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CJIOBAMH, CUCTEMA MUMEET HaOOP COXPAHSIOIINXCS 3aPsI0B,
MO3BOJISIFOIINI MHTEIPUPOBATH AUHAMUYECKHE ypPAaBHEHUS
0 COOTBETCTBYIOIIMM HampaBieHUsM. Torga Kaxk s
MEXaHIYECKHX CHCTEM C KOHEYHBIM (Pa30BBIM HPOCTpaH-
CTBOM TaKO€ MOHMMAaHUE WHTETPUPYEMOCTH MPHUMEHHMO
HANpsIMyo, ISl TEOPHUil HOJIS BBILIEU3JIOKEHHOE CTAHO-
BUTCS CJIMILKOM DACIUIBIBYATBIM, U NMPUXOAUTCS BBOAUTH
0oJtee cTporre KpUTEPUH. B 4acTHOCTH, TOBOPSIT O KiIacchye-
CKOW MHTETPUPYEMOCTH B cMbICiIe JIMYBUILISL, KOTAa MOXHO
HOJIyYNTH OECKOHEYHOE MHOXECTBO COXPAHSFOIIMXCS 3apsi-
JIOB, UCIOJB3ysl Moaxon mapel Jlakca. OmpenenéHHO He
CaMbIM NIPOCTHIM, HO MMEIOIIMM OTHOILIEHHE K JTaHHOMY
00CY>XAEHUIO TPUMEPOM KJIACCUYECKH MHTEIPUPYEMOil Teo-
PETUKO-TIOJIEBOI CHCTEMBI SIBIISIETCSl cynepcTpyHa ['prHa —
IBapua Ha pone AdSsx S°, T.e. IByMepHAs CyepCHMMET-
puuHas curma-mojesib. [TOHsSITHEe WHTErPUPYEMOCTH €CTe-
CTBEHHBIM 00pa3oM 00001IaeTCcsl Ha KBAaHTOBBIE CHCTEMBI,
rJie OHO O3HA4YaeT CyIIeCTBOBaHME OECKOHEYHOTro Habopa
KOMMYTHPYIOIIAX ONEPATOPOB, OJUH M3 KOTOPBIX MOXET
OBITh BBIOpAaH B POJIM TaMIJIbTOHHAHA CHUCTEMBI. Takoit
HA0Op MOXET OBITh MOPOXKAEH KBAHTOBBLIMHU OIEPATOPAMU
Jlaxca, MOCTPOEHHBIMU C UCTIOJIb30BAHUEM AJIT€OPAYECKOTO
an3ana bere u cooTHoenuit flura—bakcrepa, TepmoanHa-
Mu4eckoro an3ana bere nnm myTéM mocTpoeHust KBAHTOBOM
CIEKTpaJIbHOM KpuBo#. CyIIeCTByeT MHOXECTBO BBOJHBIX
JIEKIIAA 1 0030pOB, OOBSACHSIONUX MOHSITHE KBAHTOBOU
HHTETPUPYEMOCTH W YNMOMSIHYTBIE MOJIXOIBI (CM., HAIPH-
Mmep, [1—5]). 3nech OCHOBHOE BHUMAaHHE MbI OYJeM YACSTh
CTPYKTypaM, OTBEYAIOIIMM 32 KJIACCHYECKYIO MHTErpupye-
MOCTb.

CroXkeTBl HACTOSIIIero 0030pa pa3BUBAIOTCS U3 HHTET PU-
pyemoctu cynepctpynsl [ puna —lIBapra Ha mpocTpaHCTBe-
Bpemenn AdSsxS>, eé megopmanmii, COXpaHSIOIMX UHTE-
TPUPYEMOCTb, U aJreOpanvyeckux CTPYKTYDP, OTBEUYAIOLLUX
3TOU mpouenype. BrmepBrle MHTETpUpYyeMOCTh TAKOW CHUC-
TeMBI ObLIIa TIOKa3aHa B paboTe [6] myTéM SIBHOTO TIOCTPOE-
HUS IUTOCKO# cBsi3HOCTH Jlakca, mopoxaaromei OeckoHed-
HOE MHOYECTBO COXPaHSIOIIUXCS TOKOB. B yacTHOCTH, WH-
Tepec K MHTErPUPYEMOCTH CTPYHBI HA OMIPEICIEHHBIX (HOHAX,
3asBJICHHBIN B 3TOi paboTe, ObLI CBSI3aH C paCIIMPEHUEM
nyaneHocTd AdS/CFT 3a mpemesbl COOTBETCTBUS MEXIY
CTpyHAMH B peXuMe Caboil CBSI3M W KaJINOPOBOYHBIMHU
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TEOPUSIMHU B PeKUME CHIIbHOM CBsI3U. CepbE3HBIM IPU3HAKOM
B IIOJIb3Y HHTETPUPYEMOCTH CTPYHBI SIBJISIETCS MpeAroarae-
Masi UHTETPUPYEMOCTh €€ Trojiorpaduueckoro mapTHEpa
N =4 d=4 SU(N) cynepcuMMeTpu9HON Teopnu SHra —
Musuica. B cBoro ouepeqib, 3TO yTBEpPXKAEHHE IMEPBOHA-
YaJbHO OBLIO OCHOBAHO Ha HAOJIIOJICHHM, YTO OINEpPATOp
JUIATAIMK U KaJIuOpOBOYHOW TEOpHH B mpepeie 00Jib-
moro N, OrpaHAYeHHBII CEKTOPOM OIEPaTOPOB, MMOCTPOCH-
HBIX U3 CKaJIIPOB, MOXET PaCCMATPUBATHLCS KAK TAMILIBTO-
HUAH MHTETPUPYEMOU KBAHTOBOW CIMHOBOW Iemouku [7].
UsBecTHO, 4TO cTpyHa Ha (oue AdSsxS® mpuBamIexuT
CEMEUCTBY UHTETPUPYEMBIX CUTMa-MO/IeJIel, KOTOPBIE MOX-
HO MOJIYYUTh NyTEM e€ nehopManuu onpeaeiéHHoro suaa. B
JaCTHOCTH, OOHAPYKUBAETCS TaK HA3bIBAEMBIN [3-meopMu-
poBanHbIii ¢GoH JlynuHa—Manpgacensl [8], TBOWCTBEHHBIN
Hexotopoit mepopmanun Jlu—Idrpacciepa N =4 d=4
cynepcuMMeTpudHoi Teopun SHra—Musica [9]. UnTterpu-
pyemocTh cTpyHbl Ha (one JlynuHa—Masgacensl ObLia
nmokasana B pa6otax [10, 11] (HeuHTErpUpPyeMOCTh 151 KOM-
IUIEKCHBIX Aedopmaruii Obli1a mokazaHa B padote [12]). O06-
30p cBsi3u Mexay AdS/CFT-cooTBETCTBHEM U HHTETpUpPYE-
MOCTBIO TipenctaBiieH B [13]. B ciyuae oTkpbITOH cymnep-
crpynbl ['puna—IIBapua MOXHO HAWTH TpaHUYHBIE YCIIO-
BUSI, COXPAHSIOIINE UHTETPUPYEMOCTD [14], 4TO mMO3BOJISET
paccMaTpuBaTh UHTETpUpyeMble KOHpurypanuun D-0pan. B
4aCTHOCTH, onpeea¢HHas cuctema D3 —D5-6pan, unrerpu-
pyeMocTh KOTOpo#l u3BecTHa [15], myanbHa KOH(PpOPMHOMN
TEOpHUM MOJII Ha JedekTe, a onpeaeiéHHas cucrema D2—
D4-6pan nyansna teopud ABJM B npucyrcrBuu 1/2—-BPS
JTOMEHHOW CTEHKH, KOTOopasi Takxe wmHTerpupyema [l6].
I[Mpun nmomusaTUU 1m0 M-TeopHH TMOCIEIHSISI OTBEYAET CHC-
teMe M2—M5-6paH, 4yTO yOeIUTEIbHO TOBOPUT B MOJIB3Y
BO3MOXHOCTH OTpPENCICHUSI UHTETPUPYEMOCTH MeMOpaH.
OpnHako cieayeT oOpaTUTh BHUMaHHE Ha paboThl [17, 18],
rae Obli1a MoKa3aHa HeMHTErPUPYEMOCTD IBMKEHHS CTPYH Ha
onpeAeneHHbIX poHax D-OpaH. DT pe3yIbTaThl MOTYT JIHOO
OTPAaHUYUTH BO3MOXHOCTBH OIpEEeJICHUS] MHTETPUPYEMBbIX
cTpykTyp mist D-6pan, 0o yka3aTth Ha HEOOXOIMMOCTH
JIyYILIETO BBIOOPA NEPEMEHHBIX.

Bouee cucremaTtryeckuit moaxon K MOJTYYEHUIO HHTETPU-
PYEMBIX IBYMEPHBIX CUTMa-MoOJeJiell OCHOBaH Ha aedopma-
nusix Slara— Bakcrepa curma-mozereid u ObUT BIiEpBbBIE MPU-
MeHEH B paboTe [19] mist T1aBHBIX KHPAJIbHBIX MOJIEJIEH 1 B
[20] no1st curma-Moiesielt Ha CHMMETPUYHBIX IPOCTPAHCTBAX.
B paGore [21] npencraBieHa uHTerpupyemMas jnedopmaims
Sara— Bakcrepa cymepcTpynsl Ha Gore AdSs xS, uTo mano
Ba)XHBII IMITYJIEC PA3BUTHUIO METOIOB, ONTMCAHHBIX B HACTOS-
meM ob3ope. SIHr-6akcrepoBa mehopManms HapaMeTpHU3y-
€TCSl MATPUIIEH I, SIBJISIFOIICHCS peIlleHreM KJIACCHYECKOTO
ypaBHenus Slura—baxcrepa (CYBE) [22, 23]

rbl[alr(lz‘bz‘.ﬁnbza}] = Oa

(1.1)
re fu¢ — CTPYKTypHBIe KOHCTAaHTHI (cymep)anre6psr!.
EctecTBeHHBIH BONPOC, MOXHO JIM HMHTEPIPETHPOBATH

e(OPMUPOBAHHYIO CUIMa-MOJIe/Ib KaK CYNepCTPYHY Ha
(¢one cyneprpaBuTanum, Hameén oTBeT B pabote [25], rme

! BaxHO OTMETHUTD, 4TO AedopManus [21] HE onpenesseT 0JHO3HAYHO
eOPMUPOBAHHYIO TEOPHIO, U CBOOOJA B ONPEICICHHH F-MaTpPHLbI
octaércsi. B [24] moctpoena ynumonyssipuas n-gedopmaimst ¢dona
AdSs5xS>, ynoBieTBopsIonIas HEOHOPOHOMY (MOAUMDUIIPOBAHHOMY)
ypaBHeHuro SlHra — bakcrepa, ¥ MOKa3aHo, YTO OHA MOPOXKIAET PeIlIeHUue
YPAaBHEHHUIi CyneprpaBUTALINY.

OBLI IpeACTaBJIEH COOTBETCTBYIOIUI (POH, U IOKA3aHO, YTO
ypaBHenusi D =10 cymeprpaButanuu He BBIIOJHSIOTCS.
Hapnexamast cucrema ypaBHEeHHH, KOTOPBIM Y/IOBJIETBO-
psieT Takoil (oH, B HacTosiee Bpems Ha3biBaemblii ABF
(Arutyunov, Borsato, Frolov), ObL1a HaliieHa B [26] 1 Teniepb
Ha3bIBaeTcs 00001mEHHON cyneprpaButanueid [27]. Mbl He
Oynem 3z1ech paccMaTpUBaTh Takue 0O00IIEeHHs ypaBHEHUI
CymeprpaBUTAllN, 3aUHTEPECOBAHHBIA YUTATEIb MOXET
HaiiTu OoJjiee monpoOHyr mHpopmanuio B 0630pe [28] u
CCBUIKaX B HEM. 3J1eCh JIISI HAC BaXXEeH pe3ysIbTaT padboT [29,
30], rae chopMyIMPOBAHO MPABIIO MPUMEHEHHS Aedopma-
nuii Slara—bakcrepa k ¢oHam oOIIero Buma, HE SIBJISFO-
LIUMCS TPYIIIOBBIMH MHOTOOOpa3usiMH, WU (PaKTOP-TPO-
cTpaHcTBaMH. [1paBuiIo OCHOBAHO HA OTOOPAXKEHUHN OTKPBI-
TBIX-3aMKHYTBHIX CTPYH, KOTOpOe ynooHee chopMyIUpOBATh
Kak JiokanbHOe mpeobpasoanme O(10,10), mopoxaéaHoe
6usexTopoM f =r9%k, Ak, rae k, =k, 0, — Habop
BekTopoB Kusauara ucxommoro ¢ona. busektop S*
WUrpaeT pojib mapaMerpa HEKOMMYTATHBHOCTH, COOTBET-
CTBYIOIIIETO OTOOPAXKEHHUIO OTKPBITHIX-3aMKHYTBIX CTpYH. B
paborax [31, 32] mokazaHo, 4TO JJIs TOrO, YTOOKI 1ehOpMH-
pOBaHHBINA (POH yIOBJIETBOPSUI YPABHEHUSIM CyNEprpaBUTa-
WU, JTOCTAaTOYHO HAJOXHUTh KJIACCUYECKOE ypaBHEHUE
Sura— bakcrepa Ha r“1“? 1 Tak Ha3bIBAEMOE yCIIOBHE YHUMO-
ayJspHocTH 1% f, b = 0, Buepsble 06Hapyx)eHHOe B [33].
Hapymenne mocnennero maét pelieHus: YpaBHEHUU YxKe
0000ImEénHON cymeprpaBuTaii. BaxkHBIM TOOOYHBIM 3aMe-
YaHUEM 3JIeCh SIBJISIETCSI TO, YTO MMEHHO KJIaCCHYeCKas
Mmatpuina Sura—bakcrepa r MOXeT UCMOJIL30BATLCS AJIS
reHepanuu cko6ok IlyaccoHa HHTETpupyeMoii CHCTEMBI 11O
3a1aHHOH nape onepatopoB Jlakca (cMm. pa3zen 1.2).

3anucaHHbIe B BU/C IUHEHHBIX TPEOOPa30BAHUN U3 TPYII-
oel O(10,10) medpopmanuu Sura-—Bakcrepa 10D-donoB
(2D ¢-Mopenb) ecTecTBEHHBIM 00pa3oM 0000IIaroTCs Ha
nepopmaru 11D-ponos (3D o-mopenb), 4To ObUIO cre-
Jano B [34—36]. CooTBeTCTBYIOIIEe OOOOIICHUE KIaCCHYe-
ckoro ypasHenust Sura-—bakcrepa (gCYBE) 6buto mouty-
4yeHo B pabortax [37, 38] B pamkax ajredpanveckoro moj-
X0Jia, OCHOBAHHOI'O Ha TaK Ha3bIBAEMOM HCKJIFOUUTEIbHOMN
anredpe Jdpunpenpaa, o0obIaromen KiiacCuueckuii 1yoib
JOpunadensaa . Iposepka Toro, uto gCYBE (BMecTe ¢ ycio-
BAEM YHHMOJIYJISIPHOCTH) JTOCTATOYHO JISI TOTO, YTOOBI
nedopMaius TeHepUpoBaja pellieHne, OblIa BHITIOJHEHA B
[36] nnst pona mpomsBosbHOTO BuAa. B ciyuae 11-MepHBIX
(donoB nedopmanus mapamMeTpusyeTcsi TPUBEKTOPOM Q2 =
=pa2%k, Nk, Nky, DI KOTOPOrO Temepb Tpedyercs
00BEKT p %% ¢ TpeMsl UHACKCAMU BMECTO MATPHIIbI 4142,
Ha pnannwiii Mmoment untepnperanus gCYBE kak kinaccuue-
CKOTO Tpeliesia ypaBHEHHs, MTOJJOOHOTO KBAHTOBOMY ypaB-
Henuro SlHra— bakcrepa, HensBecTHa, XO0Ts B [39] ObuLIM cre-
JIaHBI ONIpeNIeIEHHbIE TIONBITKH IOCTPOUTL KBAHTOBOE ypaB-
HEHHME BpPYUYHYIO, a B [35] chenaHbl MONBITKA (HEYAa4HBIC)
ces3aTh gCYBE c ypaBHeHueM teTpasnpa 3amMoOJIOIYUKO-
Ba. HecMoTpst Ha 3TO, MOXHO cAejiaTh MOOOYHBINH KOM-
MEHTApUi, aHAJIOTUYHBIN MPUBEIEHHOMY BBIIE: CKOOKa
HamOy nuHamMHuuecKoW CHCTEMBI MOXET OBITh MOJIy4YeHa
TaKUM Xe 00pa3oM C OMOIIBIO p“1%% y TPOWKHU omepa-
TopoB Jlakca.

2 Panee 5T0 ycJIoBHeE ObLI0 HaiieHo B [34] B BUjIE YCIIOBUS, JOCTATOYHOTO
Ui obparieHus B HyJb R-moroka. OJHAKO, MOCKOJbKY MOJYYCHHOE
yCJIOBHE OBLIO JAOCTATOYHBIM, a HE HEOOXOIMMBIM, HEKOTOPBIC UJICHBI
MOTJIH OBITh 100aBJIEHBI, U OKOHUYaTeNbHas ¢popma ypaBHeHus gCYBE
BCE eIé TOoJDKHA OBITh OIpe/esIeHa.
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EcTecTBeHHBIM 00pa30M BO3HHMKAET s BONPOCOB. SIB-
JISIETCSI JIX 9Ta CHCTeMa MHTEIPUPYEMOil B HEKOTOPOM CMBIC-
se? MoxHO Ju cPOpMYJIMPOBATH HMHTETPUPYEMOCTH IO
JInyBWILTIO UTSE TPEXMEPHBIX TEOPETHKO-TIOJIEBBIX CHCTEM?
CoxpaHnsieT JU TPEXBEKTOpHAsS JedopMaIiusi HHTErpUpye-
MOCTh JIBYMEpHO# g-mozeu B 00bMHOM cMbicie? Llenbtro
JTaHHOTO 0030pa sBJIsleTCsl COOp W ONHMCAHUE HA EAMHOM
SI3bIKE PA3HOOOPA3HBIX MOMIBITOK OCMBICIEHHS TPEXMEPHOM
WHTETPUPYEMOCTH W HHTerpupyemoctu cucteM HamOy-—
ITyaccona, MOCKOJIbKY OHU, TO-BUAUMOMY, UMEIOT OJIM3KOE
OTHOIIICHUE K aJITeOpanyeckuM CTPYKTYpaM, BOSHUKAFOIIMM
npu TPEXBEKTOPHBIX JepopManusax GpoHoB M-teopun. Mbl
nocrapaeMcss MOMYEPKHYTH 3T OTHOUIICHUS B KaXXJIOM
ciIydae M OpacCyXIaTh O BOZMOXHOM JaIbHEHIIIeM pa3Bu-
THU KaXI0T0 CroxkeTa. TekcT 0030pa BEICTPOEH CIIETYIOIIAM
o6pa3oM. B 3TOM paszesie KpaTko paccMaTpPUBAETCS! CTAH-
JApTHBIA NOAXOJ K MHTEIpUpyeMOCTH 1o JInyBHILIIO C UC-
nojp3oBaHueM nap Jlakca um csizsHOocTH Jlakca, riiaBHbIM
00pa3oM JJIs TOro, YTOOBI BBECTH OOO3HAYCHUS U C/EJIATH
TEKCT BIIOJIHE CaMOJOCTATOYHBIM. B paspgene 2 oOcyxma-
FoTCs1 crucTeMbl HaMOy 1 MOAX0/TbI K UX HHTETpUpyeMocTu. B
Ka4yeCcTBE KOHKPETHOI'O IIPUMEPa, OTHOCALIEI0cs K TPEXMep-
HOW MHTErpUPYEMOCTH, MBI COCPEIOTOUYMMCS] HA UepaAPXUU
Kanomuesa — I[MerBuamsuiu (KIT). B pazaene 3 Mbl kpaTko
paccMaTpuBaeM HWHTETPUPYEMOCTh CYNEPCTPYHBI, YAEISs
OCHOBHO€ BHHMAaHHE WHTETPUPYEMbIM AehopManusiM M UX
u"Tepnperanuu kak T-myanpHoctu Ilyaccoma—JIn. Pa3s-
Jies1 4 onuchIBaeT TPEXBEKTOPHbIE AehOPMALIUK U CBSI3aHHBIE
C HUMHU ajredpanyeckue CTPYKTYPbl U CONEPKUT ONUCAHME
HECKOJIbKUX TOIXOJ0B K HHTETPUPYEMOCTH TPEXMEPHON
MeMOpaHbl. MBI ONMUCHIBAEM IOAXONBI K TUHAMUKE MEM-
OpaH, OCHOBaHHBIE HA TETJECBBIX MEPEMEHHBIX, KOTOPBIC
KaXyTCsl €CTECTBEHHBIMH, M MOJYEPKUBAEM, UTO JUJIST MEM-
6pan Teuzop aedopmarmu Q4P MOKHO HHTEPIPETHPO-
BaTh KaK MapaMeTp HEKOMMYTATUBHOCTH TIE€TeJb, a IeiicTBHE
nedopMaly ONHCBHIBACTCS TeMHU Xe (popMynamu, 4TO H
OTOOpaXeHHEe OTKPBITHIX-3aMKHYTHIX MeMOpaH. B koHIe
pasnena 4 Mbl 006CyX/1aeM BO3MOXHBIE CBSI3U C TETPadApHye-
CKUM YypaBHEHUEM 3aMOJIOJIYMKOBA U KOHKPETHBII Crocod
onpeesieHnsl IOBEPXHOCTH BuiibcoHa B TEpMHUHAX yIIOPSA0-
YeHHBIX TMeTesb. HakoHnen, B pa3aesne 5 pe3yabTaThl U Ha-
OsronieHus, 0OCyXIaeMble B OCHOBHOM TEKCTE, CBEIICHBI B
CIHCKH, YTOOBI MPEJCTABUTh KAPTUHY HACTOJIBKO SICHO, Ha-
CKOJIbKO 9TO BO3MOXHO.

1.1. Unrerpupyemocth no JInyBusiio

Hauném c xpatkoro o030pa CTaHAAPTHOIO MOJAXO0JA Hap
Jlakca k KJIacCHYECKOW MHTETPUPYEMOCTH MEXAHUYECKUX
cucteM 1o Jlmysuiutro. [IpencTaBieHHOE ONMCaHNE B OCHOB-
HOM ciieayeT [40], cXoxuii MaTepral MOXXHO HAWTH B JIFOOOM
0030pe M yueOHUKE 1O MHTErPUPYEMBIM CHCTeMaM. MBbl
HA4YHEM C PACCMOTPEHHS TUHAMHWYECKOW CHCTEMBI, OMpee-
nsieMoil HabopoM ypaBHeHMil nBmxeHns X' = f(x). Ilpn
MOMOIIIY TAMUJIbTOHUAHA H CUCTEMBI ypaBHEHHUSI TBUKECHIS
MOJHO 3aIHCcaTh B BUJIE

0H o0H

=g P (1.2)

DxeuBanentro p; = {H,p;}, ¢' = {H,q'}, Tne ckobxka Ilyac-
COHA JUIsl Mapbl NPOU3BOJIBbHBIX GyHKIMA f(p,q) u g(p,q)
JMHAMUYECKUX IEPEMEHHBIX ONPEIENIETCS, KAK OOBIYHO:

(g =J% %Y

= . 1.3
Oq Op 0q Op (13)

1*

ITpennonoxum, 4TO CUCTEMA UMEET HETPUBUAJIbLHBIC MHTE-
rpajibl JBUXKEHMS, onpeneséHHble Kak [; = 0 mim 3KkBUBa-
JICHTHO YpaBHEHUEM

{H,I,}} =0. (1.4)
Kax el unterpan nBmxkeHus: I mMo3BOJISIET MEpeUTH K Tak
HA3BIBAEMBIM TIEPEMEHHBIM [ICUCTBHE — YTOJI M HOJHOCTHIO
HPOVHTErPUPOBATH JUHAMHYECKUE YPAaBHEHMs Jisl 3a/aH-
HOM mapbl KoopauHAT (p,q). CliemoBaTeIbHO, €CIHM YHCIIO
MHTEIPAJIOB JBMKECHHsI PABHO IOJHOMY YHCIY CTEleHEH
CcBOOO/IBI, TO CHCTEMA BIIOJIHE UHTErpupyeMa. Takum obOpa-
30M, cHCTeMa ¢ 2n-MepHbIM (ha30BBIM HPOCTPAHCTBOM
Ha3bIBAETCsl MHTErpUpyemMoit mo JIMyBUILIIO, eciu OHa
obJamaeT n WHTErpajaMu JBUXKEHUS [;, BCe U3 KOTOPBIX
HaXOJISITCSl B MHBOJIIOIWH, T.¢. BbIoHeHo {I;, [;} = 0.

PaccMmoTpum 0ostee moapoOHO HEpEeMEHHBIE ICHCTBIE —
yroJi, IJiss KOTOPBIX BO3bMEM OJAMH HHTErpaj ABHKCHHUS,
3amauHblil QyHKImel F(p,q) = f = const. Perum sTo ypas-
HEHHE OTHOCHUTEJILHO p U ompesesium 1-popmy

o= pdgq, (1.5)

rze mo p nonuMaetcst GyHkusi p = p(q, f) OT KOOPAUHATHI
g m uHTerpaja aswkenus f. Torma 2-dopma o = do =
= dp A dq onpenensier cuMILIeKTHYECKYIO (hopMy Ha (a3zo-
BOM NpOCTpaHCTBe. Tenepb onpenaeaum AeicTBue S cienayro-
UM 00pa3oMm:

Slg, f1= J:O a= J;p(% f)dq. (1.6)

ITo mocTpoenuto neiicTBue siBiseTcs (PyHKIUEH IBYX mepe-
MEHHBIX ¢ U f, 1 MOXXHO ONPEAEIUTH HOBbIE TUHAMUYECKHE
NIEPEMEHHBIE, HATIUCAB

oS oS 17
P=3, ‘ﬁ_af’ (1.7)
i IEPBOE PABEHCTBO OYEBUIHO, & BTOPOE IIPOCTO OIpEIe-
JIIE€T YIJIOBYIO NEPEMEHHYIO V. JIerKo BUAETH, YTO TakK
ornpeaes€HHOe peobpa3oBaHue IEPEeMEHHBIX (p,q) B mepe-
MEHHbIE IeUCTBUE — yroJl (f, /) sIBJISeTCS] KAHOHUYECKUM, T.€.
COXpaHSIET CUMIUIEKTUYECKYIO (popmy. [IeCTBUTEIBHO, YIH-
ThIBAst

0= d’S=dpA dg— dfA dy, (1.8)

BUJIMIM, YTO CUMIUIEKTHYECKast opMa He MEHSETCS.

B TepMuHax Tak onpeneaeéHHbIX IEPEMEHHBIX TEHCTBUE —
yroJl, TMO3BOJISIFOIINX SIBHO PEIIAaTh YPAaBHEHUS IBUKEHHS
Jutst uarerpana I = F(p, q), TMHaMuKa CUCTEMbI CTAHOBHUTCS
0COOEHHO MPOCTOH. JIeHCTBUTENbHO, YPaBHEHNS TBUKEHIS
MPUHUMAIOT BH/

¥ = {H,y} Z%{zw(f) = const .

OHU MOTYT OBITh JIETKO PEIICHBI B IBHOM BHJIE, YTO AaéT
f=const,

Y=olf)i+io,

(1.10)
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T.e. YIJIOBasi MepeMeHHasi Y, COOTBETCTBYIOIIAS EHCTBUIO,
3aJaAHHOMY WMHTETPAJIOM [BUXEHHS f, IBOJIONUOHUPYET
JIMHEWHO cO BpemeHeM. [l 3aJaHHBIX 7 UHTETPAIOB
JIBMKEHUSI OTIMCAHHYIO BBIIIIE MIPOTIEYPY MOKHO OBTOPUTD
IUISL BCEX 11 TIAP NEPEMEHHBIX (p;,¢'), 9TO MO3BOJISET MOJI-
HOCTBIO PEIUTh YPABHEHHUS BIKEHUS B TEPMUHAX COOTBET-
CTBYIOIINX NepeMeHHbIX jeiicTsue —yron (f;,y'). Tlo cyTwm,
9TO SIBHOE TIPOSIBJIEHHE MHTEIPUPYEMOCTH CHCTEMBI: JIMHEN-
Hasl 9BOJIIOIINSI I OTCYTCTBHE Xa0Ca.

B xauecTBe MPOCTEHIIIEro npuMepa, UUTFOCTPUPYIOLIETO
W3JIOKEHHBIH OOIINIA MPUHIAI, PACCMOTPHUM OJIHOMEPHBIH
rapMonudeckuit ocopuiatop H = (1/2)(p2+w?q?). Tamuin-
TOHOBBI yPABHEHUS JIBUKEHUS 3AMUCHIBAIOTCS KAK

p=-wq, §¢=p. (1.11)

Taxkasi cHCTEMa UMEET TOJIbKO OJIMH MHTErPaJl ABHKEHUS —
suepruto H(p,q) = E. Petas 310 ypaBHeHHE, TOJTy4aeM IS
P crenyrolee:

p=+2E— wq?.

Torna neiicreue umeer Bux S = [/ V2E — w?z2dz, a yrio-
Basl IepeMEHHAs 3aIHUCBIBAETCS CIIEAYIOIUM 00pa3oM:

(1.12)

oS 4 dz 1 a)q)
=—=| ——————=—arctan|— |, 1.13
4 oF Jo 2V2E — w222 2w ( p (L13)

Taxum o6pazom, uMeemM

1 (cuq) 1
— arctan | — | == ¢,
2w P 2

P2+ w?q? =2,

(1.14)

4TO JaéT CTaHAapTHOE pelieHue ¢ = sin (wt), p= w cos (wt).

1.2. T1apa Jlakca

ITockobKY OYEBUIHO, YTO OMHUCAHHAS MpOIEeAypa He
SIBIISICTCS aJITOPUTMHUYECKON, TaK KaK MMEET JIeJO C pellle-
HireM quddepeHIaIbHBIX yPAaBHEHHIA HA PA3JIMYHBIX [IATaX,
XOTEJIOCh Obl CPOPMYJIMPOBATH IMOJXOM, MO3BOJISIOIIUI
TeHEPUPOBATH HHTETPAJIBI ABIKEHUS U3 OJTHOTO BBIPAXKECHUS
W TeM CaMBIM TapaHTHPOBATh HHTETPUPYEMOCTD B paccMaTt-
puBaeMoM cMbicie. Takodl moaxol U3BecTeH Kak (opma-
mu3Mm Jlakca—3axapoBa—Illabata W HauYMHACTCS C MPEAIO-
JIOKEHUSI, YTO HAM YAAJIOCh 3aIUCATh YPABHCHUS ABUKCHHUS
JUHAMHUYECKON CHCTEMBI B BUJIE

L=[L,M], (1.15)
rae L, M — HeKoTopble MaTPHIIbl, KOTOPbIE MOTYT JOMOJI-
HUTEJILHO 3aBUCETH OT HEKOTOPOTO (CHEKTPAIBHOTO) Mapa-
MeTpa(oB) u. Tora MHTEr pasIbl ABMKEHUS MOXKHO MOJIYYHUTh,
MIPOCTO B3SIB CJIE/ PA3JIMYHBIX MaTPUYHBIX CTENeHel L, T.e.

Fo:=TrLF = F=0. (1.16)

ITapa matpun L, M ma3wBaetcs mapoit Jlakca. B memom u3

HpI/IBCI[éHHI)IX BbIIIC ypaBHeHI/Iﬁ CJIEAYCT, YTO 3aBUCUMOCTDb
OT BPEMCHHU JId OTUX MAaTPUIl ONIPEACIISACTCA BBIPAKCHUEM

(1.17)

I'py6o rosopsl, eciiu HaM yaasnoch Halitu mapy Jlakca aist
IUHAMHYECKONH CHCTEMBI, T.€. MepemnucaTb €€ ypaBHEHUS
JIBIKEHUSI, KaK YKa3aHO BBIIIE, TO CHCTEMa SIBJISIETCS] HHTe-
rpupyeMoii. KoHeuHo, 3TOT mmiar He 0oJiee alrOopUTMUYEH,
YeM CTaHIAPTHBIA METOJI IeHCTBUN —IEPEMEHHBIX, OJTHAKO,
Kak ToJbKO mapa Jlakca HalieHa, WHTErpaJibl JIBIXKEHUS
TeHepUpYIOTCsl aBToMaTuuecku. Hanpumep, 11st onHoMep-
HOTO TapMOHHYECKOTO OCIIILIATOpa mapy Jlakca MOXHO
BBIOpATh CJICAYIOIIMM 00pa3oM:

wq —=p
1
0 —E(U
1 )
Ew 0

L = po3 + wqoy = [ P wq} ;
(1.18)

M:—— =
20)0’2

rae oy, 03, 03 — craggaptHele matpunsl [laym. Torma
eIMHCTBEHHBIM HHTETPAJIOM JBMXCHUS sBiseTcs H =
= (1/4) Tr 2.

Uto6bl MPOBEPHUTH, HAXOISATCS JM UHTerpayinl {F;} B
MHBOJIIOIINY, HYXHO YybemuTbes, uto {F;, Fj} =0. s
JaJIbHEUIET0 OOCYXJIeHUs yIOOHO B3SITh 3a OTIPABHYIO
Touky napy Jlakca u crenepupoBaTh ckoOky [lyaccona mist
CHUCTEMBI, HCIIOJIb3Ysl KJIaCCHUYECKYto r-Matpuiy Sura— bak-
crepa. [lyist 3Toro HauHEM ¢ MaTpuisl L € gl(d) u onpenennm
cko0Oky Ilyaccona ciemyrommm o0pa3zom:

{L1, Lo} = [r2, L] = [ra1, La] (1.19)

rae [,] — oObluHbIE KOMMyTaTop B ajirebpe gl(d), a
MaTpUIbl L, ONPEIeNISIFOTCS KaK
Li=Lel, (1.20)
L, = I1®L.

Hpyrumu cnoBamu, u Ly, u L, npunamuiexart gl(d) & gl(d).
Tax 3amaHHasi CKOOKA SIBJISIETCS aHTUCHMMETPUYHON MO
MOCTPOCHUIO U TOJDKHA JOTOJIHUTEIBHO YAOBJICTBOPATH
ypaBHenuto SkoOu, uto obecneunBaercs (MoAUPUIMPOBAH-
HBIM) KJlacCM4eCKuM ypaBHeHueM Sura—bBakcrepa mis
Matpuibl r. UYTOOBI yOeIUThCS B 3TOM, PACCMOTPHM TpHU
9K3eMILIsIpa anredpsl gl(d), A1 KOTOPBIX MBI ONIPEACTINM

L1=L®ﬂ®ﬂ,

L=1oLel, (1.21)
Ls =1x®1 ®L,
U aHAJOTMYHO IJs I-MaTpHIBI, T.€. r'jp =r®1 U T.x.

ToxmectBo SAxobu myist ckoOku [Tyaccona TpeOyer

{Li,{Ls, Ls}} + {Ls,{L1, Lo} } + {L>,{L3,L1}} = 0.
(1.22)

Ucnoib3ys onpenenenue (1.19) n3 npuBeIEHHOTO BBIIIIE TOX-
nectBa SlkoOu, Mbl oJIyyaeM cienyrolee ypaBHeHue [41]

[Li,{La, 113} — {Ls, ria} + [ri2, 113 + ra3] + [r32, r13] | +

+ [La,{Ls, 1} — {L1, ra3} + [ro3, ra1 + r31] + [riz, ]| +

+ [L3, {L1,r} = {La,r31} + [r31, 732 4+ r12) + [r21, 73] ] = 0.
(1.23)

Jnst caydast MOCTOSTHHOM M aHTUCUMMETPUYHON MAaTPHIIBI
rij = —rj; ypaBHeHHe (1.23) BEIOJIHEHO, €CIIM BBIIOJIHAETCS
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kyaccuueckoe ypaBHenue Slura— bakcrepa (CYBE)

[F23, F12) + [r23, F13] + [r13,712] = 0. (1.24)

UTo6Bl yOeauThcss B 3TOM, Ha4HEM C MEPBOTrO YJICHA,
KOTOPBIN Ja€T

{Li,{Ls, L3}} = [ra3, {L1, Lo} +[r23, {L1, L3}] =
= [r23, [ri2, Li]] + [r23, [ri2, La]] + [r23, [ri3, La]] +
+ [ra3, [r13, L3 - (1.25)

3anuceiBasi Be ApYrue IUKJINYECKUE MEPECTaAHOBKHU, oOec-
TMEYUBAIOLINE TOXKAECTBO, Mbl HAXOIUM TPU THUIIA YJIEHOB: T€,
KOTOpbIE AeUCTBYIOT HA L), L, U L3, 1 BUIUM, YTO BCE OHU
UMEIOT OJIMHAKOBYIO popMy. PaccMaTpuBast 11st KOHKpETHO-
CTH TIEPBBIHA, MOJTYYUM

[1‘23, [1‘12,L1H + [V237 [1’13,L1]] + [[V1371‘12LL1] =0, (1.26)

1€ Mbl HUCIIOJB30BaJId TOXICCTBO SIkobu JJI1 KOMMYTa-
TOopa. Tenepb 3aMCTHUM, YTO CIPABEAJIUBO CJICAYROIICC

[r23, [r12, L1]] = [[r2s, 2l La] (1.27)

MOCKOJIBKY 173 JNEHCTBYET TOJILKO Ha BTOPYIO M TPETHIO
xomuu gl(d), rio OEHCTBYET TOJBKO HA NEPBYIO M BTOPYIO
Komuu, a L| npuHaJIeKUT nepBoid konuu. ClieJ0BaTeIbHO,
rpy0o0 roBopsi, KOMMYTaTOPbI HE3aBUCUMBI. DTO MO3BOJISET,
HAKOHEIl, HAIUCATh YpaBHEHUE

[[r23, ri2l, Ln] + [[ras, sl L] + [[riz, m2), L] =

= —c*[[Ls, Ls), L1] , (1.28)
Ha3bIiBaeMoe (MOIU(UIMPOBAHHBIM) KJIACCHYECKUM ypaBHE-
aueM Sura-—Bakcrepa ((m)CYBE). Ero mpaBas 4acts
BMECTE C OCTABIIMMUCS JABYMSI IIUKJIMIECKIMU TEPECTAHOB-
KaMu 1a€T HyJIb OJiarojapst ToxaecTBy Skobu st KoMmy-
tatopa. [Ipu ¢ = 0 mogudpunupoBannoe CYBE cranoButcst
06byHBIM CYBE 1 MoXkeT OBbITh 3alHCAHO B CJICIYIOIIEM
KPacuBOM BHUJIE:

[r23, F12) + [r23, r13] + [r13,112] = 0, (1.29)

KOTOPBIN OY/ET MOJIe3eH MO3XKe.

Hecnoxno mnpoBepuTb, 4TO HWHTErpajbl F; ACUCTBU-
TEJIbHO HAXOJISITCS B MHBOJIFOIIMA OTHOCUTEJIBHO TaK OIpe-
nenéanoi ckobxu Ilyaccona. Koneuno, ata ckoOka ompee-
JISIET TY K€ 3BOJIIOIMIO, uTo U (1.15):

dL
-, = {E{7L} = [MkaL]:

T M = —kTrn [L]kili'n], (1.30)

TJie HIDKHUAN MHIEKC YKa3bIBAET, YTO CJIEJ B3ST 11O IMEPBOMY
(daxTopy. TeopeMa yTBEpK/IA€T, 4TO COOCTBECHHBIC 3HAYCHUS
Matpuubl Jlakca L (coxpaHsroliuecs BeJIXYUHBI Fj) Haxo-
JATCS B MHBOJIFOIMM TOTJA M TOJBKO TOTAA, KOTAA Cylle-
cTByeT (pyHKIUS 1o, ynosietBopstomas CYBE u onpene-
ssroriast ckooky Ilyaccona, kak ykazano Boime. [TogpoOHo-
CTHU TeOpEMBI CM. B JieKuusx [40], 3/1ech MbI JIMILIb YITIOMSHEM,
4TO I-MaTPHLA SBJISETCS] €CTECTBEHHBIM aTPHOYTOM KJIacCH-
4eCKOM MHTErPUPYEMOM CUCTEMBI.

B xadecTBe mocneIHero 3aMeYaHus B ’TOM pas3fielie mpu-
BeZEM HEKOTOpPBIE BBIPAXEHHS B SIBHO BbIOpaHHOM Oasmce
{T';} =basgl(d). Torma ans r-matpuusl r € gl(d) A gl(d)

IMeEEM CJICTYOIIYI0 KOMIIOHEHTHYIO (hopMYy:

r:rililizizTilil /\Tf2l.2. (1.31)

Vpasuenne (1.19) Torma craHoBUTCS
oy o\ i b gk pi Lk b
{L L /z} =1 R Ly = L™y 2y

LD k> ip ik
=TI kzL j2+L Kkl T

(1.32)
Bunum, 4To Kjaccuyeckasi r-MaTpuUlla €CTEeCTBEHHBIM 00pa-
30M UMeEET ABE Mapbl MHAEKCOB, KaXJas M3 KOTOPBIX
JeWCTBYEeT HAa HEKOTOPOM JIMHEWHOM mpocTpaHcTBe. [Ipo-
WJUTIOCTPUPYEM CKa3aHHOE Ha 3HAKOMOM IpUMeEpe rapMo-
HUYECKOTO OCHMJIIATOpPA, MaTpulbl L u M KOTOpOTro yxke
ObLTM TpencTaBiieHbl paHee. KiaccHYecKyro r-MaTpHIly
MO>HO 3aIUCATh B CJEIYIOIIEM BUJE:

r:%}(F@E—E@F):

Al 8efe -3le e 3 o

rae Fu E— obpasyromue sl(2). 1715t BBIBOIa COOTBETCTBYIO-
et ckoOku [TyaccoHa BBIMMCIIUM, C OJTHOM CTOPOHBI,

MLR1+1QL =-w(o;®0, —01 Qa03), (1.34)

U, C IPYroil CTOPOHBHI,

{LoLI®L} = o{p,q}o3s ® 01 + o{q,p}or1 ® a3. (1.35)

CpasnuBas ux, umeeM {¢, p} = 1. O6paTum BHUMAHUE, YTO,
nockosibky matpuna r (1.33) we pemaer CYBE (1.24),
NpUBEAEHHBII IpUMEp WUIIOCTpUpyeT HauboJiee oOlyro
KapTHHY, KOTJa BBINOJIHEHHE ToxjaecTtBa Sxodu (1.22)
rapantupyetcs (1.23).

1.3. KBantoBoe ypaBnenune fInra—bBakcrepa
s KBAHTOBOM CHCTEMBI MHTETPUPYEMOCTh B OCHOBHOM
O3HAYaeT TO e, YTO U BBIIIIE: CYIIECTBOBAHNE OECKOHEUHOTO
MHOXECTBA COXPAHSIOMUXCS 3apSA0B O, KOMMYTUPYIOIIUX
npyr ¢ apyrom. IIpm uccienoBaHUM KBAHTOBBIX CHCTEM B
HEPBYIO OUEPEb MHTEPECHO II0JIyYEHUE UX IIOJIHOT'O CLIEKTPA,
YTO OOBIYHO MPOCTO [AJIsI CBOOOAHBIX TEOPUIl, HO CTAHOBUTCS
HEBEPOSITHO CJIOXKHOW 3ajavedl sl B3aMMOJEUCTBYIOLIMX
cucteM. JJIsi MHTEIpUpyeMBIX KBAaHTOBBIX MOJIEJIEH paspa-
0GO0TaHBI MOIIHBIE METOABI TIOJYyYEHHS CIEKTpa: ajnredpamnye-
CKMIl W KOOpAWHATHBIN an3an bere, TepMoamHaMUYecKuit
anzan berte, cnekrpanbHas kpusas. Ocoboe 3HauCHUE IS
HACTOSIIEro 00CYXAEHUSI UMEET MOAXOJ TepMOJUHAMUYE-
ckoro an3ana bete, KOTOpbIN MO3BOJISIET BHIYUCIUTD CIIEKTP
MHTETPUPYEMOIl KBAHTOBOW CHCTEMBI, UCIOJB3Ysl NaHHBIE
paccestaust u ypaBaenue Slura— bakcrepa. OctaHoBuUMCs Ha
MOCJIeTHEM, OTChLIas YuTaTesis K o030opam [1 — 5] mis 6osee
MOAPOOHOTO OMHUCAHUS IPYTUX METOIOB MPUMEHHUTEIHHO K
AdS/CFT nHTer pupyeMOoCTH ¥ MOJEIISIM CIIMHOBBIX [IETIOYCK.

JL1st mpoltieccoB paccestHus HHTET pUPYeMOCTb KBAHTOBOM
CHCTEMBI O3HAYAET OTCYTCTBUE POXXIACHUS yacTull. s teo-
puii pazmepHoctu d > 2 Teopema Koymmana—Manmyibt
YTBEPXKJAET, 9TO S-MaTpHlla TpuBHaibHa S = 1, eciu cynie-
CTBYET XOTsI Obl OAWH 3apsiji, SIBJISFOIIMIACS TEH30POM BTO-
poro mwiu 60Jiee BLICOKOro nopsiaka. HanpoTus, B pasMmepHo-
ctu d =1+ 1 S-maTpuna ocraércst HeTPUBUATIBLHOM, XOTS U
BECbMAa OTPAHUYECHHOM:

® OTCYTCTBHUE POXICHUS YACTHII,
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2

1 1

Puc. 1. I'paduueckoe mpejacTaBjieHHe KBAHTOBOI'O ypaBHEHUs SIHra—
Baxcrepa, onuceiBarolero paccessHue Tpéx 4acTUIl. Y paBHECHHUE YTBEPXK-
J1aeT, 4To S-MaTpPHIla He 3aBUCUT OT B3AaUMHOTO PACIOJIO0XKCHUS JINHUIA, B
YACTHOCTH OT HOJIOXKEHUS YEPHOI IMHUH (3) Ha PUCYHKE.

e U3HAYANBHBIA HAGOp MMIYIbCOB {p;}, = {Pi},u CO-
BIIAJIAET C KOHEYHBIM,

e paccestHre (pakTOpHU3YETCS.

dakTOpU30BAHHBIE S-MATPHUIIBI KaK TOYHBIC PEIICHUS
1 + 1-MEepHBIX KBAHTOBBIX TEOPHH MOJs ObUIM BIEPBBIE
paccMoTpeHbl B pabote [42], a 3aTeM HUCNOJIb30BaHbBI IS
pa3BUTHUS MeTOJA TepMOAMHAMIYecKoTo an3ana bete B pa-
6ote [43]. CBoiicTBO (pakTOpU3anUK S-MATPHUIIBLI O3HAYAET,
4TO S-MaTpHIA U3 11 YACTUI] PACKJIAIBIBAETCS B IIPOU3BEIC-
HHe S-MaTpUIL 1S BceX nap yactul. B ob1meM ciydae Takyro
JIEKOMITO3UIMIO MOXXHO BBIIOJIHUTH HECKOJIBKMMH CIOCO-
0amMu, Bce U3 KOTOPBIX TOJDKHBI OBITh HKBUBAJICHTHBIMH,
4TO TMPUBOAMUT K HEKOTOPHIM YCIIOBHUSM COTJIACOBAHHOCTH.
Jnst paccestaus yactuil 3 B 3 3TO MOXHO MPOUJLTFOCTPUPO-
BaTh puUC. |, TJe paccesiHue KPACHBIX, CHHUX M YEPHBIX dac-
THII, TOMEUYEHHBIX U pamiu /, 2 1 3 COOTBETCTBEHHO, MOXXHO
PAa3JI0KUTh HA MApHBIE B3aUMOIEHCTBUS IBYMSI CIIOCOOAMU.
3a7aB HampaBJICHUE BPEMEHM CJieBa HANpaBo HA puc. 1 u
0603Ha4NB S-MaTpHUIy R;;(u) JUTS YaCTUIl C METKAMH [ ¥ j
B3aUMHO# OBICTPOTOM 1 TOJTy9aeM CIIeAYIoIee YpaBHEHHUE:

R]z(u — U)R13(M)R23 ('U) = R23('U)R13(M)R12(M — ”U) . (136)
910 kBaHTOBOE ypaBHeHue Snra—bakcrepa (QYBE), Boep-
Bble BBEJEHHOE B cTaThe [44] mis pemieHUus MpoOIeMBbl
COOCTBEHHBIX 3HAUCHUH [ CUCTEMBbI N 4aCTHII C HCIIOJIb30-
BaHMEM alireOpanyeckoro anzana bere u HezaBucumo B [45]
TSI BBIYMCJICHUS CTATUCTUYECKOM CyMMBI J1J1s1 ONIpeIeSIEHHON
pemiérouHoit MaTpuuHoit Moaenu. [TogpoOHee cM., HATIPH-
Mep, [46, 47].

ITpenmnonoxum, 4To KaXxxgast 4aCTULA, IOMUMO OBICTPOT,
ONMCHIBAECTCS JIMHEHHBIM MPOCTPAHCTBOM V' CBOUX COCTOSI-
Huii, Torga R-matpumst R;; € End (V; ® V) nefictByroT Ha
BEKTOPHOM NPOCTPAHCTBE COCTOSIHUS ABYX YACTHUII, 3a1aBast
B3auMojeiictBre. CaMbIil U3BECTHBIN NpUMEP — 3a7aTh V
KaK JBYMEPHOE MPOCTPAHCTBO COCTOSIHUN YACTHUIBI CO CIH-
HOM /i/2. Toraa R-maTpuia nprHUMaeT 3HAYEHHS B NPO-
u3Begennu rpymn SL(2,C). Takue R-maTpuisl u ux 06006-
mierne Ha SL(n, C) U KBaHTOBBIE TPYIIIbI HAILTH IHPOKOE
TIPUMEHEHHE B TEOPUH Y3JI0B U rpymnmax koc [48 — 50]. [lns Hac
KBaHTOBOe ypaBHeHue SIHra—Bakcrepa Oyaer akTyajabHO B
JIBYX aCIeKTax:

® OHO OTNCHIBAET PACCEsSIHUE CYIePCTPYHHBIX COCTOSHUMI
Ha pone AdSs x $°,

® eT0 KBA3HMKJIACCHYECKHI Mpeaesl BOCIPOU3BOIUT Kiac-
cryeckoe ypaBHeHus SIHra— bakcrepa, KoTopoe, Kak 00CyxX-
JTaJIOCh BBIIIIE, CBSI3AHO C MHTET pUPYEMBIME Je(hOpPMAUSIMHU.

OcraBuB nepBoe 32 paMKaMH HAaCcTOSIIEro 0030pa, ocTa-
HOBHMMCSI Ha BTOPOM 0oJiee MoApOoOHO.

Bo-mepBbIX, cieayeT OBITH aKKypaTHBIM C MHTEpIpe-
tanueit qYBE B TepmMunHax martpum, Tak kKak kKaxmgas R-
MaTpula IeHCTBYET TOJIbKO B IPOU3BEJACHUH JIBYX BEKTOP-

HBIX TIPOCTPAHCTB M yJOGHO ONpeneanTh omepatop R €
€ End (V' ® V). Cnenosatenbho, Ri5(u) € End (V) @ V)
obecrieunBaeT B3aUMOJICHCTBHAE MEXIy YacTuiamMu / u 2 ¢
KBaHTOBBIMH COCTOSIHHSIMU, 3aKOJUPOBAHHBIMHU MPOCTPaH-
crBavu V) i V)| paccenBaeMbIMH ¢ B3aNMHO#T GBICTPOTO
u. OOpaTuTe BHUMAHUE, YTO JIMHEWHBIC IPOCTPAHCTBA OJIU-
makosel: V() = V() a uHmekcol BBemEHD! JUIIb IJISL TOTO,
4TOOBI SIBHO pa3iMyaTh 4YacTHOBL. TO ke caMoe MOXXHO
C/IeIaTh, OTCIIEKHUBASI MECTO, HA KOTOPOM CTOUT OMEPaTop.
B nanbHeiemM Mbl OyieM NpuaepKUBaThCS IIEPBOro Coria-
meHnsi. MOXHO 3anucathb

Rlz(u) = R%z(ll)@ 1 , (137)

rae 1 — TOXOecTBeHHBIH omepaTtop Ha V. B mMaTpuyHbIX
0003HAUCHHSIX B KayecTBe Oasmca Ha V BbIOEpEeM BEKTOPHI
{e,} = bas V u 3anumiem

Ris(u)(ex ® ey @ ey) = Ria(u)iles @ e @ ey, (1.38)

Rix(u)36? = R(u)3407 .

B aTux o6o3nauenusix ypasuenue (1.36) npeacrasiisier coooi
ypaBHEHHE HAa MATpPUIy C YEThIPbMSI HMHIAEKCAMU R(u)f(;;,
3aBUCSIIIYIO OT CIIEKTPAJILHOTO MapaMeTpa u.

OOBIYHO MOJIHOE KBAHTOBOE ypaBHeHue SIHra— bakcrepa
OYEHb CJIOKHO AHAJM3UPOBATH M pelIaTh, M MPUXOIUTCS
HEPEeXOAUTh K KBa3HMKJIacCMYeckoMy mpeneny. s sToro
cHayasa 3aMetuM, 4To R(u#) =1® 1 ® 1 TpuBnajIbpHO pera-
eT qYBE u, cienoBaTeabHO, €CTECTBEHHO PACKJIAIBIBATHCS
BOKPYT 3TOU TOYKH B MPOCTPAHCTBE PELICHUN

Rlz(u) = ]1—1—7!1”12(1/{) . (139)

3nech i — mapaMmeTp pasiiokeHusi, a rip(u) CTPOHTCS IO
anre6pe g rpynnsl G = End (V). [oacrasiss 310 pasioxe-
HUE B CXOJIHOE yPABHEHNE, HAXOAMM, UTO IpH mopsiakax /i’
u 7' Bce ciaraeMble COKPAINAIOTCS W YPABHEHHE BBITIOI-
HsieTcst TpuBUaIbHO. ClleIOBATEIBHO, IEPBOE HETPHUBUATIH-
HOE ypaBHEHHE, BCTPEYAIOIICeCs Ha YPOBHE /i %, MMeeT BUL

[r12(u = v), riz(u) |+ [r13(u), r23 (v) ]+ [r12(u — v), r23(v)] = 0.
(1.40)

3nech [x,y] moHuMaeTcs Kak [x,y] = x -y — y - X, HIO3TOMY
cienyeT OBITH aKKypaTHee ¢ OIpeHeNeHUEeM ria(U — v).
JlelicTBUTENbHO, TOCKOJIBKY Ri2(u) € End (V@ Ve V) =
= G X G X 1, eCTeCTBEHHO OIpEeACIUTh MATPHILY '12(u) KakK
ri2(u) € ¢(g) ® $(g) ® 1. 3neck

p:9g— A4

0003HauaeT OTOOpaXKCHUE B aCCOIMATUBHYIO ayredpy A ¢
eauHunel 1, onpenenéHHoe Tak, YTO BBIMOJIHSIETCS

$(a)p(b) — ¢(b)p(a) = §([a,b]) ,

(1.41)

(1.42)

rie [a, b] — ckobka Jlu B anrebpe g. Clie10BaTeIbHO, YpaB-
Henue (1.40) moHumaercsi Kak ypaBHeHHEe HAa AR A ® A,
KOTOPOE, OJHAKO, MOXKET OBITh CAMOCOTJIACOBAHHBIM 00pa-
30M OTpaHUYEHO HA ¢ ® g & g U, CJIEIOBATEIILHO, HE 3aBHCHT
oT BeIOOpa A [51]. B nanbHeiIeM 115t onpeeIEHHOCTH Mbl
OynemM BbIOMpATH B pojid airedpsl A YHHBEPCAJIbHYIO
obéprriBatomyro anredbpy 4 = U(g) u omyckath ¢ mis
SICHOCTU 00O3HAYECHHIA.

Pemiennst xnaccumueckoro ypasHenusi SHra-—bakcrepa
TSI T-MATPHIBI C HETPUBHAIBHBIM CIIEKTPAJIBHBIM ITapaMeT-
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POM MOTYT I'€HEPHPOBATHCS IIPOCTHIM CABHIOM 3aJaHHOTO
peteHust ri;(u) UpH ri,(u) = ri2(u) + r12 (1 QaHATOTHIHO AJISE
JIPYTUX TPOCTPAHCTB), TAE Iy JOJDKHO yIOBJIETBOPSTH IO-
CTOSIHHOMY KJIACCHYeCKOMY ypaBHeHuto SIHra-—Bakcrepa
[51]

[F12,713] + [r13,723] + [r12, 23] = 0. (1.43)

B mannoit pa6ote mox CYBE MbI Bcera moapasymeBaeM
ypaBHenue (1.43). Kaxublii 31eMeHT ry,, 23, 113 3/1€Ch MO-
XKeT ObITh Pa3JIOkKEH MO Oa3UCHBIM 3JIEMEHTaM aJjreOpbl
{t,} = basg:
rp = r"hta Rty ®1,
I3 rabta®l K tp,
3 = re1 Rl X1y .

(1.44)

TManee Mbl npeanoiaraeM r% = —r TlogcTaBass pasio-
xkenue (1.44) B CYBE (1.43), mony4yaem ciieayroiiiee:

rébped ([za, L)@ @1+ 1, @1 [ty 1] + 1a @ [th, 1] @ m) =0.

(1.45)

3aMeHsIs [y, tp] = fuptc ¥ COOTBETCTBEHHO INepeoOo3Hauast
HHIEKCHI, TIOJY4aeM

e ®ep® e(,]r”"rb/fe/c =0, (1.46)
yto cBogutcsi k CYBE, mosydeHHoMy misi nedopmanuid
cyneprpaButanuu tuna [1A/B:

relap bl d = 0. (1.47)
Kax ynomunasiocs Bbiite, ypaBHenue (1.47) nefdcTBUTEIbHO
MPUHAJIEKUT TOJIBKO g R g®g BHYTpU A QX AR A u He
3aBUCUT OT BBIOpaHHOW anredpbl A U TOYHOH (HOPMBEI
oToOpaxenus. UToOBI HOIOTPETH JTFOOOTBITCTBO, 3aMETHM,
4TO TO XK€ CaMOe€ HEBEPHO JJis yYpaBHEHHUs TeTpasapa,
KOTOpoe sBJIsieTcs OpsiMbIM aHasorom qYBE s pacces-
HUS IPSMBIX CTpyH. Bosiee Toro, B 93TOM ciydae He cylle-
CTBYET YETKO OMPEIeIEHHOT0 KBA3UKJIACCHIECKOTO MpeIea.
MpbI 06cy 1M 3T0 ToapoOHee B passeie 4.6.2.

1.4. TToTokn, coxpansiome 00beéM,

W MPHHIUN HANMEHbIIEro JAefcTBHS

BaXHBIM CBOWCTBOM TaMHUJIbTOHOBON CHCTEMBI SIBJISICTCS
coxpaHeHue Ga3zoBoro oobéma mpu sBosronuu. Jljs 3aaaH-
HOW (QyHKIMU G raMmJIbTOHMAH H oOmpenessieT MOTOK,
KOTOpBI B MHQUHUTE3NMAJILHOW (opMe MOXKHO 3amucaTh
KaK

G— G+ {H,G}. (1.48)

PaccmoTpumM (aszoBoe pacmpesesieHne cucteMbl dw =
=p(p,q)d"pd"q, rne dyukuus pacupenenenust p(p,q) —
BEPOSITHOCTb HAXOXIEHUSI CUCTEMBI B (pa3oBOM 00BEME
d"pd’q B Touke (p,q). VpaBHeHue JInyBUILIA YTBEPKIAET,
4TO (DYHKIMSI PACTIPEIEIIEHUS IOCTOSHHA!

of .

dp _0p 0p ., _
apipl

@ o Tagd =0.

(1.49)

DKBUBAJIEHTHO MBI MOXEM 3alHCaTh 3TO YpaBHEHHE Kak
ypaBHeHHUe 3BoJormK Ut QyHKumK wiotHoct: p = {H, p}.

ITokaxxeM Tenepb, YTO [JI TAMUJILTOHOBBIX CUCTEM (a3o-
BBl 00BEM coxpaHsieTcs. st atoro onpeaenum (pa3oBbiid
BEKTOP B IPOU3BOJIbHBI MOMEHT BPEMEHH !

pal0),q'(2), ., q" (1)) (1.50)

x = (pi(2), ...

DTOT BEKTOP CBS3aH C BEKTOPOM X IipH ¢ = () mpeoOpa3oBa-
HHEM KOOPJHMHAT B (ha30BOM MPOCTPAHCTBE, IKOOHAH KOTO-
pOTO UMEET BUT

7= det & _ germt (1.51)
oy 7 '
rae I=1,...,2n. CnenoBaTenbHO, coXpaHeHHE (HA30BOTO

00BéMa TIpH 3BOJIONMH 3KBHBAJIEHTHO TOMY, YTO TakK
ONpeneEHHbIN SKOOUaH HE 3aBUCUT OT BpeMeHH. UTOOHI
YBUJIETH 3TO, BBIYUCIISIEM:

dJ dM oxlox)  ax!
o Tr (M =g 0 e g T 1.52
dr r( dz) ox/ ax " ox! (1.52)
Z[J'Iﬂ I'aMUJIbTOHOBBIX CUCTEM
o1
o 0 0H 0 0H (1.53)

o/ apdg ogi op

CJIEI0BATEJBHO, IIOTOK COXpaHsieT 00bEéM (ha30BOro Ipo-
cTpaHcTBa. Jlajee Mbl MOKaXeM, YTO TO XK€ CaMOe BEPHO
U MeXxaHuueckux cucteM HamOy, T.e. omnpenenéHHbIX B
TepMHUHAX TPONHBIX CKOOOK.

H7st Toro 4roObl ONMpPENesuTh NEHCTBHE CHCTEMBI, MBI
HAYHEM C BEKTOPHOTO MOJIs L, KOTOPOE COOTBETCTBYET Ia-
MUJIbTOHOBY 3BOJIFOIIMIOHHOMY TIOTOKY:

df _of

TR (1.54)

BekTopHOE MMOJIe MOXHO TMpeACTaBUTh Kak L =0,+ L, a
KOMITOHEHTEI L Kak

(1.55)

Takoe BEKTOPHOE TOJIe TIPEACTABIISIET COOOM MOJIe CHITOBBIX
JIMHUR U1 Hanpspbk€HHOCTU dw, sIBJISIOIIEeCs BHEUIHEH
MPOU3BOJHONW OT Tak Ha3biBaeMoil 1-popmbr Ilyankape—
Kaprana o Ha (a30BOM HpOCTpPAHCTBE, OIMpPEAEIISIOIIEM
nericteue. st 1+ 1-mepHo¥ cucteMbl 1-popmMa @ MOXKeT
OBITh 3amMCaHa KaK

o =pdg— Hdz. (1.56)

Yt0o0BI MPOAEMOHCTPUPOBATD, YTO L IEHCTBUTEIBLHO 3a0aET
cryIoBbIe IMHAM, T.€. 17 (dw) = 0, 3ammIem

dw:dp/\dqfa—Hdp/\dlfa—H dg ANdt =
op oq

=dpAdg—LidpAdt+ LPdgAdre. (1.57)
l-popma @ ompenesnseT UHTETPANbHBIA WHBAPHAHT [ o,
KOTODBIil OOGBIYHO HA3BIBAIOT JCHCTBUEM CHCTEMBI. ITO
BBIPaXEHHE MHBAPMAHTHO MPH PA3JIMYHOM BbIOOpE l-1emeii
BJIOJIb IBOJIFOIIMOHHOTO TMOTOKA CHCTEMBI. PaccMoTpuMm
1-1ienb ¢ B pa30BOM NMPOCTPAHCTBE, €€ 00pa3 B MOMEHT ¢ TPU
TaMIJIbTOHOBOM 3BOJIIOINM 3aJaéTcs 0ToOpaxeHueM g'(c).
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Je={g%(c),0<t<1}. (1.58)

ITpomie roBopst, Oepércst 3aMKHyTas KpuBasi ¢ B (a3oBOM
IPOCTPAHCTBE U NEPETACKUBAETCS BIOJb FAMHUJIBTOHOBA
notoka ot 0 go . YuuteiBas Teopemy CTokca u TOT (aKT,
4To 1; dw = 0, umeem

J w— J = J do =0,
¢ g'(0) J!(c)

re Mbl BOCIOJIb30BaiuCh TeM, uTo O(J'(c)) =c¢ — g'(c).
Toraa sKCTpeMyM MHTETpaIa

A6 = |

y

(1.59)

w:JpAdqudt (1.60)
y

aéT TpaeKkTOpHH CUCTeMbl (mojapoOHee cM. [52]). WHTe-
PECHO, UTO CYIIECTBYET 0OOOIIEHNE BBIIIEU3II0KEHHOTO TS
Mmexannkn HamOy, mpuHauiexamee TaxTamkany [53], koTo-
poe MOXHO CBECTH K JSUCTBUIO MeMOpaHbl. MbI BEpHEMCS K
3TOMY TIO3XKE.

1.5. UnTerpupyeMocThb B NMOJIEBBIX TEOPUAX
Jns Teopwuii 1mMoJjisi, B KOTOPBIX KAHOHMYECKUE TepeMeHHbIE
3aBUCSIT OT HEMPEPHIBHOM MEPEMEHHOM, MOHSATHE UHTETPU-
pyeMocT Oojee crnoxHoe. PazoBoe MPOCTPAHCTBO TAKUX
MojieJieit GeCKOHEUHOMEPHO, U JIJISI TOTO YTOOBI TOBOPHUTH 00
UHTETpUpyeMOCTH 110 JInyBuiuto, moTpedoBasics ObI Hetpe-
PBIBHBII HAOOp MHTETPaJIOB IBWOKeHHs. [IJIs1 MeXaHUUeCKOi
CHCTEMBI MHTETPUPYEMOCTh O3HAYaeT BO3MOXHOCTH Tepe-
X0J1a K MEPEMEHHBIM JIEHCTBUE — yTOJI, YTO MO3BOJISIET SBHO
UHTETPUPOBATH YpaBHEHUS IBIKEHUS. [JI1 Teopuu MOJIs
aHAJIOTUYHO peYb MOUAET O TOUYHOUM pa3pelImMOCTH YpaBHe-
HUM W METONax, MO3BOJISIOIINX CTPOUTH TaKWe PEICHUSI.
JI71s1 KBAaHTOBBIX CHCTEM OOBIYHO TOBOPSIT O TOYHOM CIIEKTPE
OIEPATOPOB B TEOPUHU, TOYHOM IHEPreTHYECKOM CIEKTPE
CHUCTEMBI, TOYHOM S-MaTpuue, KoTopas AJsl UHTETrpupye-
MBIX CUCTEM OOBIYHO TpuBHabHA. [lepeuncianm HECKOJIbKO
M3BECTHBIX HHTETPUPYEMBIX TEOPHUI OJISL.

e Ypasuenuss Kopreera—me ®dpuza (KdV), xoropse
SIBJISIFOTCSI MaTEMAaTHYECKONW MOJEIBIO BOJIH Ha MEJKOH
Boje [54]:

h=6hh" —h". (1.61)

e Hemuueiinoe ypasuenue Ilpémmnarepa, xotopoe wuc-
MOJIB3YETCS JIJISl OMMCAHUST PACTIPOCTPAHEHHS CBETA B HEJIM-
HelHoU cpee [55]:

=7 " 2

W =—y" 4+ 2y Y. (1.62)

e VpaBHeHue cuHyc-I opJioHa, KOTOPOE UCIOJIb3YeTCs B
TEOPUN KPUCTAJUTMYECCKUX TUCIOKANUI, OJIOXOBCKOTO JIBH-
JKEHHUsI, MAaTHUTHOT O TIoToKa B addexte Jxxo3edcona [56]:

¢—¢" +m?sing =0. (1.63)
e ['naBHas KHpaJbHAS MOJIETh HA KOMIAKTHOM T'PYIIIO-

BOM MHOT000pa3uu, siBJISIoIIasics AJ1s HaC NpoCTeneit Mo-
NIeJIbI0 CTPYHBI. JleiicTBre A1 HEE UMEET BULT

S = JTr (g "dg) Ax(g " dg)]. (1.64)

WNHTerpupyemble MoJieBble ypaBHEHUS OOBEIUHSIET TO CBOM-
CTBO, YTO pAacCesiHWE MX COJHUTOHHBIX PEIIeHUil (axTopu-
3yemo, T.e. TIOCJIe PaCCesHUsl IByX U 0ojiee COJUTOHOB HX
(dbopma BOCCTAHABIMBAECTCS. DTO CBOWCTBO OIMCHIBAETCS
ypaBHeHneM SHra-—baxcrepa, mostomy dopmanmsm Jlak-
ca—3axapoBa—Illabata MoxeT ObITH BOCHPOM3BEIEH IS
TEOPUl MOJIsl C COOTBETCTBYIOLMU U3MEHEHUSIMU.

JBymMepHasi Teopus MOJs HA3LIBAETCS UHTETPUPYEMOH,
ecnu e€ ypaBHEHHUSI MOXHO 3alHCaTh B BHUJIE YCJIOBHUS ILJIO-
CKOH CBSI3HOCTM Ha TaK Ha3bIBAEMYIO CBS3HOCTH Jlakca
A=A,do"*:

dA+ANA=0. (1.65)

B obmem ciayuae CBSI3HOCTH MOXET 3aBHCETh OT JOTOJIHH-
TeJbHOTrO (crekTpanbHOoro) napamerpa u € C. Hanpuwmep,
KOMIOHEHTHI cBsi3HOCTH Jlakca s ypaBuenuit KAV npunu-
MaroT BHJ

A = —h' —4u' —2h
T dur = 2uth+ b —2h2 h' ’

) 0 1 (1.66)
“lult=n 0|

Jutst moctpoenus napbl Jlakca u mojydeHust OECKOHEUHOTO
Habopa COXPaHSIOIIUXCS TOKOB HEOOXOJIUMO BBECTH IIEepe-
MEHHBIE, 3aBHUCSIINE TOJBKO OT BPEMEHH f, YTO BO3MOXHO
Oyarogapsi yCJIOBHIO TJIOCKO# CBSI3HOCTHU. JIeHCTBUTEIIBHO,
9TO YCJIOBHE T'apaHTHUPYET, YTO ONEpaTop MapasuIeIbHOTO
nepeHoca

1,X]

U(u; 71 60) = Pexp U A(u)} , (1.67)

to, Xo

omnpeeIeHHbIN Kak TUHUS BunbcoHa, He 3aBUCUT OT HEMpe-
PBIBHBIX BapHalWii MyTH WHTErpupoBanus. KOHIBI WHTe-
rpaJjia MOXXHO OTOXJIECTBUTH C TPAHUIIAMH CHCTEMBI, HATIPH-
Mep, ¢ KOHIIaMU cnMHOBOM nenovku. [Tapa Jlakca, moctpoen-
Has U3 TaKUM 00pa3oM ONpPEeNesIEHHOIO olepaTopa mapa-
JIETBHOTO TIEPEHOCA, B OOIIIEM CTydae 3aBUCHT OT IPAaHIYHBIX
ycoBuid. [IpocTemM cydaeM SIBIISTFOTCSI HEPUOINIECKIE
rpaHuuHbIE ycIoBusd ¢! ~ ¢! 4 L, xorga mapa Jlakca ompe-
JiessieTcs Kak

nw:PwpﬁAwﬂ,

M{(u) = Ai(u)

(1.68)

ol=0"

Jlerko BUAETH, YTO MAaTPHUIBl NAPHI YIOBJETBOPAIOT B
TOYHOCTH UCKOMBIM YPABHEHUSIM:

T(u) = [T(u), M(u)] . (1.69)
Crie1oBaTeNIbHO, HEMTPEPBIBHOE CEMENCTBO COXPAHSIOIIUXCS
3apsOB MO-TIPEKHEMY OTPEAEIIAETCS KaK
k

Fr(u) =Tr T(u)" . (1.70)
OOpaTuTe BHUMAaHUE, YTO, KK M paHbIIE, KJIacCuuecKas
r-MaTpuIia MOXeT OBbITh HCIOJb30BaHA ISl ONpEIeICHHS
KAHOHMYECKOM CKOOKH.

B nmanpheiiieM Hac OyaeT MHTEpecoBaTh 000OIEHUE
9TUX CTPYKTYp HHTETPHUPYEMOCTU Ha TPEXMEPHBIC TEOPHH,
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MOTHBHUPOBAHHOE OMPEAETIEHHBIM CXOJICTBOM MEXIy Kjac-
cuieckuM ypaBHeHueM SuHra—bakcrepa m Tem, 4TO MBI Ha-
3pIBaeM 000OIEHHBIM ypaBHeHHeM SIHra—Bakcrepa. He-
TPYJHO MPEIOJIOKHUTH, YTO B 3TOM ciaydae l-popma cBsi3-
Hoctu Jlakca A mosmkHa OBITH 3aMeHeHa JInb6o 2-popmoit
CBSI3HOCTH (CBSI3HOCTh Ha KepOe), JIMOO CBSIZHOCTBIO Ha
IPOCTPAHCTBE METeNb, YTO (aKTUUECKH SKBHUBAJICHTHO 3a-
JTAaHHOMY OTOOpakeHHIo TpaHcrpeccud. O6a 3THX IMyTH MO-
TYyT OBITH B ONpeNeIEHHON CTEeNeHH OOOCHOBAHBI C TOYKH
3peHusl CTpyHHOI/M-Teopun, OJTHAKO B JIFOOOM ciyvae co-
BEPIIICHHO SICHO, YTO MEXaHMKA, CTOSIIIAS 32 ITUMHU CTPYKTY-
pamu, TOJDKHA ompenensTbes ckoOkamu HamOy. Tlpexie
4eM TepeiTu K 00cyxaeHuto Mexauuku HamOy u crenenu, 10
KOTOpO#l MOTYT OBITH OOOOIIEHBI WHTETPHUPYEMBIE CTPYK-
TYpBI, JaBaiite oOCYaUM JApyroe MpeACTaBICHUEC UHTETPH-
PYEMBIX TEOpHUH TOJIs, & UMEHHO UHTETIPUPYEMBbIC HEPAPXUU
Jlakca.

3aMeTHM, 4TO [IJI TOTO, YTOOBl HIMETh HHTETPUPYEMYIO
cucteMy 0oJjiee BBICOKOW pa3sMEpHOCTH, HEe 00s3aTesIbHO
Tpebyercsi oOpaienne k Mexanuke HamOy ¢ Gostee oOrmeit
ckoOkoit. ITpumepom 1+ 2-MepHOW HHTErpHpyeMoOil cuc-
TEeMBI SBJISIETCSl Tak Ha3blBaeMoe ypaBHenue Kamomiena—
IMerBuamsmm (KIT)

(—41'4 + Uprr + 3uux)x + 3u,, =0, (1.71)

IJIe HIDKHUIA WHIIEKC 0003HAYaeT MPOU3BOIHYIO. DTO ypaB-
HEHHE OTMCHIBAET AByMEpHOE 0000IIeHe MOJIETIN BOJIH Ha
mesikoit Bosme KdV. Oxa3sbiBaercs, YTO OHO TPUHAIJICKHUT
Oosiee mMPOKOMY ((paKTHUECKH OECKOHEYHOMY) CEMEUCTBY
WHTETPUPYEMBIX YPAaBHEHHH, KaX0€ M3 KOTOPBIX OIpe[e-
JISIETCSl CBOUM TaMUJILTOHOBBIM MOTOKOM. Takas cucrema
KOMMYTHPYIOIIMX UHTETPUPYEMbIX FAMHJIbTOHOBBIX MOTO-
KOB Ha3bIBAETCS MHTET PUPYEMO uepapxueii (6oiee moapoo-
HbII 0030p cM. B [57, 58]). Ha npaktuke mHTErpupyeMbie
HAePAPXHUU MPEJCTABIISIIOT COOO0 BRICOKOCHMMETPUYHBIE Oec-
KOHEYHbIe HA0OPBI HEJTMHEHHBIX IBOJIFOIIMOHHBIX YPAaBHEHHUI
Ttumna Jlakca st 6eckOHeYHOro 4mcia (GYHKIUMHA u; OT Oec-

KOHEYHOI'O YUCJIa NMEPEMEHHBIX #,, n = 1,2,... YpaBHEeHUS
Jlakca IMeIOT CcreayroInid BUI:
oL
— = [Bm, L], m=1,2,..., (1.72)
Oty
rae L u B, — HexoTophle nceBroauddepeHnuaibHbe

OHepaToOpPhl, 3aBUCALINE OT IIEPEMEHHBIX ;. Y pPABHEHUS
Jlakca (1.72) MoXHO 3amucaTh B BUAC YCJIOBUS HYJIEBOUH
KPUBU3HBI

0B, 0B,
ot, Oty

+[Bw,B)] =0, (1.73)

KOTOpo€ OOBIYHO HAa3bIBAIOT ypaBHeHHeM 3axaposa—Illla-
Gara.

[MpounmrocTpupyem popmaiuamM Ha TpUMeEpe UepapXuu
KII. B aTom cityuae

L=0+Y ud'=0+uwd ' +wd > +...,

2 (1.74)

rae 0 =0/0x — muddepeHnmanpublii oneparop, 0 ' —
(bopMabHOE HHTETPUPOBaHUE, HHAEKC > 0 B ONpeAeICHIH
B, 03HayaeT, 4TO TOJIBKO HEOTPUIATEIbHBIE CTEHEHH O

JIOJDKHBI OBITH COXpaHeHbl. PaccMoTpuM noapoOHee niepBbie
ypoBuu uepapxuu. [Ipun = 1 umeem B =0wu

[B] y L} = i@xu[ 67" .

i=1

(1.75)

OTcro/ia ypaBHEHHEM SIBIIIETCS MPOCTO Ou;/0t) = Oyut;, UTO
o3Havaer t; = X. YpaBHenue 3axaposa—llabara mmsam = 1
CTAHOBHUTCS

0B, = [0, B, (1.76)

4TO COOTBETCTBYET POCTO ACHCTBHUIO ONIEPATOPA UMITYJIbCA.

Camo ypapaenne KIT MoxkeT OBITh MOJIyYEHO U3 ypaB-
Henus 3axaposa—lladara nist paccmatpuBaeMoit uepapxuu
npu m = 2, n = 3. J1J1s1 5TOT0 MbI BBIYUCIISIEM

A2
By =0"+2u, (1.77)

By = 0 4 3u] + 3u10 + 3us

rJie TPUX O3HAYAET MPOU3BOJIHYIO 110 OTHOIICHHIO K Iepe-
MeHHOU x. YpaHeHue 3axapoBa-—Illabata umeer ujieHsl,
nponopuronagbabie O° u 0!, 4TO MPUBOIUT K JABYM ypaB-
HEHUsIM, KOTOPBIe, 0003HAYAS Y = 7, t = 13, u = 2u1, v = U,
MOJHO 3aIHCATh B BUJIE

.3 1 3
Uy — z uxxy - BUy): + E Uyxxx + 3vxxx - E (MHX)X = 0’
(1.78)

3 3
fzu}v+3vx+z Uy =0.

Teneps, B34B NPOU3BOJAHBIE O, M Oy, BTOPOrO ypaBHEHHS
(1.78), nepenuieM nepBoe ypaBHEHHE B CIIEAYIOLLEM BUJE:

3 1 3

Uy —— Upy — — Uyyxx — = (Utty), = 0. 1.79

x T My T g e T3 (uantr) ( )
ITonyunnu uckomoe ypasHenue KIT.

AHaJIOTHYHO MOXHO ITOCTPOUTb UHTETPUPYEMYIO Hepap-

xuto 151 ypaBHeHust KAV, qacTbio KOTOpoi OHO sIBJISIETCS.

J1st aTOTO OTIpeneTuM

_An n—2
L=0"+u,_,0 + ...+ u0+ug, (180)

Bm = (LM/n) >0"

Ilpu n = 2 Ha ypoBHE M = 3 BOCCTAHABIMNBAETCS YPaBHEHHE
KdV, npu n = 3 Ha ypoBHe m = 2 BOCCTAHABJIMBAETCS TAK
Ha3blBaeMoe ypaBHeHHe byccunecka

3ii=—u" —4(uu') . (1.81)

B ompenenéHHoli cTeneHu 3TH CTPYKTYPhl MOXHO 0000-
IIUTH U Ha ciryvaii ¢ 6oJee yem nByms onepatopamu Jlakca,
YTO SIBJISICTCS] OJTHAM M3 €CTECTBEHHBIX CIIOCOOOB 0000111eH ST
noaxona Jlakca—3axaposa —Illabarta Ha cucrembl Ham0y. B
yacTHOCTH, ypaBHeHue KII cTaHOBUTCS YacThbiO MepapXxuu,
MIOCTPOECHHOM ¢ HCMOIBb30BaHUEM Tpoek Jlakca, oqHaKO OHO
OKa3bIBACTCS HE BIIOJIHE HHTET PHUPYEMBIM.

2. Mexanuka HamoOy

laMUIbTOHOBA MEXaHUKA, ONMCAHHAS B TEPMHUHAX CKOOOK
Ilyaccona B mpeOblAyLIdX pasjeiax, SBJISETCS YaCTHLIM
ciydaeM OouJiee oOmieit mMexanuku HamOy. Junamwuka
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cucteMbl HaMOy onpenesnsiercs: B TepMHUHAX IOTOKA, HOPOXK-
NEHHOTO HAabopoM U3 n — | raMUJILTOHUAHOB, COOTBET-
cTBeHHO ckoOka Ilyaccona 3ameHsieTcs n-ckoOkoit HamOy.
B Hacrosimem 0630pe HAC MHTEPECYOT ajireOpamueckue
CTPYKTYPBI, OTHOCSIIHECS K M-Teopuu, KOTOpbIE TPEICTa-
BJISIFOTCSL 3-CKOOKaMu, Korjaa peyb UAET o M2-Opanax, u
5-ckoOkamu, korjga peub ua€t o MS-Opanax. Wcropus
WCIIOJIb30BAHMSI BBICIIAX AIreOpanieckux CTPYKTYp, TaKuUX
Kak n-anreOpsl, Ui ONMUCAHUS AWHAMHUKH MeMOpaH OepéT
Havaso ¢ pabotel bacy u Xapsu [59], rae 6bL10 PEaIOKEHO
ypaBHeHUe, onuchiBaromee N M2-6paH, 3aKaHINBAIOIIUXCS
Ha MS5-6panax, u obobmiaroniee ypaBHeHue Hama, onuchi-
Baroiee cucremy u3 DI1-OpaH, okaHumBaromuxcss Ha D3-
Opanax. B Teopunm cTpyH Takas cuctema m3 k D1-Opam,
okaHUMBaroImXcs Ha D3-OpaHax, ¢ TOUkH 3peHus 4-MepHOi
TEOpUU HA MHPOBOM OOBEME MPOSIBIISIETCS B BUIe Oec-
KOHEYHO JUIMHHBIX mumoB [60, 61]. C npyroi cTopoHsl, 3Ta
ke CUCTeMa B BHJIe HAOopa u3 kK MOHOIIOJIEH yIOBIETBOPSIET
ypaBHEHNIO BOroMoJILHOTO, KOTOPOE OKA3bIBACTCS ypaBHeE-
HueM Hawma mis mpocTpaHCTBAa MOJyJied MOHOTOJIEH B
KaubpoBouHOit Teopuu [62, 63]. O60OIIeHUE, MPEITOKCH-
Hoe Bacy m Xapsu, BKirouaer 3-cko6ky Hamby?® Bmecto
00bIyHOM 2-ck0Oku JIu B ypaBHennu Hama. Ha ocHOBe 3THX
pe3ysibTaToB B [64, 65] Oblja mpeajiokeHa TEOpUs Ha
MHUPOBOM 00BEMe cTonku M2-0pan. Takast Teopusi mogo0Ha
teopun YepHa —CaliMoHca u ocHOBaHa Ha 3-ckobke HamOy.
XoTs 3ta Teopusi, u3BecTHas kak BLG, mo3xe ObLia mepe-
nucana B popme Oojiee TpagUIMOHHOW KaJIMOPOBOYHOU
Teopuu B [66], koTOpasi He BKJIFOYAET 3-airedpsl, SICHO, YTO
Teopusl AUHAMHMKHU OpaH JOJDKHA ObITh CHOpPMYJIMpPOBAHA B
TEPMUHAX TAKOTO POJA BBICIINX AJIre0panyeckux CTPYKTYP.
Mpbl BepHEMCS K OoJiee OAPOOHOMY OOCYXKIACHHIO 3TUX
CTPYKTYp Oajiee B pasmeie 4, 37eCh € Mbl MPOJOJIKIM
0030p MexaHukn HamMOy 1 moJ1X0/10B K 00OOIIEHUIO CTPYK-
TYp HHTETPUPYEMOCTH JJIsl TAKUX CUCTEM.

2.1. Crpykrypa Hamoy
O6001menne Mexanuku Ilyaccona Ha TpéxmepHoe ¢azoBoe
IPOCTPAHCTBO C 3BOJIIOLUEH, ONIpeeIsieMON IByMS TAMUJIb-
TOHHAaHaMH, ObLIO TnpemioxkeHo HamOy B [67]. ITo3xe
nonpoOHOEe HuCCIeOBAHNE TEOMETPHH MEXaHHMYeCKOn
cucreMbl HamOy Obu10 mpoBeneHo TaxramkaHoMm B pabore
[53]. B wacTtHOCTH, OKa3bIBaeTCs, 4YTO CHUCTeMbl HamOy
ropasno 0Oosee xéctkue, yem cucrteMsl [lyaccoHa, 4To B
TepMHHAX M-TEOpeTHUYEeCKUX CTemneHeil cBoOOABl HMpo-
SIBIISIETCSL B TOM, 4TO Teopuss BLG ommceiBaeT cTomky u3
nByX M2-0OpaH, a He U3 IPOU3BOJIBHOTO MX YKCJIA.
Jwunamuka cucteMbl HamMOy ompenensieTcst ciieayronmm
yYpaABHECHHUEM JBVKCHUSL:

df .
_:{Hla"'aanlaj}a (2])
dr

rae Hy, ..., H,_1 0603Ha4a0T raMUJIbTOHUAHBI CUCTEMBI, a

{...} obo3HauaeT n-ckOOKY, yIOBJICTBOPSIONIYIO (GyHIaAMEH-
TaJIbHBIM TOXAecTBaM HamOy:

s fomts oy fovts ooy ot
+{ A S1s o oty St s fusas oo fut
+ {f,,,...,f2,1_2,{f1,...,f2,1_1}}:
={fi,- s S, {fu- S} ) (2.2)

3 Ctporo roBopsi, 4-CKOOKY, HO OJIMH 2JIEMEHT Beera (pUKCUPOBAH.

DTO rapanTUpyeT, YTO I KaxA0U U3 n QyHKUMHA f;, yIOB-
JeTBOpsomKX ypaBHenutro HamOy, ckobka {fi,..., fu}
TaKXe yIOBIETBOPSET TOMY Xe ypaBHeHHto. Kak u B ciryuae
mexanuku [Tyaccona, ckooka Ham0y MoxeT OBITh peanu3o-
BaHa B TepMuHax n-Bextopa Q€ I'(A"TM), rne M —
KOHUTypaMOHHOE IPOCTPAHCTBO:

Q(dfr,....df) ={fi,..., fu}- (2.3)
B KOOPAWHATHOM BHUJEC:
QM amlfl s am,, fn = {flv s >frl} . (24)

Muoroo6pasue M, riodaabHO CHaOKEHHOE TAKUM H-BEKTO-

poM, Ha3biBaeTcss MHorooopasuem HamOy—Ilyaccona, a Q

Ha3pIBaeTcst CcTpykTypoit HamOy-—Ilyaccona. DxBuBa-

JISHTHO, TOBOPSIT, 4TO M sBIIsseTCs MHOTOOOpasueM Ham-

0y —Ilyaccona, eciiu R-nonmimHeitHOE 0TOOpakeHUe
®Rn )

{..}:[C>Mm)]" — C>(M) (2.5)
onpezesieHo Ha anredpe (beckoHeuHO TuddepeHITpyEeMbIX)
¢byakuin C*°(M). Oist 3agaHHbIX 7 — | raMIJIBTOHHAHOB
H,,...,H, | n-ckoOka omnpeneyisicT 3BOJTONUI0 QYHKIMH f,
WM TAK Ha3bIBAEMBIN HAMOY-TaMIJIbTOHOB MOTOK g .

31ech MpOoSIBIISETCS KIIFOYEBOE PAIININE MEXIY CTPYKTY-
pamMu Ham0Oy u Ilyaccona Ha MHOTOOOpa3uH, 3aKJIFOYArO-
meecst B ropasio 0osiee CUIBHOM HAaOOpe OrpaHUYEHMIA,
HAJIOKEHHBIX Ha N-BEKTOP (DYHIAMEHTAJIBHBIM TOXIECT-
BOM. [IeHCTBYS ABaXX/Ibl n-BEKTOPOM 2 M HaKJaabiBash PpyH-
JIaMEHTAJILHOE TOXXIECTBO, IOJIydaeM OTpaHHYCHUS, Clie-
TIYIOIIIHE U3 CJIATaeMbIX CO BTOPBIMU U IEPBBIMH MTPOU3BO/-
HeIME (pyHKTIHH 110 oTAEBHOCTH. [lepBoe maér anrebpanye-
CKO€ OrpaHUYeHHE

NMN+P(NMN) =0, (26)

Syt u N=A{ny,..

rae MynbTHHHACKCBT M = {my, .. ks

TECH30pD Nyn onpeaeﬂéH Kaxk

Novioommeom = QU QY g () S Ty () M1 Py +
ooy 1Yl —
o LR Y o LIRS L LB Yo LB L ’ (27)

a P meHsieT MecTaMy IepBBIN U 77 + 1-U UHIEKCHL, T.€. M| U 1.
Hemennenno BugHO, 4TO TIpU 7 = 2 YCJIOBHE BBIMOJTHSIETCS
TOXXJIECTBEHHO, a MPH 7 > 3 OHO HETPUBUAJILHO.

VcnoBue, BhITEKarollee U3 4YJICHOB, JUHEWHBIX IO MPO-
U3BOJAHBIM (PYHKIIUH, UMEET BU/IT

n
§ (Ql}ﬂgu.mnalQmmnn + Qn,,lm_z“,m,,algmA,An,,,lmz N
=1

+ Qn,,mg...m,,,]lalin...nn,lm,,) =0. (28)
Jlast n = 2 OHO CBOAUTCS K
QM = . (2.9)

Orcroa 3akiroyaeM, YTO, B OTJIMYAE OT MHOr0oOpasmid
ITyaccona, najneko He JIFOOOH MOJHOCTHIO AHTUCUMMETPUY-
HBII TJI00AJLHO ONMpeneI€HHBIN TeH3op Q7" Ha MHOrO-
o0pa3un MoXeT 3anaBaTh cTpykTypy HamOy. ITomummo
00BIHBIX A depeHITMaTbHBIX OTPAHNICHHN, HEOOXOIMMO
YIIOBJICTBOPUTD aJIreOPaMIeCKAM OT PAHUUCHUSIM.

HaGmomaemast F € C®(M) Ha3bIBa€TCs HHTErPAIOM
JIBUKEHHUS, €CITU

{Hi,...,H, |,F} =0. (2.10)
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ITepBble 7 — 1 MHTErpaIOB ABUXKEHUS SIBJISIFOTCS TAMHJIBTO-
HUAHAMU CHCTEMBI, TIPU 3TOM (PyHAAMEHTAIbHOE TOXKAECTBO
rapaHTUpYeT, YTO ckoOka HamOy WHTErpajoB IBYMKEHUS
CHOBA SIBJISIETCSI MHTETPAJIOM JBWXeHUs. HamBHO MOXHO
0000IIUTh MOHSATHE WHTETPUPYEMOCTH 1o JIMyBHILTIO HA
cuctembl HamOy, ompenesnsiss MHTEIPUPYEMYIO CHCTEMY
Ham0y kak MMEOIIYI0 7 MHTETrPAJIOB JIBMXKEHMS, KaXIbId
13 KOTOPBIX HAXOAUTCS B MHBOJIFOIIMU OTHOCUTEILHO CKOOKHU
Ham6y. OmHako aHaJioTdsl He 3aXOOUT Aalibllieé 3TOTO,
MMOCKOJIbKY HESCHO, KaK MOXHO BBECTH MEPEMEHHBIC JIeii-
CTBHUE—YIrOJ JUISl MOJHOTO MHTETPUPOBAHUS ypaBHEHUM
IBUXKeHUs. To ke BEepHO W Ui HAMBHOTO O0OOIIEHUS
JIOKa3aTeJIbCTBA TOTO, YTO MOTOK HaMOy coxpansieT 00bém
(hazoBOTO MPOCTPAHCTBA, XOTS JIISI HEKOTOPBIX CIIyYaeB 3TO
MOJHO TIOKaQ3aTh SIBHO.

2.2. ITpumepsl cuctem Hamoy

XoTs KOHCTpYKIMS MexaHuku HamOy MOXeT moka3aTbes
JOBOJIBHO 3K3OTH‘IBCKOI>1, OHa OIIMChIBACT MCXAHHNYCCKUC
CUCTEMBbI, MHOTHUC U3 KOTOPLIX 3HAKOMBI U JaXE UHTCTPU-
pyeMbI B OOBIYHOM CMBbICJIe. B kauecTBe mepBoro mpumepa
PACCMOTPUM N-MEPHBIA TaPMOHHYECKHN OCIMIIIATOP C
raMHJIbTOHHAHOM

1 n ) )
H=5 0+ ). (2.11)

CoracHo [68] 3Ty cHCTeMy MOXHO 3aIUCaTh KaK CHCTEMY
HamOy, ncnonp3ys Apyrue HHTErpajibl IBUKEHHSI B KaUeCTBE
JTOTIOJIHUTENIbHBIX TaMIIbTOHHAHOB. PaccMOTpHM, Hampu-
Mep, clydaii n = 2, T.e. TApMOHHYECKUI OCIMIUISITOP B IBYX
n3MepeHnsix. Beioepem cienyromnmii HAOOp UHTET PaJIOB:

1
Hl :E (p12+x12)7

1
Hy =5 (p3 +x3), (2.12)

Hz =x1p2 — xap1

CkobOka HamOy, omuceiBaromiasi CUCTEMY, MOXET OBITh
BBIOpaHa B BUJIE

1 a(H17H2>H37f')
pip2+ x1x2 8(pi,p2, X1, x2)

{H\,Hy,H3, [} = (2.13)

IIpocras mpoBepka MOKA3bIBAET, YTO MPUBEAEHHOE BBIIIE
ONMCAaHUE JJIsI 3TOW CHCTEMBI BOCHPOHM3BOIUT YpPABHEHHS
JIBUXKEHUS IBYMEPHOI'O OCHMJIIATOPA, & CKOOKA yIOBJIETBO-
psIeT BCEM HEOOXOIMMBIM YCIIOBHSIM. DTa CUCTEMA UHTEI PH-
pyema B 0OBIYHOM CMBICIIE.

PaccMoTpum Tenepb npumep, npeacTabieHHbii HamOy B
OPHUTMHAJIBHOH CTAThE, ONMUCHIBAIOIINI ANHAMHUKY BPAIICHIS
TBEPIOTO TeJjIa C TJIABHBIMHU OCSIMU MHEPIHU [; U YTJIIOBBIMHA
MoMeHTamu L;, e i = 1,2,3. DTy cucremy oOBIMHO Ha3bI-
BAIOT aCHUMMETPUYHBIM BOJTYKOM Diiiepa. Y paBHEHUS IBH-
KEHUS! UMEIOT BU]L

dL, L—-h

—=—LL

dt L 23

dL, L -1

—=—LL 2.14
dr 1113 1535 ( )
dli; L -1

& _ BT,

dt L1 =2

Nx MoxHO 3ammcaTh B TepMHHAX ypaBHeHui HamOy mis
CHCTEMBI CO CJIEAYIOIIUMU ABYMsSI TAMUJIbTOHUAHAMU:

L 13 12 1

] U W B &
20 oLt )

H
1 2[37

(LT + L3+ L3). (2.15)

DTO MOJHAS YHEPTUs U MOJHBIM MMIYJIbC BOJYKA, a ypaB-
HEHHMS IBYDKEHHS TOT1a UMEIOT BU[L

dL;
Ttl = €l'lkal~H1 6kH2 s

(2.16)
rae 0; = 0/0L;. OTcrona ciefyeT Takoe OIpeIesieHue CKOOKH
Hamoy:

{H\,H>, f} = ¢'*0;H, 0;H> O f, (2.17)
4TO SIBJISIETCS HauboJiee eCTECTBEHHBIM BBIOOPOM ISl TPEX-
MEPHO! CUCTEMBI.

VpaBHeHUs] OBWXKEHUS ISl ACHMMETPHYHOIO BOJYKA
Oitnepa umeror SU(2)-CHMMETPHIO U U3BECTHBI TAKXKE IO
NIPYTMM Ha3BaHUEM — cucTeMa Hama, Korja BO3HHKAIOT B
TEOpUU cTaTHYecKuX MoHomoseld. Kak Mbl o6cyaum B cie-
JYIOIIMX pasjesiax, TaKue ypaBHEHHUS! eCTECTBEHHBIM 00pa-
30M MOSIBIISIFOTCS IPH OTMIACAHUY OpaH, OKAaHYMBAFOIIMXCS HA
OpaHax, B TepMUHAX IIMIIO00PAa3HbIX MOHOIIOJIEH HA MUPO-
BOoM 00BéMe. Mx o00o00IIeHne, U3BECTHOE KaK ypaBHEHHE
Bacy —XapBu, J€XHT B OCHOBE TaK HA3bIBAEMOW TEOPUH
BLG, onuceiBarorieid quHaMuky aByx M2-Opan [64, 65].
Cucrema Hama OOBIMHO 3aNUCBHIBACTCS B BUJIE CJICAYIOIICH
CHCTEMBI YPaBHEHUH JBYKEHHUS:

dx1 dX2 dX3

— = X2X3, W:xlxh W

- (2.18)

= X1X2,

KoTopasi MOXeT ObITh nepenucaHa B ¢popme HamOy, ecim
BBIOpath Hy = x — x3, Hy = x} — x7. DTa cuctemMa Takxke
WHTErpUpPyeMa B OOBIYHOM CMBICIIC.

IMpuHIMT HaMMEHBIIIETO AEUCTBUSI MOXKXHO 0000IINTH HA
Mexanuky HamOy, mepexo/is K IeCTBUIO, IPEANOTI0KUTEb-
HO OIUCBIBAIOIIEMY ABUXEHUE OTKPBITHIX IPaHUI] MeMOpa-

Hbl. Benien 3a Taxtamkanom [53] onpenenm

w, = x'dx? Adx3 — H dH, Adt, (2.19)
MHTErpaIbHYI0 MHBapuaHTHyro 2-¢popmy Ilyankape-—Kap-
TaHa J11s MexaHnkin Ham6Gy Ha da3oBoM mpocTpaHcTse X,
napaMeTpuzoBaHHoM koopauHatamu {x!, x2, x3, t}. Tenepsb
MbI OyJIeM CJIeJIOBATh TEM e IIaraMm, 4To u B paszaene 1.4,
re ObLTO TOCTPOCHO MHBAPHAHTHOE IEHCTBHE JIJIS1 CHCTEMBI
IMyaccona. OnpenennM BekTopHOE mojte L =0, 4+ L ¢ mo-
MOLIBIO

L=1L"%, L= L i M (2.20)
2 o(x/, xk)
Vpasrennss Ham6y Torma mpocTo CTaHOBATCS f = L(f).
Bextopnoe mose L 3amaért "cunosbie mann" 3-popmbr dw,,
T.e. BBIMOJHAETCs ycioBue i dwy =0, KOTOpoe HPOCTO
CJIeTyeT U3 SIBHOT'O BBIPAKEHHS ISl POU3BOIHOM:

dwy =dx' Adx? Adx?® —dH; AdHy Adt. (2.21)
Teneps st 3aganHoi 2-nenu ¢ B X 0603Haunm g'(c) eé
HaMOy-TaMHUJIbTOHOB (Pa30BbIi MOTOK, TOrAa TpyOka ¢azo-
BBIX TpaekTopuii Oyaet umetsb Bua J'c = {g7(c),0 < 7 < 1}.
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Haxomer, nockonbky 0J'c = ¢ — g'(c) u 17 dwy = 0, umeeM

sz—J w2:J dw2:0,
¢ g'(c) Jie

YTO B MPUHIINTIE JEMOHCTPUPYET HHBAPUAHTHOCTH IPOUHTE-
rpupoBaHHOM 2-Gpopmbl. [103TOMY MBI Ha3bIBAEM JICHCTBUEM
A cnenyromuit THTErpa:

(2.22)

A[d] :j > :J x'Adx?Adx? — Hy AdHy AdE. (2.23)

ITepBoiit wien B neiictBuu Taxrtamxkana (2.23) umeer B
TouHocTH (popmy wieHa Becca —3ymuHo B nevictBum st M2-
OpaHbl, OKaH4YMBarolIelics Ha M5-Opane. 3anuchiBasi Jieii-
crBue mis M2-6pansl B dopme HamOy—T'oTo n oTOpack-
Basi BCE BO3MOXHbIE KaJIMOPOBOYHBIE MOJISI MUPOBOTO 00B-
€Ma, Mbl UMEEM

Sma = J d*¢ det (—G) +J Cs, (2.24)
b b

rae G 0003HAYaeT WHAYIUPOBAHHYIO HA MUPOBOM OO0BEME
Metpuky, a C3 = Cij dx’ A dx/ A dx* oGosnauaer 3-popmy
B 00BEMJIIOIIEM TpocTpaHcTBe. IIpenmosiarasi, 4To “ieH
Becca—3yMHUHO TOMHHHPYET W 4TO 3-popma MeIJIeHHO
MEHSIETCSI BIOJIb TpaHuIpl 02 M2-OGpaHbl, MOJIYIAM IS
TPAHUYHOTO JICUCTBHUS

x'Adx?Adx3,

Somz x C123J (2.25)

ax

4TO IEHCTBUTEIBLHO COBIIAJAET C HEPBLIM YIEHOM B BBIPAXKE-
HuH (2.23). OTO maéT emgé OgHO CBUACTEIHLCTBO TOTO, YTO
Mexannka HamOy co BceMu e€ CTpyKTypaMH JTOJDKHA HMETh
OTHOILIEHUE K JUHaAMuke MeMOpaH B M-teopuu. boiee
noApoOHOe OOCYXX[EeHHE OIMCAHHOTO BKpATLE CHOXKETa
MOXHO HalTu B pabote [69]. MbI BepHEMCS K OMHCAHHIO
MeMOPaHHOI TUHAMUKY B CIEAYIOIIUX pa3aeiax.

2.3. IIapa Jlakca

1 0000ménHoe ypaBHenne fIura— Bakcrepa

B paznese 2.2 Mbl BUIEIH, YTO HEKOTOPbIE HHTEIPUPYEMBIE B
OOBIYHOM CMBIC]IE JUHAMHYECKHE CHUCTEMBI 00JagaroT
cTpyktypoit Ham0Oy. EcTrecTBeHHO 0OXHIaTh, YTO CTPYK-
TYpbl MHTETPUPYEMOCTH, Takume Kak mapa Jlakca, MoryT
ObITH TIepeOPMYJIMPOBAHBl B TepMUHAX ckoOok Hamoy,
JlaBasi, BEPOSITHO, KPUTEpUN TPEXMEPHOI HMHTErpUpyeMo-
ctu. Hackonbko HaM HM3BECTHO, MpOrpaMma IMOCTPOCHUS
HHTETPUPYEMBIX CTPYKTYD IJIS AUHAMHYECKHX CHCTEM
Ham0y He 3aBepilieHa, 1O KpaiiHe# Mepe, 10 TOTO YPOBHS
MOHUMAaHHUSI, KOTOPBIA MBI IMEEM JJIS1 TyaCCOHOBBIX CHCTEM.
Tem He MeHee ompenes€éHHBIH MpOrpecc ObLI JOCTUTHYT.
OcHoBHas 1IeJb 3TOT0 0030pa COCTOUT B TOM, YTOOBI
coOpaTh HAOIFOICHUS, KOTOPBIC TAFOT HAMEKH HA MHTEIPH-
PYEMOCTb B TEOpUU MeMOpaH WiH, B 00Jiee 0OIIeM CMBICIIE,
HHTETPUPYEMOCTb TPEXMEpPHBIX cucTeM. Hauném Torma c
cuctembl Ham0y ¢ ramuinbtonnanamu H; u H, u ypaBHe-
HUSIMU JIBIDKCHUS, 33 TAHHBIMH (POPMYJIOMH

a7
5 = U, S} (2.26)
U TOMBITaeMcsl 0000IMUTh KOHCTPYKIUIO maphl Jlakca.
Camoil mepBoil eCTeCTBEHHON MOMNBITKOW OBbLIO OBl BBECTU
TpoiiHyto ckoOky HamOy u mepenmcaTh BCE B TEepMHHAX

Tpoiiku Jlaxkca,

L=I[LMN], (2.27)

Il HEKOTOPBIM 00pa3zoM omnpeaeséHHON ckobku HamOy
[, ,], 9TO HEHCTBUTEIBLHO SIBIISCTCSI TIOJIC3HON KOHCTPYKIUEH
JUTsE omipesiesieHust uepapxuii HamOy. Mbl 0O6cyiuM UX 4yTh
M03Xe, ITOCKOJIBKY IeJIeCO00pa3Ho HaYaTh C APYroro 0600-
IIIeHNs], CBSI3b KOTOPOTO ¢ M-Teopueit 6oJiee MOHSITHA.

PaccemoTpum napy Jlakca, T.e. mapy martpun L, M € g,
rie g — HeKoTopas anredpa, Takyro, 4YTo

L=[L,M]. (2.28)
JIJ1s 3aTaHHOTO TEH30DPA P53 € g A g A g OIIPEIEIUM 3-CKOO-
Ky

{L1, Lo, L} = [pyo3, Li] + [p123, Lo] + [p123, L], (2:29)

1€ MBI 0003HaAYNIIH

L=LeIx®l, LL=1Lel, L;=11&L. (2.30)

IMoTpebyem BbImoOJIHEHUE (DYyHAAMEHTATBLHOTO TOXIECTBA
IUJTSL TAK OTMPEAeNIEHHON 3-CKOOKH, IPYTUMU CIIOBAMU ITOTpE-
O6yeM, uTOOBI OHa 3agaBajia CTpykTypy HamOy. Torma pr;
OyJleT orpaHrYeHa HEKOTOPBIM YCIOBUEM, TOJOOHBIM KJlac-
cuueckoMy ypaBHeHuto Sura-—bBakcrtepa. IlycTts Temepsn
{T,} = basg — 0asuc anredpsl, f;° — €€ CTPYKTypHBIE
KOHCTAHTEI, & P53 = p””" T,N Ty, NT,. Torma ycrnosue, n3-
BECTHOE B JIUTEpaType Kak 0000IEHHOEe ypaBHeHne SIHTa —
Bakcrepa, MOXHO 3amucaTh B KOMIOHEHTHOU (opme cite-
JIYIOILLIUM 00pa3oM:

pal[02“16‘p03a4‘a5‘f;,Saéfﬁ] _ paz[al\as\paw\as\fasaéav] =0. (2.31)

IIpwm Takux ycinoBusx 3-ckoOka onpeaessieT cucremy Hamoy,
MHTETrpajbl JBUKEHUSI KOTOPOW MOTYT OBITh BBIPAXKEHBI B
o6brunOil popme Fy = Tr LF. Jlerko BUETH, YTO OHM Ha-
XOISATCSI B UHBOJIFOIIMHY 11O OTHOIIEHUIO K TaK OMPEAeIEHHON
ckobke HamOy:

{F;,Fj,F} =0. (2.32)
Ecnum 65l cyiecTBOBaia mpoueaypa, MO3BOJISIOMAs BBECTH
NepeMEeHHbIe JAEHCTBHE — YIOJl U MOJHOCTBIO PEeIIUTL ypaB-
HEHUs IBIDKCHUS C TIOMOIIBIO 9TUX MHTETPAJIOB JIBHKEHUS,
TO MOXHO OBITO OBI CKA3aTh, YTO TaK MOCTPOCHHAS CHCTEMA
sBJIsIeTCSl MHTerpupyemoil. OHAKO HaM HEU3BECTHO, CyIIe-
CTBYIOT JIM TaKue KOHCTPYKIMHU 1)1 cucteM HamOy.
Vpasuenus (2.31) npeactaBisiOT UHTEPEC B JAPYTrom
KOHTEKCTE: OHH BIIEPBBIE OBLIH ITOTYYESHbI IIPU UCCIIEIOBAHUN
U-nyanbHoctelt M-teopuu B [37, 38] (u panee B [34] B Buze
yCJIOBHUs oOpalieHus B HyJib R-(rakca). A HMEHHO U3BECT-
HO, YTO ypaBHeHHUs 11-MepHOIl cymeprpaBuTaluu UHBAPU-
AQHTHBI OTHOCHTEJIBHO MHOXECTBa HpeoOpa3oBaHUil ompe-
NIeIEHHOTO BHIA, HA3bIBAeMBIX HaMOy-nmeBoit U-myanb-
HOCTBIO, OCHOBHAsSI ayireOpamyueckasi CTPYKTypa KOTOPBIX
(dbopmyupyeTcss B TEPMUHAX TaK HA3bIBAEMbBIX HCKJIIOUYH-
TeabHbIX aiaredp Jdpundenbna. OnpenenéHHoe NOIMHOXKe-
cTBO Takux 0000mEHHBIX U-nyanbHOCTEH (Tak Ha3bIBaeMbIe
nehopManyK) MOXHO TapaMeTpU30BaTh TEH30pOM p b,
KOTOPBI UMEET B TOYHOCTH TOT XK€ CMBICJ, YTO U BBIIIIE.
VcnosueM TOrO, YTO Tak AeOPMHPOBAHHOE PEIICHHE CY-
neprpaBUTANK B emg yIOBJIETBOPSET ypaBHeHusM 11d-
CyneprpaBUTalluy, SBJISIETCS B TOYHOCTU ypaBHeHue (2.31).
Mps1 BepHEMCS K 3TOMY BOMPOCY MO3XKE, 3IECh ke BaXKHO
OTMETHUTD, YTO ONHCHIBAEMBIE CTPYKTYpPHl B OCHOBHOM $IB-
JISTFOTCST 00001IIeHIeM TTOTOOHBIX CTPYKTYP B TEOPHU CTPYH,
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MOTYUHSIOIINXCS OOBIYHOMY KJIACCUYECKOMY YPABHEHMIO
Slura—baxkcrepa (CM. 3aKJIFOYMTENIBHYIO TJIaBy B pabore
[38]). BaxkHbiM HaOJIFOACHUEM 3/1€Ch SIBJISIETCSI TO, YTO Je-
(opManuu, mapaMeTpU30BaHHbIE MaTpuIeii r°, ynosieTso-
psirolneil kjaaccuueckoMy ypaBHeHHio SHra—bBakcrepa, co-
XPaHSIOT UHTEIPUPYEMOCTh CTPYHHOI curMma-mopenu. Ta-
KAM 00pa3oM, BUJUM, YTO MCXOS U3 PA3JIMYHBIX SIBJICHUH,
CBSI3aHHBIX C MHTETPUPYEMOCTBIO, U 0000111ast X OoJiee uiu
MeHee eTMHBIM 00Pa30M, MBI IPUXOIUM K OJTHOMY H TOMY e
ypaBHeHHIO (2.31), yTO H7aéT MOBOM K JaJIbHEHUIIIM CIICKYJIS-
musM. Mbl TORAEM 10 3TOTO B pasjele 4.6.

2.4. Tpoiika Jlakca u NOTOKH, COXpPaHAIOIIHE 00bEM
Kak ynomunanocs B pazzaene 2.3, 6oJiee mpocTbiM 0000111e-
HUEeM KoHCTpykimu Jlakca Ha cuctemMbl HamOy siBisieTcs
BBeJIeHUE TpOHKM (ueTBEpkH, nATépku u T.4.) Jlakca.
VY 100HO IPOJOJIKUTE NOCTPOEHUE MHTETPUPYEMBIX Hepap-
XMid Ha OCHOBE Tpoiiku Jlakca M COOTBETCTBEHHO 3-CKOOKHU
Ham6y. Kak u B pacCMOTpEHHBIX paHee SIBHBIX IpHUMeEpax,
MBI OOHAPYKUM, YTO 3HAKOMBIE CUCTEMBI, B JAHHOM CJIyuae
nepapxus KII, MoryT ObITh cHOPMYITUPOBAHBI B TEPMUHAX
Takux 0000mEHHBIX CTPYKTYp. [loaxond, KOTOPOMY MBI
Oynem cienoBaTh, ObLT Tipeaiioxker ['yxoit B pabote [70] u
OpUMEHEH B JajbHEHIIeM K pa3IuYHbIM NpHUMepaM B
paborax [71, 72]. Unes cocTOUT B TOM, 4TOOBI 00OOIIMTH
meTon [73, 74], pa3paboTaHHBIN IS U3yYEHHUST COXPaHSIIO-
MUX TUIOMA b MOTOKOB, CBsI3aHHBIX ¢ ypaBHeHHeM KII. B
CBOIO ouepe/lb, TAKOW MOJXOJ BO3HHMK M3 M3YYEHHUS] CaMO-
JyaJIbHBIX ypaBHeHM DiiHITeliHA. KpaTko paccMOTpeHHbIe
HIDKe 0000mEHHBIE TOTOKHU [70] MHTETpHPYEMBI B TOM XK€
CMBICIIE, YTO U MOTOKHU, MHAYIIPOBaHHbIE Tpymmoit SDiff(2)
[73, 74], T.e. B cMBICJIE HEJIMHEHHOTO TPaBUTOHA.
PaccmoTpuM Tpoliky 00001mEHHBIX onepaTtopoB Jlakca
L, M, N, npeacrapiisiroliux co0oit psabl JlopaHa 1o criekT-
paJIbHOMY apaMeTpy A ¢ ko3 PuireHTamMu, sIBISIOIIMMUCS
(yHKIUSIME HEKOTOPBIX IEPEMEHHBIX p, ¢. [1o onpeneseHno
coxXpansiromas 00b€M MHTErpHpyeMasi uepapxusi 3a1aércst
ypaBHEHUSIMU

oL

a = [BlanZmL} )

oM

o [Bin, B, M], (2.33)
Y

52 [Bln7B2n7N]

C IOTIOJTHUTEJILHBIM YCIIOBHEM Ha MHBOJtoLMIO L, M, N]= 0,
obecrneunBaroIuM coxpaHeHue obwvéma. 3mecw [, ,] —
TpoitHast ckoOka HamOy, ymoBieTBopstorias (yHIaMeH-
TaJbHOMY TOXJecTBy. Kak U B ciiyuae OOBIYHBIX MHTEIPH-
PYEMBIX HEpAPXUI, Mbl OTPAHUYHABAEM ONIEPATOPHI B, U By,
TOJIbKO TOJIOXKUTEIBHBIMU 3HAYCHUSIMHE L, M

B, = (L") » Boy=(M")

n=0 n=0

(2.34)

VcnoBue TOTO, YTO MOTOKM KOMMYTHUPYIOT, CBOJMTCS K
a”ajsiory ypaBHeHus 3axaposa—IllabaTa, koTopoe umeeT
BH/I

[amBlm B2na .] - [anBlma BZrm .} + [Blna amB2m .} -
- [Blma anBZIn; .} = [[Blm B2r17 BZm]’ BZm; .} -

- I:[BIVHBZIHBUHLBZWH.] . (235)

BaxHBIM 3aMeYaHUEM 37eCh SIBJISIETCS TO, YTO JUJIsS COXpa-
HSIOIMX TUIomaasr notokoB u3 SDIff(2) ypaBuenue (2.35)
SIBJISIETCSL IPOCTO YCJIOBHEM HYJIEBOM KpWBHU3HBI. To Xe
caMoe MBI yXkKe HaOJIFoIau T ITyaCCOHOBBIX HHTEIPUpPYe-
MBIX Hepapxuil, rue ypaBHenune 3axaposa—Illabarta conep-
KaJIo0 yCJIOBHE HYJICBOW KPUBU3HBI Jis 1-(OpPMBI CBSI3HOCTH
Jlakca. CrnegoBaTebHO, MOXHO OBLJIO OBI OXHJATh, YTO
ypaBHeHue (2.35) coAepX HUT TPEXMEPHBIH aHAJIOT YCIOBUS
HYJICBOW KPUBU3HBI HEKOTOPOTO aHajiora cBsi3HocTH Jlakca,
3aJJaHHOTO 2-(hOPMO.

C reoMeTpHIECKOI TOUKH 3PEHUS CAMOIYaTbHOCTb COOT-
BETCTBYET PUYYU-TIOCKON K3JIEPOBON T€OMETPHUH, a CIIEH0-
BatesbHO, moToku SDIff(2) ectecTBeHHBIM 00pa3oM BbIpa-
KAIOTCA B TEPMHHAX K3JIEPOBOMOAOOHOU 2-popmbl. 31ech
ke aHajorom oynet 3-popma

Q=Y dBi, AdBy Adi, =dindp Adg+
n=1

+Y  dBiy AdBy, Adty,
n=2

(2.36)

TIe MBI HCIOJIb30BAJIU CIICAYIOIIME OOO3HAYCHHS: ] = A,
By = p, By = ¢q. YuutsiBas ypaBHeHus uepapxuu (2.33),
3-bopMa MOXET OBITh MEPENHUCaHa B CICAYIOIIEM MPOCTOM
BUJIE:

Q=dLAdMAdN. (2.37)

MoxHo yoenuthces, yTo 3-popma Q 3aMKHyTA:

d(M ANALAAN + Y " Biy AdBy, A dt,,) =0. (2.38)

n=1

CrenoBaTesIbHO, BBIpaXeHUE B CKOOKaX, MO KpaitHeld mepe
JIOKAJIbHO, MOXHO 3aIUCATh B BIIE TOUYHON (HOPMBI

dQ0=MAdLA dN+ Z Biy AdBa, Adty, (2.39)

n=1

KOTOpas sIBJIsieTCs aHaJIorom notennuana Kpuuesepa, T.e.
COJIEPXKUT JIEUCTBUE.

PaccMoTpuM Teneph mpEMep HEpApXUH, MOPOXKIAEHHON
COXpaHSIOMUMHI O0BEM ypaBHEHUSIMHA Ha Tpoiky Jlakca.
3neck MBI ciiegyeM padote [72], roe uepapxust KIT Bnepsbie
OpL1a onucana B TepMuHax Tpoek Jlakca. Mepapxus onpene-
JISIETCSI CICAYIOIIAM 00pa3oM:

dL
— = |Bw, By, L
dtm” [ ns ny ] bl

L=0+)» v(np"",
i=0

Brl:(Ln)>07 I’lZO,

(2.40)

By=1,

rie mo-mpexHeMy HWXHUM uHAekc > (0 o3HayaeT, 4TO
YIEPXKUBAIOTCS TOJBKO ONEPATOPHI C MOJOKHUTEIHLHBIMU
creeHsimMu 0. Cranmaptaast uepapxust KIT BoccTanaBim-
BaeTCs U3 Takoi 06006mEHHOM nepapxuu, korga m = 0:

dL

—~ = [By, By, L] = [B,, L].
i, [Bo, By, L] = [By, L]

(2.41)

Haunbonee wHTEpeCHHIM BUAMTCS BOMPOC, MOXHO JIH
BBIBECTU MHTEIPUPYEMbIE MEpApXUU [JIs IPYTUX CIydaeB C
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m # 0. CoryacHo [72] Ha HETO €CTh MOJIOXUTEIIbHBIN OTBET:
[0 KpaiiHeil Mepe, /Il HEKOTOPBIX 3adaHHbIX nap (B, B,)
MOJTyYaIOTCSI HHTET pUPYEMBbIE YPAaBHEHHU S, KOTOPBIE YXKe PH-
cytcTByroT B mepapxun KII. 3amMaHuMBO yTBEpX)JaTh, YTO
uHTerpupyemast uepapxusi KIT Moxet ObITh 3KBUBAJICHTHO
3amMcaHa B TEPMHUHAX OOBIMHOIO ypaBHeHus Jlakca miu B
TepMHHAaX 0000IEHHOTO ypaBHeHus s Tpoek Jlakca. Og-
HAKO eCTh HAOJIOJCHUE, IPETSITCTBYIOIIEE TAKOMY YTBEPK-
JIEHHIO0, KOTOpOe OBLIO MPENCTaBlIeHO B [72] mpu maibHEH-
[IEM aHAJM3€ HMePApXHMU Ul OOJIBINUX 3HA4YeHUM (m, n):
Uepapxusi CONEPKUT YpaBHEHHUs, KOTOPbIE HE MPOXOMIST
tect IleHeBe HA MHTErpUPYEeMOCTh. Takum oOpa3om, Mo-
HSITHO, YTO HE BCE ypaBHEHUs 00OOIIEHHOM HepapXuu TPOeK
Jlakca SIBISIIOTCST MHTETPUPYEMBIME, TEM HE MeHee Te, KO-
TOPBIE HE SBIISIFOTCS] HHTET PUPYEMBIMH, IMEIOT COJTUTOHHBIE
pelleHuSs.

B 3axiroueHne oTMETHM, 4TO IO KpalHE! Mepe HEKOTO-
pble IIard Ha CTAHJAPTHOM NYTU IMOCTPOEHUS! CTPYKTYDP
UHTETPUPYEMOCTH MOTYT OBITh MOBTOPEHBI [JISl CHUCTEM
Ham0y. B 4acTHOCTH, MOXHO BBECTH OECKOHEYHO MHOTO
COXPAHSIFOIIMXCS 3aPs0B, MOPOXKIAIONINA WX OIepaTop
Jlakca, ycioBue MHBOJIIOLMH, IIOTOKU, COXPAHSIOLINE 00b-
€M, U uepapxuy, OCHOBaHHbIe Ha Tpoiikax Jlakca. Bomee
TOro, ckobka HamOy muHaMHuYeCcKOi CUCTEMBI MOXKET OBITh
MOPOXKIEHA HEKOTOPHIM aHAJIOTOM p KJIACCHYECKOW r-mMat-
pUIIBI, KOTOPBIA YK€ He SIBISETCS MATPUIEH M MPU 3TOM
€CTECTBEHHO BO3HHKAeT B KOHTEKCTe cumMeTpuil U-myaib-
HOoCcTH M-Teopuu. BrosHe oXuIaeMo, 4TO TOT XK€ OOBEKT
MOSIBJISICTCS] B KBA3MKJIACCHYECKOM TIpe/iesie YpaBHEHUS TET-
pasapa, ommchIBaromero (HakTOpU3ANUIo IMpoIecca pacces-
HUS MIPSMBIX CTpyH. OOBEeuHSIST Bce 9TU HAOIIOICHUST BO-
€JIMHO, €CTECTBEHHO 3aKJIFOYUTH, YTO PACCMOTPEHHBIE CTPYK-
TYPBI JOJIKHBI IMETh OTHOIIICHUE K ONMUCAHUIO MHTETPUPYE-
MOCTH 2+ 1-MepHBIX cHcTeM, T.e. MeMOpaH. Kak MbI 06cy-
nuM OoJiee moapoOHO Aajiee B paszaeiie 4, NeHCTBUTEIBHO
MOXHO OOHAPYXHUTH NOJTOOHBIE KOHCTPYKIIUU MPH MOJAXO0/IE
€O CTOpOHBI M-Teopuu U cymeprpaBuTanui. B yactHoCTH,
MUHAMUKAa MEeMOpaH €CTECTBEHHBIM 00pa3oM MPHUBOIUT K
TPOMHBIM CKOOKaM 4yepe3 ypaBHeHUe bacy — XapBu, 00beKT p
€CTECTBEHHBIM 00PAa30M TOSBIISIETCS. B METPUKE OTKPBITON
MeMOpaHbI, a aHAJIOI ONEpPaTOpa 3BOJIIOIMHU MOXET OBbITh
€CTECTBEHHBIM 00pa30M TOCTPOEH C HCHOJIb30BAHUEM aJl-
reOp meresb. B cBoro ouepenb, MeTJieBble aireOpbl MO-
SIBJISIFOTCS NIPM aHaiu3e MS5-OpaH, MOHMMAaeMbIX Kak Ieo-
METPUYECKOe MECTO IpaHun M2-OpaH, KOTOpbIE paccenBa-
FOTCSI KaK CTPYHBI Ha 6-MEPHOM MHPOBOM O0BEME.

3. 10-mepHasi cyneprpaBuTAIMS H CTPYHbI

KpaTko paccMOTpeHHBIE BBIIIE METOIbI MCCIEIOBAHUS
UHTETPUPYEMBIX CTPYKTYP B JABYMEPHBIX CUCTEMax BIIOJIHE
MOTYT OBITb MPUMEHEHBI K AUHAMUKE (yHIAMEHTAJIbHON
CTPYHBI, pacpocTpaHsromieiicss Ha GoHe, peraromneM ypas-
HeHus cyneprpaBuTanmun. Kak Mbl 60s1ee mopo6HO 06CcymuM
Janiee, TMHAMUKA CTPYHBI HA (DOHAX OMpPEEeEHHOTO BHIA,
BBIpAXXKEHHAsI B TEPMHUHAX IBYMEPHON HEIWHEHHOU CHUrma-
mogaenu (NLSM), siBiisieTcsl KJIaCCUYeCKU WHTETPUPYEMOI,
T.e. U1 He€ MOXeT OBITh MOCTpOeHa CBsI3HOCTH Jlakca.
Cpeau Ipyrux MOJOOHBIX Pe3yJIbTATOB MHTEIPUPYEMOCTH
CTpyHBI Ha (DOHAX OMpeneaEHHOTO BHAA MPEACTABIISICT
0CcOOBI MHTEpeC B KOHTEKCTe roJiorpaduu. [eiicrBuresb-
HO, ToJI0rpaduIecKoe COOTBETCTBHE B CYIIIHOCTH TOBOPUT O
TOM, 4TO OJIHA U Ta K€ CUCTEMA MOXET ObITh IKBUBAJICHTHO
ONHCaHAa B TEPMHUHAX OYEHb Pa3HBIX NepeMeHHbIX. Hampu-

mep, B ciayuae AdS/CFT cooTBeTcTBHSI SKBUBAJICHTHOCTH
ONHMCAHUN B TEPMHHAX 3aMKHYTBIX M OTKPBITBHIX CTPYH
BOJIM3M ropuszoHTa D3-OpaHbl TPUBOAUT K COOTBETCTBHIO
Mmexay 10d cymeprpasuranmei Ha dore AdSsx S m N =4
d =4 Teopueii cynep-Anra—Mmica. Termepb, TOCKOJIBKY
H3BECTHO, YTO CTpyHa Ha (oHe AdSsx S mHTerpHpyema [6]
(cM. Takxke 0030p [75]), TO ke caMoe MOXKHO YTBEPXKIATh U
IUJIsE KA TMOPOBOYHON TEOPHH, TaK KaK 3TO MPOCTO IPYrou
croco0 mapaMeTpu3anuy TOH ke TUHAMUKY. [1efiCTBUTEb-
HO, UHTErpupyemble cTpyKTypel N =4 d = 4 cynep Sura—
Musica pacCMaTpHUBAIMCh C Pa3HBIX TOYEK 3PEHHS, BKIIFO-
Jasi, HapuMep, TepMoANHaMu4Yeckuil anszan bete, cnekTpa-
JIbHYIO KPHBYIO. XOTs 3TH MOAXOMBI TECHO CBS3aHBI, OHU
BBIXOJISIT 32 PaMKH HAIero 0630pa W OBLIM MOAPOOHO
OCBeIlleHbI B pa3imyHbIX ob030pax [1—5]. B atom paspgene
MBI COCPEIOTOYUMCSI Ha UHTETPUPYEMbIX HEJIMHEHHBIX JBY-
MEPHBIX CUIMa-MOJENAX Ha I'PYNIOBBIX MHOT000Da3UsIX,
(cynep) ¢gakTOp-MpOCTPAHCTBAX M UX HENPEPBIBHBIX SHI-
6akcTepoBbIx mepopmarmsax’. Takwe medopmaruu, KOTO-
pble coxpaHsroT uHTErpupyeMoctb 2d NLSM, Oblin BBe-
neHsl B [19] miis CTpyHBI Ha IpyNIOBOM MHOTOOOpa3uu U
nanee o6006meHbl Ha QakTtop-npoctpancTBa B [20]. Ux
00600111eHIe Ha TPOU3BOJIbHBIC PEILIECHUs CYNeprpaBUTALNY,
BHEpBBIEe TpeaiioxkenHoe B [29, 30] u mosryunBIee qabHEN-
mree pazsutue B [31, 32], mo-BuauMoOMy, HE UMEET MPSIMOTO
OTHOIIIEHUSI K HHTETPUPYEMOCTH, OJTHAKO TIO3BOJISIET BBECTH
AHAJIOTUYHBIC CTPYKTYpPBI A1 MeMOpaH, T.e. 3d NLSM,
KOTOpBbIE OyAYyT 00CYX)IaThCs Aajiee B pasjele 4.

3.1. edpopmamuu SIura— bakcrepa

JIBYMEPHBIX CHrMa-Mojeei

IMonxon x HaxoxaeHwro mapbl Jlakca mis xaxmoiu 2d
IJIABHOM CUIMa-MOJENHM Ha MPOCTONM KOMIAKTHOU Tpymie
G, OCHOBaHHBI Ha MeToAe OOpaTHOW 3ajauu paccesHus,
ObLIT TIpe/iyiokeH 3axapoBbiM U MuxaitioBeiM B [78]. Yact-
HBIM TPUMEPOM TaKOW MOJEIN SIBJISIETCSI MOJENb C
G = SU(2), npuHajyexaliasi K HepepbIBHOMY CEMEUCTBY
MHTErPUPYEMBIX MOJIeJIeH, Kak ObL10 moka3zaHo UepeTHUKOM
B [79]. Ans 3amannoro g € SU(2) Mozeb OmpeaessieTcs
CIIEAYIOIIUM JAeUCTBUEM:

S= —%J dtdo Tr [Ad(6+gg_l)JAd(8_gg_l)] , (3.1

rjie quaroHanbHas matpuna J = diag [J;,J2, J3] 0603HavaeT
nepopmarnmro popmer Kruumanara. B [19] Ob10 mokaszaHo, 4To
npuBeAéHHY0 B (3.1) Moleidb MOXHO pacCMOTpeTh B
TepMuHax curma-mopeiei Sura-—bakcrtepa, T.e. curma-
Mojesieit, 1eOpMHUPOBAHHBIX KJIACCHUYECKOM r-MaTpulieit R,
KOTOpas yIOBJIeTBOPseT (MOANDUIIMPOBAHHOMY) KJIacCHYe-
ckomy ypaBHeHuto SIHra—bakcrepa

[RM, RN] — R([RM,N] + [M, RN]) = ¢[M,N], (3.2)
rane M, N €su(2). CToUT OTMETHTD, YTO 110 HCTOPHIECKHUM
IpUYMHAM KJIACCHYECKasl r-MaTpulla, ONpelesIstolas ae-
dbopmManuu AByMepHBIX CUrMa-mojiesiell, o0o3HavaeTcs
3arjaBHoi OykBoW R, koTopasi B MaTeMaTHYECKOW JUTEepa-
Type 3ape3epBUPOBAHA JIJIsI KBAHTOBOU r-MaTPUIIBL, T.€. JJIS
pellieHnii KBAaHTOBOTO ypaBHeHHs SHra—baxcrepa. UToObI
0003HaYeHUs1 COOTBETCTBOBAJIM OCTAJILHON JIUTEpAType IO
TEOPUU CTPYH, MBI CJIELyeM 3TOMY UCTOPUYECKOMY ITPaBUILY,

4 Ilpyrue npuMepbl HHTECPUPYEMBIX CTPYH, Ha KOTOPBIX Mbl HE OyIem
3/1echb OKYCUPOBATHCS, — 3TO A-nedopmarmu [76, 77].
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KOTOpOE, OJHAKO, HE JOJDKHO BBI3BIBATH OOJIBIION IyTa-
HUIIBL.

IMpouenypa nedpopmanuu, ucnojbzyemas B [79], cnenu-
¢uuna s rpynmoBoro MHoroo6pasust SU(2) u He MOXeT
OBITH HEMOCPEACTBEHHO 00o0O0ImeHa Ha Jr000e TpyHIoBOE
MHOroo0pasue, B35TOE B KAaueCTBE OOBEMIIIOIIETO MpPO-
crpanctBa. [Toaxon [19] npemaraetT paccMOTPETh CIIEIyIO-
1Iee IelCTBHUE:

S = J(g”ihg’ (1+¢R) 'g"'o_g), (3.3)
rJie yIrJioBble CKOOKM oOo3HauaroT ¢opmy KusmHra Ha
anredpe JIu g mpocroit komnakTHoi rpymnnsl JIu G. Janee B
[80] mokazano, 4TO 3Ta MOJEIb HHTETPUPYEMA, U COOTBET-
CTBYIOIIAs CBI3HOCTH Jlakca MOXKeT ObITh 3alHcaHa CIIeayIo-
UM 00pa3zoMm:

)2
AL () = <cz FeR - L+e )(]l :I:CR)_lg’laig, (3.4)

1+4

rae 4 € C — KOMIUIEKCHBINA CIIeKTpaibHBIA mapameTp. [Ipu
€ = 0 mpuBeAEHHOE BBHIIIE B TOYHOCTU BOCIPOU3BOIUT
cBsi3HOCTB Jlakca, BBeIEHHYIO 3aXapOBbIM 1 MUXaHJIOBBIM.

IIpouenypa nepopmManuu riiaBHbIX CUTMa-Mo/Jieel ¢ co-
XpaHEHUEM HHTETPUPYyEeMOCTH Obla 00OOIeHa HA cUrMa-
MoJienn Ha (aktop-npoctpancTBax B [20]. B meiictBun ne-
(bopMuUpOBaHHON cHUTrMa-MoJied Ha (HaKTOP-TIPOCTPAHCTBE
G/F tenepb yyacTByeT Tak Ha3blBaeMasl OJ€Tasl I-MaTpHUIA
R, = Adg ™' RAdg:

- Lty
S:J<(g la+g)(1>’ﬁR’7P1(g lafg)(l)>.
g

3neck P; — mpoekTop Ha mommpocTpancto g(!) anre6per
JIu g rpynnbl G, COOTBETCTBYIOIIUN 3HAUYEHHIO 0 = +1
aBTOMOpHU3Ma BTOPOTO MOpsAKa o :g — ¢. Mcmonb3ys
9TOT MOAXoxa, B [21] OblIa MOCTpOEHA HWHTErpUpyeMas
nepopmanusa cynepctpyabl AdSs xS° B dopmanusme
Menaesa — LeliTimHa, KOTOPYIO MBI BcKope 06cynum. OTHO-
CUTEJIbHO Takoi neOPMUPOBAHHON CYNEPCTPYHBbI ObLIN
cJieIaHbl ABA BaXHBIX HaOromeHus: 1) neopMupoBaHHYIO
CHUTMa-MO/JIeJIb MOXHO MOHMMATh KaK CTPYHY, PaclpocTpa-
HSIFOIIYIOCS Ha MeTpuueckoM (ore (M®P), He yIOBIIETBO-
pSIIOIIEeM YpaBHEHUSIM cyrneprpaButaunuu [25]; 2) xanma-
CUMMeTpUs cynepcTpyHbl GS moO-IIpexHEMY COXpaHseTCs
[27]. [IpumMeuaTeIbHO, YTO KANMa-CAMMETPHUS CYIIePCTPYHBI
GS moapaszymeBaeT HeOoJIbIIOe 000OIICHHE ypaBHEHUN
cymeprpaButanuu [26], KOTOpble KaK pa3 M PEIIaroTcs
¢orom ABF. Otcrona ciremyer, 4TO IPOCTPAHCTBO COTIACO-
BaHHBIX BAaKyyMOB, 110 KpaiiHell Mepe IJ1s cynepcTpyHbl GS,
LIAPE, YeM IMPOCTPAHCTBO PEIICHUM YpaBHEHUI CylieprpaBu-
Talyu, U, KpOMe TOTO, HEKOTOPBIE TOYKU B 3TOM IPOCTPAH-
cTBe cBa3aHEl Aedopmarmsamu Srra—Bakcrepa’. Janee B
pasmese 4 MBI YyBHIUM, 4TO Ta ke caMasl KAPTHHA CIpaBe/-
ymBa st 11d-cynmeprpaButanum, XOTs HEOOXOIUMO 3aIoJI-
HUTb HEKOTOPBIC MPOOEIbI, TaKue KaK Kama-WHBApUAHT-
HOCTb MEMOPAaHbI IPH AHAJIOTUYHBIX AePopManusx.

K nacrosiimemy BpeMeHHU JOCTUTHYT OFPOMHBIN TpoTpecc
B OHUMAaHHU 1e(OPMHUPOBAHHBIX CHTMa-Mojeieit Sara—
Bakcrepa Ha rpynmoBBIX MHOrooOpasmsix u (GpakTop-mpo-

(3.5)

5 CM., OIHAKO, 0OCYkKIEHHE OTHOCUTEILHO HEMPOTUBOPEYMBOCTU 0000-
HIEHHBIX ()OHOB CYNEPrpaBUTALNM, HA KOTOPBLIX CTPYHA SBIISICTCS] HHBA-
PUAHTHOH TOJIBKO OTHOCHTEIHHO MACINTAOHBIX IpeoOpa3oBaHUil, 60
COOTBETCTBYIOLIMIA KOHTpuJIeH FT siBisieTcst HestokaibHbIM [81 —83].

CTpaHCTBAX, a TAKXXE B MOMCKE HOBBIX IPUMEPOB. OTMETUM
HEKOTOpbIe U3 HamboJiee 3HAYMMBIX pe3yJbTaToB. B [22]
OBLIO TIpeIOXKeHO HeboJbIoe 0000IIeHne -aedopManuu
[21], koTOpoe conmepxkuT TBUCTHI R-omepatopa, mo3BOJISIO-
III¥e BBIMOJHITH YaCTUYHBIE JleOopMAaIlH, 3aTparuBaroIIie
TodbKO cepuueckyro yacTb AdSs x S° cymepcrpynsl. Ha-
NOMHHMM, 4YTO r-MaTpHUIa, ONMCHLIBAIOMIAs CTAHAAPTHBIE
g-nedopmanmu, MeeT Tak Ha3bIBaeMblil Tun JpuHdensaa —
Jxumo60:

1
RDJIG;WEM/\](M, (36)

r7ie UHJeKC M HyMepyeT MOJIOKUTENbHBIC €y U OTPUTATEb-
HBIE f); KOpHU anreOpbl n3oMmeTpuit. JKopIaHOBBI MATPHIIBI
CTPOSITCSI IMHEHHBIM TBHCTOM MaTpPHIbl Rpj MPU TOMOIIA
MPOU3BOJILHOTO (6030HHOT0) KOpHS. OOIIHIA KJIACC UHTET PH-
pyeMbIXx nedopmanuit curma-mojelsied Ha (pakTop-npo-
cTpaHcTBax, ckoOku IlyaccoHa KOTOPBIX CBSI3aHBI CO CKOO-
kamu [21] aHaJIMTHYECKUM NIPOJIOJDKEHUEM, HalaeH B [84].
IT10 06001aeT OoJice paHHue paboTsl [76, 85, 86], Te UH-
Terpupyemsle gedopmManuy ObIIM MOCTPOEHBI KaK MHTEPIIO-
Jsin Mexay ToudbiMu WZW CFT. (IToapoOHnee cM., Ha-
npumep, 0630psl [87, 88], nokTOpckyro auccepraiuio [89] u
CCBUIKH B HEX.) HTerpupyemble nedopMalmy CTpyHbI Ha
AdS,, x S” nHTeHCUBHO HccIIe10BATHCH B [90 —93]. VunThiBas
00CyX/IeHHE B HayaJle 3TOTO pa3jiesia, CTOUT TakXke yHOMs-
HyTh pabotsl [29, 30, 94], B KOTOpBIX ObLIAa MpeAcTaBIICHA
KaJIuOPOBOYHASI HHTEPIIPETAIMS HHTETPUPYEMBIX Aeopma-
Ui ¢ UcroJib3oBaHueM (popmanuzma TBucta dpundenbia.
DT0 0000maeT U3BECTHYIO MHTEPIPETANUIO a0eseBBhIX
nebopmanmii, Takux kak U(1)x U(1)-nedopmarms JTyHnna
n Mannacensl MyTéM TBHCTA MPOW3BEJACHUS MOJICH, HA
HeabeJieB ciyvail (moapoOHee 00 abeyseBOM ciydyae CM.,
Hanpumep, [95]). Pe3ynbTaToM sIBIsSIeTCS HEKOMMYTATUBHAS
Teopus SHra—Mmnica, 4To 0KHUIaEMO, TIOCKOJIbKY TeHepa-
TOpHI AehopMmanuit GepyTcs BIoJb pocTpancTBa AdS.

3.2. UnTerpupyemsbie aedopManui CynepcTpyHbl

Ha pone AdSs x S°

IMpowmtroctpupyeM (Gopmanu3M HHTErPUPYEMBIX Aedop-
Marmii Sara —Bakcrepa Ha npumepe y-aedopManuu cymnep-
ctpynbl AdSs x S°, cieays [20]. Hauném c Toro, 4To
BCIIOMHMM HOCTPOEHHUE CBS3HOCTHU Jlakca ISl CynepCTpyHbI
Menaea — Leiitiuna [96]. ®on AdSs x §° tuma 1IB o6ma-
TaeT HEeWCUYEe3arolUM MOTOKOM camoayaipbHO# RR msith-
(dbopMbl, H, clieOBaTEJbHO, CyNlepCTpyHAa Ha TakoM (oHe
MOKET OBITh yJOOHO OIHUCAHA C MCIOJIb30BaHHEM (hopma-
sm3ma ['puna—IBapua. Takas cynepcTpyHa XUBET B Clie-
JIYIOIIEM CUMMETPHYHOM CYNEepIPOCTPAHCTBE:

PSU(2,214) _ SU(2,2) x SU(4)
SO(4,1) x SO(5) ~ SO(4,1) x SO(5)
SO(4,2) x SO(6

y—)_ 5
=S50, 1) x S0(5) ~ AdSs xS

1%

(3.7)

CooTtBercrByromas curma-mozaesnb GS ¢opmynupyercs B
tepMuHax 1-popmbl A €su(2,2|4), nocTpoeHHoit U3 cynep-
rpynmoBoro ajementa g € SU(2, 2|4) kak

A=—g"dg=A9 4+ 4D 4 4P 4 4O (3.8)

31ech pa3iokeHne 00yCIIOBICHO Z4-TpaiyupoBKoii su(2,2|4),
HHIYyIUPOBAHHON HEKOTOPBIM aBTOMOP(PU3MOM 4eTBEPTOTO
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nopsiaka. Tak onpenenéHnas 1-popma A sBISETCS TIOCKOU:
0y Ap — OpAy — [Ay, Ap] = 0. (3.9)
Toraa meiictBue cymepcTpynbl Ha AdSsx S$° mpuHEMaer

dbopMy Tak HasbIBaeMoOi cymepcTpyHbl Menaesa — LleiiT-
mHa [97]:

NSJReS)

Swr = — J dede [y STr (AP AP) + e STr (A A5))]

g€ (—rr (3.10)

~

)

rae g = R?/(2na’), R — pamuyc S°, a o' — HakJIOH pej-
KEBCKMX TPAeKTOPHil /I BO3GYXaeHUil cTpyHbl. 7% =
=+V—hh*’ rge h*f — oGpaTHas MeTpHKA MHPOBOTO
06néma, STr — cymepcren, a ¢ — momHOCTBIO aHTH-
CUMMETPUYHBINA TEH30p MUPOBOTro 00bEMa, €° = 1.

st nanbHeiiero o6cyx/IeHust y100HO BBECTH TEH30PBI

Piﬁ:%(w/“ﬁixe“ﬂ), (3.11)
KOTOPBIE SIBJISIFOTCS. OPTOTOHAJILHBIMHU TIPOEKTOPAMHU B CJIY-
qasix Kk = +1, U 4eThIpe MpoeKTOpa P; Ha COOTBETCTBYIO-
mue noAmpocrpancTsa B su(2,2|4) ¢ rpagyupoBkamMu k =
=0,...,3, takue, uto A® = P 4. Taxxe MbI Gymem Hc-
[OJIb30BATh CJIEYIOIIUE COTJIANIECHUS ISl CIIPOEKTUPOBAH-
HBIX BEKTOpOB V7§ = Piﬁ V. B 3TX 0003Ha9CHUAX

Sgs = J%J dtdo P STr (4,[P1 + 2P, — P3]4y) . (3.12)

HeiictBre GS (3.12) momkHO 007120aTh JTOKAJIbHOH (ep-
MHOHHOH CHMMeETpuel, Ha3piBaeMon k-cummeTpueid. OnHa
BIIBOE YMEHBIIIACT KOJIMYESCTBO (DEPMHUOHHBIX CTEMCHEH CBO-
00aBI MUPOBOTO 00BEMA, Jesiasi UX COBMECTUMBIME C TIPO-
CTPaHCTBEHHO-BPEMEHHOM CymepcuMMeTpueil (pu3nIeckoro
cnekTpa cTpyHbl. E€ mpeobpa3oBaHue eicTByeT Ha A clie-
JIYIOIIUM 00pa3oM:

56A=—d€+[A,€], €=€(l>+€(3>, (313)

(3.14)

WHuTtepecHbIil (HaKT 3aKIIOYAETCS B TOM, YTO K-MHBAPHAHT-
HOCTb JielicTBUs TpeOyeT k = +1, u moatomy Pi‘ﬁ HAa CaMOM
JieJie — OPTOIr OHAJIbHBIE IPOEKTOPHI.

VpaBHenus nprokeHus 11s (3.12) MoryT ObITH 3anCaHbI
B CJIEIyIOLIEH KOMIIAKTHOH (hopme:

0=, Ay —y*[40, 4] +
1 1 3
+3 ke ([0, AP — 4D, 4P))

(3.15)

I'nobanbhas PSU(2,2|4)-cuMMeTpust CHIMa-MOJIeNI OTBe-
YaeT COXPAHCHUIO CICAYIOLINX HETEPOBCKHUX TOKOB:

1
J*=gg y“ﬁAﬁ? ) Ké“ﬁ(A§;1> - A}f)) g, 9,J%=0.
(3.16)

DTa MOJEJIb SIBJISIETCS KJIACCUYECKU MHTET PUPYEMOH, CIe-
JI0BaTeIbHO, €€ ypaBHeHus nBmwkeHus (3.15) coBMecTHO ¢
YCJIOBUEM ILTOCKO# cBsi3HOCTU JIs1 A (3.9) SKBUBAJICHTHBI
YCIIOBUIO HYJIEBOW KPUBU3HBI,

aaLﬁ — a,;L1 — [Lg(7 L/;] = 07 (317)

ntst eBsisHocTH Jlakca Ly, onpeeI€éHHOM Kak

Ly = 0AY) + 64D + 037,57 AD + 640 + 0,40 . (3.18)

ITpedakTopbl TOKHBI OBITH BEIOPAHBI KaK

(3.19)

IJIe z — CIEKTPaJIbHBINA MapaMeTp U kK = 1. DTo 03HayaeT,
4TO TpeOOBAHUE MHTETPUPYEMOCTH aBTOMATHYECKH MPHBO-
JIUT K TeM ke OTPAaHMYCHUSIM, YTO U K-HHBAPHAHTHOCTb.

Tenepp xpatko obOcyauM pesynbtaThl [21], Tae Obuia
[OKa3aHa HMHTETPUPYEMOCTb CyNepCTpyHbl Ha (oHEe n-ae-
(popmuposannoro AdSsx S°. 3ameTum, 4TO AId A MBI
ucroyib3yeM cornarienue (3.8) ciemyst [96], 4To oTIMYaeTCs
ot [21] na 3uak "—". CymepcrpyHa Ha 1-1eOPMUPOBAHHOM
AdSsx S® MoXeT GBITh 3aImicaHa Kak clemyromas 4-aedop-
Manus cynepctpynsl Menaesa — Leiitina (3.12):

1+n%)? 1

St = —gjdrda % P STr (AXPO TRgo}’(Aﬂ))’

(3.20)

rac

2 ~ 2
P:P1+—2P2—P3, P:—P1+—2P2+P3.
1= L=

(3.21)

Ba’xHEHIIUM KOMIIOHEHTOM 3JIeCh SBJSETCS KOCOCUM-
METpHUYHBII omepaTop Ha su(2,2|4), KOTOpbIil AeiicTByeT
Kak Ry = Adg‘1 o RoAdy n pemaer moauduIMpoBaHHOE
Kjaccuueckoe ypaBHeHue SIHra-—bakcrepa. A UMEHHO,
VM, N esu(2,2|4):

[RM, RN — R([RM, N] + [M, RN]) = [M, N| (3.22)

u STr (MRN) = —STr (RMN).
Hns n = 0 meiicrue (3.20) BocnpousBoaut (3.12). Cre-
JTYFOIIIHAE BEKTOPBL:

1
Jy =
" 1—nRyoP
- 1
9(_1—|—11Rgo[~’

(4,), (3.23)

(3.24)

MO3BOJISIFOT HANMCATb ypaBHeHWs ABukeHus s (3.20) B
HauboJiee y100HOM BHU/IE

0= P@,J%) + P(0,J7) — [J 10y PU")] [T o PTM)] . (3.25)
HaKOHCH, OonpeacIinM

- - o l+n? .
Li:Ji(O)-i-)u /1_'_;72‘11(1)_,'_/L 2 I_Zz Ji(Z)_;'_

T+ ) (3.26)
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2
M* = 70 T2 4 2 L e

1—n?""
+ 271420

CO CHEeKTpaJibHbIM mapameTpoM A. Torma mosHbld Habop
ypaBHeHui (3.25) u ypaBHeHUs HYyJIeBOW KpuBU3HBI (3.9)
SKBUBAJICHTHBI:

(3.27)

0, L% —0,M* —[M_,,L%] =0. (3.28)

Beoas £, = Ly, + M_,, monyyaem cTaHJAPTHOE YpaBHEHUE
Jlakca

0uLp —OpLy — [Lay L4 = 0. (3.29)

DTO MOATBEPKAACT UHTET PUPYEMOCTH 1-1e(hOPMHUPOBAHHOM
curma-moiesiu. Takke CTOUT OTMETHUTD, 4To AericTBue (3.20)
K-MHBAaPUAHTHO.

3.3. T-nyansHocth Ilyaccona—JIn

Hepopmarnun Anra—bakcrepa npeacraBisitor coboii yact-
Hbii npumep T-ayanpHocTH Ilyaccona—JIu u, B 4acTHOCTH,
MOTYT OBITh NMPEICTABJIEHBI Kak HeabeneBa T-myanbHOCTH ¢
JIOTIOJTHUTEIbHBIM MapaMeTpoOM, OOpPATHBIM 3HAUCHHEM
KOTOPOT'O SIBJISIETCSI B TOYHOCTH HapameTp Aepopmanuu
[98]. XoTsa mogpoOHEBIit 0030p T-myanpHOCTE# [lyaccona—
JIu Ha camMoM fieJie He SBJISIETCSl HEOOXOIUMBIM TS OTIpeie-
JeHust ypaBHeHuit Slura—baxkcrepa, 3Ta 4acTh UCTOPUU TIO-
MpeXXHEMY Ba)KHA IS 1esied HacTosero oo3opa. [Ipnunna
B TOM, YTO €CTh JIBa U3BECTHBIX CIIOCO0A MPUITH K TPEXMED-
HOMY O00OOIIIEHNIO KJIacCH4ecKoro ypaBHeHusi SIHra—bBak-
cTepa: UCIOJIb30BATh aIreOpamIeckue paccykJICHUs, OCHO-
BaHHBIC Ha 00OOIIEHUSAX KOHCTpYKIMU ayOsis dpundenbaa
[37, 38], uaum oOpatutbes K aedOpMaIMsIM CO CTOPOHBI
cyneprpasuraimu [34, 36]. [IepBblit ocHOBaH Ha 0600IIEHUN
cumMeTpun U-TyalbHOCTH MeMOpAaHbI Ha TaK Ha3bIBAEMYIO
cummerpuro HamOy—JIn nytém nedcTBHid, aHAJIOTHYHBIX
TeM, KOTOPbIE BeAyT OT 0ObIYHON T-1yaJIbHOCTH K AyaIbHO-
ctu [Tyaccona—JIu. DTOT MOAX01 OTpaHUYEH TOJIBKO TPYII-
MOBBIMHM MHOTOOOpAa3usMu, B TO BpeMs Kak Jijis ooero 11d-
(oHa cireyeT IpUMEHSATh BTOPOM MOJXO0/, OCHOBAHHBIN Ha
HCKJTIOYATEILHOW TEOPHHU MOJISI M, B KOHEYHOM CUYETe, CHOBA
Ha U-gyanbHOCTH, HOHMMAaeMoO#l Temepb Kak JIOKaJbHas
CHMMETpHUS CHEeNUAIbHO PACIIMPEHHOTI0 IpocTpancTsa. I1o
9TOW HPHUYMHE MBI CUATAEM MOJE3HBIM IMOKAa3aTh CBS3b
Mexay aepopmanusamu SAura—bakcrepa u T-myaabHOCTBEO
Ilyaccona—JIu aJisi maJibHEMIIErO MCHOJb30BAHUS 3TOH
JIOTHKH B ciyvae 11d.

IIpeoOpazoBanust T-gyanbHocTu Ilyaccona—JIu Oblin
npeiokeHsl B [99], 4TOOBI OTBETUTH HA BOMIPOC, MOXKHO JIX
MOCTPOUTh TpeoOpa3oBaHue oOpaTHOe HeabeyeBon T-my-
aIIbHOCTH. Ba)kHBIM HaOITIO/IEHHEM 3[1eCh SIBJISIETCSI TO, YTO
crannaptHas (abesieBa) T-IyanbHOCTD, ompeesiseMast mpa-
Bujamu Byrepa, coxpansier uzomerpun U(1), Ha KOTOPBIX
oHa moctpoeHa. IJisg Toro 4To6sl 0000IIUTE 3TH JTyaTbHO-
CTH, MOXXHO HayaTh ¢ HeabeJieBO#l rpymmbl cumMmeTpuii G
(domna, a He ¢ abeneBoi rpynmsl Topa [100]. Takue HeabeseBbI
npeobpa3oBanus T-TyabHOCTH, BOOOIIE TOBOPS, HAPYIIA-
FOT UCXOJTHBIE U30METPHHU, K BECbMa HEOYESBHUTHO, KAK MOYXHO
OCTPOUTHL 0OpaTHOE NpeodbpazoBanue. st T-nyanuzanuu
(hoHoB 6e3 nzomeTpuit B 00BIMHOM cMBICIIE B [99] ObLI npe-
JIOKEH anreOpamvyecKuii MoaxXod, OCHOBAHHBIN HA TMOHSTHU
nyouneit Ipundenbaa, rae nU30MeTpUs ASHCTBUTEIBHO CYIIe-
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CTBYET U CKPBITA BHYTPH aJIreOpanyecKkoil CTPYKTYpbI yOJIs.
OcTaHOBUMCS TOJPOOHEE HA MOCTPOCHHUU, COCPEAOTOUUB-
IIUCh B MIEPBYIO ouepenb Ha Aepopmanusx Sura—bakcrepa
BHYTpHU 1y6is Hpurabenbaa. O630p HeabeneBbix T-myalb-
HOCTEH M WX NPHJIOKEHHHA B KayeCTBE METOJa TeHepaluu
pemieHuit nan, Hanpumep, B [88, 101, 102] (nis Gomnee mo-
npobHoit nHpopmanun o T-gyanbHocTsx Ilyaccona-—Jlu,
BKJIFOYAS MX PEaJM3aIIo B JBOMHONU TEOPHUH TOJIS, CM., Ha-
npumep, [103—-106]). HemaBaee obcyxaeHue, CBS3aHHOE C
cummetpueit Ilyaccona—JIu u HeabesneBoit T-nyaabHOCTHIO
JUUISL KBAaHTOBOM cymnepcTpyHbl, npuseneHo B [107, 108], 06-
LU OJIX0/T K METOAaM reHepanuu perreHuii cM. B [109, 110].
YtoObl BBIITH 32 pamMku T-ayaiu3ainuu BIOJb U30MET-
puii, OmpenesseMbIX COXPAHSIOIIUMUCS 3apsaamu, B [99]
OBLTO BBEJICHO MOHSITHE HEKOMMYTATHBHOT'O 3aKOHA COXpa-
Henwus. J1st curma-Mo/ienu Ha rpynnoBoM MHorooo6pasuu G
HEKOMMYTATHBHBINA 3aKOH COXPAHEHUS BbIPAKACTCS KaK

dJ, = % Jd Ty NI (3.30)
rje TOKH J, COOTBETCTBYIOT CTAHIAPTHOMY [EHCTBUIO
rpynnbl G Ha cebs. B xoopamHaTax OeWcTBHE TPYIIIbI
MOXHO 3anmcaTh B Buje 0x' = v,'c¢?. [lpu Takux caBurax
KOOPJMHAT EHCTBHE IBYMEPHON CHIMa-MOesH mpeodpa-
3yeTcs Kak

8S = j d*c L, (E;;)0x 0x/ + J de“ N J,, (3.31)

rae E = G+ B. Unterpupys nociennuit wien (3.31) mo
YaCTSIM H MPEIoIarasi CoOOTBETCTBYIOIINE TPAHIIHBIE YCIIO-
BUsI, Mbl BHJIMUM, YTO JefCTBHE OCTAETCS MHBAPHAHTHBIM
OTHOCHUTEJIbHO MPeoOpa3oBaHusl, KOTIa BBIMOJIHICTCS OO0
00OBIuHBII 3aKOH coxpaHenus dJ, = 0, 1m060 HEKOMMYTATUB-
HBII 3akOH coxpaHenus (3.30) BMecTe ¢

‘cva (El/) :j‘ah(‘vakvblEkiE// . (332)
W3 ycinoBus paspelimMoCTH 3TOrO OTPAHUYEHHs CJIEMYET
Takas CB3b MEXIy BeIMYMHAMH f,’° M CTPYKTYpHBIMH
KOHCTaHTaMu f,;,¢ anredps! JIu g rpynmsl uzomerpuii G:

41 f ) = L ot =0, (3.33)
YTO C y4€TOM YyCJIOBHsA pazpemmmoctu s (3.30), koTopoe
maér [, fgb")] =0, u ToxaecTBoM Skobu s f,,° TpUHU-
MaeT GopMy YCIOBUSI COBMECTHMOCTU CTPYKTYpbI Omaire-
6per JIu Ha g. B [99] Oblno nokazano, 4To Ui anredp g,
ONpeNIeIEHHbIX KaK fi¢, U §, ONPENeNEHHBIX KaK f,’°, mis
nyoust Jpungenbaa D (OyaeT onpeaesieHo HUXKe) CUTMa-Mo-
Jiesu Ha (POHAX, peasM3yrolnX ¢g U g, SKBUBAJICHTHBI. DKBH-
BAJIEHTHOCTH 3/IeCh TMOHMMAETCSI B TOM CMBICTIE, YTO 00e
CHUTMa-MOJIEJI MOTYT OBITH MOJIYYeHBI TPAHCIIAIUEN d-Mep-
HOTO JIMHeWHOro mpocrpancTBa £ = T,D, Kacarouerocs
rpynnbsl dpundenbaa D B eauHune e, aubo aAeicTBUEM
expg, Jinbo neiicTBreM expg. B Oosiee pusmueckux tepmMu-
Hax: YpaBHEHUs ABIKEHUS Te Ke CaMbIe.

OcrtaHoBUMCS TOApOOHEe HA IMOCTPOCHUU AalredOphI
Hdpundenbaa, n3deras, 0THAKO, KATETOPUIECKOTO SI3BIKA
KOMMYTAaTUBHBIX TUATPAMM, TOCKOJIbKY TPU pabOTe C SIBHBI-
MH (OHAMU BCeraa MNPUXOAUTCSI BBIOUPATh KOHKPETHBIN
6asuc. CienoatenbHo, mycth {7,} = basgu {79} = basg
c a=1,...,d, torma nyonp [puHdenbaa MOKeT OBITh
peam3oBaH Kak Tpoiika Manmua (T,, T, n), Tae n — He-



250 K.A.TYBAPEB, 5.T. MYCAEB

Y®H 2024

BBIPOXKICHHAS KBaIpaTH4YHAs (popMa, ompeessieMast Kak

n(Tm Tb) = 5ab~ (334)

KOMMyTaL[I/IOHHBIe OTHOIIICHUS B 3TOM 6a3I/ICe NMCHOT B
[Taa Tb} :fz-lb(lT(’ )
[Ta: fb] :J;ubc T, _facbf(‘ s
[j—va’ Tb} :J}('ah T(' )

(3.35)

Hns onpenenenust T-nyanbHocTed Ilyaccona—Jlu B 3THX
TepMHUHAX YIO0OHO 0003HAUMTH Bech Gasuc vepe3 {T4} =
= {T,, T}, a cTpyKTypHBIe KOHCTaHTHI — uepe3 F 3¢, T.e.
[T, Tp) = F45°Tc. Toraa xsaapatuunas Gpopma 3agaéres
MHBAPUAHTHBIM TEH30POM 1] 5 TpymIbl O(d, d)

0 55/’}

nis=| s (3.36)

IIpeo6pazoBanusa T-myansnoctu I[lyaccona—Jlu torma
sirstores Takumu O(d, d) BpalueHusMu 6a3uca

"= C48Ty, (3.37)

KOTOpbIE coxpaHstoT nyosb dpundenbaa. JIis noctpoeHus
TeOMETPHUYECKOi peanm3anuu Oep&Tcsi Tak Ha3bIBaemas
reoMeTpuyecKasl MOArPyIIa, Mo OMPEACIICHAIO MOPOKIEH-
Has g, ¥ CTPOMTCS IpaBouHBapHaHTHas 1-popma r = g~ ! dg,
rae g € G. 3aTeM ayasbHbIA (POH CTPOMTCS Kak reoMeTpuye-
cKas peaju3anusi Npeodpa3oBaHHON reOMETPUYECKON MOJ-
TpyIIbI, TOpoXAEHHON g’. Boslee moapobHOe ommcanme
aToro ajropurMma cM. B [37, 39, 111]. ITouck Takoit maTpuib
C4% € O(d, d), coxpansrorueit my6.1n JIpuapensaa, sBiseTcs
HauboJiee CII0XKHOU 3aaaueil mpu MOCTpoeHUU T-IyasibHbIX
¢onos no ITyaccony —JIu. HekoTopsie pe3yIbTaThl KJIACCH-
¢dukaryu miist anre6p JIu MeHbleit pa3MepHOCTH TOCTYITHBI
B muTepatype [112—114]. dna cnemmanpanix Matpun C45,
COOTBETCTBYIOIIMX BHYTPEHHHM aBTOMOP(GU3MAM T'PYIIIbI
O(d,d) (pakropuzoBanubiM T-AyalbHOCTSM), CYIIECTBYIOT
JIUCKPETHbIE MPEeoOpPa30oBaHUsI, KOTOPbIE TAPAHTUPOBAHHO
COXpAaHSIFOT 3aJlaHHbIil 1y0sb dpundenbaa. [Ipumepom Ta-
KOro mpeoOpa3oBaHMs SIBJISIETCS MEPECTAHOBKA g < g, T.C.
JIpyToif criocod cka3zaTh, YTO AaHHAs anredpa [dpuadensaa
MOXeT OBITh pa3JiokeHa Ha JBe Tpoiikm Manuna. Bosee
Toro, B [115] 6bL1u HaliieHbI puMepsbl 1y0uielt dpundenbaa,
KOTOPBIE MOTYT OBITH pa3JioKeHb! O0Jiee YeM Ha TpU TPOHKHU
Manuna, uTo OBUIO Ha3BaHO T-maropanbHOCThIO Ilyac-
cona —JIu.

ITocne 3TOro JJIMHHOTO BBEACHUS MbI, HAKOHEII,
MOJIONUTH K ompenesieHunto aepopmanuit SIara—bakcrepa B
tepMmuHax ayoneit dpundenbna u cummerpuid [Tyaccona —
JIu. PaccMOTpMM HENpepBIBHOE CeMEHCTBO aedopmanmii
manmoit amre6psr dpundensma f,2 = rdlf, 9, COOTBET-
crByromee aedopmanun anredpsl Jpundensma ¢ f,% =0,
CJIETYIOIIEH MaTpHUIle:

CAB _ |:5ab ’,ac:| .

o 5 (3.38)

Tax onpenenéHHbIe TyaIbHble CTPYKTYPHbIE KOHCTAHTHI f,7
YIIOBJIETBOPSIOT BCEM YCJIOBHSAM COBMECTHOCTH, ecim i

YAOBJIETBOPSIET KJlacCU4ecKoMy ypaBHeHMto SHra—bak-
crepa

relepliibg dl — ¢, (3.39)

Ha o6cyxmaeMoM HIDKe S3bIKE TBOMHOW TEOPHH TOJISE TaKast
MaTpHIla COOTBETCTBYET MPOCTO YaCTHOMY CJIy4aro 0000-
mEHHBIX nuddeoMopPu3zMoB pacImpeHHOT 0 TPOCTPAHCTBA
[116, 117]. ITockombky Takas medopmanus Sdura—Bbakcrepa
M3MEHSIET UCXOIHYIO anredopy dpuHdensaa, ctporo roBops,
9TO HE 1yaJIbHOCTb B OOBIYHOM CMBICJIE OTHOLUEHUSI MEXIY
JIByMs pa3JIMYHBIMU OIUCAHUSIMH OIHOM M TOM ke (HU3UKH.
OnHako reoMeTpuyeckasl peaam3anusi 1epOpMHPOBAHHOTO
nyons Jdpunadenpaa pemaer ypaBHEHHUs CyNeprpaBUTAINH,
€CJIM HAYaJIbHBIA (DOH SIBJISIETCS] PEIICHUEM W BBITIOJTHSIETCS
TaK HA3LIBAEMOE YCJIOBHE YHHMOMYIAPHOCTH rf,¢ =0,
4TO JIyYIlle BCETO MOXHO MpOHAOIr0AaTh B (popmaimzme
JIBOMHOM TEOPUU MOJIsI, K KOTOPOMY MBI Ceifuac mepexo M.

3.4. busexkTopHas qedopManus pereHui

10-mepHo¥i cyneprpaBHTaHH

Kax yxe ymomMuHaJIOCh, ONUCAHHAS BbIIIE KOHCTPYKIIHS
OTPAaHMYUBAETCS TPYNIOBBIMA MHOT000pa3usIMU U hakTop-
npocTpaHcTBaMu (B ciydae HeabeneBoit T-gyalbHOCTH
(NATD) [98]). [IpuunHy MOXHO YBUIETh B TOM (haxTe, 4TO
OHa OYeHB aJredpanyHa Mo CBOEH MPUPO/Ie U CUIIHHO 3aBUCHT
OT HUCIIOJIb30BAHUS NIPABOMHBAPUAHTHLIX (POPM B KayecTBE
napaMeTpoB OO0BEMIIIOLIEIO NMPOCTpaHcTBa. boisee Teope-
THKO-TIOJIEBOM moaxon k aedopmanusm Sura—Bbakcrepa
ObLIT IpesiokeH B [29, 30] 1 moyuni nanbHellee pa3BuTue
B[31,32, 117, 118]. IToaxo [29, 30] 6bL1 OCHOBaH HA TOM, YTO
nepopmaruu Sura—bakcrepa (oHa, 3a1aHHOTO METPUKOM
G, Moryt ObITh NpEJCTaBJICHBl B BHJAE OTOOpa)XeHUs
OTKPBITO-3aMKHYTOH CTPYHBI

(G +B) " =g+b, (3.40)
rae g u b — gepopmMupoBaHHast METpUKA U AehopMupoBaH-
Has 2-popma noss Kanba—Pamona, a mapamertp nepopma-
muu B = rk, A kj, onpenensercs uepes BekTopsl Kutunra
ko = k,/"0,, ucxomuoro gona. 3aMeTUM 3/1eCh, YTO MTapaMeTp
nmedopmarmu 7" BXOIUT B ypaBHEHHS TEM XKe 00pa3oM, 4TO
U IapaMeTp HEKOMMYTAaTUBHOCTH 3aiibepra u Butrena [119].
XOTs I'IyOMHHBINA CMBICII 3TOTO HESICEH, POBHO TO e caMoe
MOXHO HaOJiromaTh ¥ B 11 u3mepenusix. Tam mapametp
nebopMammy nMeeT Tpu nHAekca Q™K TounHO Tak Xe, KAk
napamMeTp HEKOMMYTATUBHOCTH MeMOPaHbI, a 0000IIIEHHBIC
npasmia nepopmannu SHra—bakcTepa IMEIOT B TOYHOCTH
BUJI OTKPBITO-3aMKHYTOI'0 OTOOpaXeHUs] MeMOpaHbl, KOTO-
pblii Oyzer obcyxaaThes B paszjaenie 4.4.

ITockoybKy MBI HE MOXeEM 0oJiee ToAPOOHO MPOKOMMEH-
THPOBATH 3TO OUYEHb HHTPHUTYIOIIIEe COOTHOIIEHUE, MBI TIPE/I-
mouTéM chopmympoBats nepopmanun Sura—bakcrepa Ha
koBapuaHTHOM s3bike O(10,10), koTopslil 0600mMM Ha
11-MepHbIi cityuaii. DTO A3bIK ABOMHHONM TEOPUH 1OJISI, TIE BCE
MOJIs CyHeprpaBUTAlUU 3aBUCSAT OT YABOEGHHOro Habopa
koopmuHaT {XM} = {x" X,} ¢ yuéTOM TaK Ha3bIBAEMOTO
YCJIOBHSI TPOEKIINHI

n"Noy edye =0, (3.41)

rjie TOYKH 00O03HAYaIOT JII00O0e M3 TMOJIeH TeOpHH U MX
koMmOuHanuu. [To cyTH, ycJIoBUE IPOSKIIMHA CHUMAET 3aBHCH-
MOCTb OT TOJIOBHHBI KOOPAMHAT, T.€. OT TaK HA3bIBAEMBIX
HereoMeTpuyeckux {X,}. B mampHeiitiiem Mbl Beeraa 6yaem
npeanoJjiaraTe Takoi BeIOOp mpoekuuu. Mnes yaBoeHus
KOOpJIMHAT CJIeJlyeT U3 paHHel paboTel ®pagkuna u Lleit-
smmHa [120], re mpaBas 1 JeBasi MOIbI JIBHXKEHUS 3AMKHYTOM
CTPYHBI Ha TOPE PACCMATPHUBAIOTCS HE3ABHUCUMO, OTCIOJIa U
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aJpTepHATUBHOE O0O3HAuYeHUE X, KaK KOOPAUHATHI 00-
MoTku. [ToHSITHE YCIIOBHS MPOEKIUK U OOOOIIEHHOW TPO-
u3Bo1HO# JIu ObL10 BBeeHo B [121, 122]. TTonuas popmyu-
pOBKa IBOWHOU Teopuu MoJjis Oblia pa3dpabotana B [123] mis
cektopa NS—NS, B [124] nis nosiHOr0 6030HHOTO CEKTOpa
cyneprpaBuTanuu u B [125] Bkirouasi cynepcuMmeTputo. s
1eJieil TaHHOTO 0030pa ABOWHAS TEOPHS MOJIs TPOCTO odec-
TeYnBaeT yIOOHBIA BBIOOP MapaMeTpH3alud MOJeH, s
KOTOpBIX nedopmarmu SHra— Bakcrepa craHoBSTCS JTHHEH-
HeIM TpeobpazoBanuem O(10,10). CrnemnoBaTenbHO, MBI
MPEIOCTABIM TOJILKO HEOOXOIUMBIE YacTH popMain3mMa, a
st 6ojiee moapoOHOTrO 0030pa YMTATENIb OTCHIIAETCS K
paboram [126 —128].

B xoBapmanTHOM opMam3Me MeTpHKa i B-oste cymep-
TPaBUTALMH YIAKOBBIBAIOTCS B TAK HAa3bIBAEMYIO 0000IIEH-
Hyto Metpuky Hyy € O(10,10)/0(1,9) x O(9,1). Hus na-
KX IeJield ynoOHee BBeCTH 000OILEHHYI0 MaTpuLy Hyn =
= Ey*ENPH 45, Toe H 43 — TOCTOSHHAS €IMHUYHAS MAaT-
puna. O6OOIIEHHBII perep B BEPXHETPEYroJibHOM (opme
MOXeET OBITh ONPEIEEH MyTEM BO3BEIICHUS B CTEIEHb MPO-
CTPAHCTBEHHO-BPEMEHHOTO perepa ¢, u b, ¢ onpeaeicu-
HbiME rerepatopamu u3 O(10,10). s 9TOro pasiiokuMm
TeHepaTOpbl MO NEWCTBUIO TE€OMETPHYECKON MOArPYIIIbI
GL(10), T.e. napamMeTpu3yeM T'eHEepaTOPhI CIEAYIOIIMM 00-
pasoMm {Tw, T,", T%} = baso(10, 10). Toraa 060OIIEHHbIIH
perep ompeaessaeTcs Kak

EMA = &Xp [emaTam} exp [bahTab} = [88{1 bmekibk] . (3'42)
b

Paccmotpum teneps npeobpaszosanue O(10, 10) Buga
o 0
ﬁnk 5lk .
(3.43)

E,MA = OMNENA ) OMN = €Xp [.anTmn] = |:

Torma oboOménHass MeTpuKka JMHEWHO TpeobOpasyercs
conpsixkenuaMu H' = O~'"HO u B TepMHHAX IpOCTpaH-
CTBCHHO-BPEMEHHEIX MOJIeH g, b mpeoOpa3oBaHUE MMeEET B
TOYHOCTH BUJI OTOOPaXEHUS] OTKPBITO-3aMKHYTOH CTPYHBI.
Crenys [29, 30], mpeAnoyioxkuM OUKHILIMHTOBBIA aH3AIl IS
OuBeKTOpa

ﬁmn — rabkamkhn7 (344)

rae r® = —rP® — mocrosHHAs MaTpuuA, a k,” — BEKTOPBI

Kwimnara wcxomnoro ¢oHa g, b. Tenepp HNperMyIIECTBO
KOBapHAHTHOTO SI3bIKA COCTOHUT B TOM, YTO, [IJIs1 TOT'O YTOOBI
Takou mpeoOpa3oBaHHbIN (POH MO-TPexkHEMY ObLIT pEeIICHUEM
YpaBHEHWIA CyleprpaBUTANNN, JOCTATOYHO MPOBEPUTH, YTO
TaK Ha3bIBaeMble OOOONIEHHBIE TOTOKU OCTAKOTCS HHBA-
puantHbiMu [98]. TTocneanue omnpenensitoTcss kKak 000011e-
Hue K03 PpUIUEeHTOB aHT 0JIOHOMHH

Li,Ep=F s Ec,

Lpd=Fy,

(3.45)

rae L, 0603HauaeT 0600ILEHHYIO TPOU3BOAHYIO JIN BIOJIB
06061ménnBIX penepos E M, a d — nHBapuaHTHLII IUIATOH.
B o6mem ciryuae motoku F € n F 4 IpencTaBiIsioT coboit
HEKOTOpbIe KOMOWHAIINY TIOJIeH g, b, ¢ 1 UX POU3BOTHBIX U
CTAHOBSTCS MOCTOSIHHBIMHU B CJTy4ae IPYIIOBBIX MHOTO00pa-
3uil. Torja 3T0 B TOYHOCTH CTPYKTYpPHbIE KOHCTAHTHI F 43¢
cooTBeTcTBYroMIEro ayosst Jdpundenbna. Baxneitein s
00CyXAeHUsI 0COOEHHOCTBHIO IBOWHOM TEOPUH TOJIS SIBIISETCS
TO, UTO ITOYTH TAK XKe, KaK 1 B OOIIEeH TEOPUH OTHOCUTEIIHHO-

2*

CTH, e€ NCUCTBUS U yPABHEHHMSI TIOJISI MOTYT OBITh MOJHOCTHIO
3aMUCaHbl B TEPMHUHAX MOTOKOB M MX MPOU3BOJHBIX [129].
CrenmoBaTesbHO, eciiu aedopManus He u3MeHsieT 0000IIEH-
HBIE TIOTOKH, TO 3TO IpeoOpa3oBaHMe, TMOPOXKIAOIIEe pe-
menre. DTO CBOAUTCA K YCJIOBHIO Ha MaTpuiy r°, xoTopoe
3aMeYaTeSIbHO COBIIAJAeT C KJIACCHYECKUM YpPaBHEHHUEM
Sura— bakcrepa BMecTe ¢ YCIOBUEM YHUMOOYISIPHOCTH:

el =0, r®fy¢=0. (3.46)

B 3axitroueHne 3TOro pasjesia HalOMHUM, YTO C TOYKH
3peHust curma-monenu aedpopmanuu SHra—bakcrepa co-
XpaHAIOT UHTErpupyeMocTb. C ToUkH 3peHust T-myaibHO-
CTH OHU JISHCTBYIOT KaK YaCTHBIN ciyuait cummeTpuu [Tyac-
cona—JIu, nedopmupyroieil 3agaHHbil 1y0ab dpuHbennb-
na. 3a mpenejaMH T'PYNIOBBIX MHOTOOOpasuil OHU JIeii-
CTBYIOT KaK IpeoOpa3oBaHusl, TEHEPUPYIOIINE PEIIEHUs], CO-
Xpasstoime oO00OIEHHBIE MOTOKH JBOWHON TEOPUH IOJIS.
Ha naHHBII MOMEHT MOCIEAHME BA U3 ITHX MOAXOIOB K
nedopMmarusiM ObLTH 000011IeHbI Ha 11 u3MepeHuid, mo-Bu-
IIMOMY, 0e3 yuéTa UHTErpUPYEMOCTU MEMOPAHBI.

4. 11-mepHasi cyneprpaBuTanusi H MeMOpaHbI

Knaccuueckass MHTETpUpyeMOCTb JBYMEPHOW CHUCTEMBI
(ckaxeM, (QyHIAMEHTAJIBHOW CTPYHBI) O3HAYAET, 4TO €€
YpaBHEHUS IBIKCHUSI MOTYT OBITH 3alMCAHBI B BHJIE YPaB-
Henus Jlakca —3axaposa—llabara, siBisrolerocs TpeboBa-
HUEM TIOCKOCTHOCTH 1-(hopMmbl 4 cBsizHocTH Jlakca. B cBoro
ouepeb 3TO O3HAYAET, YTO OMEPATOP IBOJIIONUU MOXKET
OBITH MOCTPOEH B TEPMUHAX JIMHUM BuibcoHa, koTOpas He
3aBHUCHUT OT BbIOOpa myTH. [IpuHUMas 32 OTIIPaBHYIO TOUKY
YCIJIOBUE TJIOCKOCTHOCTH, MOHO HCIIOJIb30BATh I-MATPUILY,
yIOBJIETBOPSIIOIIYIO KJIACCUYECKOMY YpaBHeHHIO SHra-—
Baxkcrepa, ans noctpoenusi cko6ok Ilyaccona coorsert-
CTBYIONIEH CHCTEMBL. DTO YpaBHEHHUE SIBIISIETCS KBA3HKJIACCH-
YECKHM IIpeIeJIOM KBAHTOBOTO ypaBHeHus Sura—bakcrepa,
pelieHne Kotoporo R ompenensieT S-MaTpUIly CHUCTEMBI.
Takoe cBoicTBO (hakTOpU3aIMU S-MATPHULBLI O3HAYAET, YTO
Teopusi uHTErpupyema. s 3aJaHHON UHTETPUPYEMOU Cy-
NePCTPYHBI HA HEKOTOPOM CYNEPIPaBUTAINMOHHOM (oHe
KJIaccuyecKkasl r-MaTpula r € g A g MOXET HCIOJIb30BaThCs
IUTS OlIpenielieHnst e€ WHTerpupyeMbIx nedopmanumit. s
IIPOU3BOJILHOTO pelIeHus ypaBHeHui 10-MepHOI cyneprpa-
BUTAIMU Takue (YHUMOYJspHbe) nepopmanuu SHra—
Bakcrepa BBICTYNAIOT B poju MpeoOpa3oBaHMiA, TOPOXKIAIO-
IUX CEeMeNCTBA pelleHuit. AjreOpanveckasi CTpyKTypa,
CTOAIIAS 32 TAKUMH CUMMETPHUSMH, 00eCIeunBaeTCs Kjlac-
cuueckuM ayosiem pundensaa u T-myansHocThio Ilyac-
cona —JIn.

B pazgene 2.4 ™Mbl BuIend, YTO TpPH 3aMEHE CKOOKH
ITyaccona ckobkoii Ham0Oy ecTecTBEHHO BO3HHKACT JICii-
CTBHE, CXOXee ¢ meiictBreM MeMOpaHbl. XOTSI HHTETpUpye-
MOCTb B TPEX U3MEPEHHSIX HE SBJISETCS YETKO ONPEeAeSIEHHBIM
HOHSITHEM, MOXHO CHIeJaTh HEKOTOpoe 0000IIeHNE CTPYK-
TYP, OTBEYAIOIINX 32 HHTETPUPYEMOCTh B PA3MEPHOCTH /IBA.
PaccmoTpum, kak u panee, napy Jlakca, Torjaa ckooka Ham-
0y MOXeT OBITh TOJIYUeHA MPHU IIOMOIIN TaK Ha3bIBAEMOT O
p-TeH30pa p € g AgAg, KOTOPBIA yIOBJIETBOPSIET HEKOTO-
poMy 00001IeHII0 Ki1accuieckoro ypaBHeHusi Slnra—bBak-
crepa. Takoil p-TEH30p MOXHO HCIIOJIb30BaTh IS Aedop-
Mallii TaK Ha3bIBAEMOI MCKJIFOUMUTEJIbHOU ajireOpbl JIpuH-
(denpaa, KoTopast mpeICTaBiIseT co00it 0000IIeHNe KITACCH-
qeckoro ayons [puudenbaa m 3amaért aireOpamdyeckyro
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CTPYKTYpY, CTOsIIyt0 3a HamMOy-nueBoil U-1yasibHOCTBIO.
VcinoBueM coxpaHeHHs ajreOpanmdeckord CTPYKTYpPbl TaKOU
nedopMarmenn SIBJISETCS TO ke O00O0OIIEHHOE ypaBHEHHE
Sura—baxcrepa. 175 pemrennii Oosiee 0OIIMX, YeM T'PYIIIO-
BbIE MHOT000Opa3usi, 06001ménHbIe nepopmaruu Sura— bak-
cTepa SIBILSIFOTCS MPeoOpa3oBaHUSIMU, TOPOXKIAIOIIUMHU Ce-
MelcTBa periennit ypaBuenuit 1 1-mepHoii cyneprpaBuTannu.
K coxanennro, B HACTOSIIIMNA MOMEHT HEJIb3sl yTBEPXKIATh,
4TO 3TH AehOpPMAIH COXPAHSIOT HWHTETPUPYEMOCTb MeM-
OpaHbl W3-3a OTCYTCTBHS e€ 4€Tkoro ommcanus. [edicTBu-
TEJIbHO, (POPMAJILHO CJISIYsI TBYMEPHBIM MOCTPOCHUSIM, MbI
HEMEJICHHO CTaJIKUBA€MCSl C OTCYTCTBHEM €CTECTBEHHOTO
YIOPSAOUYEHUST JJIsI TOYEK Ha [IBYMEPHOH MOBEPXHOCTH,
obobmaromero TuHAIO BribcoHa. PerieHne MoxeT 3akiro-
4aThCs, HAIPUMeED, B OOPAICHUH K TETJIEBBIM ajirebpanye-
CKUM TEePEMEHHBIM, KOTOpbIe KaXyTcs OoJiee eCTeCTBECH-
HBIMH JJIs1 OUCaHusl MeMOpaHHOW 1uHaAaMUKU. B aToMm pas-
nesie Mbl o6cyxaaeM 6oiee moapooHo U-ayanbHOoCcTh Ham-
0y — JIu, nepopManuu UCKIOUUTEIbHBIX anreop Jdpundesn-
I1a, TPUBOJISANINX K 0000ImEHHOMY ypaBHeHuto SIHra—bak-
cTepa, U 0000IIeHne KOHCTPYKIIMU 32 TPEeIbl TPYIITOBBIX
MHOTroo0pasuii; 6osiee mogpoOHO 00CYKTaeM ApryMEHTHI B
MOJIb3Y €CTECTBEHHOTrO MOosiBJIeHUs ckoOok Hamby u metie-
BBIX IIEPEMEHHBIX B M-Teopun; 00CyX1aeM TaK Ha3bIBaeMOe
0TOOpaXeHue TPAHCTPECCUH, CBs3bIBatoIee ckoOku HamOy
1 TIETJIEBbIE IEPEMEHHBIC; M, HAKOHEII, TPUBOJIUM HEKOTOPBIE
COO0OpaXkeH!s] OTHOCUTEILHO BO3MOXKHBIX OMPEICSICHAN O~
BEPXHOCTU BUJIbCOHA U KBa3UKJIACCUUECKUX MIPEIEJIOB ypaB-
HEeHUsl TeTpa’apa, KOTOPoe, MO-BUIAUMOMY, SIBJISIETCS Mpa-
BIJIbHBIM TPEXMEPHBIM aHAJIIOTOM KBAaHTOBOTO YPAaBHEHUS
Sura — bakcrepa.

4.1. U-nyanbnocts Hamoy — JIn

M-Teoputo MOKHO MOHUMATh KaK TEOPUIO, MPUOIHKESHUEM
c1a00il CBSI3M KOTOPOU SIBJISETCS TEOpHUs NepTypOATUBHOU
CTPYHBL. DTO YTBEPXKICHUE MOITBEPKIACTCS TBOWHOW pa3-
MEpHOU penyKnueil MeMOpaHbI, KOrja oHa OOEpTHIBAECT
KOMITAKTHBIN IUKJ B MPOCTPAHCTBE U MAET PyHIAMEHTAIb-
HYIO CTpyHY. Torna Teoputo CTpyH MOXHO paccCMaTpuBaTh
KaK TEOPHUIO pa3IMuHbIX MeMOpaH Ha 11-mepHOM (poHOBOM
MPOCTPAHCTBE-BPEMEHHU, KOTOpasi MOXET ObITh ommcaHa B
TepMuHaX CTpyHBI [losIsikOBa B OmNpene€HHBIX TOYKAX
OPOCTPAHCTBA MOJAYJEH, Ile KOHCTaHTa CBSI3U g5 MaJa.
ITockonbky B ABOWHOM pa3MepHOW peAyKIUu gs Ompene-
JISIETCSl pa3MePOM KOMITAKTHOI'O IIMKJIA, pa3MePHOCTh (poHO-
BOTO MPOCTPAHCTBA B 3THX TOuYKax 3()PeKTUBHO paBHA
necsiti. bosiee moapoOHoe oOcyxaeHue M-Teopuu ¢ 3TOU
Toukn 3peHmss MoxHO Hautu B [130]. ITockombky g He
BBICTYIA€T B POJIM KOHCTAHTHI CBSI3M B M-TeopuH, pa3yiny-
HbIe OPaHbI, HATSKEHUS] KOTOPBIX PA3JINYAIOTCS MO CTEHECHU
gs, MOTYT 0TOOpakaTbes APYT B APYTa ¢ IOMOLIBIO CHMMET-
pun, obobmaromeit T-ayaTbHOCTD U BKJIFOYAIOIIEH S-1yatb-
HOCTh. DTa Tak HasbiBaeMasi U-myaiapHOoCcTh (0T Unity mim
Unified) BrepBbie Ob1a 0OHApYX)eHA B 11-MepHOU cynmeprpa-
BUTAIINH, KOMIAKTHDHUIMPOBAHHON Ha 7-TOp, B paborte [131],
rae ObUIO MOKa3aHO, YTO Pe3YJIbTUPYIOLIHE YeTHIPEXMEPHLIC
TIOJIEBBIE YPABHEHUS! MHBAPUAHTHBI OTHOCUTENBHO TIJI00aib-
Horo Ej(7) mpeobpaszosanus. B obmem ciydae kommakTudu-
kamusi 11d-cymeprpaBuranyy Ha d-TOpe MPUBOANUT K TEOPHH,
MUHBAPUAHTHON OTHOCHTENBHO cuMMeTpud Eyy), e Bz =
= SL(2) x SL(3), E44) = SL(5), E5s) = SO(5, 5), npu 3T0M B
ciyuae d > 9 anrebpa CMMMETPUH CTAHOBUTCSI OECKOHEYHOM, U
HYXXHBI crieraibHble KoHCTpykimu. Kak mokaszano B [132],
VYET KBAHTOBBIX 3(PEKTOB HAPYIIAET 3Ty CUMMETPHIO JIO

Ey4(Z). HoctaToyHo moAapoOHOe 0OCYkIEHHE HCKIIIO-
YATENILHBIX CAMMETPHI TOPOUTABLHBIX KOMIAKTH(DUKAIMN
11-mepHO# cyneprpaButammu npeactaBieHo B [133, 134], a
obcyxnenne cummetpuil U-TyalbHOCTH B M-TeOpHH MOXHO
HaitTh B 0630pe [135].

XoTsl KOHCTpYKIUs, MOoa00Hass KOHCTpykuuu bByiepa
JUISL CTPYHBI, HE M3BECTHA JUIsI MeMOpaH, XOTs Obl u3-3a
TOr'0, YTO HEOOXOAMMO OJHOBPEMEHHO YYUTBHIBATH M2- n
M5-6panbl, 4TOOBI MPABIJIBHO OMPEACIUTh Mpeodpa3oBa-
HUSl JAYaJbHOCTHU, pacIIMpeHue CTaHAapTHOU abeyieBoi
U-nyansHoCTH Ha HeabeseBy HamOy-imeBy U-TyaibHOCTH
BO3MOXKHO®. JIJIsl 3TOr0 HEOOXOAMMO TOCTPOUTHL 06061IIe-
HUe KJiaccuueckoro ayoussi dpuHgesbaa, Ha3pIBaeMOe HUC-
KJIrounTeNbHON anreopoit Jpundensaa (EDA), roe cummer-
pust O(d, d) 3ameHena oqHoi n3 rpymnn cumMeTpun U-1yasb-
HOCTH. DTO ObLIO caemano B [37-39, 137], a momaroBbIid
anroput™M mnoctpoeHuss HamOy—JIu ayanbHBIX pelieHun
MOXHO HaiTu B pabote [111]. OOcynum KpaTKO 3TH KOH-
CTPYKIMH, HE BIaBasiCh B monpoOHocTu. ['eHepaTopsl UC-
KJIFOUUTENIbHOM anreOpwl ApuHdensbaa npunagiexart 10, 16,
27 aostrpymn SL(5), SO(5, 5), Eg(6) COOTBETCTBEHHO, TaK YTO
B 00111eM citydae 0a3uc B anredpe uMeeT BUJ

Ty = {T, T, T}, (4.1)

Ob6pa3syrouwme {T,} cOCTaBIAIOT 0a3uMC TaKk HAa3bIBAEMOM
TeOMETPUYECKON TOANTeOPHI g, & OCTAJIbHBIE MOXHO TTOHU-
MaTh KaK COOTBETCTBYHOIME HamMoTkaM M2- u MS5-OpaH,
MogO0OHO TOMY, KaK B CiIy4ae Kjaccuyeckoro ayosst puH-
(denpaa reHepaTophl T ONpPeAeIstOT ABOMCTBEHHYIO MOM-
anreOpy. Anredpamyeckasi CTPYKTypa OINpeNesseTcsl cie-
JIyIOIIeH TaOIAIel yMHOXKCHUS:

TqoTp=F43°Tc, (4.2)

raoe F A,BC OTHOCATCS K OOOOIIEHHBEIM ITOTOKAM HCKJIFOYM-
TEJIbHON TEOPUHU MOJISl TAK XKe, KAK CTPYKTYPHbIE KOHCTAHTHI
KJIACCHYECKOTO JIBoWHMKA [IpuH(peNbIa OTHOCITCS K 0000-
IIEHHBIM IIOTOKaM BOHHOMN Teopuu noJjs. bojiee noagpobno
TaOJUIy YMHOXEHUS MOXHO IPEICTABUTb B CJIEAYIOLIEM
BU/JIE:

TooTy :fabcch
Tuo THb: — e T, o f b Tl 4 3 7, Thib:
T, 0 Thbs = _f brbse 1 f,bibabs Tbibs] _
_ Sﬁu-[bl szmb5]c + 6Za Tbl'"bi 7
T 0 Ty =~y T+ 3 e, 05 T2 =9 Z, [ T,

Taa o Tb]bz _ _zfca]az[l)l Tbg]c _ﬁr]('z (a1 T{lz]blbgclcz +
+32Z, Ta]azb]bzc , (43)
T Tb].nbs _ Sfcalaz[bl Thz“.b5]c7

T@ a5 o T, :ﬁ)al“.aw T, + 10]},[01(42“3 Ta4a5] +
120 f @ g pasle 5 gl paasle
+ IOfGM[m o Tawalac _ 36 7 5}Ec Taas)
Ta-as o Thibs — o pareasthy phle _ 1 g lawas pasaslhibe
Tanas o phibs — 5 faasln phabslc

6 O6paTUM BHUMaHHE, OJHAKO, Ha paboTy [136], rae Oblia mokazaHa
MHBAPHAHTHOCTH MEMOPAHHBIX YPABHCHHUIA IBHKCHHUS JI51 KOHKPETHOTO
ciyyast 4-MEpHOTO TapreT-IpoCTPaHCTBa, rae MS-Opana He UMeeT Au-
Hamukd. Toraa qyanbHble KOOPANHATHI COOTBETCTBYIOT TOJIHKO HAMOT-
kaM M2-6paHsl.
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B otinume ot kinaccudeckoro ay0sist JpuHdenbaa HCKIIFOUU-
TeJabHast anreOpa dpunpenbna sBisercs anreOpoi Jleito-
HHUIA, TOCKOJIKY CTPYKTypHbIE KOHCTaHTBI F4 3¢ He anTH-
CHMMETPHUYHBI MO HIDKHUM HHIekcaM. CaMOocCoTriiacoBaH-
HOCTbh ajreOpbl TpeOyeT KBaApATHYHBIX COOTHOIICHUIN KOH-
ctasT fu°, f."¢, Z,, KoTopble, OyIyun 3alMCaHHBIMH B
TepMuHax Fy g€, ABISAIOTCS HUYEM MHBIM, KaK KBaJIpaTHY-
HBIMH YCIIOBUSIMH MAaKCHMAaJIbHOW KaJIMOPOBAHHOM cymep-
rpautanun [138]. HamOy-nmueBa U-gyallbHOCTB ompee-
aseTcst Kak Takoe npeoGpasosanme Eyy Ty — C45Ts,
KOTOpOe coxpaHsieT aireopy. HememieHHo 3amedaeM OTCyT-
CTBHME €CTECTBEHHOW AyaJIbHOCTH, MEHSIOLIEH MecTaMu
TEOMETPHUYUECKYIO anredpy g, HATAHYTYr0 Ha T, B BbIOpaH-
HOM 0a3mce, ¥ IBOUCTBEHHYIO €, HATSHYTYIO Ha OCTAJIbHBIE,
TaK KaK pa3MEepHOCTH HE COBIAJIAIOT W OCTaJIbHble 00pa-
3yrolme He 00pa3yroT anreopy Jin. OmHAKO aHAJIOT TaKOTro
npeoOpa3oBaHus ObLI NMpeAsIokeH B padote [139] Ha ocHOBe
BHEIIIHMX aBTOMOP(PHU3MOB ajredOphl €;, 4TO IMO3BOJIUIIO
MOJIYYATh HECKOJIbKO TpuMepoB HeabeneBo U-myalbHBIX
npyr Apyry pemennit B [111].

Hac 3mech mHTEpeCyIOT neopMaimu UCKITFOUNTEIbHBIX
anre6p [pundenbaa, corjacyroumecss ¢ UX CTPYKTYypoil u
onpezessieMble 1o aHajoruu ¢ aepopmanusamu SAura—bak-
cTepa KJjaccuueckoro ayoss JdpuHdenbaa cleayrommm 00-
pasom:

fab“/ _ pc[bcfmd] , faalm% — pe[al.”asfma(,] , (44)

rae f, 4% = 4% 7, Takue nedpopManuy HCKJIFOYUTEIIb-
HbIX anreOp [dpuHdenbaa ObLIM BIEpPBBIE PACCMOTPEHBI B
[37, 38]. B koHTekcTe medopmanmii Tpou3BOJLHOTO (oHA
CyHEeprpaBUTallMd OHU PACCMATPHUBAIMCh paHee B pabore
[34] B koHTeKkCTE 0000ILEHNS OTOOPAKEHUS] OTKPBITO-3aMK-
HYTOU CTPYyHBI Ha ciay4yai mojeit 11-mepHoil cyneprpaBura-
IUH. YCJIOBHUE COXPAHEHHUS CTPYKTYPbI HCKIFOUUTEIHLHOU
anre6ps! Jpunadensaa npu gehopmanun HazbBaeTcss 0000-
EHHBIMY ypaBHeHUsIMU S Hra — bakcrepa u umeer Buj

ay|az|as|  azaslas a7 ay|ay|ag|  azaglas ar
p | p ! ‘ﬁlsaﬁ ] -p ] ‘,0 | ‘fasaa I
g la1 , a]azasasagar __
- 3]415116 P =0 )

ayas|a; azdadsdedy " a
plz[xp 343579]‘/1‘[8”9 0 —.

(4.5)

Oust cnyuas SL(5) EDA, T.e. B ciiydae 4eThIpEXMEPHOI
TeOMETPHUYECKON moaaireOpsl, MpuBeAEHHOE yciioBue (4.5)
B TOYHOCTH COBHAJaeT ¢ ycyioBueM [34], moTydyeHHBIM W3
YCJIOBHUSI paBEHCTBA HYJIF0 R-motoka (OymeT o0Ccy,kaaThcs B
crenyromem pasznaeie). OOpaTuM BHHUMaHUE, YTO, €CIIH
p@% = (), To 0006mEnHbIe ypaBHeHUs1 SIHra—bakcrepa B
nepBoit crpoke (4.5) SBJISIOTCS B TOYHOCTU YCJIOBUSMU
(2.31), KOTOpBIE TAPAHTUPYIOT, YTO TPOWHAST CKOOKA, Ompe-
nmenéHHasi s omepatopoB Jlakca B TepMmHAX p-TeH30pa
p ¢, aBnserca ckobkoit Ham0y, T.e. ynosieTBopseT GyHaa-
MEHTAJbHOMY TOXJeCTBY. HackoJIbko HaM WM3BECTHO, B
JIAHHOM KOHTEKCTE BIEpBBIE 3TO HaOJIOAJIOCh B pabote
[39] (pa3men 4 B [39]), 1 ObLI HpEeAIOKEH KAHAUIAT HA
KBAaHTOBOE ypaBHEHHE, KBA3HKJIACCHYECKHH Mpeaes KOTo-
poro maér (4.5). C TOYHOCTBIO 1O HESCHBIX JO CHX IIOp
JleTaliei, mpemyiaraeMoe KBaHTOBOe OOOOINEHHOE ypaBHe-
Hue SHra—bBakcrepa mmeeT BechbMa cxoxyrw (Qopmy ¢
ypaBHEHHEM TeTpad[pa B BUIC JEKOPUPOBAHHOIO ypaBHeE-
nus Sura—bakcrepa (cM. pazaen 4.6.2). HenocpeacTeeHnnoe
JIOKa3aTeJIbCTBO 9TOH CBSI3U OyAET CHIIbHBIM apryMEHTOM B
M0JIb3Y UHTETPUPYEMOCTH MEMOPAHEI.

4.2. TTosmBekTOpHBIE TedopManuu

Kax u B cinyyae T-gyanbHoctu Ilyaccona—JIu u nepopma-
muit SIara— Bakctepa, Gopmaim3Mm 0600mEHHBIX medopma-
it Slara— BakcTepa, oOCyXIaBIIuiics BBIIE B KOHTEKCTE
UCKJIIOUUTEIIbHBIX anreop [dpundenbaa, MoxeTr ObITh pac-
IIUPEH 34 Tpe/esibl IPYNIOBBIX MHOrooOpa3uid. 31ech Mbl
OyneM ciemoBaTh mocTpoeHuto [35, 36], rae 0600IEHHbIE
nedopmanmu Sura— BakcTepa mpon3BoJILHOTO (OHA CyTIep-
TpaBUTAIMM C HE MeHee 4eM Tpemsl BekTopamu Krimmara
3anar0Tcst HeKOTOpo# Eyg-Tpanchopmanueit. [Ipeobpaso-
BaHUE JCHCTBYET HA TMOJISI UCKJIIOYUTEILHOW TEOPHH TOJI,
KOTOpasi SBJIIETCS KOBAPUAHTHOUN (HOPMYJIMPOBKOH Cymep-
TPaBUTAIMH, TOJSI KOTOPOIl cOOpaHBl B HENPUBOIUMEBIE
MPEJICTABIICHUSI allreOphl €, U B OOIIEM CiTyyae 3aBUCST OT
koopauHAaT XM, mapamMeTpH3yIOIIUX NPOCTPAHCTBO-BpEMS,
pacIMpeHHOe MOJIaMU HaMOTOK MeMOpaH. [Tomo6HO 1BOI-
HOW Teopuu IMoJIsl, CAMOCOTJIACOBAHHOCTD JIOKAJIBHBIX CUM-
MeTpHil TpeOyeT yClOBUs MPOEKIUU, KOTOPOE MbI Oyaem
CUUTATH PA3pPEIIEHHBIM, COXPAHsIS 3aBUCUMOCTB TOJIBKO OT
TEOMETPUUECKUX KooparHAT X. MbI He OyJieM BIaBaThHCS B
MOJAPOOHOCTH KOHCTPYKIIUH, 3aMHTEPECOBAHHBIA YUTATEh
OTCcbLUIaeTCs K OOJIBbIIOMY KOJIMYECTBY MOAPOOHOMN JMTEpa-
TypbI o Teme [140 — 144].

ITockonpKy nOKajdpHAs TPYyNIa CAMMETPHH HCKIIFOUH-
TeJIbHBIX TEOPUH HEPETYIISIPHO MEHSETCS C pa3MEPHOCTHIO d
TaK Ha3bIBAEMOTO BHYTPEHHETO MPOCTPAHCTBA (IpU pasje-
neann 11 = D + d), siBHBIE BBIpaXXeHUs s 00OOIIEHHBIX
nepopmanmii SIHra—bakcrepa Takke CYIIECTBEHHO MEHS-
rotcs. 1 UIUTIOCTpalul OCHOBHOM A€M BO3bMEM MpOC-
tefimryro Teoputo SL(5), nedopmanuu KOTOPOit MOTYT OBITh
TPUBHATBHBI B 00CYXXIa€MOM HMKE CMBICIIE, OJHAKO BCE
OCHOBHBIE 4YepThl (hopMasim3Ma NPUCYTCTBYIOT. Kak u B
JBOIHOM TeopHH 10JIs, MBI (pOKycupyemcs TOJbKO Ha 0000-
ménnoM penepe Ey u cooTseTcTByromIei 0606MIEHHOM
metpuke nyy € SL(5)/SO(5) x RT. OmHako BaxHO, 4TO B
OTJINYME OT MOJIHOI ABOWHON TEOPHUHU MOJISI UCKIFOUUTEIb-
Hasi TEOPHsI MOJISI BKIFOUAET KaJTUOPOBOYHBIEC MOJISI, KOTO-
pble HEeTpUBHAJIbHO NpeoOpasdyroTcss npu U-AyaJIbHOCTH.
Juist Toro 4ToObl OrpaHUYUTH OOCYXACHUE O00OOIIEHHBIM
penepoM U TUIATOHONMOAOOHBIM TOJIEM (), COOTBETCTBYIO-
IIUM OTPEICJIUTEIIO BHEIITHEW D-MepHOii METPHUKH, HE0OXO0-
JIAMO BBIIIOJIHATH CIeNUalibHOE yceueHue Teopui [35]. Omy-
ckas JETall, OTMETHM, YTO pa3JIoKeHHe OOpa3yrOIImX
rpynnsl SL(5) no otHomeHuto k eé€ noarpynmne GL(4) umeet
TOT e Bu, uTo u st SL(5) EDA:

bassl(5) = {Tu} = {Tupe, T, T} (4.6)
Kak u panee, nocnenane 10 reHepaTopoB, T.e. MMEIOIIUX
HEOTPHIATEIbHBIN ypoBeHb N0 oTHOIeHuo k GL(1) noa-
rpynne GL(4), onpenenstoT coOCTBEHHO 00OOIIEHHBIN
perep

Ey™ = e?Texp [en*T,"] exp [Canc T] (4.7)
rae T o6o3Hauaer renepatop anre6psl RY. Torma npeoGpa-
30BaHue AeOpMaNU ONPEACISIETCS ICHCTBHEM IeHepaTo-
POB OTPHUIATEILHOTO YPOBHS U IMEET CJIETYFOIIHIA BT

E'yA = 0y NEx"
(4.8)

n 0
OMN = &Xp [ank Tmnd = [Cnpqrbl’f/r 1 ] .
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OrpaHn4rBasichb TPUKUJUIMHTOBLIM aH3alleM, KaK paHee:

ank — pabckﬂmkbnk/( : (49)
rae k,” 0603Ha4aroT BeKTOphl KMJUIMHTa Ha4aJIbHOTO (pOHa,
1 noTpeboBaB, 4ToObI JeOpMUPOBAHHBIN (OH OBbLT pele-
HHUEM YPaBHEHUIl cyneprpaBUTALUM B (popMe UCKITIOUNTEb-
HOH TEOPHH HOJIS, IPUXOMUM K YCIOBHAM Ha p “*°, KOTOpHIe
€CTh HE YTO HMHOe, Kak 00oOmeénnoe ypaBHeHue SHra—
Bakcrepa (4.5) u ycioBue YHUMO Ty JISIPHOCTH:

P fur” = 0. (4.10)
[ HETPUBUAIBHBIX 6-BEKTOPHBIX Iedopmanuil cieayet
nmepedTu K OOJbIIEH Tpynne CUMMETPUU. YTOMSHYyTas
BBIIIIE TPUBUATIBLHOCTDh TPUBEKTOPHBIX AehopManuii BHYTpU
teopun SL(5) cBs3aHa ¢ TeM, YTO ISl OOECHeueHus] HHBA-
pUAHTHOCTH OOOOIIEHHBIX MOTOKOB, YTO 3KBUBAJICHTHO
YCJIOBHIO BHITIOJIHEHUS ypaBHEHHI CYyNepI paBUTAIMH, JOCTa-
TOYHO YCJIOBHSI YHUMOIYJISIPHOCTH. DTO TOT %ke IPPEKT, 4TO
¥ B IBOMHOM Teopuu noJisi ¢ rpymmoii O(3,3), KoTopsli cBsI3aH
C Pa3MEpPHOCTbIO BHYTPEHHETO NPOCTPAHCTBA U MIO3BOJISET
MOKa3aTh 9KBUBAJICHTHOCTb (00OOIIEHHOTO) ypaBHEHUS
Slura—bakcrtepa B popme obpaieHus B HyJIb R-moToka
1 yCJIOBHS YHUMOAYISIpHOCTH. OTHAKO MOXHO paccMaTpH-
BaTh Aeopmanuu Sura—bakcrepa, KOTOpbIe HE SBIISIOTCS
YHAMOJIYJISIDHBIMH H, CJIEIOBATENBLHO, HE AT pEIICHUS
YpaBHEHMI CTaHAAPTHOM cymeprpaBUTAllUU, BMECTO 3TOTO
MPUBO/Is K uX 00001eHuro [145, 146].

HanomunMm, 4T0 0000IIIEHHE CUMMETPUHN TTyacCOH-JIHe-
Boit T-gyanmpHOCTH A0 anreOphl, BKIFOYArONIeH mpeodpaso-
BaHHUsl abeneBoil U-mayaslbHOCTH, €CTECTBEHHBIM 00Opa3om
MPUBOJUT K TOHSTHIO HCKJIOYMTENbHON anreOpnl [puH-
(enbaa, nexarield B oCHOBe CMMMETpUU HaMOy-yimeBor U-
IyaJbHOCTH. Torma Kak reoMeTpuuecKasl peaan3amusi Kiac-
cmyeckoro nyons dpuHdenbaa B TepMUHAX 00OOIEHHOTO
perepa IpUBOJUT K OMBEKTOPY, ONPEACIISIONIEMY CTPYKTYPY
IlyaccoHa, reoMeTpuyeckas peaju3alys HCKIFOUATEIEHON
anrebpsl Jpundenbaa npuBoauT K 3-BEKTOpPY U 6-BEKTOPY,
onpenessonmMm cTpykTypy HamOy. B xonTekcTe 00001mEn-
HbIX Aeopmanuii SIHra—bakcrepa MOJMBEKTOPHI OMpe/Ie-
JISIOT 1e(OPMIPOBAHHBINA (POH, M YCIOBHEM TOTO, YTOOBI OH
YIIOBJIETBOPSUT TIOJIEBBIM YPaBHEHHSIM CYIepPIpaBUTAIIWH,
SIBJIIFOTCS B TOYHOCTH ypaBHeHus (2.31). C npyro# cropo-
HBI, TOCJIETHUE TOSIBIISIFOTCS KaK YCJIOBUE TOTO, YTO 3-CKOOKa
CHCTEMBI, 3aIaHHOM mapoit Jlakca u TpUBEKTOPOM, yAOBIIE-
TBOPSIET GYHIAMEHTATIHLHOMY TOXICCTBY.

TouHO Tak e, Kak U B cliyyae QyHIaMEHTAIbHON CTPY-
HBI, oTOoOpaxenue (4.8) umeet BUI OTOOPaXKEHUST OTKPBITO-
3aMKHYTOM MemOpaHsbI [119]. UToOBI 3TO YBUAETH, CIEAYET
HayaTh ¢ (poHa ¢ paBHBIM HyIt0 C-mIoJIeM, Toraa aedopmu-
pOBaHHBINA (OH HA 3TOM sI3bIKe Oy/JeT UMEHHO TeM (HOHOM,
KOTOPBII BUAUT OTKPBITAst MeMOpaHa. B TakoMm ciryuae Tpu-
BekTOp Q" OKa3BIBAETCS OJHUM U3 OGOGIIEHHBIX TETa-
napamMeTpoB B o0o3HaueHusIx [147] u onpenesseT HEKOMMY-
TATUBHOCTb OTKPBITOM MeMOpaHbl. Kak Mbl 00CY M HUXE,
OTHOIIECHUSI HEKOMMYTATUBHOCTU €CTECTBEHHO 3aIMChIBA-
FOTCSl B T€PMUHAX METJIEBBIX MEpeMEHHBIX, Mpeiaras cle-
JIaTh TO JXe camoe Il OOOOIIEHHBIX ypaBHEeHUH SIHra—
Baxcrepa.

4.3. MemOpanbl, 3aKaH4YMBaloIMecss HA MeMOpaHax
B pazpeie 2.2 Mbl Buzenu, uyto cucremMa Hama Moxet ObITh
9KBHBAJICHTHO ONKCAaHA B TepMUHAX CTpykTyp Ilyaccona m

Ham0y. B mociennem ciyyae HEOOXOJAMMO BBECTH JBa
TaMUJIbTOHUAHA, OJWH U3 KOTOPBIX SIBJISIETCS] OJHUM M3 CO-
XPAHSIOIINUXCS 3apsiIOB B CTAHAAPTHOM MyacCOHOBCKOW
dbopmynupoke. s Hamiero MmoBeCTBOBAHUS CHCTEMa
Hama umHTepecHa cBOedl TECHOU CBS3bIO C AUHAMHUKOW
cucrem Dp-OpaHn, roBopst 60Jiee KOHKPETHO — T'PAHUYHBIC
ycioBust cucteMbl D1 —D3-Opan Moryt ObITh OINUCAHBI B
tepmuHax ypaBHenuit Hama. Ilpu nmogustuun no M-teopun
OHA CTAHOBUTCS cucteMoit M2- m M5-OpaH, rae mepBas
3aKaHYMBAETCsl HA BTOPOH, a ypaBHeHne Hama craHOBUTCS
Tak Ha3bIBaeMbIM ypaBHeHUeM bacy — Xapsu. OnuceiBaeMast
mpolie1ypa BIepBble OblIa paccMoTpeHa B pabore [59], rue
OBLIO TIpelsIokeHo 00o001IeHne ypaBHeHuss Hama, kotopoe
€CTECTBEHHO BKJIFOUYAET TPOMHYIO CKOOKY M, CIIEIOBATENBHO,
uMmeet cTpykTypy Hamoy.

PacemoTtpum mist Havana cucrtemy D1—-D3-6pan. Ot-
MPaBHOW TOYKOW 3/eCh SIBJSICTCS 3aMeyaHHe O TOM, UYTO
FEOMETPUYECKOE MECTO TIepeceueHrs: OpaH MOXKET OBITh
SKBHMBAJICHTHO OMHUCAHO 1) pa3MbITOi BOPOHKOOOpPA3HOI He-
KOMMYTATUBHON T€OMETPUEH, MHTEPHOJIUPYIOLICH MEXIY
reoMmetpusimu 6pan D1 u D3, 2) reomeTprieckoil KOHCTPYK-
nueit MmoHomnosielt B Teopun SAHra—Mmuica Ha D3-6pane.
CTOUT OTMETUTD, YTO ITO CIPABEIIMBO U 151 G01ee 0011ero
nepeceuenusi O6pan Dp u D(p+2). DT aBe KapTUHBI B
OCHOBHOM COOTBETCTBYIOT PACCMOTPEHHIO TIEPECEUeHUs C
Touku 3peHust D 1-Opansr 1 D3-0OpaHbl COOTBETCTBEHHO.

D1-6pana ¢ Touxu 3pennst D3-6pans1. /{151 BTOpOTO CIIy-
qasi Mbl HAYHEM C JIEHCTBUSI MEUPOBOTO 00bEMA OECKOHETHO
npoTsokéHHoM D3-6paHbr:

SsDb3 :Jd% exp (—¢) det(g+7:)+JC4+C2/\Bz+

1
+=CoANBy\NBy,
2 (4.11)

F=dA4,+ B, TZC()—{-iCXP(—(f)).

9710 neiictBue onucbiBaeT D3-OpaHy, 21K TpHYECKH B3aUMO-
JIEUCTBYOLIYIO ¢ pyHIaMeHTanbHOM cTpyHOit F1, yTo BUumHO
u3 mojass A; B OIpeleuTesie, B3aUMOIEHCTBYIOIIEM C
KOHIIAMU OTKPBITOU cTpyHBI. s mepexoaa ot crpynsl F1
k D1-6paHe U, COOTBETCTBEHHO, K OIMCAHHWIO B3aWMOJIECH-
ctBust D3-6panbl ¢ D1-6paHoit mpousBeaéM mpeobpa3oBa-
HUE S-AyaJIbHOCTH:

1 Co —iexp (—¢)

T— ==

T CF+exp(—2¢)
By — —(C;,

v 8w — Tl g
(4.12)

A1 — —C] .

IIpeanosnaras, 4To (HOH TEHEPUPYETCS UCKIFOYUTETHLHO D-
OpaHamu, T.¢. By = 0, umeeM

§/D3 — J d*¢ exp (—)y/det (g — [¢[ 'der — ¢ Co) +

1
+JC4—§|‘L'|_2C0/\ G AC,. (4.13)

DTo AedicTBHE OMHUCHIBaeT B3ammojeicTBue mexmy D3-
O6panamu u D1-OpanamMu B TOM cMbICie, YTO KOHIBI DI-
OpaH 3apspKEHBI 1O MOJIF0 ¢ Ha MUPOBOM 00béMe. C Touku
3peHus TeOpuU Ha MUPOBOM 00béMe D1-OpaHbl paccMaTpu-
BAIOTCS KAK YHEPreTHYECKUE MUKU, COOTBETCTBYIOIINE MOHO-
nojsM STHra—Mwusica, HeCylliiM MaTHUTHBIN 3apsif. Beioe-
pem (X* ... X°) = X, B kauecTBe MONMEPEYHbIX HAMpABJIE-
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Puc. 2. D1-6pana, 3akanuyuBaromasics Ha D3-OpaHe, ¢ pa3HbIX TOYEK
3penus. (a) D1-OpaHa kak COJMTOHHOE PEIlEHUE B TEOPUU HA MUPOBOM
00béme D3-6panbl. (6) D1-Opana xak ropJioBMHa, OIKMCHIBAEMAsi Ieo-
MeTpueiil pasmbiToit cdepnl. 3aech X° 0603HAUAET KOOPAMHATY, BJOJb
KOTOpOH Cmajaer IoJie COJIMTOHA. R oOo3HavaeT (QU3MUYECKUid pamgmyc
Ppa3MBbITOH ceprl.

HUIl ¥ BBeAEM chepuueckre KOOPIMHATHI Ha OpaHe:
(X', X%, X3) = (r,0, ¢). Takas Teopus UMeeT KJIACCHIECKOE
MOHOIIOJIbHOE PEIICHUE

N

X0 =
2r

, Fpp = —1720,X°, (4.14)

3apsad MOHOIIOJIA OMMPEALCIACTCA CIICAYOIIUM 06pa30M:

Qn,:%JdQF9¢:N. (4.15)
Takast koHPUTYpaIHsl HHTEPIPETHPYETCS Kak cTonka u3 N
D1-6pan, oxanunBaronuxcsi Ha D3-Opane B Touke r =0 B
BBLIOPAHHBIX KOOPJAMHATAX U BBITAHYTHIX BA0JL X°. CxeMa-
THYECKHU CHCTeMa U300paXKeHa Ha puc. 2a.

D3-0pana c¢ Touxu 3pennst D1-6panbl. [IpoTuBONOIOXKHAS
KapTuHa, onuckiBaroias D3-0pany ¢ Touku 3penust D1-Opa-
HBI, HEMHOTO 00Jiee TOHKAsI M BKJIFOYAeT HeabeleBbl TEOPUU
Sura— Mwuica. Kpatko onuieM 31ech UIEI0O U OTOILIEM
3aMHTEPECOBAHHOTO YMTATENS 32 MOAPOOHOCTSIMU K CTaThe
[63]. Hauném ¢ onucanust cronku N D1-OpaH, BBITSHYTBIX
BIOJTb HampaByieHnst X°, B TepMuHax N X N BellleCTBEHHBIX
matpun (X', ... X®) (cm., Hanpumep, [148]). Kanubposounoe
10JIe HA MEPOBOM 00BEME TAKKE MPEACTABISACTCS MaTPHLICH
A, 1 MBI pUKCHPYEM BBIOOD KaIMOPOBKYU TaKOM, yTO Ag = 0.
Tenepp umeM (CynepcUMMETPUYHOE) PELIEHHE ypaBHe-
Huii HeabeyieBod Teopum SHra—Mujiica ¢ yCIOBUSMU
XA=(X* ..., X®) =0, sanaroummmun nonoxenue D3-Gpanbl
(puc. 26). YpaBHEeHHU s IBUKEHIS BMECTE C CyIepCHMMETpHEi
CBOJISITCSI OYKBAJIBHO K ypaBHeHUstM Hama [149]:

ox! i
=+ [XI, XK (4.16)
ox?® 2 '

rae i, j,k=1,2,3. Crnenyroliee pelIeHHEe 3TOW CUCTEMBI
ypaBHEHHUI TOYHO BOCIIPOU3BOAUT IPO(HIL MOHOIOJIS, TI0-
JIyYeHHBIN paHee B MPOTUBOTOJIO0XHOM TOIXOE:

. 1 .
X'=+——07",

759 (4.17)

rae ¢ — obbuHbIe MATPHILI [Tayn.

"KoopaunaTe!" X/ HCIoNb3y0TCS A1 H3MEPEHUs (PU3K-
4yeckoro paamyca chepnl BOKpyr D1-OpaHbl Ha MOBEPXHOCTHU
X |, ompefiensieMoii papeHCTBOM X? = 0:

2mo’ [ .. } na/(N2 = 1)
Tr | XX/ =—— 5.
N i=1 (x 9)2
MBI BUAMM, YTO MPOCTPAHCTBO BOJIU3U MEPECCUCHUS] UMEET
TEOMETPUIO OECKOHEYHOU TJIyOOKO# TOPJIOBUHBI, YTO TpPU
Gonpimx N IeHCTBUTEIHLHO COOTBETCTBYET MPEABIAYIIEMY
pe3ynbTaty (4.14).

R*= (4.18)

IIpuBenénnas kapTuHa OblIa HMOAHATA B M-Teopuio B
pabote [59] nuist onucanus nepeceueHuid M2- u M5-OpaH.
OO1asi uaesi B OCHOBHOM Ta e: C TOYKHU 3peHusl Teopun M 5-
Opan rpaHuna M2-OpaHbl ONMCHIBaeTCS CTPYHHBIM BPS-
cosmtoroM (Boromoubaelii — [Ipacan—3oMmmepdetba) B cy-
nepcummerpuyoil d =6 N = (2,0) kaauGpOBOYHON Teo-
pun. CrajsipHble MOJISI TEOPHH, COOTBETCTBYIOLIUE (PYHK-
OUSIM  BJIOXKEHHSI MEMOpaHbl, IPUHALIEKAT CYNEePMYJIbTH-
IJIETY, COAEPKAILEMy CaMOyalibHYIo 3-popMy, 4TO 3aTpya-
HsIeT HANMCAHUE JIATpAH)XUAHA. Y paBHEHUS IBIDKCHUS IS
oJIei KaTnOopoBOYHOM Teopuu 6bLM TOTyueHBI B [150, 151] B
Taxk Ha3bIBaeMOM (opMajnu3Me CYNEePBIIOXKEHHUS], TIe Cynep-
MHOT0o00pa3ue, OnMuChIBaroIee MUPOBOW 00bEM M 5-OpaHsbl,
BKJIAJILIBAETCSA B JIpyroe cynepMHorooopasme, OO30HHAS
4acTh KOTOPOTO SIBIISIETCSl TapreT-MPOCTPAHCTBOM-BpeMe-
HeM. B pabote [60] ypaBHEHHs ObLIM MPEICTABIIEHBI B (hOP-
Me ['puna — [lIBapia u 6bUI0 HaiIEHO pellieHre B BUJIE CTPYH-
HOT'0 COJIUTOHA. XOTSI MBI HE MOEM J1aTh MOAPOOHBINA 0030p
(dbopmanusma, He yBeMUMBash M3JIMIITHE OOBEM TEKCTa, ObLIO
OBl Pa3yMHO AaThb HEKOTODPBIE JOIOJHHUTEIbHBIE NETATH U
HabpocaTh OCHOBHBIE Pe3yJIbTaThl, cieays [60]. Bo-nepBbix,
OTMETHUM, YTO BCE MPUBEAEHHBIC HUKE YPABHEHHS HATUCAHBI
B TaK HAa3bIBAGMOW CTAaTHYECKOM KaJMOpOBKe, INe C IO-
MOIIIBIO CyNeppenapaMeTpu3alud MHUPOBOro odbéMa 06o0-
30HHBIE KOOPJIUHATHI OTOXAECTBIISIOTCS C IIECTbIO MPOCT-
PAHCTBEHHO-BpEMEHHEIMH HATIPABJICHUSIMU B Taprete (Ipo-
TOJIbHBIE HampaBieHus) U 16 w3 32 (pepMUOHHBIX moJjel
KJIAJTyTCsSl PAaBHBIMU HYJFO. B TOMCKaX KJIACCUYECKUX pellie-
HUI MBI IPUPABHSIEM OCTaJIbHbIE (PEPMHOHHBIE MTOJISI K HYJIIO
1 HaIUIIEeM Cleayromue 6030HHbIE YPABHEHHUSL:

v a'
GMV,V, X =0, @19)

G"'V,;H,ps = 0.

VcnoBuble 0003HAYEHUS [JIs1 WHIEGKCOB CJEIYIOLIHUE:
wv,k,...=0,....5u a,b,c,...=0,...,5 — KOOpAUHAT-
Hble MHJIEKCHI HA MHPOBOM OOBEME M B KAacATEIbHOM K
wemy; a’,b';¢’,...=1,...,5'" HyMepyroT monepevYHbIe
HanpasyieHust. B ganpueiiiieM Mol pa3odbém u = (0,1, m) u
a=(0,1,a), tne m=2,3,4,5 u a=2,3,4,5 HyMepyIOT
HANPABJICHUS, TNEPICHIUKYIISIPHbIE COJUTOHY (KOOPAMHAT-
HBbIE W KacaTeJIbHbIE COOTBETCTBEHHO). KoBapraHTHAS IPO-
usBonHast V,, = V,,[g] cTpouTes 1o MeTpuKe, 3alHUCAHHOM B
TepMUHAaX CTAHAAPTHOIO pemepa Ha MHUPOBOM 0ObEMeE
2w = €,%¢," 1, OCTalbHbIE TOJIS ONPENENAIOTCS CIIEAYIO-
UM 00pa3oM:

G = EuaEvb’?ab s

Ef=el(m™"),",

(4.20)
b b bed
my, = 55{ - Zh:zcdh L 5
bp ¢, d
H;wp = EuaEv E/JLmh( mcehade )
rae hg,e — camojayaibHast 3-popmMa Ha MUPOBOM OOBEME.

3amerum, uTo nosie H,,, He caMOyaJIbHO U, KPOME TOT'0, €T0
MOXHO 3alUCATh B BUNIE H e = 301, B,

Tenepb UIlleM CTPYHHOE PEIIeHuUE, JIeKaIee B INIOCKOCTH
(0, 1), nust yero BBOMM CIISAYFOLLMIA aH3ALL:

X =¢,
ho]x = Uy , (4.21)
hapy = oy’
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O603nauuB Hyy,,, = Vyy, MOXHO 3amucaTh ypaBHEHHS B
CIIEYIOIIEM BUIE:

5m’1aman¢ = 07 (422)

0™V V,y=0.

Torpa pemienue, onuckiBatoiiee N cTpyHHbIX BPS-cosmrto-
HOB, IPUHAMAET BUJ

1
HOlm = iz amd)>
1 .
Hmnp = :l:z Emnpq(s q’ar¢ 5 (4.23)
N—1
200
b=poty D
12:03 Ix = il

3aMeTuM, 4TO pelleHue He TpeOyeT UCTOYHMKA, CIIel0oBa-
TeJbHO, OHO JEWCTBUTENBHO COJMTOHHOE, U B CUJIY CaMO-
JyaJIbHOCTH COJIUTOH OOJIAaeT KaK AJIEKTPUYECKUM, TaK H
MAarHUTHBIM 3aPsIOM 110 OTHOIICHUIO K H,pyi, IPHIEM 00a
paBHbI Q.

ITpuBenéHHoe CTpyHHOE COJIMTOHHOE pettieHue (4.23) ume-
eT HeTPMBHAILHBIH NPo(uIb Mo X', BEITAHYTOTrO BIOIbL
X!, m coorBeTcTBYeT M2-6pane, BLITSIHYTOH BJOJL HATIPAB-
nennit (0157), okanuuBaromuxcst Ha MS-GpaHe, 9BOJIFOLNO-
Hupyroie B HanpasieHusix (012345). Uto6s! npuiitu k 00-
oOmenuto ypaBHeHuss Hama miis cuctembr M2 —MS-6paH,
MBI IIOCTYIHMM, KaK U paHble: ONHUIIEM MEPeceueHre B Tep-
MHHAaX KOHCTPYKIIMU Pa3MbITOH chephl 1 HAUILIEM MaTpU-
HOE YpaBHEHHE, PeIIeHHe KOTOPOro UMeeT MpodIIb CTPYH-
HOTO coMTOHA. JIJIsl 9TOTO HaM TpedyeTcsl ypaBHEHHE, KO-
Topoe umeeT cumMeTpuro SO(4), a He cummetpuro SO(3), kak
B ciiyyae ypaBHeHusi Hama, 4To M SIBIsS€TCS TEXHHYECKOU
MpUYMHOM nosiByieHUs1 ckoOku HamOy. Pasmbitas 2-cdepa,
omnuckiBaromas nepeceueHne D1—D3-6paH, momkHA OBITH
000011IeHa 10 KOHCTPYKIIMU Pa3MBITOH 3-cdephl, mpemcTa-
BieHHO B [152]. Takoe mpocTpaHCTBO OMMCHIBAETCS Ye-
TeIpbMSI N X N-MaTpunaMu G, e

(n+1)(n+3)
2 )
Ilpu n =1 3T MaTpunbl SIBISIOTCS OyKBaJIbHO CTAHIAPT-

HbIMU I'aMMa-MaTpuliaMu B ‘ieTpréX U3MEPCHUAX. B sBHOM
BUAC MaTPpHUIbI 3aJAFOTCA KaK

N= n=2%+1, keZ. (4.24)

N N
G'=Pr, Y p("P)Pr_+Pr_ Y p(I'Pi)Pr.
(4.25)

s=1 s=1

AHl®...er)

sym ’

r/Ie HUOKHMH HHIEKC sym 00O03HA4YaeT IOJIHYIO CUMMETPU-
3aIlMI0 TEH30PHOTO Tpou3BencHUs. IIpoekTopsl P =
=1/2(1 iFS), rae I'° — craHmapTHas raMMa-MaTpHIA.
ITpoexTOpbl Pr, NPOCLUPYIOT HA HEMPUBOAUMBIC HPEICTA-
BJICHUS

n+1 n—1
R+_(4 ) 4>7
n—1 n+1

rpynnsl Spin(4) = SU(2) x SU(2). HakoHnen, 0603HauyuM
Gs =Pr, +Pr_.

(4.26)

Tenepn, B3 X' € Maty(C), npaBuibHOe 060OLIEHHE
ypaBaennss Hama MOXHO 3anmcaTh B BUIE
dxi im? ,
+ ——1 €ijkl [G57X'/ ) Xkﬂxl] =0 )

T (4.27)

rae ckooka HamOy 3amaéres ciemyroeid CyMMOH 1o mepe-
CTAHOBKaM:

(A1, A3, A3, Ag) = _ sign (0) Ay, A, Ag, Ag, - (4.28)
g

ITonyvyeHHOE ypaBHEHHE MOXHO HHTEPIPETUPOBATH KaK

ypaBHenue boromosbHOro misi Teopun Memb6paH. Kak u B

ciaydae ypaBHeHus: Hama, ero pelieHue MOXHO 3alucaTh B

TePMHUHAX MATPHIl, ONMPEACIISIOMNX Pa3MBITyIo 3-cdepy,

KoTopas B mpesesie 00abux N IpUHUMAET CIIeAyIOIUH BUI:

V2w Gi

Xi(s) = ——————
An —|—2)sM131/2

(4.29)

YtoObl yBUIIETh MPO(UIbL CTPYHHOT'O COJIMTOHA, BBEAEM
cHavasa GU3NUeCKuil paanyc pasMbITon 3-chepbl

1 .
2 _ i\2
R _N‘Tr% (X9

’ .
IMpunuMas Tenepsb s = X° , npuBeaéHHOE BhIpaxenue (4.30)
AET )KeJaeMbIH pe3yJIbTaT:

! 2 N
s AV - (4.31)
An+2)M]"R?

. (4.30)

OTtcroia MBI 3aKJIIOYaeM, YTO NPU 0OOOIIEHNN ypaBHe-
Hus Hama, onmcbiBaroriero D1 —D3-cteiku 6paH, Ha OpaHbl
0oJyiee BBICOKHUX pa3MEPHOCTEH, ECTeCTBEHHBIM 0O0pa3oM
BO3HUKaeT ckoOka HamOy, a mosyueHHOe 00001IeH e TTPH-
HSTO Ha3bIBaTh ypaBHeHuem bacy— Xapsu. [To3xe B pado-
Tax [64, 65] Ha OCHOBE 3TOT'0 HAOJIFOICHHS OBLITIO TIPEIJIOKEHO
neiictBre 11s cTonku (3 2) M2-6paH, KoTopoe ¢ HeoOX0TH-
MOCTBIO BKJIFOUaeT ckoOky HamOy mnosieit Ha MUpOBOM 00b-
éme. XO0Ts Mmo3xe B cTaThe [66] ObLIa IMpeiokKeHa albTep-
HaTUBHAsE (POPMYJMPOBKA TEOPUHM HA MHPOBOM OOBEME
(ABJM), He TpeOyromasi ckobox HamOy, B Heil BcE emié
MOXHO HAOJIOMATh MPOSBIICHUS ITOW CTPYKTYpHI. 37ech
mveertcst B By U(1)?-medpopmanmst pora AdS; x S7, Brep-
Bble paccMoTpeHHas JIyHunbiM u MasnnaceHotii B [8], koTopast
rojiorpaduyecku ayanbHa -nepopmanuu teopun ABIJM. C
TOYKHU 3pEHHS CyNeprpaBUTAIMKM OHA cOOTBeTCTBYeT SL(2)-
npeoOpa3oBaHUIo MapaMeTpa

1= Ci +iVG, (4.32)

rae (123) — tpu Hanpasyienus S' §7. DKBUBANEHTHO MOKHO
3TO npeoOpa3oBaHKe MOHUMATD KaK 3-BEKTOPHYIO eopma-
A0, OMHUCHIBAEMYIO OOOOIIEHHBIM ypaBHeHHEM SIHra—
Bakcrepa, xak o0cyxmanoch Bbime. MBI yxke BUAETH, YTO
OHO €CTECTBEHHO BO3HUKAET NMpH BBeJeHUM Tpoiiku Jlakca
Jutst cucteMbl HamoOy.

Co croponsl Teopun ABIM f-nedpopmanun JlynuHa —
MangaceHbl COOTBETCTBYIOT BBEJCHHIO ONpPEIEIEHHBIX (a-
30BBIX MHOXHUTEJIEH ISl TIOJIEH, BXOISIINX B CYNEPIIOTEH-
nmadi [95]:

4
W— Wy = % Tr [exp (—i %)AlBlAsz -

— €Xp (¥>A1B2A231:| . (4.33)
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3/1ech YMECTHO PaccMOTPETh aHAJIOTHMYHYIO JehOpMAIIUIO
teopmu N = 4 SYM, a umenno U(1)? B-nedpopmamuto. Ha
CTOpOHE TPABHUTAIIMYU MpeoOpa3oBaHue OKa3bIBaeTcsl abee-
Boil OmBekTOpHOI nepopmanmeid BHOJb NBYX H3 TPEX
abeJeBbIX BekTOopoB KiutnHra rojiorpaduiecku AyaabHOTO
pemennst AdSs x S°. Ha cTopone kanubGpoBouHON Teopuu
BCE CTAHOBUTCS HAMHOIO MHTEpECHee, M MpeoOpazoBaHMe
COOTBETCTBYET JAehopManuu mpou3BeeHNs MoJIeit

Jg— 1+g=exp [inB(p{pf - plpf)] sz, (4.34)
TJIe p1 ¥ p; 0003HAYAIOT TeHepaTopbl ABYX n3ometpuii U(1), a
BEpXHUU MHACKC YKa3bIBACT, JICUCTBYET JIM T€HEpAaTOp Ha f
i g. Temepb, ecianm 00e W3OMETPUU MPOXOIAT BIOIH
npoctpancTBa AdS, TO MBI TOJTyYnM mpou3BeaeHne Moiia-
Jla W, COOTBETCTBEHHO, HEKOMMYTATUBHYIO Je(opMariuio
SYM [95]; ecu onna uzomerpuss — Baojb AdS, a npy-
rasi — BAOJb cepbl, TO MBI MOJYYUM TaK Ha3bIBaeMbIE
JIATIOJIbHBIE JeOopMaInu; Korjaa obe H30METpUHM TPOXO-
ST BIOJBL chepsl, Mbl monydaem f-gedhopmarmro Jly-
HIHA — MasgaceHsl. B 3ToM mocienHeM citydae reHepaTopsl
JIeCTBYIOT NMPOCTO YMHOXXEHUEM ONEPaTOpoB Ha (a3oBble
MHOXHUTENH, U Je(OopMUPOBAHHBII CyepnoOTEeHIUAI CTaHO-
BuTcs (cM. [95] nist GoJiee moapoOHOU MHPOPMAIIMU U IS
COOTBETCTBYIOIIIEH OpaHHOW KapTHHBI):

W — Wp=Tr [exp (inf) @, D, @3 — exp (—inﬁ)dﬁd&cﬁz} .
(4.35)

Haubonee MHTpUTYIONMM 37eCh SIBJISIETCSI TO, YTO OHMBEK-
TopHas aedopManus 3pHeKTHBHO BBOIUT HETPHBHAILHYIO
CKOOKY OIIepaTopoB

[x',x? = B. (4.36)
Korga o06e m30MeTpny HEKOMITAKTHBI, TApaMeTp HEKOMMY-
TaTUBHOCTY B NIPABOI 4acTU OyKBaJIbHO SIBJISIETCS apaMeT-
poM OuBEKTOpHON Iedopmalyy, eCTECTBEHHBIM 00pa3om
BO3HHMKAIONIMM W3 JIBOWHOW Teopuu® moJisi. Tenepwb mis
HUCKJIIOYUTEBHOTO ClIydyasi UMeeM TPUBEKTOP, KOTOPBIH
MIPEMOJIOKHUTEILHO TOJDKEH COOTBETCTBOBATH HMapaMeTpy
HEacCOLMaTUBHOCTH

[xm’ xn’xk] _ ank (437)
WK ONpEeNesIsATh TPOiTHOE Mpou3BeeHue, MoJ00Hoe Molia-
JIOBCKOMY, Ubsl siIBHas pOpMa HE TIPeICTABJICHA B JIUTEPATYPE
(cm., omnako, [153] ms ompenesieHuss TPU3BE3THOTO IIPO-
u3BeneHus B koHTekcte Teopun ABJM). Tounoe onpenerte-
HUE TAKOTO TPOWHOTO MPOU3BENICHUS, a TAKKE KOHTPOJIH-
pyemasi popMyJIMpOBKA HEACCOIMATUBHON KaJIMOPOBOYHOU
TEOPHUH CTOST CPE/IU YBJICKATEJIbHBIX HATIPABJICHUH UCCIIEI0-
BaHWi, HATIPABJICHHBIX Ha OoJiee TyOOKOE MOHUMAHUS
MEMOpPAaHHOM TUHAMUKHY.

4.4. OTKpbITBIE MeMOPAHBI H NETJEeBbIe NepeMeHHbIe

ITockonbky rpanuiia M2-OpaHbl, okaHuYMBaroleics Ha MS5-
OpaHe, UMeeT BUJ CTPYHBI, MOKHO OBLIO OBI OXUAATH, UTO
€CTECTBEHHbIC NEPEMEHHBIE, ONPEACNISIONIUE TEOPUIO HA
MHUPOBOM 00BEME MEMOpaHbl, MIPUHUMAIOT 3HAYCHUS B
anrebpe neresb. Hackobko HAM U3BECTHO, IEPBOE YIIOMHU-
HaHUe 00 ajreOpax meTejb B KOHTEKCTE MEMOpaHHOU
JIMHAMUKHU TOsiBJIsieTCs B [154], roe ObUT mpoBenéH aHam3
KaHOHMYECKOW ckoOxu [dupaka IUIs TMOJied Ha MHPOBOM

00béMe MeMOpanbl. Bbu1o OOHapyXeHO, YTO TaK Ke, Kak
HEKOMMYTATHUBHOCTb OTKPBITHIX KOHIOB CTPYH BO3HHUKAET
s D-Opan Ha ¢one nocrosiHHOro moJiss NS 2-hopmsbl, B
ciIydyae MeMOpaH BO3HUKAET HEKOMMYTATHBHOCTH B MPO-
CTPAHCTBE METeJIb. ABTOPBI ONPENIEIISIOT 3BE3AHOE IPOU3BE-
nende moJjiel X'(s), rae s mapaMeTpu3yeT TPaHMIy MeM-
Opanbl B (popme merym. 3amMevaTesIbHbIM HAOJIOJCHUEM,
CBSI3BIBAIOIINM 3TOT TOJXOJ C OJMBEKTOPHBIMHE Jepopma-
HUSIMHE, SBJISETCS TO, YTO Ten3op Q™ mapamerpusyrormuii
nedopMaiyu, OYKBAJIbHO OMpEIessieT METPUKY OTKPBITON
MeMOpaHBI.

Hauném c xpaTkoro HamoMUHAHUS BHIPAXKEHUHU, CBSI3aH-
HBIX C HEKOMMYTATUBHOCTBIO OTKPBITBIX CTPYH, 32 HOAPOO-
HOCTSIMH YUTATeIb OTCHUIAETCS K OpPUTHHAIBHOW pabote
[119]. PaccMOoTpuM TEOpHUIO OTKPBITOM CTPYHBI Ha (poHE
HETPUBUAJILHOTO B-TOJIsS CO CTaHAApPTHBIM JEHCTBUEM BTO-
poro nopsiaka
Sp = TJ 40 (Vhgumh® + byme™) 0,X™ 35 X", (4.38)
I7Ie THTETPUPOBAHKE BEJAETCS IO MUPOBOMY JIUCTY CTPYHBI 2
C MHIYIUMPOBAHHOW METPUKOW /i, U KOOpAMHATAMHU 0% =
= (7, 0). Ecnu MeTpuka u B-1oJie HOCTOSIHHBI, TO TPAHUYHBIC
YCJIOBHUSI B0JIb MUPOBOTO 00béMa Dp-OpaHbl MPUHUMAIOT
BUJ

gmnaan + bmnaan ox =0 ; (439)

rae 0, 0003HaYaeT MPOU3BOJIHYIO BIOJIb BEKTOPA HOPMAJIH K
0X, a 0, 0003HAaYaeT MPOM3BOJIHYIO BJIOJb KaCaTEJIbHOTO
BekTOpa. Hac mHTepecyroT KBAaHTOBBIE CBOHCTBA TaKOH
JIBYMEPHOM TEOPHH TOJIS C TPaHUIEH, B YaCTHOCTH JIBYXTO-
4euHble Koppeasinuonuesle ¢ynkiuu (X" (t,0)X"(t',0”)),
ONpeeJISIoNIe npornaraTop Teopuu. OrpaHMYUBAsICh IS
OPOCTOTHI AMCKOM B POJIM MOBEPXHOCTH X W BBOMS, Kak
0OBIYHO, KOMIUIEKCHBIE KOOPIMHATHI (z,Z), IPUXOAUM K
CJIeIYOINEMY BBIPAKEHHIO:

<X’“(Z)X"(Z’)> — ,ymn log |Z*§| 7gmn 10g |Z* Zl| _

_z!

—G"™log |z— 2" — @™ log +D™, (4.40)

z
z—z!

rme D" He 3aBHCHT OT KOOPAWMHAT MHPOBOTO OOBEMA.
Martpuiel G™ u O™ onpeneastoTcs Kak CHMMETPUYHAS U
AHTHCUMMETPHUYHAS YaCTH MATPHIBI (g + b)_l COOTBETCT-
BEHHO.

WuTepecHo creayroiiiee Habroaenue. Ecim o0e Touku z u
z' HaxoIATCS BHYTPH MHPOBOrO 00BEMA M MOYTH COBIA-
JTat0T, TO KOPPEJATOp BeAET ceOsl Kak OOBIYHBIN TponaraTop
JIBYMEpHOU KOH(POPMHOW TEOPHM CKAJISIPDHBIX MoOJeid X ™.
Torpa matpuna g, ABJIsSETCS MPAaBUILHOU METPUKOM IJist
9TUX TOJIeH, W MBI Ha3bIBaeM €€ METPUKOU 3aMKHYTOM
cTpyHbl. OTHAKO B CIIy4ae OTKPBITON CTPYHBI BEPIIMHHBIE
OIEPaTOPhl BCTABJISFOTCS HA T'PAHUIIE, T.€. KOTJIa U z, U z’
HaXOJISITCS Ha Kparo JIUcka, T.e. z = 1, z' = t’. Toraa uMeem

(X"(0)X"(r)) = —G"™log (t — 1) +% O"e(r—1'),
(4.41)

rae 11t D™ BbIOpaHo HEKOTOPOE YI00HOE /1JIsl BBIYUCIICHUN
3HaYeHue, a ¢(t) obo3HavaeT (YHKUMIO, paBHyr +1 st
MOJIOKUTEJIBHOIO aprymMeHTa u —1 I OTpULIaTeNIbHOTO.
Mpes1 Bunum, yTo MaTpuny G Tenepb MOXHO UHTEPIPETH-
pOBaTh Kak METPHUKY, BUIMMYIO OTKPBITBIMH KOHIIAMU
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CTPYHBI, IIOCKOJIbKY OHa 00ECIICYNBACT MPABUIILHOE IIOBE/Ie-
HUE Mpomnaratopa Jiist OJU3KUX TOoYeK Ha rpanuie. OOBeKT
O ecTh MapaMeTp HEKOMMYTATUBHOCTH KOHIIOB OTKPBITOM
CTPYHBI, a 3TO O3Ha4aeT, 4To 3 dexTuBHAS TeopHsl MO HA
Dp-6pane Ha ¢one HeHysneBOro B-mojisi MOJDKHA ONMMCHI-
BAaTbCSI HEKOMMYTATHBHO# Teopueit Slura—Muuica. B [119]
MOKa3aHO, YTO ITO JICHCTBUTEIBHO TaK.

CooTHOIIIeHHE MEXIYy MapamMeTpaMu OTKPBITON U 3a-
MKHYTOH CTPYHBI MOXHO IMPeoOpa3oBaTh K CIEIYIOIIEMY
BHTY:

(g+b)'=G+0, (4.42)
OHO HWMeeT OYKBaJIbHO BHJ OWUBEKTOPHOU nedopManui,
Korja nox @ moHMMaeTcs TeH3op Aedopmanud, a nox G —
UCXOAHBIA HenepopMHupoBaHHBIA (OH. XOTs J0 KOHIA HE
SICHO, B 4éM TJIyOMHHAs MPUYMHA TAKOTO CXOACTBA, OHO HE
MOXeET OBITh IPOCTHIM COBHAJEHHEM, TaK KaK TOYHO TaKoe
K€ COBIIAJICHHE HAOIIOAAETCS MEXKy OTKPBITO-3aMKHYTHIM
MeMOpaHHBIM NpeoOpa3oBanueM [147] u mpaBuiIamMu Tpu-
BeKTOpHOU nedopmaruu. [Ipexae yem mepeidTu x Ciaydaro
MeMOpaHbl, yMECTHO YIIOMSIHYTH €LIE OTHO MPOMCXOXKICHHUE
METPUKHN OTKPBHITON cTpyHBI G, a mMeHHO nevictBue Dp-
Opanbl. CXxeMaTHYeCKH OHO UMEET BUJT

Spp = TPJ dr ¢ exp (¢)+/det (g + F) + JC@+1> +...,
(4.43)

sneck F =dA + b, rne A = A, dE* o6o3HAYaET BEKTOPHOE
moJie MupoBoro oowséma Bopua—UWMubpenbaa, B3aumoneii-
CTBYIOIIEe ¢ KOHIIAMH OTKPBITON CTPYHBL, g U b 0003HAYAIOT
obpaTHble 00pa3bl MOJIsl TAPreT-NPOCTPAHCTBA, C(yy 1) 000-
3Havaet crapiryro RR-popmy, B3aumonerictByromyro ¢ Dp-
OpaHOH, a TOYKH O0003HAYAOT OCTAJIbHBIC YJICHBI, HEOOXO-
JIUMBbIE [JI KaJTuOPOBOYHOM MHBAPUAHTHOCTU IEHCTBUSI.
Bapbupys neificTBHE OTHOCHUTENIBHO CKaJISIPHBIX mojied X,
MOJIy4aeM ypaBHEHUE

OGIX" +...=0, (4.44)

rae kBaapat oOoO3HavyaeT AajamMOepTHaH HA MHUPOBOM
00BEMe, MOCTPOCHHBIN HA MPOOOpa3e METPUKU OTKPBITON
cTpyHBl Gy, @ TOYKH OOO3HAYAIOT PA3JIMYHBIC UJICHBI,
coJiepKalllie TOJIbKO JIMHEeWHBbIe Mpou3BoJHBIE 0, X™. OT-
CIOJIa BUJIUM, YTO METPUKA OTKPBHITON CTPYHBI OKA3bIBAETCS
€CTECTBEHHON METPUKOM ISl JUHAMMKH CKJISIPHBIX MOJIEH,
MPEJACTABIISIFOIIUX COOOM HE 4TO MHOE, KaK BO30YXJCHUS
OTKPBITOM CTPYHBI, IEPIEHIUKYIISIpHBIE 00bEMY Dp-OpaHsl.

OOpatumcs Tenepb K TPEXMEPHOH CUrMa-MOJEJIH, B3an-
MOJICHCTBYIOIIIEH C TPOCTPAHCTBEHHO-BPEMEHHOM METPUKOMI
Zmn B TApreT-mpocTpaHcTBe-BpeMend, noJieM 3-hopM Couyi,
KoTopoe OyAeT MOAeJMpOBAThH JUHAMUKY M2-OpaHbl M-
Teopun. JefcTBHE MOAETN MOXHO 3aMUCATh CIEIYIOIIHM
obpazoM:

1
S= —J d30' vV —h m,lh“"aaX’"aﬂX” -‘rJ C<3) +J B(z) s
212 )y > or
P
(4.45)
rae 2 obo3HavaeT MHUPOBOI 00BEM mopenm, a 0X — eé

MPOCTPAHCTBEHHO-TIOI00HYI0 rpaHuny. [1omo6HO OTKpPHI-
TBIM KOHIIAM CTPYH, TUHAMHUKA KOTOPBIX 3P(HEKTUBHO
onuceiBaeTcss Dp-O6panoit, rpanuna M2-OpaHbl ONUCHI-
BAaeTCsd B paMKax TEOpHMH MHPOBOro o0béMa MS5-OpaHsl.
IToCKOJIBKY 3Ta TEOpHsl HEJIArPaHKeBa, B TOM CMBICIE, YTO
e€ IpaBUIbHOE JIATPAHKEBO ONMCAHME HEM3BECTHO, 3ajada

HanucaTh aHajor naeictBusi DBI oxasbiBaeTcst HCKIrOYM-
TeJIbHO HeTpuBHaIbHOU. C Ipyroil CTOPOHBI, CTAHAAPTHBIE
METO/IbI KOH)OPMHOI TEOPHH MOJIs1, HCTIOIb30BAHHBIE BBIIIIE
JUUTSI TIOJTYUEHHS! KOPPEJISUil Ha TPaHUIE IBYMEPHOTO JIUCKA,
37ech He PaOOTAIOT, TIOCKOJIbKY TEOPHUS SIBJISIETCS TPEXMED-
HOU. UTOOBI 0601iTH 3TH TpyAHOCTH, B [155] OBLIT IpE1IIIOKEH
9JIETaHTHBIN MOAX0A: 1) paccMOTpeTh CHeNUaIbHbIN Npeaes
OTJEJICHUS, YTOOBI 3aMOPO3HUTh AUHAMUKY OO BEMHOM MOJIBI,
COXpaHsisl HEBBIPOXKICHHON TEOPUIO HA MHUPOBOM 00BEME
M5-6panbl, 2) HCIIOJIB30BATH IEPBUYHBIE CBSI3U MOJYICHHON
TEOpUH JIsl TOCTpoeHus ckoOku upaka, kotopas (pakTh-
4eCKH KOJUPYET NETJIEBYI0 HEKOMMYTATUBHOCTb I'PAHUIHBIX
MOJIEH.

YToOBl MPOKOMMEHTHPOBATH MEPBBIM IIAT, OTMETHM
cHavaja cienyroiiee [155]: B M-Teopuu HeT criocoba B3SITUs
npejaesna, Npu KOTOPOM HaTshkeHHe NpoOHOM M2-OpaHbr
ObLIO OB HAMHOTO MEHBIIIE, YeM HaTshkeHue poHoBoi MS5-
Opanbl. Takasi cUTyanusi CHJIbHO KOHTPACTUPYET C Teopuei
OTKPBITBIX CTPYH, IJl€ Majlasg CTPYHHAs KOHCTAHTa CBSI3U
gs < | mpuBomuT ¥ OoJBIIOMY HATsDKeHUIO (hoHOBOU Dp-
opausl Tp, ~ g ', B To BpeMst Kak (yHZaMEeHTaJIbHOE
HaTspbkeHue cTpyHbl Tpp ~ 1. IloatoMy ass mpenoTBpallle-
Hus aepopmanuu GonHa npoOHo M2-OpaHoW Tpeanosio-
UM, YTO OH TIOPOXKIAeTCss HAOOpOoM OOoJbIIOro ymcia Ns
M5-6pan:

Nsl?
ds? :H_l/3dxH2—|—H2/3dxi7 H=1+ S

peat (4.46)

1
TJe X U X; ODO3HAYalOT HATPABJICHHS, TAPAJUIEIbHBIE U
nepreHauKyJIstaple M5-0panaM cooTBeTcTBeHHO. Hampsi-
KEHHOCTh MOJIs 3-popMbl F, mponopuuoHayibHa (opme
00bEMA B TPaHCBEPCAILHOM IPOCTpaHCTBe. Tenepb oTae-
JIUM oJTHY M 5-GpaHy OT CTOIIKH ¥ IEPEMECTUM €€ B TOUKY Fy,
OJM3KYIO K McXoiHOM cromke. Ecu Ns > 1 u ry JocTaTouHo
MaJibl, TO B3aUMOJeHcTBHE MeXAy 3Tod MS-Opanoit u
OCTaBIIIEHCS CTONKON 3PPEKTUBHO €€ 3aMOpaXKHUBAET, TAK
yT0 M2-6paHa MOXET BBICTYNATh B POJIM IpOOHUKA, HE
nedopmupys e€. BBoas manblii mnapamerp € — 0, Mbl MOXEM
3anucaTh Mpees OTAe/ICHUS B BUIE

by~ ey (4.47)
Ns 3 Ns
e

0 0

TaK YTO TMPOU3BEICHHE hl; 0oCTaéTCcsl KOHEYHBIM. 31ech /i
BXOJWT B CAMOYaJIbHYIO HANPSKEHHOCTD IOJISI MEPOBOTO
00BéMa H,,y, CIAECAYIOIIAM 00Pa3oM:

h

JU+1on2

B Takom npezesne qeicTBHE, KOTOPOE HEOOXOAMMO MPOKBAH-
TOBaTh, IPUHUMAET OCOOEHHO NMPOCTOMN BUJL

Hoip = —
(4.48)

Haas =h.

1 sy
S = ng &0 Hywp X' X' X7 (4.49)
I7ie TOYKa U IITPUX 0003HAYAIOT MPOU3BOJHBIE IO KOOPIH-
HaTaM (1,0) Ha rpanune 0X. OnHOBpeMeHHas CKoOka
Hupaka nis noneit X = {X3, X4 X3} torna cranoBuTcs
1 611hc‘x/('(o.)

X(t,0),X"(1,6")] =
[ ] h ‘X"(a)|2

8(c—c'). (4.50)
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Heme/uteHHO BUIUM, 4TO TepeMeHHble X ¢(0), mapamerpu-
30BAaHHBIE KOOPAMHATON TPaHUIBI MHUPOBOro o0BEMA G,
NIeCTBUTENILHO HEKOMMYTATHBHBI. [IpHuBenéHHOEe ypaBHe-
Hue (4.50) MOXKHO TIOHUMATh KaK KOMMYTAIIMOHHOE COOTHO-
LIEHHE /Ul MepeMeHHbIX ajireOpsl nerenb X¢(a). To xe
HaOrofeHue OyAeT ClIeJIaHO B CIICAYIOIIEM pa3jielie Ha
ocHoBe MeMOpaHHOW kKoHCTpykKiuu ADHM (ATbsi— dpus-
(deapa— XutynH — MaHuH).

CpaBHUBAsI TPUBEAEHHBIN BBIILIE KOMMYTATOpP C AHTH-
CUMMETPUYHON yacThio (4.41), MBI OXHuIaeM, YTO MpaBasi
YacTh YpaBHEHUS OYJIET HHTEPIPETUPOBATHCS B TEPMHUHAX
METPHKH, BUIUMOW OTKPBITON MeMOpaHoii. JleficTBUTETb-
HO, UMEHHO 3TO cjeayeT u3 paboThl [147], rae BBEACHBI
mapamMeTpsl O F*r HaspiBaeMble OOOOIIEHHBIMH TeTa-
napaMeTpaMu. BMecTo Toro 4ToObI KOMUPOBATH COOTBET-
CTBYIOIIIME BBIPAXEHHUS U3 ITOW CTAThH, MPOUIIFOCTPH-
pyeM HJIe0 B TEPMMHAX IOJIEH HCKIFOYUTEIbHOW Teopuu
noJiss. OTobpaxeHne OTKPBITO-3aMKHYTBIX CTPpYH G + O =
= (g+b)"" ecTh He uTO MHOE, KAK [BA PA3HBIX CIOCOGA
3allMCH OJHOTO W TOTO € MpeAcTaBUTeNs (aKTOp-Tpo-
crpanctBa O(d, d)/O(d) x O(d):

[gfbg’lb bg’l} = { G oG

PRV o ¢ '-ece| ‘3

Bosee toro, packiansiBas obpasyrotme O(d,d) no neicr-
Buro e€ moarpynnsl GL(d) (BepXxHHI JIEBBIN M HIDKHUN Mpa-
BBl GJIOKH B MaTpU4HbIX 0003HaueHUsx) {7, T*,, T"},
MOJEM 3aIucaTh MaTpuily H B BUC

G 0

0 G (4.52)

H:OT{ }(9, O =exp [0"T,].
Hpyrumu ciioBamu, 10OaBJIeHHE HEKOMMYTATUBHOTO Mapa-
MeTpa O MOXHO TOHMMATH Kak npeobpasoBanue O(d, d).
Tenepsb, mogHNMAS 3TU PACCYXICHUS A0 UCKIFOYUTEITbHOU
TEOPUH TOJISI, T.€. 3aMEHsIs OPTOTOHAJILHYIO TPYIILY OJHON
u3 rpymn SL(5), SO(5,5) umu E; ¢ d = 6,7, 8, MbI B TOUHOCTH
BOCHPOM3BOIUM BhIpaxeHus: u3 [147]. [IpousmrocTpupyem
ato Ha npumepe SL(5). Paznoxum obpazyromue mop Jei-
crBueM e€ moarpynmnbel GL(4) (BepxHUil JieBbIi 0JIOK)
{Tp, Ty, T*P} 1 HamuIIIEM

U=exp [0""T,,],

wt[6 [,

0 1 Evpypaps © P1P2P3

(4.53)

P1P2P3
€up1p2p: © }
_ P1P2P3

1 @/'1/'2/'3 o

MHOXHTENb, TPONOPUMOHAIBHBIA CTENEHAM 1 — O ;5. X
X @P1P2P3 | gcXoaUT W3 MPAaBUWIBHON HEJIMHEHHOW peasm3a-
nuu mpeacrasutenis gakrop-npocrpanctsa SL(5)/SO(5) B
TepMUHaX (paKTHIECKON MPOCTPAHCTBEHHO-BPEMEHHOM MeT-
puku u 3-popmsr C-most.

BusnHo, uTo TpH UHAEKca mapaMmetrpa O M’ ecTecTBEHHBIM
00pa3oM MPOUCXOMST U3 TPEX MPOCTPAHCTBEHHO-BPEMEHHEBIX
n3MepeHuii M2-0paHsl; 3TO IpeAnoiaraeT Hamyue @ H1-#6 B
JIONIOJIHEHUE K TPHUBEKTOPY, YTO OKAa3bIBACTCS BEPHBIM.
Penykius no teopun tumna [IA HapyiaeT UCKITIOUYUTETBLHYIO
rpymiy 1o eé noarpynmst O(d, d) 1 mopoxkaaer napamerpbl
O ¥, cCOOTBETCTBEHHO, BCE BBIPAKEHUS, IPUBEIEHHBIC B
[147]. Takum oGpa3oM, "3-uHgekcHOCTL" Teopun MeMOpaH
MOXHO TOHHUMATh JHOO Kak HEOOXOAMMOCTH BBEICHHUS
cTpyKTypbl HaMmOy 17151 onucanus e€ AMHAMUKY B aiaredpan-
YeCKHX TEPMHUHAX, JUOO KaK MEeTJIEBYI0O HEKOMMYTATHB-
HOCTBb. BO3MOXHO, YTO 3TH ABa MOAXOJAa IMOJHOCTHIO

9KBHUBAJICHTHBI, YTO MPEJCTABIISCTCS MHTEPECHBIM HaIpaB-
JICHUEM 11 JaIbHEHIINX UCCIICIOBAHMM.

4.5. Iletnesass ADHM-koHcTpyKumst

EcTecTBEHHOCTh OMUCAHUS TUHAMHUKHA MEeMOpaHbl B TEPMU-
Hax MOJICBBIX MEPEMEHHBIX MOXXHO YBHIIETb U3 MOCTPOEHUS
ADHM p1s MemOpansl. [1j151 5TOT0 BepHEMCS K ypaBHEHUSIM
Hama u Bacy—Xapsu u paccMoTpuM 0OoJiee moApoOHO
pe3yabTaThl pabot [156, 157] (cM. Takxe neximu [158]), e
OBLIO MOKAa3aHo, YTO ypaBHeHHE bacy — XapBu MOXeT OBITh
HHTEPIPETUPOBAHO Kak ypaBHeHne Hama B mpocTpaHCTBe
netenb. [Toaxoa nmepBoi paboThl OCHOBAH HA PA3JIOKCHUU
so(4) =so(3)®so(3), 4TO MO3BOJISET HOHMMATH PA3MBITYIO
3-chepy, omuceiBaroIyto mepecedeHnst M2 —MS5-6pan kak
napy pasMbIThIX 2-cep. Bo BTOpoii paboTe, KOTOPYIO MBI
HOJPOOHEe PACCMOTPHM HUKE, UCIOJIB3YIOTCS B IIEJIOM TE
e MeTJIeBbIe IEpEMEHHbIE, U OCHOBHOMI UEEH SIBJISIETCS TaK
Ha3bIBaeMOeE MPeoOpa3OBaHNe TPAHCTPECCHH, TIO3BOJISIFOIIIEE
0TOOpaxaTh KOHEUHOMEPHBI# JkepO ¢ 2-(hopMOii CBI3ZHOCTH
B OECKOHEYHOMEpHOE BEKTOpHOE pacciioeHme ¢ l-popmoit
CBSI3HOCTHU, NMPUHUMAIOIIEH 3HAYEHHS B IPOCTPAHCTBE
HeTeb.

[ TOoro 4yToOb! NPOMIJLTIOCTPUPOBATE MOCTPOEHHE Pa-
60ThI [157], HauHéM co cityuast oObr4HOTO ypaBHeHuss Hama,
OIUCHIBAIOIIETO0 MOHOMOJIb Jupaka. B o6o3Hauenusx [157]
MBI IMEeM

d,. 1 Sk
&X’ =3 € X7, XK (4.54)
rae X' = —X' npunumaror 3uavenus B anreGpe u(k),

onuceiBass TeM caMbiM k D1-6pan. UToObl mocTpouTh
MOHOTIOJIbHOE perreHre Jlupaka, paccMOTPUM OIEepaTop

Hupaka
d P i
Vi=-1—+40c'®iX". (4.55)
ds
Omnpenensst omepatop Jlamraca A =Y ¥V, Mbl BummMm, uto
BBITIOJIHEHUE yCsIoBHs [Ay,6'® 1] = 0 9KBHBAJCHTHO YCJIO-
BUIO TOro, 4To X' sIBJIsieTcs pelleHueM ypaBHeHuss Hama.

Crnenyst crangaptHoi koHcTpykuuun ADHMN [62, 159],
BBEAEM CJIeAYIOIINN TBUCTOBAHHBIN omepaTop Hupaxa:

d Do (i i
Vm=fﬂa+a ® (iX'+x'1),

KOTODBIH BCE €I YIOBIETBOPSET YCIoBuIo (A v, 6'®@ 1] = 0
Ha pemnenusix ypaBaenuss Hama. Torma opronopmupoBan-
HbIE HyJIEBBIE MOJIbI TBUCTOBAHHOTO omiepaTopa Jdupaka

y;.vw.v,x,a:07 a=1,...,N,

5113 = J dSl,st,x,ot l//sﬁxﬁﬁ

(4.56)

(4.57)

OTIPENIeNITIOT KAJIMOPOBOYHOE M CKAISIPHOE TTOJISI MOHOTIOJIS.
3mech x' UMEIOT CMBICT KOOPAMHAT B TPaHCBEPCATHLHOM
npocTpaHCTBe, a N o6o3HayaeT obuiee yucio D3-6pah,
Hecylux KoHIbl kK D1-6pan. KanubpoBouHbIid OTEHIIUAT U
noJjie Xurrca Toraa UMeroT BUL

0

A; = J dst//ﬁ,x i Vs xs

(4.58)
b = —IJ dSl//Ts,xSlps,x )

rjie MHJICKCH o, oOo3Havaromue D3-OpaHbl, OMYIICHBI.
Haiinennbie mosieBble KOHQUTYPAIMH PENIAIOT COOTBET-
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CTBYIOLIME ypaBHEHHs boromosibHOro Fi; = ¢;x0x®, KoTO-
pble CIIEIyIOT U3 MHOI'OMEPHOTI'O YCJIIOBHS CaMO/yaJIbHOCTU
Sara—Munnca. Konkperree, 3agava periaercsi Ipu mpe-
nojoxenuu, rae Bee mous 10d SYM, kpome 4; u 0 = P,
PaBHBI HYJIIO.

ITpoustocTpupyeM IOJIyYEHHBIE BBIBOJBI IBYMsI IPO-
cTeiMu TipuMmepamu. Hauném co ciywas N =k =1, uto
cooTBeTCTBYeT oaHoi D1-Opane, 3axaHunBaromieiicss Ha of-
Hoit D3-6pane. D1-6pana BoITsAHyTa BAOIL X = 5. B 5ToM
ciryuae peleHueM ypasHenus Hama sisnserca X! = 0, Hye-
BBI€ MOJIbI CKPYUEHHOTO oniepaTopa Jlupaka UMeroT BH/I

VR +x3 [x1 —jx2
¢+:€Xp(—SR)ﬁ R—’C3 5
X —x - (4.59)
R — 3 -3
bo=ew (o) S | ]
x'+1xc | X +1x

rae R? = x'x'. [Ins HyJ€BOH MOMBI Y, TOJYYaEM CIIEIYIO-
IIYIO TOJIEBYIO KOH(UTYPALHIO:

1
2R (4.60)

i x3 x3
e () (1))
2(x1+x2)2{ R R

KOTOpasi, OYEBUIAHO, ONMCHIBACT MOHOIOJNb. IS HyJeBoH
MO/IBI |/ _ TIOJTYYarOTCS MOJIsl, CBSI3aHHBIE C TPEICTABICHHBIM
BbIIIIE KAJIMOPOBOYHBIM INMpeoOpa3oBaHUEM BE3/E, KpoMme
Touek |x3| = R. Amajnoruyno mis apyx D1-6pan, T.e. npu
k=2,N=1,nmeem X' = (i/25s)6' u ® = —i/R, T.e. uMeHHO
TO pellleHHe, ¢ KOTOPOr0o MBI Hayajld B MPEABIAYIIEM
pasnee.

V310KEeHHBIN MTOIX0T MOXHO MPUMEHUTH K YPaBHEHUIO
Bacy — XapBu 1 cooTBeTCTBYIOIIEMY ypaBHEHNUIO BoromMouib-
HOTO JJIsl CaMOJIyajibHO# 3-(hOopMbI IpaKTHYECKH Oe3 u3Me-
HEHUH BILTOTH IO MOMEHTA, KOTJa OIpPEeNsieTCss TBUCTO-
BaHHBII omepaTop. Y paBHEHNE UMEET BH/T

%Xl’ _ % 6ijkl [Xj7xk’xl] ,
rae tenepsb X' npunauiexut 3-anrebpe Jlu, T.e. TuHEHHOMY
MPOCTPAHCTBY C ompejeiéHHOW Ha HEM ckobOkoit Hamoy.
MortuBupysich T-AyalbHOCTBIO M JAJLHEUIIIM MTOTHSITHEM
cuctembl D1 —-D3-6pan 1o cucrembr M2—MS5-6pan, 3amnu-
1IeM clieqyromuii onepatop Jdupaka:

Vo= s 399D,
roe D(X\,X/) = [X/,X/, ] — BHyTpeHHSs NPOM3BOIHAS, A
y{ — craHgapTHble TaMMa-MaTpuubl dupaka. s 6ojee
noapoOHoro oOcyxaeHus Bujaa onepatopoB Jlupaka B
teopusix tuna [IB m tuma ITA, maromiero aprymMeHThl B
[0JIb3y MOTHBAIUH, CM. OpUTHHAJIbHYIO cTaThio [157]. Kak
W paHee, YCJIOBHE TOTO, 4TO X' yIOBIETBOPSET ypaBHEHUIO
Bacy — XapBu, MOXHO 3amucaTb B BUie |[Ay,77] =0, rae
A, =V, V,. Ilanee HaM HyXHO BBECTH COOTBETCTBYIOLIMI
TBUCT Tak OMNpeAes€HHOro omepatopa Hupaka, s 4ero,
OYEBUIHO, TpeOyeTCs 1WiieH BUuna y /a;b;, Tie, BOOOIIE rOBOPS,
a; # ab; B 00IIEM ciIyyae it HEKOTOpOTro kodaddurmenTa o.
Hanee mcnob3yercst TOT (akT, YTO BEKTOPHOE PACCIIOCHUE
HaJ 2-cdepoil, ommchiBarouiee MOHONOJb Jupaka, 3amMe-
HsieTcs kepOoM Hall 3-cepoii, KOTOPBIN Mocie JeHCTBUS
0TOOpaXXEeHUsI TPAHCTPECCHU MOXHO MMOHUMATh B TEPMHUHAX
nerenb Han S°. Takum o6pazom, BBOAMM Toas x'(t) ¢

b =—

(4.61)

(4.62)

HapaMeTpoM T, MapaMeTPU3YIOUIUM TETJIIO, U OrpAHUYEH-
uple ycrnosueMm x‘(t)xi(t) = R2. OTcrosa ciejyer,4To
x%'=0, W IONOJHHTENBbHO HAKJIANBIBAETCA YCIOBHUE
xix! = R%, Torma MPaBUJIbHBIA TBUCT COOTBETCTBYIOILIETO
oneparopa Jlupaka MOXHO 3aIUCATh B CJIEIYIOIIEM BUJIE:

~9s 49| 2 D(KEX) — () ()
s 2

MpbI BHIUM, YTO IETJIEBBIE MEPEMEHHBIC €CTECTBEHHBIM
00pa3oM BXOHSIT B TBHCTOBaHHBIH omepatop [upaxa, a
caMa KOHCTPYKIIUS BO MHOTOM MOBTOPSIET TPaJIUAIHOHHBIN
noaxonq ADHMN. CrieayroluMm maromM siBJisieTCs mocTpoe-
HHUE KaJUOPOBOYHBIX U CKAJSIPHBIX MOJICH, Temeph Ompejie-
JIEHHBIX B MPOCTPAHCTBE IETENIb, C UCIOJIB30BAHIEM HYJIe-
BBIX MOJ] TBUCTOBAHHOTO ornepatopa [dupaka:

¢(X(T)) = 71‘[ ds l/’ Ts,x('c)s l/js,x(r) )

Vs x(x) = (4.63)

(4.64)
Ai(x(f)) = J dszS,x(r)ail//s,x(r) )

rze npou3BoAHas ompenensercs kak O; = [ dt(6/8x(t)).
Hanee, HANpsOKEHHOCTH KajubpoBounoro mosst A;(x(t))
OMpEJIENSAETCs, Kak 00bIuHO: Fjj = 20;4;), u, ecnu X' pemaet
ypaBuenne bacy — Xapsu, yioBiaeTBopsieT

Fij(x(x)) = c,-jk/)'ckél(ﬁ(x(r)) . (4.65)
KiroueBbIM yTBEPKICHUEM 31ECh SIBISCTCS CJICHYIOLIEE:
XOTS 3TO BBIPAKEHUE CXEMATHYECKA MMECT BH[ YPaBHCHUS
BoromonbHoro st reopunt SYM, ero nerseBas CTpyKTypa
(daxTHyeckn menaer ero TpeOyeMbIM ypaBHeHHeM boro-
MoustbHOTO UIst D =6 N = (2,0) Teopun. CBsi3zb Mexay
caMo/1yaJibHOU 3-popMoO¥ U Tak onpeIesIEHHON HATPSIKEH-
HOCTBIO TOJIsE 2-(hOPMBI UMEET BH/T

F(V1,V3) = J de Hyje (x(2)) x5 (1) i 'vo7 (4.66)

rae V' » —npousBosbHbIe BeKTOPHI. Torna ypasrenue (4.65)
9KBUBAJIEHTHO YCJIOBHUIO CAMOIYATIbHOCTH 3-hOpMBI

1 1
Hoysi = 1 0®, Hijx=—€u0?. (4.67)

4
B kauecTBe mpumepa pacCMOTPHUM SIBHBIE PELLEHUS IS
N=k=1, T.e. oqHoii M2-OpaHbl, TpUCOCTUHEHHON K
onHOi M5-6pane. Torga X/ = 0 u omepaTop UMeeT BOCEMb
HYJIEBBIX MO/I, 13 KOTOPBIX HaM IOHAJI00STCS TOJIBKO Ye-
TBIPC, Vs¥y () = Vs x(r)- 1aKOE YIBOCHHE HYJIECBBIX MOJ
CBS3aHO ¢ mepexoaoM oT Matpun Ilaynm x ramMmma-mMaTpu-
11aM, 4TO B CBOIO o4epeab Heo0X0auMo, mockoiabky SU(2)-
cumMeTtpust ypaBHeHns: Hama 3amensercst SO(4)-cummert-
pueit ypaBuenus bacy — Xapsu. OcTajibHbIe HYJIEBbIE MO/IbI
MOTYT OBITh BBIOPAHBI CIIEAYIOINUM 00pa3oM:

l//s,x(r) = €Xp (_R2S) X
i(R? 4 x2x%1 — x1x2 — x4%3 + x3x4)
X3 ix2) 4 (X2 —ix!) = (P 2D —ixd)
0
0

X

(4.68)

O6paTuM BHEMaHME Ha R? B oka3aTesie SKCIOHEHTHI, YTO
Na€T MPaBIIbHYIO 3aBUCUMOCTH CKAJISIPHOTO TOJISL OT (pu3u-
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yeckoro pacctosinus ®(x) = i/2R?. Kak u paHee, 1714 ciydas
N = 1 k = 2 MbI BOCIPOU3BOANM OOCYKIaBIIIEeCsl paHee pe-
mennme ¢ X/ oc G

IMonBons uror, crexys [157], Mbl 3aMeTwIH, 4YTO, 0Opa-
AsICh K IMOJISIM, OMPEACIEHHBIM B MPOCTPAHCTBE METENb,
MOXHO TPHUMEHHUTh CTaHaapTHyro npoueaypy ADHMN x
ypaBHenuto bacy —Xapsu u onucath camoiyajbHble CTPYH-
HBIE COJIMTOHBI CIOCOOOM, OYEHb MOXOXXUM Ha MOHOIIOJIb
SYM. Ilpu s3toM mxepObl, TaKKe €CTECTBEHHO IOSBJISIO-
recss B TEOpUH MeMOpaH, 3aMEHSIFOTCS BEKTOPHBIMHU pac-
CJIOCHUSIMU, HO HAJ[ IPOCTPAHCTBOM IIETEJIb.

4.6. CnexkyJasiui BOKPYr MHTerpupyeMocTH B M-Teopun

B pasnese 3 MBI KpaTKO PacCMOTpEIIH, KaK TEOpUs CTPYH B
KayecTBe JIBYMEPHOW CHTMa-MOJIeIM CTAHOBUTCS (KJIacCH-
4eCKW) MHTErpUpyeMoil Ha ompenes€HHbIX (oHax. ITO
O03HA4yaeT, 4YTO MOXHO HAaNUCaTb YPaBHEHUS JBMKEHUS
CTPYHBI B T€pMUHAX cBsi3HOCTH Jlakca WM HamMcaTh KBaH-
ToBOe ypaBHeHne SHra-—bakcrepa s e€ S-matpunel. Ha
KJIACCHYECKOM YPOBHE MHTETPUPYEMOCTHh TpeOyeT, YTOOBI
cBs3HOCTh Jlakca Oblila IUIOCKOH, YTO O3HAYaeT BO3MOXK-
HOCTb ONpEAEJIeHUsl ONepaTopa HapasuleIbHOro HepeHoca,
KOTODBIA (pakTHUeckHu mpeacTaBisieT coboi metyiro Buiib-
coHa, Bbiuucisemyto Ha l-popme Jlakca. OOpamasice k
TEOpPUH JABYMEPHBIX MeMOpaH W HaWMBHO 0000IIAsi BCE 3TH
CTPYKTYPBI, MOXHO OBLIO ObI OKHIATH IBYMEPHOTO aHAJIOTA
neTyin BuiibcoHa, KOTOPYIO €CTECTBEHHO HAa3BaTh MOBEPX-
HOCTbIO Buntbcona’. IIpUHIMIMATBLHBIM 3/€Ch SBJISETCA TO,
YTO, C OJHOM CTOPOHBI, HA ABYMEPHOU MOBEPXHOCTH HET
€CTECTBEHHO OIPENENIEHHOTO YIOPSI0UYEHUs, & C IPYyroi
cTopoHsl, 1-hopma cBsi3HOCTH Jlakca moSkHA OBITH 3ame-
HeHa 2-(pOpMO.

CHauaJjia IpOKOMMEHTHPYEM IocjeHee TpeboBanue. B
LEeJIOM MOXHO OXMJATh B 3aja4e 2-popMy, Tak KaK KOHIIbI
JIBYMEpHO! MeMOpaHbl 00pa3yroT CTpYHY, KOTOpas ecTe-
CTBEHHBIM 00pa3oM B3aumMojeicTByeT ¢ 2-popmoii. B
M-teopun M2-6pana okxaHuuBaeTcsi Ha M5-OpaHe, mMoaTo-
My TEOpHUsl 6-MEPHOTO MHPOBOTO 00BbEMaA TocieaHet hop-
MyJMpyeTcsl B TepMuHax 2-GpopMbl. CynepcumMMeTpust Tpe-
OyeT, YTOOBI OHA ObLJIa CAMOAYAJIbHOM, YTO JIEJIAET MOCTPOE-
HUE JIATPAHXKXEBON (OPMYJIMPOBKH OYEHb TPYIHBIM (pa3-
JIMYHBIE IONXOBI cM. B [163 —165]). Tlepexoas ot 1-popmbl
CBSI3HOCTH /10 2-(h)OPMBI, HEOCPEACTBEHHO MPUXOIUM K TIO-
HSTUIO CBSI3HOCTH Ha JKepOe, BOZHUKAIOIIEH NPH CKJIEUBa-
HUU KOLIMKJIOB Ha MEPECEUCHUH YeThIPEX U Oosiee kapT [166,
167]. CnenoBaTenbHO, OJTHON U3 BO3MOXKHOCTEH NOCTPOCHUS
aHajora omnepaTopa dBOJIIOIUY SIBIISIETCSl HCIIOJIb30BAHNE
2-hbopMBI CBSIBHOCTH Ha JIKepoe.

XoTs KepObl 00eCIeYnBAIOT XOPONIYI0 T'eOMeTpHhYe-
CKYIO OCHOBY J/JISl PEILICHUs 3aJa4d, BCE €€ OCTAETCs He-
SICHBIM, CYILIECTBYET JIM €CTECTBEHHOE YIOPSJOUCHUE Ha JIBY-
MepHOIi moBepxHOCTH. OONH U3 CIOCOO0B MapaMeTpU3aInu
MOBEPXHOCTH COCTOHUT B TOM, YTOOBI 3aMeTaTh €€ IUKJIAMU
(cm., mampumep, [168]), m, ciemoBaTenbHO, cBsi3b Jlakca
€CTECTBEeHHBIM 00pa3oM cTaHOoBUTCSA 1-hopMoii, mnpuHUMAato-
IIeH 3HAYCHHUSI B POCTPAHCTBE MeTeslb. Kak Mbl 00Cyx1aiu
BBIIIE, UJES O TOM, YTO HPOCTPAHCTBA MHETEIb JOJIKHBI
UMETb OTHOIIIEHNE K THHAMUKE MeMOPaHBI, CYIIECTBYET JIaB-
HO, M, B YaCTHOCTH, B [154] ObLIO 3aMEUEHO, YTO TaK XKe, KaK
KOHIIBI OTKPBITOM CTPYHBI CTAHOBSITCSI HEKOMMYTATHBHBIMH,

7 Emi€ oIMH HAMEK MCXOIUT M3 BBICHIUX KaJMOPOBOYHBIX TEODPHIA, Ijie
MOBEPXHOCTH, HOHUMAEMBbIE KaK BBICIINE TOJIOHOMHUH, JatOT HaOOp Ha-
GroraeMsbIx [160—162].

CTpYHHBIE I'DAHUIBI M2-OpaHbl CTAHOBSITCSI HEKOMMYTATUB-
HbIMU B IIETJIEBOM IpPOCTpaHCTBe. bosiee Toro, merpuka,
KOTOPYIO BHIUT OTKpPBITas rpaHuna M2-OpaHbl, TOYHO Ta-
Kasi )K€, KaK B UCKJIFOYUTEIbHOM TEOPETUKO-IIOJIEBOM HOJ-
xoze k medopmanmsiM. Kax MBI KpaTKO pacCMOTPUM HITKE,
HeTJIEBasi HEKOMMYTAaTUBHOCTb OTKPBITBIX MEMOPaHHBIX I'pa-
HUI €CTECTBEHHBIM 00PA30M IOSIBJISETCS IIPHU AHAJIN3E ypaB-
nenuit bacy — Xapsu, onuceiBatorux nepeceuenus M2 —M5-
OpaH.

HaxoHnen, paccMOTpuM KBaHTOBOE ypaBHeHue SIHra—
Baxkcrepa, ommchbiBaromiee (akTOPHU3ANUIO NPH PACCESHUN
TOYEYHBIX YacTull. B ompenenéHHOM cMbICiEe, C TOYKH 3pe-
HUS TEOPHUU CTPYH ITO CBSI3aHO C PACCESIHUEM KOHIIOB OT-
KPBITOH CTPYHBI, YTO JOMOJHHUTEIHHO MOTHUBUPYETCS pac-
CMOTPEHHOH BBILLIE KOHCTpyKIMeld mnerim Buibcona. Pas-
MBILUISSL JaJIbllle, NPUXOAUM K BBIBOJY O TOM, YTO [UJIS
ONMCAHUS UHTEIPUPYEMOCTU MEMOPAHBI CJIEyeT UHTEPECO-
BaTbCsl (paKkTOpHM3aNUell paccessHUus CTpyH. JledCTBUTEIIBHO,
COOTBETCTBYIOIIIEE YPABHEHUE IIOJIyYEHO U U3BECTHO IOJ
Ha3BaHUSIMU ypaBHEHHE TETpa’zpa, ypaBHEHHE 3aMOJIOIYU-
xoBa uim ypaBHeHue dpenkesns—Mypa. Huxe Mbl kpaTko
paccCMOTPUM INPOIpecc B IOUCKAX CBSI3M ITUX CTPYKTYp C
TPEXMEPHOU MHTETPUPYEMOCTBIO U M-Teopueil.

4.6.1. IToBepxHocTu Buibcona u CBSI3HOCTH HA MPOCTPAHCTBE
nereb. HamoMHUM, 4TO 117151 00CY XK I€HUSI HHTET PUPYEMOCTH
JIBYMEPHOW TEOpHH MOJIsI BBOJAHMTCS CBA3HOCTh Jlakca
A = A,dc”, ynoBJieTBOpsIOIIAsl YCIOBUIO TIOCKOCTHOCTH
F=dA+ANA=0, u ctpouTcsi ONepaTop 3BOJIIOIUU,
KOTOPBIH SIBJISIETCS HUYEM WHBIM, Kak JmHHeHd BuibcoHa.
JJ1st meproinIecKuxX TpaHUYHBIX YCIIOBUNA MOXKEM 3aIHCATh

T = Pexp H; A},

rJie UHTET PUPOBaHUE IPOU3BOAUTCS BAOJIb KPUBOK. Y ciloBHE
IJIOCKOCTHOCTH, T.e. JAPYToil cnoco0 3amucu ypaBHEHUH
JIBIDKEHHS TAKOW CHUCTEMBI, TI0/Ipa3yMeBaeT

(4.69)

T=[T, M, (4.70)
rne M = Ay(c' =0) u omylueHa BO3MOXKHAsI 3aBUCHMOCTD
OT CHEKTPAJLHOTO mapamMerpa. Torma ciembl pa3jdYHBIX
cTeneHeil 7 HaloT coxpaHsromuecs 3apsasl. I[IpuHuMas 3o
3a OTIPABHYIO TOYKY, MOXHO TOJY4UTh ckoOku ITyaccona
COOTBETCTBYIOIIEH HHTEIPUPYEMOI CHCTEMBI, HCIOJIB3Ys
r-matpuny r € End (V' ® V), rne V upeacrapisietT co0oii
ruIb6EepPTOBO IPOCTPAHCTBO CHCTEMBIL:

{71, o} = [ro, Th] + [r12, T (4.71)

Hwxuaue nHiexcsl 0003HaYar0T NPOCTPAHCTBO, HA KOTOPOM
JCUCTBYET OIEPATOP, T.C.

Yto0bl 0000IIUTH 3TH KOHCTPYKIIUHU, CKaXKEM, Ha TPEX-
MEPHYIO TEOPHIO, OUEBUIHO, TPeOyeTCs MOBEPXHOCTh Buiib-
COHa BMECTO JIMHUU BWIIbcOHA, BIOJH KOTOPOW HHTErPH-
pyetcst 2-popma B,,,. B To Bpems kak 1-popma A mpeacra-
BJISIET COOOW CBSI3HOCTh Ha pacciioeHud, 2-popmy ecTe-
CTBEHHO pacCMaTpHUBATh KaK CBSI3HOCThH Ha JKepOe, KOTO-
pasi, B CBOIO OvYepe/ib, MOXKET ObITh OTOOpakeHa B 1-popmy
CBSI3HOCTH Ha mpocTpaHcTBe netelb [169, 170]. Tax Ha3bI-
BaeMasl KapTa TPAHCTPECCHH HCIIOJIb3oBasiach B [171] mis
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omucanus teopun N = (2,0) na M5-6pane, chopmyamupo-
BaHHOW B TepMHMHax ckoOok Hamb6y B [172], B TepMuHax
Teopun SIHra—Mmusuica Ha pocTpaHcTBe neTesib. OToOpa-
KEHHE eCTeCTBEHHBIM 00pa30M OTOXIECTBIISIET 3JIEMEHTHI
3-anrebpbl JIn ¢ ajeMeHTaMU acCOIMAPOBAHHON aireOpsl
JIu (BHYTpEHHUX MPOU3BOJAHBIX). DTO MOXOXKE HA KOHCTPYK-
LU0, KOTOPYEO MBI 00CyX1anu B pasjese 2.3, rae o0o01e-
Hue r-matpuibl p € End (V' ® V' ® V) 6bLI0 HCHOJIB30BAHO
IS onpenesieHusi ckoOku HamOy [iist cucteMsl, onuchiBae-
Moii apoit Jlakca L = [L, M], B Buze

{L1, Ly, L3} = [p1a3, Li] + [p1o3, La] + [p123, La] s (4.73)

rae o0O3HAYeHUsI Te XKe, YTO W Bbime. PyHAaMeHTaTbHOE
TOXJIECTBO IS 3-CKOOKH — 3TO B TOYHOCTH 00OOIIEHHOE
ypaBHeHue fnra—bakcrepa (4.5). Teneps, ¢ OJHOU cTO-
POHBI, MBI UMeeM (GOpMYIUPOBKY Teopuu MS-OpaHsl, T.e.
TEOpPUU OKAHYMBAIOILIUXCS HA HeW rpanun, M2-6pan. C
JIPYroil CTOPOHBI, MBI UMeeM O0OOIICHUE KJIACCHYECKOTO
ypaBHeHus SIHra—bBakcTepa, MpeanoOIOXUTENLHO ONUCHI-
BAIOIIET0 paccessHHE INPSIMBIX CTPYH, KOTOPBIE TakKke
MOHO NOHMMAaTh Kak rpaHuilbl M2-OpaHbl. Mbl BepHEMCS
K MOCJIeTHEMY IMYHKTY B paspesie 4.6.2, a ceiyac omuiiem
KoHCcTpykIwto [171] 6oJiee moapoOHoO.

Omnepatop 3Bosrounu U = Pexp L A He 3aBHCUT OT IIyTHU
7, €CJIN CBSI3BHOCTDb 4 Ha pacciioeHuu miockas. [1pu paccmoT-
PEHUH TOBEPXHOCTHOTO HHTErpana [y B 2-popMbl BO3HHKAET
npobjieMa OTCYTCTBUSI €CTECTBEHHO OIIPEAEIEHHOIO IIO-
psiiKa TOYEK HAa TMOBEPXHOCTH. DTY NPOOJIEMY MOXHO pe-
IIUTh, pa30UB MOBEPXHOCTh MUJIMHApPA X HA HAOOp METesb
C(t), mapamerpusoBaunbix t € [0,1] (puc. 3). Cuenosa-
TeJBHO, BMECTO KPHUBOI Ha MHOXECTBE TOYEK MBI pacCMaT-
pHUBaeM KpUBYIO HA MHOXECTBE IETEJIb, 2 BMECTO 2-(hOopMbI B
paccmaTtpuBaeM l-GopMy A, IPeICTABISIONIYIO CBS3HOCTD
Ha TPOCTpaHCTBe HeTeiab. KOHKpeTHee, paccMOTPUM MPO-
CTPaHCTBO

LM ={C:S' — M} (4.74)
BCEX METeIb Ha MHOTOOOpa3uu M. B 3a1anHOl KapTe KpuBas
OMpeaeIsieTCs] KOOPAUHATHBIME OTOOpaxeHusiMu xH =
=x#(s) ¢ s€[0,2n]. B kaxJgoil Touke KpHUBOH MOXKHO
HOCTPOUTH KacaTeJILHBIA BeKTOp X" (s), COBOKYNHOCTb
TaKUX KacaTeJbHBIX BEKTOPOB Ui 3adaHHON kpusoil C
OynemM Ha3bIBaTb BEKTOPOM, KacaTeJIbHBIM K KPUBOH (CM.
puc. 3)%. EcTecTBeHHO, MMeeTCs KacaTeIbHOE PACCIOCHNE K
npocTpaHCcTBY metenb LM. O6o3HAUMM 0a3uc BEKTOPHBIX
moJiet kak 6/dx*(s) u 6azuc 1-popm dx*(s), Toraa odbraHOE

o

Puc. 3. (a) ITyTs B mpocTpaHCTBE HETENb, MAPAMETPU3OBAHHBINA Tepe-
MeHHO# 7. TOYKH BIOJIb KaXXIOHM METJIH HapaMeTpu3oBaHbl s € [0, 27)].
(6) Metnst C(s) u eé nepopmanuu C’(s). BekropHoe moste, KacartesbHOE K
nedopmManyu, 0603HAYEHO CTPEIKAMM.

8 MbI HAMEPEHHO OCTABJISIEM OOCYK/ICHIUE HHTYUTUBHO MOHATHBIM. [{J1st
6oJ1ee CTPOroro ¥ MaTeMaTHIECKH ()OPMATBLHOTO OMHCAHUS ITHX CTPYK-
Typ CM., Hanpumep, padoty [170] u ccpliku B Heil.
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nericteue 1-popm numeer Bu
. 0
dxt (S) 5)(;‘—(5/) = 5#\’ 5(5 - S/) . (475)

Crenys [170, 171], MBI cTpouM OTOOpaXkeHNE TPAHCT PECCHH
T : QMY (M) — Q5(LM), cesaswiBaromee k + 1-popmbr Ha
MHOT000pa3un M u k-popMbl Ha TPOCTPAHCTBE METEIb
LM. B 3amanHoM 0a3uce 0TOOpakeHUe UMEET BH/T
(To)e(0r(x), . .., o)) :ﬁ; dsoo(vi(s)......ve(s). £(5)
(4.76)

rae x* = x#(s) —koopaunatsl Ha netsie C. Takum 06paszom,
B JICBOI YacTH PaBEHCTBA MBI MMeeM k-(OpMy, BEIUHCIISIE-
My¥0 Ha k-BEeKTOPHBIX IOJIsIX B Touke C mpocTpaHcTBa LM, a
B MPaBO# YaCTH PaBEHCTBA MbI uMeeM k + 1-popmy, BeIUM-
CIIIeMYI0 Ha k + l1-BEKTODHBIX MOJIAX B TOYKax xX(s) u
IPOUHTETPUPOBAHHBIX JUISI COXPAaHEHUs MHPOpPMAIMU Ha
BcEM muKIIe. B kauecTBe KOHKPETHOTO MpHMEpPa PaccMoOT-
puM ciyqaii k = 2:

S

[ dsar (), o ot (06103 x(0) =

dx?

- i;g]dr oo (x() 03 (x() - (4.77)

OOpaTiM BHUMaHME Ha MHTErPAJbl 1O § U [ B JIEBOM 4acTH
PaBEHCTBA, KOTOPBIE MOXKHO MOHMMATH KaK aHAJIOT CBEPTKH
10 MHJIEKCaM IIpH IeHCTBUU POPMOI Ha BEKTOP B IPOCTPAH-
CTBE TETENb, T.€. (opMa Ha MPOCTPAHCTBE TMETENb UMEET
JUCKPETHBIA HMHIEKC W,V,... U HenpepblBHLIA "unmexc"
s, t,... Bcrasnsas nenbra-QpyHknun JJupaka B MpaByro 4acTh
U OIyCKas JBa MHTErpaja, Mbl HAKOHEL UMEEM

P

(Tw)y v, = J dr oy, (x(r)) % o(sr)d(tr) . (4.78)

CreayromyM [IATOM B YCTAHOBJICHUM CBSI3H MEXKILy
nepeMeHHbIME 3-arebpbl Ju teopun N = (2,0) mHa MS5-
OpaHe 1 Teopur Trna SHra— Muiica sIBISETCS TOCTPOCHHME
anredpsl JIu u3 ckobox HamOy. st 3TOr0 paccMoTpum
ACCOLIUMPOBAHHYIO aredpy g, BHYTPEHHHUX NIPOHM3BOMAHBIX,
T.e. U JIIOOBIX IBYX 3JIeMEeHTOB a,b € A 3-anre6psl JIn
paccMOTpUM AeCTBUE

D(a,b)>x=[a,b,x], x€ A. (4.79)

Camopyanbuas 3-popma H,,,-TeOpUU IPUHUMAET 3HAYEHUS
B 3-anrebpe JIu A 1 MoxeT ObITh oTOOpaxeHa B 2-popMy
HaNpspKEHHOCTH 11011 lHra — Muuica, NpUuHIMATOIIYEO 3Ha-
YeHHs B IPOCTPAHCTBE IMETEJb, IPU MOMOIIM OTOOPAKEHUS
TPAHCTPECCHUH, KaK OIUCAHO BbIIIE. JJIsI 3TOro paccMOTpUM
netiaro C™, mpUHUMAalOIIylo 3HayeHus: B 3-anrebpe Jlu.
IIpennonoxuM, 4YTO NMEpPEeMEHHbIE ajlreOpbl U IMETJIEBbIE
nepeMeHHble (PaKkTOpu3yroTCs, T.€.

CHt(s) = CxH(s), CeA. (4.80)

®OopMaIbHO 3TO MOXHO OOECIEeYNTh, HAJOXKUB YCIOBUE
D(C*,C") =0. Toraa ais camoayaibHo# 3-hopMbl 0TOO-
paxkeHe, MOM00HOe TPAHCTPECCHH, OTPEIEIISIETCS CIeIYIO-
UM 00pa3oM:

(Fu)c(vr,v) = % ]dsD(C7 Hy, (x(s))xp(_v))vl”(s)vz"(s) .

(4.81)

S
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B xommnoHeHTHO# popme neiicTBue 2-hopMbl HANIPSHKEHHO-
CTH IOJIA B ayirebpe g 4 UMeeT BUJ

F,u,.\':vA[ >e = + Idl I:C7 H#\r,;(r))%”(r), .} 5(5‘ — }")5(I — l’) .
S
(4.82)
IMockosbky 3-popma H = dB touHa, 2-popma F,, Ha
NPOCTPAHCTBE METENb MOXET OBITh MPEICTABJICHA Kak

HANPSDKEHHOCTD TOJIsL i 1-popMel, ompenessieMoit ecTe-
CTBEHHBIM 00pa30M Kak

Ay >0 = tlds [C, By (5)X"(s), 8] 5(s — 7). (4.83)

31ech Mbl OIPAHUYEHBI HETJISIMU, KOTOpPblE KOBAPUAHTHO
MIOCTOSIHHBI OTHOCUTEJIbHO Tak ONIpenejéHHON 1-Gpopmbl
CBSI3HOCTH, T.€.

0=V,C" =08,5"(s) C+ 1" (4,0 C) =
0
ds ———
fi;g] * Bxi(s)

WHTerpas, O4eBUIHO, pAaBeH HYJIIO, M TpeOoBaHMe oOpariie-
HUSI B HYJIb OCTABIIIErOCSI 4IeHA B UTOTE AaéT

= X'(s) C+X"(A, C). (4.84)

[C,O,C] =0. (4.85)

OTtobpaxxeHue, Mo J00HOE TPAHCTPECCUH, KAK YKA3aHO BHIIIIE,
MO>HO PAacIpOCTPAaHUTh TakXke Ha (pepMUOHHBIE U CKATISAP-
able oyt Teopun N = (2,0), IpHHEMAIOIINHE 3HAYCHUS B
3-anrebpe JIu. CrrenoBaTesibHO, BeCh (hOpMaI3M, BKIFOUAS
yYpaBHEHMsI TBUXKEHHSI M MpaBUja MpeoOpa3oBaHUs CyIep-
CUMMETPHH, TIEPEITUCHIBACTCS B METJIEBBIX IEPEMEHHBIX.
PasmMbInutsist Hag 9TUMH pe3yJIbTaTaMU U Pe3yJIbTaTaMU
TOPEIBbIIYIIEro pa3ieia, MOXKHO 3aKJIIOYUTh, YTO HMEPEeMeH-
HBIE IPOCTPAHCTBA METEJIb 00JIee €CTECTBEHHBI ISl OMMCAHUS
TEOpUU MHPOBOTO 00BEMa MS5-OpaHbl U, CIIEAOBATENIBHO,
JMUHAMUKA OTKPBITBIX TpaHul] M2-6paHbl. X0Ts pUBeIEH-
Hasl BBILLIE KOHCTPYKIIUS ONUCBIBAET TEOPUIO MUPOBOI'O 00b-
éma M 5-Opanbl, oHa TaéT HABOISIINE MOACKA3KU O TOM, KaK
MOHO c(hOPMYIHPOBATH CTPYKTYPbI HHTET PUPYEMOCTH IS
M2-6panbl. HauaéM ¢ TOro, 4TO B HPEAbIAYIIMX pa3jesiax
MBI BHJIEJIM TECHYIO CBSI3b MEXIY CBS3HOCTBIO Jlakca st
CTPYHBI Ha OIpelesIEHHOM (QOHE, KJIACCHUECKUM YPaBHEHUEM
SAnra—baxcrepa 11s r-MaTpHULbI 1 KBAHTOBBIM YpaBHEHUEM
Sura— bakcrepa. [lepBoe siBisieTcst MPOCTO KBa3WKJIACCHYE-
CKUM TIPE/IEJIOM BTOPOTO, KOTOPOE, B CBOIO OUYEPE.b, OIpe-
JeJIsIeT S-MaTPUILY TSI CTPYHBI Ha 3aJaHHbIX (hoHax. CKOOKH
ITyaccoHa 151 9BOJIFOIIMOHHBIX ONEPATOPOB, TOCTPOCHHBIC
u3 cBsi3HOCTH Jlakca, MOXHO MNpPENCTABUTh B TEPMHUHAX
KJIACCUYECKOW r-MaTpuIlbl, KaK B Hayaje 3TOro pasjesa.
Kpowme toro, knaccuueckoe ypaBuenue SAura— bakcrepa mno-
SIBJISIETCSL B KOHTEKCTe OMBEKTOPHBIX Aedopmanuii, 3agan-
HBIX OTOOPaXEHUEM OTKPBITO-3aMKHYTOU CTPYHBI, KaK 3TO
o6cyxanock B pazzese 3.4. Tenepb MbI BUAMM TY XK€ CBSI3b
MEX/ly OTOOpaXeHUEM OTKPBITO-3aMKHYTOM MeMOpaHbl U
TaK Ha3bIBaeMbIM 0000IIEHHBIM ypaBHeHUEM SHra— bak-
cTepa, KOTOPOe BO3HUKAET B KOHTEKCTE TPHUBEKTOPHBIX IIe-
dbopmanmit 11-mepHbIx (oHOB. OOOOMIEHHBIN TeTa-mapa-
MeTp 01", xapakTepHu3yrOIHii OTKPBITO-3aKPBITOE OTOOPA-
JKEeHUEe MEMOPAHBI, TAaKXKe ONpeJessieT HEKOMMYTATUBHOCTh
MeMOpaHbI Ha (poHe HeHyJieBoro C-nosist. [1pu aToM koMmy-
TaIMOHHBIE COOTHOIIECHUS 3AMUCHIBAIOTCS ISl HEPEMEHHBIX
MPOCTPAHCTBA METEIb, HOITOMY TOBOPSIT O IETJIEBOI HEKOM-

MYTATUBHOCTU. AHAJIOTUYHO JBYMEPHOMY CiIy4aro 0000-
meHHoe ypaBHeHue Sura-—bakcrepa rapaHTHpyeT, 4YTO
CKOOKa, orpe/ieSiEHHAs C TIOMOIIBIO p-TeH30pa, Kak B (4.73),
sBJIsieTcsl CkoOkoit HamOy, T.e. yaoBieTBOpseT GyHIaMeH-
TQJIBHOMY TOXJIECTBY.

JIJs JTOTHYECKOTO 3aBEPICHUS] 3THX PACCYXICHUN XO-
TEJIOCh OBl ONPEJEIUTh ONEPATOP IBOJIFOIUH, HUCHOJIB3YS
MPABWIBHO TMOCTPOCHHYIO TOBEPXHOCTh BUibcOHA MM TO-
JIOHOMMIO B TIPOCTPAHCTBE IMETEJIb, YTO BBI3BIBACT OOJIbIIIE
Bcero npobisieM. Criocob ompenesieHus] aHAJI0ra KOHCTPYK-
nnu Jlakca —3axaposa—[llabaTa a1 MHOTOMEPHBIX TEOPHIA
C UCIOJIb30BAHUEM METJICBBIX IEPEMEHHBIX ObLIT IPEIJIOKEH
B [173] (xpaTkuii 0630p cM. B [168]). OcHOBHAS UJiess COCTOUT
B TOM, 4TOOBI MapaMeTpU30BaTh MOBEPXHOCTh BuibcoHa
Ha0OpOM TETEJIb, KaXX/1asi U3 KOTOPBIX YIOBJIETBOPSIET YpaB-
HEHUIO TapasuIeJIbHOTO TMepeHoca IS MPOCTPAHCTBEHHON
cBa3u netesib A,. 1-popMa CBA3HOCTH NIPUHUMAET 3HAYEHUS
B HeaOeJsieBOil anredbpe U HEeTPUBUAILHO JCUCTBYET HA TIET-
Jsix. XoTs 3TOT (opMajiu3M He TOJHOCTBbEO HICHTUYCH
ONHMCAaHHOMY BBIIIIE, OH JOCTATOYHO IMOXOX Ha HEro, YTOOBI
MPECTABISATh UHTEPEC JJIsI JaTbHEUIIero NCCaeIoOBaHusl.

4.6.2. YpaBuenue terpadapa. [Ipenbiaymiee oOCyxaeHUE
nmapamMeTpoB OTKPBITO-3aMKHYTOU CTPYHBI/MEMOpAHBI,
ACCOIMMPOBAHHBIX C I-MATPHIEH WU P-TEH30POM U CKOO-
kamu [Tyaccona/HamOy, ObI7I0 COCPENOTOYEHO BOKPYT KJIac-
crveckoro ypaBHeHus: Slara— bakcrepa u ero 0000mEHHOTO
a”ayiora ajis p-TeHsopa. Kak kpaTtko o0cyxnpajioch B
pasznene 3.2, HHTETpUPYEMOCTD CTPYHBI O3HAYAET HE TOJIbKO
BO3MOXHOCTbH OTIpe/IeICHUs IIJIOCKOH cBsi3HOCTH Jlakca, HO U
BO3MOXHOCTh 3alHCH S-MaTpPUIBLI CTPYHBI B TEPMHUHAX
KBaHTOBOW R-MaTpuibl, KOTOpas periaeT KBaHTOBOE ypaB-
nenue SIura—bakcrepa (QYBE)

RipRo3R13 = Ri3Ry Ry . (4.86)

3nech HKHUH MHIEKC 0003HAYaeT IMIbOEPTOBO MPOCTPAH-
CTBO, Ha KOTOpOM R-maTpuia nefcTByeT B KaXXJOM Iepe-
ceuenuu JuHUUA. KBanTOBOE ypaBHeHue Sura—bakcrepa
ONHCBHIBAECT pacCesiHUE TOYEYHBIX YacTUI] ¢ (HaKTOPU3OBAH-
HOW S-MaTpuilell U SIBJISIETCS YACTHBIM CJIy4aeM OecKOHed-
HOTO Psifia TAaK Ha3bIBAEMBIX CUMILJICKCHBIX YpaBHEHUIT (CM.,
Hanpumep, [174]). n-cuMIIeKCHOE ypaBHEHHE MOXHO TTOHH-
MaTh KakK OIHchIBarolee (pakTOPU3AIUIO S-MaTPULBL, COOT-
BETCTBYIOIIIEH paccessHuio 7 — 1-MepHbIX 00BeKkTOB. Cleno-
BATEJIbHO, HAC €CTECTBEHHO HHTEPECYIOT 2-CHMILICKCHBIE
YpaBHEHHUs, TAaKXXe M3BECTHBbIE KaK YPaBHEHHsI TeTpasapa
3amounoquukoBa (ZTE), BBenénnsie B [175] u monyuusiime
nanbHelee pazputue B [176, 177] npu onucaHuu Tpéxmep-
HBIX MHTETPUPYEMBIX CUCTEM. 4-CUMILJIEKCHOE ypaBHEHUE
BIEpBbIe 00CyXkajioch B pabore [178], n-cuMIjeKkcHbIC
yYpaBHEHHUsI U3y4aJMCh, HanpuMmep, B [174, 179, 180].

st 3anmcn 3-CUMILIEKCHOTO yPABHEHHSI MOKHO HCIIOJTb-
30BaTh Pa3JIMYHbIE COTJIAIIEHUSI OTHOCUTEIBLHO COCTOSHUHN
paccenBaeMBbIX CTPYH: COCTOSIHHSI OTPE3KOB CTPYHBI MEXIY
BepirHamu [175], cocTosiHMe BaKyyMa MeXAy CTpyHaAMU
(rpansimu Tetpasapa) [174] wam yacTUIBl HAa TpaHUIAX
cTpyH [178]. Hauném ¢ mepBoro m paccMOTpuUM paccesiHue
IpsIMBIX CTpYH. Toraa r-mMatpuna JAefHCTBYeT Ha MPOCTPAH-
CTBE COCTOSIHMI V' CTPYH, NepeceKaroluxcs B KaXI0H Bep-
LIMHE TETPa’apa, u, ciaefoBatesbHo, R € End (V@ V' V).
Torna ypaBHeHHE TJ1aCHUT:

R123R145R246 R356 = R3s6Roas R1asR123 - (4.87)
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AnbTepHaTHUBHOE COTJIALLIEHUE HYMEpYET I'PaHU TeTpa’pa,
KOTOPBIX Telepb BCETO YeThIPE, H, CIeTOBATEIbHO, CXeMa He
SIBJISIeTCS JIOKaIbHOM [181]. DTO COOTBETCTBYET ypaBHEHUIO
Ha V' ® amena V' ®°, unaspiBaerca ypapHeHneM OpeHKens —
Mypa:

Ro34R134 R124 R123 = R123R124 R134 R34 - (4.88)

O6paTtuMm BHUMaHUE Ha BaxxHoe oTymmune oT qYBE u ZTE,
3aKJIFovaromeecss B TOM, YTO HHAEKCHI IS KaXAOTro Ipo-
CTpaHCTBa CBEPTHIBAIOT OoJiee yeM napoil. bosee noapoduoe
00CyXJeHUE YPABHEHUS TETPAdAPa U €ro CBS3M C APYTHUMHU
YPaBHEHMSIMH JJISI KBAHTOBBIX TPYII MOXXHO HAWTH, HANIPH-
mep, B [182, 183].

VuéT cBSI3M MeXTy KBa3UKJIACCHYECKIM IIPeIeIoM KBaH-
TOBOrO ypaBHeHus SIHra—bakcTepa U OMBEKTOPHBIMHU Jie-
dbopmarmusamu 10-MepHBIX CTPYHHBIX (D)OHOB HABOIUT Ha
MBICJIb UCKATh AHAJIOTUYHBIE CBSI3U MEXIY YPAaBHEHUEM TET-
pasapa (B J1r060it GopMyIMPOBKE) U TAK HA3bIBAEMBIM 0000-
mEéHHbIM ypaBHeHneM Sura—bakcrepa (4.5). K coxasnenuto,
3TOT MyTh HE TaK MPOCT, KaK KaXeTCsl, TOCKOJIbKY HEH3BECT-
HO, KaK OIpPEJeJIUTh KBA3UKJIACCUUIECKUNA Ipeaes i ypaB-
HEHUs TeTpasapa. MOXHO MOUTU CaMbIM HAUBHBIM MyTEM,
NI KOTOPOTO JIy4Ille BCEro MOAXOAWT ypaBHeHne PpeH-
kessi—Mypa, 1 paccMoTpeTh Ryp3 =1 ® 1 ®@ 147 p|p3. [og-
CTaBJIsIA 3TOT aH3al B (4.88), moJryuaem, 4TO B HopsiAKax - u
/' ypaBHeHHE BBIIONHACTCS TPHBHAILHO, 4 B MOPSIIOKE /i
uMeeM

(01235 P124] + [P1235 P134] + [P1245 P13a] + [P1235 P234] +
+ [P1345 P23l + [P124, P234] = 0. (4.89)

ITony4yeHHOE ypaBHEHHE MMEET BUJ XOPOUIEro 000OIIeHus
KJjaccuueckoro ypasHeHusi fnra—bakcrtepa, omHako ero
HEJIb3$1 3aIucaTh B BUE (4.5) A1 00111eid aareOpsl 3HIOMOD-
¢uzmoB. UTOOBI MPOMILTIOCTPUPOBATE 3TO, PA3JIOKHIM p IO
6asucy {7,} = basg u 3anumem

rs=pP @1, (4.90)

npeamnoarast, 4to p“¢ = pled nomHocTHIO aHTHCHMMETpH-

yeH. Teneppb JIETKO BUIETH, YTO B KaXJOM UJIeHE KJIacchye-
CKOT0 3-CHMILJIEKCHOT O ypaBHeHws (4.89) moTyuaroTcs BeIpa-
JKEHUSI BUIA

a-bc-d—b-a®d-c, (4.91)
rae a-b obo3HauaeT YMHOXXEHHE B YHUBEpPCaJIbLHOU O0OEp-
ThIBatoleil anrebpe U(g). Takoe BbIpakeHHE MOXKET ObITH
npeoOpa3oBaHoO:

a-b@c-d—b-a®d-c=la,bl®{c,d} +{a,b} ®@]c,d],
(4.92)

re [a, b] — obpa3s ckobku JIu, 1 Mbl POPMATILHO OTIpEIeIIsieM
{a,b} :=a-b+b-a. TlockoJbKy HAC MHTEpecyeT airedpa
BeKTOpoB KuiimHra, He cOBceM SICHO, KaK ONpPENeUuTh
CHMMETPHUYHOE MPOU3BEICHNE, HE BBOIS CBSI3HOCTbD.
KoneuHo, 3TO 3aKIr0UeHNEe He MEIIAeT UCKATh PEIICHUsT TS
JPYTUX KOHKPETHBIX peain3aliuii anreOpel g; HATPUMED, IS
Spin(d) aHTUKOMMYTATOP TOYHO OMPEIEIEH, U BBIYHCIICHUE
MOXET OBITh IPOJIOJIKEHO.

Kazanock 0b1, 60Jiee TIIOJOTBOPHBIM TOIXOJIOM SIBJISI-
erca obpamenue ZTE k Tak Ha3piBaeMOMY JEKOPUPOBAH-

N\ /

Puc. 4. dakropusanust paccesHUsl NPSMBIX CTPYH B BHJE YPABHEHUS
terpasnpa. Ilapamerpmsammst BeiOpana no ®penkemo m Mypy, rme
HOMepa COOTBETCTBYIOT I'PAHSIM.

HOMy ypaBHeHHIO fHra—bakcrepa. s 3Toro mpeamnoso-
UM, YTO MPOCTPAHCTBA C MeTKamMu, Hampumep 1,23,
paccMaTpuBarOTCs KaK AOMOJHUTEIbHBIC (IIBETHBIE) COCTOSI-
uusi. Torma nBa Terpasgpa Ha puc. 4 — mpocTo IBa Tpe-
YTOJIbHAKA C TONOJHUTEILHBIMA JIMHASIMU, JTEKOPHPYIOIIH-
MH UX [[BETOM. BBOMISI MeTKY ¢, f3, 7 BMecTO 1,2, 3, MBI MOXEM
nepenucatsh ZTE kak

Ry 45Rp a6 R, 56 = Ryp, Ry 56 Rp. a6 Ro a5 Rop (4.93)

OTcro1a MBI BUJIMM 3HAKOMYIO CTPYKTYPY KBAaHTOBOIO
ypaBuenus Sura—baxkcrepa, rme: 1) xaxnmas R-marpuna
HUMeEeT JOMOJHUTEIBLHYIO METKY (JIEKOPHUPOBaHa), 2) mpaBasi
4acTb MMEET JONOJIHUTEIbHBI TBUCT NPHUCOEIMHEHHBIM
JEACTBAEM R,p,. 3aMaHYMBO AyMAaThb, YTO JOIOJIHUTEILHASL
1IBETOBAasl METKAa COOTBETCTBYET HAJMYHUIO IETJIEBBIX IEpe-
MEHHBIX, OJTHAKO TOYHAS peaj3alus 3TOTO YTBEPXKICHUS HE
BIIOJIHE SICHA.

5. 3ak/rouenue

B stoM 0030pe MBI IPEANPUHSIN MOMBITKY COOpAaTh
METO/Ibl, HAllpaBJICHHBIE Ha KCCJIEIOBAHNE WHTETPUPYEMO-
CTH B TEOpHM CTPYH Kak |-+ l-MepHOW cHUrma-mMopienu, u
pa3auyHble HaOMIOMEHMS, JArOlIe HaMEKH Ha BO3MOXKHOE
000011IeHre 3TUX METOJ0B Ha TEOpHIO MeMOpaH. B ocHOB-
HOM TEKCT€ MBI KPaTKO OOCYXIaeM KaxIblii U3 METOJOB U
HaOJTIOIEHUIT B HEKOTOPBIX JIETAJSIX, YTOOBI JaTh oOIree
IpeACTABICHUE O COOTBETCTBYIOLIUX TEXHUKAX, U JaéM
CCBUIKM Ha OPUTHMHAJIbHBIE Pa0OTHI, 0030pbBI, JEKIUU U
BBOJHBIC CTAThU. B 3akiroyeHue IJIs Havajla Pe3lOMUPYEM
BCE 9TO B BUJIC OHSITHBIX CIIHCKOB.

Hauném c paccMOTpEeHHOro BbIIIE CIHCKA TPHUEMOB H
HaOJIFOICHNH, CBSI3aHHBIX C HHTETPUPYEMOCTBIO CTPYHBI U C
CHUMMETPUSIMHU €€ BaKyyMHOTO MPOCTPAHCTBA, T.€. ¢ 10-Mep-
HBIX (HOHOB CyneprpaBUTAIHN.

e |1 +1-mepHass Teopusi TOJSA WHTETpUpyeMa, eciid eé
YpaBHEHMS IBIKCHUSI MOTYT OBITH 3alMCAaHBI B BHIE yCJIO-
BHSI TIJIOCKOCTHOCTH CBSI3HOCTH, COOTBETCTBYIOILIAS JIMHUS
Busnbcona onpezenset onepatop Jlakca.

e Jlns 3amanHOoN mapbl Jlakca MOXHO HCHOJIB30BAaTh
KJIACCHYECKYIO T-MAaTpHIy s mocTpoeHusi ckobox Ilyac-
COHa, OTIPEACIISIFOIIUX JUHAMUKY HHTET pPUPYEMON CUCTEMBI.

e Unterpupyemble nepopManuu JIBYMEPHOW CHUTMa-
MOJIENIN TEHEPUPYIOTCS I-MAaTpHULIEH, pelIaroleld Kjiaccuye-
ckoe ypaBHeHus SIHra— bakcrepa.

e Knaccuueckoe ypaBHenue fura—bakcrepa sBisercs
MpeieIoM KBAaHTOBOTO ypaBHeHust Slura — bakcrepa, onuce-
Baroniero (pakKTOPU3AIMIO S-MATPUIIBI PACCESIHUS YACTHII.
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o Jlepopmanuu SIura— bakcrepa nopox/1aroT ceMencTBa
Kiaccuueckux anreOp JpuHdenbaa, KOTOpbIe CTOST 3a
MyaCCOH-JINEBBIMU T-I1yaTbHOCTSIMH.

e Ha ypoBHe pelieHnii ypaBHEHHM CyneprpaBUTALIAN STHT-
0akcTepoBbI AehopMAaNK TOPOKIAFOTCS OUBEKTOPOM, TPE]-
CTaBJISIFOIMM COOOMW r-mMaTpuily, OJeTyro BekTopamu Kui-
JIMHTA.

e [IpeoOpa3oBanue AeopManuu UMeeT TOT e BHJI, YTO
1 OTOOpakeHHe OTKPBITO-3aMKHYTOW CTPYHBI C OMBEKTO-
POM, UMEFOIIIMM CMBICJT TIapaMeTpa HEKOMMYTATHBHOCTH.

Takum 06pa3oM, MbI BUJIAM 3]1€Ch TECHYIO CBSI3b KJIaCCH-
Yyeckoro ypaBHeHus1 Slnra—bBakcTepa ¢ HHTErpupyeMoOCTbIO
CTPYHBL, 4YTO B HEKOTOPOM CMBICJIE OXKHIAEMO, U C CHMMET-
PHUSIMH ITPOCTPAHCTBA PEIICHNUH TOJIEBBIX YPaBHEHUIT cyrep-
rpaBuTtaiuu. [1o100HbIe CBSI31 ObLITH OOHAPYXEHBI B 1 1-Mep-
HO¥ cymeprpaBuTaIiy, KOTOpas odecneunBaeT HOH s qH-
HaMHK1 MeMOpaH. COOTBETCTBYIOIIMI CITUCOK YTBEPXK ICHUN
MOJHO COCTABHTb CJIEAYIOIUM 00pa3oM.

e CeMelCTBa MCKJIIOYUTENIbHBIX anreop dpundennaa,
crosmue 3a HaMOy-nueBoit U-ayaslbHOCTBIO, MOTYT OBITh
MOPOXJIeHBI 00001EHHON nedopmaruerr STara—bakcrepa,
onpeAessieMol p-TeH30POM, YAOBJIETBOPSIOLUM 0000IIEH-
HOMY ypaBHeHHto Slura—bakcrepa.

e Ha ypoBHe pelieHuii cyneprpaBuTanuu 000OIIEHHBIC
YB-nmedopManuu mopoxIar0TCs TPU- U IIECTH-BEKTOPAMH,
SIBJISIFOIIIIMUCST p-TEH30paMU, OJEThIMH BekTopamm Kwuii-
JIMHTA.

e [IpeoOpa3zoBanue gepopManuu UMEET TOT JKe BUJI, UTO
U OTOOpaXeHHEe OTKPBITO-3aMKHYTOH MeMOpaHbI C 3-Bek-
TOPOM, UIMEFOIIIM CMBICT TApaMeTPa METICBONX HEKOMMYTa-
THBHOCTH.

e 15 3aganHON napsl JIakca p-TEH30p MOXHO UCHOJIb-
30BaTh s co3aanust ckobok HamOy, onpenensrommux me-
XaHUYECKYIO CHCTEMY.

B aTOT ciicox HaMepeHHO He BKJIFOUEHBI PAcCyKACHHS 00
uHTerpupyemoctu. JelcTBurenbHo, 1 1 + 2-MepHOU Teo-
pHUH HE CyIIECTBYET KOHCTPYKIIUH, AHAJIOTUIHOW OTMCAHHIO
Jlakca—3axapoBa—Illabata wunTerpupyemoctu 1+ 1-mep-
HBIX cUcTeM. Pe3yiabTaThl, COOpaHHbIE BO BTOPOM CIHCKE
BBIIIIE, M UX CXOJCTBO C IEPBBIM CIIMCKOM IO3BOJISIFOT MPe.-
MOJIOXHUTh, YTO 000OmIEHHOEe ypaBHeHue SIHra—bakcrepa
JIOJDKHO MMETh KaKoe-TO OTHOIIEHHE K MHTETPUPYEMOCTH
MeMmOpanbl. KoHeuHO, CBSI3b aJieko HEe OYEBUIHA, OJTHAKO
€cTb HEKOTOpble HaOJIIOAEHMS, Kacarolyecs: ajredpaunye-
CKOT'O ONHUCAHWsI MEMOpPAaHHOM TUHAMUKHU BOOOIIE U B KOH-
TekcTe M-Teoprn, KOTOpbIe MBI HAXOAUM OCOOCHHO TOJIE3-
HbIMU. VIX MOXHO OOBEMHUTD B CJIETYFOIIHIA CITUCOK.

e KBanToBas Bepcusi 0000mEHHOTO ypaBHeHUsT SIHTa —
Bakcrepa Hem3BecTHA, OJHAKO WHICKCHAS CTPYKTYpa p-TeH-
30pa IpeANosaraeT, YTo OHa JI0JDKHA 1aBaThCsl ypaBHEHUEM
TETpasipa, ONMUCHIBAIOIIUM (PAKTOPU3ALIUIO S-MATPHIIBI pac-
CesTHUSI IPSIMBIX CTPYH.

o Kanonmueckmii anamu3 1 ADHMN koHCTpyKImst 17151
MEMOPAaHBI TIO3BOJISIIOT MPEANOJIOKUTE, YTO ECTECTBEHHBIMU
MepEeMEHHBIMU ISl OMHUCAHUs €€ JIMHAMHUKH MOTYT OBITh
(yHKIIMM, TPUHUMAFOIIUE 3HAUYCHUS B aJIre0pe neTellb.

o C MOMOIIBIO METEIb MOKHO BBECTH €CTECTBEHHOE YIIO-
psIoYeHUE HA TOBEPXHOCTH BHiIbcOHA, PEANOI0KUTEILHO
omnpeneisitoniee omnepatop Jlakca st COOTBETCTBYROLIEH
1 +2-mepHOil cucTeMBI.

e KBasukiaccuueckuif mpenes ypaBHEHUS TeTpaszpa
HEW3BECTEH, OJTHAKO €r0 MOXHO 3aIHMCaTh B BHJE CHCTEMBI
ypaBHennit SlHra—bakcTtepa Ha AEKOPUPOBAHHBIX KBAHTO-
BBIX R-MaTpumax.
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e EcrecTBeHHOE (TaXTa/KaHOBCKOE) JCHCTBUE ISl CUC-
TEeMbI, ONMUChIBaeMoi 3-ckoOkoii HamOy, umeer Buj 4iieHa
Becca—3ymuno miiss M2-0paHbl, okaHuuBaroleiics Ha MS5-
Opane.

e O6001enne nepapxuu KIT MoxeT ObITh OIIPeIeIeHO C
moMoIIel0 ckobok HamOy, KOTOpBIe MMEIOT BpEMEHHEIR
HIEpPEMEHHBIE 1, ,, TApAMETPU30BAaHHbIEC NTapaMHU MHJIEKCOB.
AHaJIOTHYHbIE IEpEMEHHBIE BCTPEYAIOTCS IIPH OIIPEIeICHIH
0060061menus nosmuomoB lllypa Ha ciydait TpéXMEpHBIX 1Ha-
rpamm FOHra, mpeInoIoKUTETLHO OMUCHIBAFOIIUX HHTET PU-
pyemocTs 1 + 2-MepHbIX cucteM [184, 185].

Haunbosnee mepcHeKTUBHBIMA MBI CUMTAEM CJICAYIOLINE
HampaBJIeHHs UcCieJOBaHMil. Bo-TiepBbIX, €CTECTBEHHBIN HH-
Tepec BBI3BIBACT 3ajaua MOMCKa Crocoda MPUATH OT ypas-
HEHUIO TETPadapa, KOTOPOE OMUCHIBAET (PaKTOPU3ANMUIO
S-MaTpHuIbl paccessHUS] MPSIMBIX CTPYH, K 0000IIEHHOMY
ypaBHeHuto SIHra—bBakcrepa. Bo-BTOpBIX, ObLIO OBl MHTE-
PECHO MOCTPOUTDH AHAJIOT ONEPATOpa 3BOJIIOLUHU B pa3Mep-
HOCTH TPH, UCHOJIB3Ys METJIEBbIE IEpeMEHHbIE, KOTOPbIE Ka-
KYTCSl €CTECTBEHHBIMU JIJIsI OTIMCAHUSI TUHAMUAKHA M2-0paHbl
(wm, o kpaiiHelr Mepe, nuHamuku e€ KoHIoB). Haneemcs,
4TO B Oymkaiiliee BpemMsi B KOHTEKCTE 3THUX U CBSI3aHHBIX C
HUMH BOIIPOCOB OyI€T JOCTYITHO OO0JIblle HH(POPMAIIH.
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