function k& € L{ _[0,7) is called a kernel on [0,7) iff for every
function ¢ € C([0,7)) the preassurnptlon fot t —s)p(s)ds = 0, t € [0,7), implies
o(t) = 0,t € [0,7). Set O(t fo s)ds, t € [0,7). The principal branch is always
used to take the powers and the abbrev1at10n * stands for the finite convolution product.
Set go(t) :== t*1/T'(a) (a > 0, t > 0), where I'(-) denotes the Gamma function, and
go(t) :=the Dirac delta distribution.

2. Degenerate (A, k)-regularized C-pseudoresolvent families

Before we start this section by introducing our basic concepts in Definition 1, we
would like to recall that (X, ||-||x) and (Y, ||-||y) are two given complex Banach spaces as
well as that Y is continuously embedded in X. Further on, we assume that the operator
C € L(X) is injective, 7 € (0,00] and B : D(B) — X is a closed linear operator on X.

Definition 1. Let &k € C[0,7) and k # 0. Consider the following linear degenerate
Volterra equation:

t

Bu(t) = f(t) + /A(t — s)u(s)ds, t € [0,7), (1)

0

where 7 € (0,00], f € C([0,7) : X) and A € L] _([0,7) : L(Y, X)). Then a function
u e C([0,7) : [D(B)]) is said to be:

(i) a strong solution of (1) iff uw € L2.([0,7) : Y) and (1) holds on [0, 7),

(i) a mild solution of (1) iff there exist a sequence (f,,) in C([0,7) : X) and a sequence
(un) in C([0,7) : [D(B)]) such that w,(t) is a strong solution of (1) with f(t)
replaced by f,(t) and that lim, . f.(t) = f(t) as well as lim,, o u,(t) = u(t),
uniformly on compact subsets of [0, 7).

The abstract Cauchy problem (1) is said to be (kC)-well posed (C-well posed, if k() = 1)
iff for every y € Y, there exists a unique strong solution of

t

Bu(t;y) = k(t)Cy + /A(t —s)u(s;y)ds, t €[0,7) (2)

0

and if u(t;y,) — 0 in [D(B)], uniformly on compact subsets of [0, 7), whenever (y,,) is
a zero sequence in Y; (1) is said to be a-regularly (kC)-well posed (a-regularly C-well
posed, if k(t) = 1), where a € L. ([0, 7)), iff (1) is (kC)-well posed and if the equation

t

Bu(t) = (a* k)(t)Cx + /A(t — s)u(s)ds, t €0,7)

0

admits a unique strong solution for every x € X.
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We would like to point out that every strong solution of (1) is also a mild solution of
(1) as well as that the notions introduced in Definition 1 generalize the corresponding
one from |2, Definition 1|, given in the case that B = I. It is also clear that the concept
of a strong (mild) solution of (1) and the concept of a (kC')-well posedness of (1) can be
defined in some other ways; details are left to the interested reader.

The following definition will be crucial for our further work.

Definition 2. Let 7 € (0,00, k € C[0,7), kK # 0 and A € L. ([0,7) : L(Y, X)).
A family (S(t))ieqo,r) in L(X, [D(B)]) is called an (A, k, B)-regularized C-pseudoresolvent
family iff the following holds:

(S1) The mappings t — S(t)z, t € [0,7) and ¢t — BS(t)x, t € [0,7) are continuous in
X for every fixed x € X, BS(0) = k(0)C and S(t)C = CS(t), t € [0,7).

(S2) Put U(t)z := fot S(s)xds,x € X, t €[0,7). Then (S2) means U(t)Y C Y, U(t)y €
L(Y),t€[0,7), and (U(t)y)iejo,r) is locally Lipschitz continuous in L(Y").

(S3) The resolvent equations

BS(t)y = k(t)Cy + /tA(t —s)dU(s)y, t€[0,7), y €Y, (3)

BS(t)yy = k(t)Cy + /t S(t—s)A(s)yds, t€[0,7), y €Y, (4)

hold; (3), resp. (4), is called the first resolvent equation, resp. the second resolvent
equation.

An (A, k, B)-regularized C-pseudoresolvent family (S(t))¢cio,-) is said to be an (A, k, B)-
regularized C-resolvent family if additionally:

(S4) For every y € Y, S(-)y € L. ([0,7) : Y).

loc
An operator family (S(t))eo,-) in L(X,[D(B)]) is called a weak (A, k, B)-regularized
C-pseudoresolvent family iff (S1) and (4) hold. Finally, a weak (A, k, B)-regularized C-
pseudoresolvent family (S(t)):eqo,) s said to be a-regular (a € LL ([0,7))) iff axS(-)z €

loc
C(0,7):Y),zeY".

Let us agree on the following: A (weak) (A, k, B)-regularized C-(pseudo)resolvent
family with k(t) = gay1(t), where o > 0, is also called a (weak) a-times
integrated (A, B)-regularized C-(pseudo)resolvent family, whereas a (weak) O-times
integrated (A, B)-regularized C-(pseudo)resolvent family is also said to be a (weak)
(A, B)-regularized C-(pseudo)resolvent family. A (weak) (A,k, B)-regularized C-
(pseudo)resolvent family is also called a (weak) (A, k, B)-regularized (pseudo)resolvent
family ((weak) (A, B)-regularized (pseudo)resolvent family) if C' = I (if C = I and
k(t) =1).

As in non-degenerate case, the integral appearing in the first resolvent equation (3)
is understood in the sense of discussion following [1, Definition 6.2, p. 153]. Observe also
that the condition (S3) can be rewritten in the following equivalent form:

(S3)’
BU(t)y = @(t)Cy—l—/ Alt = $)U(s)yds, 1 € [0,7), y €,

BU(t)y = O(t)Cy + /t Ut —s)A(s)yds, t € 10,7), y €Y.
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By the norm continuity we mean the continuity in L(X) and, in many places, we do
not distinguish S(-) (U(-)) and its restriction to Y.

The notion of an (A, k, B)-regularized C-uniqueness family plays a crucial role in
proving the uniqueness of solutions of abstract degenerate Cauchy problem (1).

Definition 3. Let 7 € (0,00, k € C[0,7), kK # 0 and A € L ([0,7) : L(Y, X)).

A strongly continuous operator family (V' (Z))co,-) € L(X) is said to be an (A, k, B)-
regularized C-uniqueness family iff

V(t)By = k(t)Cy + /t V(t—s)A(s)yds, t €[0,7), y € Y N D(B). (5)

Before stating the following propositions, whose proofs can be deduced as in non-
degenerate case (cf. [1] and [2]), we want to observe that the notion of an (A, k,I)-
regularized C-uniqueness family is a special case of the notion of a weak (A, k,T)-
regularized C-pseudoresolvent family and that the assertion of [2, Proposition 2 (i)]
holds even in the case that the condition S(¢)C' = CS(t), t € [0,7) is disregarded (cf.
also Proposition 2 (i) below).

Proposition 1.

(i) Suppose that (S1(t))ico,r) 5 an (A, ki, B)-reqularized C\-pseudoresolvent family
and (S2(t))icpo,r) s an (A, ke, B)-regularized Cy-uniqueness family. Then Cy(ky *

S (t)x = (k1 * So)(1)Cha, t €[0,7), z €Y.

(ii) Let (S(t))tejo,r) be an (A, k, B)-regularized C-pseudoresolvent family. Assume that
Y has the Radon — Nikodym property. Then (S(t))co,r) is an (A, k, B)-reqularized
C-resolvent family. Furthermore, if Y is reflexive, then S(t)(Y) C Y, t € [0,7),
and the mapping t — S(t)y, t € [0,7), is weakly continuous in'Y for ally € Y.

Proposition 2.

(i) Assume that (V(1))icpo,-) is an (A, k, B)-reqularized C-uniqueness family, f €
C([0,7) : X) and u(t) is a mild solution of (1). Then (kCxu)(t) = (V x f)(t), t €
[0,7), and mild solutions of (1) are unique provided in addition that k(t) is a
kernel on [0, ).

(ii) Assume n € N, (S(t))iwcpo,r) is an (n — 1)-times integrated (A, B)-regqularized
C-pseudoresolvent family, C~1f € C"1([0,7) : X) and fP(0) =0,0<i<n—1.
Then the following assertions hold:

(a) Let (C7 )Y € AC([0,7) : Y) and (C~ )™ € LL ([0,7) : Y). Then the
function t — u(t), t € [0,7), given by

t t

ult) = / S(t — 5)(C )™ (s) ds = / 40 (s)(C ) (¢ — s)

is a strong solution of (1). Moreover, u € C([0,7):Y).
(b) Let (C~1f)™ e LL ([0,7) : X) and Y™ = X. Then the function of the form

loc

u(t) = [ S(t —s)(C )™ (s)ds, t € [0,7), is a mild solution of (1).

0
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(c) Let C7'g € Wik([0,7) = Y7), a € LL.([0,7)), f(t) — (gn ¥ axg >><t>7

t € [0,7), and let (S(t))wcp,r) be a-regular. Then u(t fo (t —s)
(C71g)™)(s)ds, t € [0,7), is a strong solution of (1).

The uniqueness of solutions in (a), (b) or (c) holds provided that for each y €
Y N D(B) we have S(t)By = BS(t)y, t € [0,7).

(ili) Let (S(t))icpo,r) be an (A, k, B)-regularized C-resolvent family. Put u(t;y) := S(t)y,
€ [0,7), y € Y. Then u(t;y) is a strong solution of (2), and (2) is (kC)-well
posed if k(t) is a kernel on [0,7) and S(t)By = BS(t)y, t € [0,7), y € Y N D(B).

Before we clarify the Hille — Yosida type theorem for (A,k, B)-regularized
C-pseudoresolvent families, it should be observed that there exists a great number of
statements from [2| which can be reconsidered in degenerate case; without going into
details, we only want to capture our readers’ attention to the assertions of Proposition
1 (iii) (b), (c), Proposition 3 (ii), (iii), Proposition 4, Remark 1, Theorem 2, Remark
2, Proposition 5 from [2|. It is also worth noting that the class of (A, k, B)-regularized
C-uniqueness families can be characterized through the vector-valued Laplace transform
and that we need the condition S(t)By = BS(t)y, t > 0, y € Y N D(B), see the
formulation of Theorem 1, so as to prove the injectiveness of operator B — A(\) for
Re(\) > wo, k(\) # 0 (in Theorem 4 below, this condition will not be used).

Theorem 1. Assume A € LL ([0,7) : L(Y, X)), a € L. [0,7), a # 0, a(t) and k(t)
satisfy (P1), ¢g > 0 and

/e‘“”A(t)HL(Y,X) dt < 00, € > €. (6)

0

(1) Let (S(t))i>0 be an (A, k,B)-reqularized C-pseudoresolvent family such that
S(t)By = BS(t)y,t >0,y € Y N D(B) and there exists w > 0 with

supe_Wt<HS(t)HL +||BS(t HL + sup (t—s o) (S)HL(Y)> < 00. (7)

t>0 0<s<

Put wy := max(w, abs(k),eo) and H(N)z := [~ e MS(t)xdt, v € X, Re(X) > wp.
Then the following holds:

(N1) (A\)Re(nyse, 8 analytic in L(Y, X), R(Cly) € R(B — A())), Re(\) > wy,
k(X\) #0, and B — A()\) is injective, Re(\) > wp, k(X) # 0.

(N2) HNy = U(\)y, y €Y, Re(\) > wy, (B — A()\))_lc"y € L(Y), Re(N) > wy,
k(X) # 0, (H(X))re()>wo 18 analytic in both spaces, L(X) and L(Y), H(A)C
CH(A), Re(\) > wo, HA\)By = BH(M\)y, Re(\) > wo, y € Y N D(B), cmd
for every X\ € C with Re(\) > wy and k(X) # 0, the following holds:

(B—AN)H\)y = k(\Cy, y €Y,
H\)(B— A\)y = k(\)Cy, y € Y N D(B).

)\ — n+1 dr
(N3) sup  sup (A=w) H ~H(\) H +
nEND A>w,k(N)#0 nt dA L(X)

] + ], ) <o
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(ii) Assume that (N1)~(N3) hold. Then there ezists an exponentially bounded
(A, ©, B)-reqularized C-resolvent family (S1(t))i>o satisfying S1(t)By = BSi(t)y,
t>0,y€eY NDB).

(iii) Assume that (N1)-(N3) hold, B™' € L(X) and Y™ = X. Then there exists
an exponentially bounded (A, k, B)-regularized C-pseudoresolvent family (S(t))i>o
such that (7) holds and S(t)By = BS(t)y, t >0,y € Y N D(B).

(iv) Assume (S(t))i=0 is an (A, k, B)-reqularized C-pseudoresolvent family satisfying
(7) with some w > 0. Let w' > max(w,abs(a),abs(k),ey). Then (S(t))i0 is a-
reqular and sup;sqe~"||a = S(t)

ox . < 0o iff there exists a number w; > W'
LY Y)
such that
()\ . w/)n—i—l dn ~
sup  sup a(AN)H(A H _ < 00.
n€Np >\>w1,];:()\)760 n! d)\n( ( ) ( )) L(YX,Y)

The hyperbolic perturbation results for non-scalar Volterra equations have been
studied in [1, Theorem 6.1, p. 159] and [2, Theorem 3|. It is worth noting that the
above-mentioned results can be generalized to degenerate non-scalar Volterra equations.
Speaking-matter-of-factly, the following theorem holds good (the proof can be deduced
by slightly modifying the corresponding proof of [1, Theorem 6.1], with Ky = S*xC~*BDy
and K; = S« C™'BDy).

X

Theorem 2. Assume Li ([0,7)) 3 a is a kernel on [0,7), C(Y)CY,Y =X, OB C

loc
BC,

D(t)y = Do(t)y + (a* D1)(t)y, t €[0,7), y €Y,

where (Do(t))icpry S LY), (BDo(®))epr S LIX[R(O)), (BDi(t))epr <
L(Y, [R(O)]),

(i) C™*BDy(-)y € BWoe([0,7) : Y) for ally € Y, C'BDy(-)x € BVioc([0,7) : X) for
all x € X,

(ii) C™'BD;(-)y € BViee([0,7) : X) for ally € Y, and
(i) CBD(t)y = BD(t)Cy, y €Y, t € [0,7).

Then the ezistence of an a-reqular (A, B)-reqularized C-(pseudo)resolvent family
(S(t))ieo,r) is equivalent with the existence of an a-regular (A + BD, B)-regularized
C-(pseudo)resolvent family (R(t))icpo,r)-

Theorem 2 can be applied to abstract degenerate non-scalar Volterra equations
involving abstract differential operators. For example, let 1 < p < oo, let X := LP(R"),
and let 0 < o < 2. Then it is clear that the operators 0/0x;, acting with their maximal
distributional domains, are commuting generators of bounded Cjy-groups on X; set
A = (—i0/0zy,- - -,—i0/0x,). Suppose that P(x) and P»(z) are non-zero complex
polynomials satisfying P,(z) # 0, z € R™, and

e (7)) ==

Define the strongly continuous operator family (G,(t));>0 € L(X) and the operators

P;(A), i = 1,2, in the usual way. Set Y := D(P(A)) N D(P(A)), ||f]l :== |Ifllx +
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IP(A) fllx + 1P(A) fllx (f € Y), A1) := ga(t)Pi(A)y (t > 0) and C = P>(A)Ga(0).
Then (Y,|| - ||y) is a Banach space continuously embedded in X, v = =X, CP(A) C
P,(A)C, C(Y) C Y, and a simple analysis shows that (G,(t))i>0 is an (A, Pa(A))-
resolvent C- regularlzed resolvent family obeying the property that for each f € Y
the mapping t +— fo s)fds, t > 0, is continuously differentiable in Y. Therefore,
Theorem 2 can be apphed with the regularizing operator C' being in general the non-
identity operator on X.

We continue by introducing the following definition (cf. [2, Definition 3 (i)] for non-
degenerate case).

Definition 4. Let £ € C([0,00)), k # 0, A € LL.([0,00) : L(Y, X)), a € (0,7],
and let (S(¢))i>0 C L(X,[D(B)]) be a (Weak) (A, k, B)-regularized C-(pseudo)resolvent
family. Then it is sald that (S(t))i>0 is an analytic (weak) (A,k, B)-regularized
C-(pseudo)resolvent family of angle «, if there exists an analytic function S
Yo — L(X,[D(B)]) satisfying S(t) = S(t), t > 0, lim..ex, S(z)z = S(0)z and
lim, o .ex, BS(z)x = BS(0)zr for all v € (0,) and z € X. We say that (S(t)):>0
is an exponentially bounded, analytic (weak) (A, k, B)-regularized C-(pseudo)resolvent
family, resp. bounded analytic (weak) (A, k, B)-regularized C-(pseudo)resolvent family,
of angle a, if (S(t));>0 is an analytic (weak) (A, k, B)-regularized C-(pseudo)resolvent
family of angle o and for each v € (0, ) there exist M, > 0 and w, > 0, resp. w, = 0,
such that ||S(2)|| ) + |1 BS(2)| nx) < Mye?l, z € £, Since no confusion seems likely,
we shall identify S(-) and S(-) in the sequel.

The most important properties of exponentially bounded, analytic (weak) (A, k, B)-
regularized C-(pseudo)resolvent families are collected in the subsequent theorems.

Theorem 3.
(i) Assume ey > 0, k(t) satisfies (P1), w > max(abs(k), ), (6) holds, (S(t))i>0 is a

weak analytic (A, k, B)-regularized C-pseudoresolvent family of angle o € (0, 7/2]
and

sup [He “#S(z HL + |le*BS(= HL(X)] < oo for all v € (0, ). (8)

2C 2y

Then there exists an analytic mapping H : w + Xz, — L(X, [D(B)]) such that:

(a) BH\)y — HA)AN)y = E(\)Cy, y € Y, Re(A) > w, k(\) # 0; HNC =
CH()N), Re(N\) > w,

(b) SUPrewtss [H()\ — w)H()\)HL( + [|(A = w)BH(X )HL(X)] < oo for all v €

(0, ),
(c) there exists an operator E € L(X,[D(B)]) such that BEx = k(0)Cz, x € X
and limy ,  zoyz0 AH(AN)z = Ez, v € X, and
(d) limy o royzo ABHN)2 = k(0)Cz, z € X.
(i) Assume ¢y > 0, k(t) satisfies (P1), (6) holds, w > max(abs(k),¢), a € (0,7/2],
there exists an analytic mapping H : w + Yz, — L(X,[D(B)]) such that (a),
(b) and (c) of the item (i) hold and that, in the case vy # X, (d) also holds.

Then there exists a weak analytic (A, k, B)-reqularized C-pseudoresolvent family
(S(t))i=0 of angle o such that (8) holds.
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Theorem 4.

(i) Assume €y > 0, k(t) satisfies (P1), wy > max(abs(k), €y), (6) holds, a € (0,7/2],

(S(t))e>0 is an analytic (A, k, B)-regularized C-resolvent family of angle «, the
mapping t — U(t) € L(Y), t > 0, can be analytically extended to the sector ¥,
(we shall denote the analytical extensions of U(-) and S(-) in the space L(Y') by
the same symbols), and for each v € (0, ) one has:

sup[ne w256 + e BSE] x

zex,

+ SupHe “02S(z HL ] <oo. (9)

Denote HA)z = [T e MS(t)xdt, x € X, Re()) >
L(X, [D(B)]) is an analytic mapping, Hy @ w+ X
analytic mapping, and the following holds:

wo. Then H @ w+ Xziq —
z1a — L(Y) is likewise an

AEwo+X Ty

(a) sup [H()‘_WO)H(/\)||L(X)+H()‘_WO)BH<>‘)HL(X)+H()‘_WO)H(/\)”L(Y)]

is ﬁmte for all v € (0, ),

(b) BH()y — HOJAQ)y = KNCy, y € Y, Re() > w, k() £ 0
ANHN)y = k(A )C’y, € Y, Re ()\) > w, k(A 0; H( )C = CH(\),
RG(A) > W,

(c) there exists an operator E € L(X,[D(B)]) such that BEx = k(0)Cx, x € X,
Hmy o 7o0z0 AH(N)z = FEx, z € X, and

Assume « € (0,7/2], e¢ > 0, k(t) satisfies (P1) and (6) holds. Let wy >
max(abs(k), €), and let there exist an analytic mapping H : w + Xz, —
L(X,[D(B)]) such that Hyy : w+ Xz, — L(Y) is an analytic mapping, as well as
that (a)—(c) of the item (i) of this theorem hold and that, in the case vr # X, (d)
also holds. Then there exists an analytic (A, k, B)-regularized C-resolvent family
(S(t))i>0 of angle o such that (9) holds and that the mapping t — U(t) € L(Y),
t >0, can be analytically extended to the sector Y.

Remark 1. If B~! € L(X), then the condition (i)/(c) in Theorem 3, i.e., the condition
(1)/(c) in Theorem 4, automatically holds. Therefore, Theorem 3 and Theorem 4 taken
together provide extensions of Theorem 4, Theorem 5 from [2].

Using the argumentation contained in the proofs of Theorem 6, Theorem 7 in [2],
we can simply clarify the basic results about differentiability of (A, k, B)-regularized C-
pseudoresolvent families in Banach spaces. Although interesting, this theme will not be
considered here; let us only mention that the considerations from [2, Example 3| enable
one to construct some important examples of (local) (A, k, B)-regularized resolvent
families with certain hypoanalytic behaviour.
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