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�àññìàòðèâàþòñÿ ñâîé
òâà èíòåãðàëà Õåíñòîêà�Êóðöâåéëÿ ïðè íàëîæåíèè îãðàíè÷å-

íèé íà ìàñøòàáíóþ �óíêöèþ. Ïðåäñòàâëåíî äîêàçàòåëüñòâî óòâåðæäåíèÿ î ñâÿçè êëàññîâ

èíòåãðèðóåìûõ �óíêöèé è êëàññîâ ìàñøòàáíûõ �óíêöèé â ðÿäå ÷àñòíûõ ñëó÷àåâ.
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âåéëÿ.

Properties of the Hensto
k�Kurzweil integral are 
onsidered with a gauge under imposed
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tions. A proof of the assertion on interrelations between 
lasses of integrable fun
tions

and 
lasses of gauges is presented for several parti
ular 
ases.
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Â ðàáîòå [2℄ ïîñòàâëåí âîïðîñ î òîì, ñîõðàíèò ëè èíòåãðàë ñâîè ñâîéñòâà, åñëè îãðàíè÷èòüñÿ

òîëüêî ëèøü èçìåðèìûìè ìàñøòàáíûìè �óíêöèÿìè. Â [3℄ íà ýòîò âîïðîñ äàåòñÿ ïîëîæèòåëüíûé

îòâåò.

Â ðàáîòå [4℄ ïîêàçàíî, ÷òî ìîæíî îãðàíè÷èòüñÿ ìàñøòàáíûìè �óíêöèÿìè, êîòîðûå ÿâëÿþòñÿ

ïîëóíåïðåðûâíûìè ñâåðõó ïðè ñóæåíèè íà ìíîæåñòâî ñ äîïîëíåíèåì íóëåâîé ìåðû. Â [5℄ ýòîò

ðåçóëüòàò îáîáùàåòñÿ íà ñëó÷àé èíòåãðèðîâàíèÿ â Rn
.

Â íàñòîÿùåé ðàáîòå èññëåäóþòñÿ ñâîéñòâà èíòåãðàëà Õåíñòîêà�Êóðöâåéëÿ ïðè íåêîòîðûõ îãðà-

íè÷åíèÿõ íà êëàññ ìàñøòàáíûõ �óíêöèé.

Îïðåäåëåíèå 1. Ïóñòü [a, b] � îòðåçîê, à δ(x) � ïîëîæèòåëüíàÿ �óíêöèÿ, îïðåäåëåííàÿ íà

íåì. Ñèñòåìà τ = {(ξi,∆i)}ni=1 íàçûâàåòñÿ δ-ðàçáèåíèåì Õåíñòîêà, åñëè âûïîëíÿþòñÿ ñëåäóþùèå

óñëîâèÿ:

1) ξi ∈ ∆i ⊂
(
ξi − δ(ξi), ξi + δ(ξi)

)
äëÿ âñåõ i = 1, . . . , n;

2) {∆i}ni=1 � ñèñòåìà íåïåðåêðûâàþùèõñÿ îòðåçêîâ;

3)

n⋃
i=1

∆i = [a, b].

Ñóùåñòâîâàíèå òàêîãî ðàçáèåíèÿ íåìåäëåííî ñëåäóåò èç ëåììû �åéíå�Áîðåëÿ î êîíå÷íîì ïî-

êðûòèè. Ôóíêöèþ δ(x) îáû÷íî íàçûâàþò ìàñøòàáîì.
Îïðåäåëåíèå 2 (èíòåãðàë Õåíñòîêà�Êóðöâåéëÿ). Ôóíêöèÿ f(x), îïðåäåëåííàÿ íà îòðåçêå

[a, b], èíòåãðèðóåìà íà íåì â ñìûñëå Õåíñòîêà�Êóðöâåéëÿ ñî çíà÷åíèåì I, åñëè äëÿ ëþáîãî ε > 0
ñóùåñòâóåò òàêîé ìàñøòàá δ(x) > 0, ÷òî äëÿ ëþáîãî δ-ðàçáèåíèÿ τ = {(ξi,∆i)}ni=1 âûïîëíÿåòñÿ

ñëåäóþùåå íåðàâåíñòâî: ∣∣∣∣
n∑

i=1

f(ξi)|∆i| − I

∣∣∣∣ < ε,

èíòåãðàë I çàïèñûâàåòñÿ â âèäå

b∫
a
f(x) dx.

Ïóñòü �óíêöèÿ f(x) îïðåäåëåíà íà îòðåçêå [a, b] è èíòåãðèðóåìà íà íåì â ñìûñëå Õåíñòîêà�

Êóðöâåéëÿ:

b∫
a
f(x) dx = I. Îïðåäåëèì ñåìåéñòâî D(f, [a, b], ε), ñîîòâåòñòâóþùåå äàííîé �óíêöèè f ,

îòðåçêó [a, b] è ïîëîæèòåëüíîìó ÷èñëó ε, êàê íàáîð âñåõ òàêèõ ìàñøòàáíûõ �óíêöèé δ(x), îïðåäå-
ëåííûõ íà [a, b], ÷òî äëÿ ëþáîãî δ-ðàçáèåíèÿ τ = {(ξk,∆k)}nk=1 îòðåçêà [a, b] ñïðàâåäëèâî íåðàâåíñòâî

∣∣∣∣
n∑

k=1

f(ξk)|∆k| −
b∫

a

f dx

∣∣∣∣ < ε.

Ëåììà. Åñëè �óíêöèÿ f ÿâëÿåòñÿ èíòåãðèðóåìîé â ñìûñëå Õåíñòîêà�Êóðöâåéëÿ íà îòðåçêå

[a, b], òî

sup
c,d∈[a,b]

∣∣∣∣
d∫

c

f dx

∣∣∣∣ <∞. (1)

Äîêàçàòåëüñòâî. Ïóñòü F � íåîïðåäåëåííûé èíòåãðàë �óíêöèè f . Äîïóñòèì, ÷òî íåðàâåíñòâî
(1) íå âûïîëíÿåòñÿ. Òîãäà äëÿ ëþáîãî C íàéäåòñÿ òàêîé îòðåçîê [c, d], ÷òî

∣∣∣∣
d∫

c

f dx

∣∣∣∣ = |F (d) − F (c)| > C.

Íî â òàêîì ñëó÷àå �óíêöèÿ F íå ÿâëÿåòñÿ îãðàíè÷åííîé íà îòðåçêå [a, b], à çíà÷èò, íå ÿâëÿåòñÿ

íåïðåðûâíîé. Îäíàêî íåîïðåäåëåííûé èíòåãðàë Õåíñòîêà�Êóðöâåéëÿ åñòü íåïðåðûâíàÿ �óíêöèÿ

(ñì. [1, ÷. 1, ãë. 3, � 2℄). Òàêèì îáðàçîì,

sup
c,d∈[a,b]

∣∣∣∣
d∫

c

f dx

∣∣∣∣ <∞.

Ëåììà äîêàçàíà.

17 ÂÌÓ, ìàòåìàòèêà, ìåõàíèêà, � 2
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Ïåðåéäåì ê âûâîäó îñíîâíîãî ðåçóëüòàòà ñòàòüè.

Òåîðåìà. Äëÿ ëþáîãî �èêñèðîâàííîãî 1 6 p 6 ∞ ïðè îãðàíè÷åíèè â âûáîðå ìàñøòàáíûõ

�óíêöèé δ(x) òàêèìè �óíêöèÿìè, ÷òî 1
δ(x) ∈ Lp([a, b]), ñóùåñòâóåò êîíñòðóêöèÿ èíòåãðàëà, êëàññ

èíòåãðèðóåìûõ �óíêöèé êîòîðîãî öåëèêîì ëåæèò â Lp([a, b]).

Äîêàçàòåëüñòâî. Ïóñòü s = sup
c,d∈[a,b]

∣∣∣∣
d∫
c
f dx

∣∣∣∣. Ïî ëåììå ýòà âåëè÷èíà êîíå÷íà.

1) 1 6 p < ∞. Ïóñòü �óíêöèÿ f(x) /∈ Lp([a, b]) è èíòåãðèðóåìà â ñìûñëå Õåíñòîêà�Êóðöâåéëÿ.

Èç èíòåãðèðóåìîñòè ñëåäóåò, ÷òî �óíêöèÿ f èçìåðèìà (ñì. [6, ãë. 8, � 8.8℄). Äîïóñòèì, ñóùåñòâóåò

òàêîå ε > 0, ÷òî D(f, [a, b], ε) ñîäåðæèò �óíêöèþ δ(x), òàêóþ, ÷òî 1
δ(x) ∈ Lp([a, b]). Áåç îãðàíè÷åíèÿ

îáùíîñòè ñ÷èòàåì, ÷òî δ(x) 6 b− a íà [a, b].
Òàê êàê f(x) íå ïðèíàäëåæèò Lp([a, b]), òî íå ñóùåñòâóåò òàêîãî C, ÷òî äëÿ ëþáîãî x ∈ [a, b]

|f(x)| < C
1

δ(x)
,

ïîñêîëüêó èíà÷å äëÿ ëþáîãî x ∈ [a, b]

|f(x)|p < Cp

∣∣∣∣
1

δ(x)

∣∣∣∣
p

è òîãäà f(x) ëåæàëà áû â Lp([a, b]) êàê èçìåðèìàÿ �óíêöèÿ, îãðàíè÷åííàÿ ïî ìîäóëþ �óíêöèåé èç

Lp([a, b]). Ïîýòîìó íàéäåòñÿ òàêàÿ òî÷êà x0, ÷òî

|f(x0)| > 2(s + ε)

∣∣∣∣
1

δ(x0)

∣∣∣∣.

Òî åñòü

|f(x0)|
δ(x0)

2
> s+ ε.

Âîçüìåì δ-ðàçáèåíèå τ , òàêîå, ÷òî â íåãî áóäåò âõîäèòü òî÷êà x0 
 ñîîòâåòñòâóþùèì åé îòðåçêîì

ðàçáèåíèÿ ∆0 äëèíû
δ(x0)
2 . Òàêîé îòðåçîê ïîìåñòèòñÿ â ïåðåñå÷åíèè èíòåðâàëà

(
x0−δ(x0), x0+δ(x0)

)

è îòðåçêà [a, b]. Äåéñòâèòåëüíî,

µ
(
[a, b] ∩

(
x0 − δ(x0), x0 + δ(x0)

))
= min

(
x0 − a, δ(x0)

)
+min

(
b− x0, δ(x0)

)
=

= min
(
b− a, x0 − a+ δ(x0), b− x0 + δ(x0), 2δ(x0)

)
> min

(
b− a, δ(x0)

)
> δ(x0).

Ó÷èòûâàÿ ýòî, ìîæåì íàïèñàòü

∣∣∣∣f(x0)|∆0| −
∫

∆0

f dx

∣∣∣∣ >
∣∣∣∣f(x0)|∆0|

∣∣∣∣−
∣∣∣∣
∫

∆0

f dx

∣∣∣∣ > s+ ε− s = ε.

Íî ïî ëåììå Ñàêñà�Õåíñòîêà (ñì. [1, ÷. 1, ãë. 3, � 2℄) èìååì

∣∣∣∣f(x0)|∆0| −
∫

∆0

f dx

∣∣∣∣ 6 ε.

Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò, ÷òî

1
δ(x) íå ëåæèò â Lp([a, b]). Òàêèì îáðàçîì, D(f(x), [a, b], ε)

íå ñîäåðæèò òàêîé �óíêöèè δ(x), ÷òî 1
δ(x) ëåæèò â Lp([a, b]), åñëè f(x) íå ëåæèò â Lp([a, b]) (1 6 p <

∞).

2) p = ∞. Ïðåäïîëîæèì, ÷òî ñóùåñòâóåò ε > 0, òàêîå, ÷òî D(f(x), [a, b], ε) ñîäåðæèò δ(x) ïðè
1

δ(x) ∈ L∞([a, b]). Áåç îãðàíè÷åíèÿ îáùíîñòè ñ÷èòàåì, ÷òî δ(x) 6 b− a íà [a, b]. Ïóñòü

r = ess sup
[a,b]

1

δ(x)
.
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Òàê êàê f(x) íå ÿâëÿåòñÿ îãðàíè÷åííîé ïî÷òè âñþäó íà [a, b], òî äëÿ ëþáîãî C âñåãäà ìîæíî

âçÿòü òàêóþ òî÷êó x0, ÷òî |f(x0)| > C, à 1
δ(x0)

6 r. Òîãäà

∣∣f(x0)
∣∣δ(x0)

2
>
C

2r
.

Â ñèëó ïðîèçâîëüíîñòè C ìîæíî ñ÷èòàòü, ÷òî

C
2r > s + ε. Òåïåðü ìîæíî âûáðàòü ïàðó (x0,∆0)

ñ |∆0| = δ(x0)
2 . Äàëåå äîêàçàòåëüñòâî ïîëíîñòüþ ïîâòîðÿåò ðàññóæäåíèå èç ï. 1. Ìû ïîëó÷àåì íåðà-

âåíñòâî ∣∣∣∣f(x0)|∆0| −
∫

∆0

f dx

∣∣∣∣ >
∣∣∣∣f(x0)|∆0|

∣∣∣∣−
∣∣∣∣
∫

∆0

f dx

∣∣∣∣ > s+ ε− s = ε,

êîòîðîå ïðèâîäèò ê ïðîòèâîðå÷èþ ñ ëåììîé Ñàêñà�Õåíñòîêà. Òàêèì îáðàçîì,

1
δ(x) /∈ L∞([a, b]).

Óòâåðæäåíèå òåîðåìû íåïîñðåäñòâåííî ñëåäóåò èç ï. 1 äîêàçàòåëüñòâà ïðè 1 6 p < ∞ è ï. 2

ïðè p = ∞.

�àáîòà âûïîëíåíà ïðè îêàçàíèè �èíàíñîâîé ïîääåðæêè ó÷àñòíèêàì êîíêóðñà ðàáîò, ñïîñîá-

ñòâóþùèõ ðåøåíèþ çàäà÷ Ïðîãðàììû ðàçâèòèÿ Ìîñêîâñêîãî óíèâåðñèòåòà, â íîìèíàöèè �Âûäàþ-

ùèåñÿ íàó÷íûå øêîëû Ìîñêîâñêîãî óíèâåðñèòåòà�.
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Â ñòàòüå îïèñûâàþòñÿ ìíîæåñòâà íà ïëîñêîñòè, êàæäîå èç êîòîðûõ ÿâëÿåòñÿ ÷åáû-

ø¼âñêèì â íåêîòîðîé íîðìå.

Êëþ÷åâûå ñëîâà: ÷åáûø¼âñêîå ìíîæåñòâî, íîðìèðîâàííàÿ ïëîñêîñòü.

We des
ribe plane sets, ea
h of whi
h is Chebyshev in some norm.

Key words: Chebyshev set, normed plane.

Ïóñòü (R2, ‖ · ‖) � íîðìèðîâàííàÿ ïëîñêîñòü.
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