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PellleHus 3a4a4 U3 ITPOILJIBIX BBIITYCKOB

1.2’ (Beimyck 22, c. 234). YcaoBUE. IlocienoBarenbHOCTb IU(P 6€CKO-
HeYHa BJIEBO, a BIIPaBO OKaH4YMBaeTcsa Ha 36. JIroOble KpaitHue cripasa k udp
00pa3syroT Takoe yucio Ny, 94To 2Nk oxaH4MBaeTca Ha N,.. JokaxuTe, 4TO 3Ta
[IOC/IEA0BATEIbHOCTh HellepUoJUYHa. (A. 4. Kanenv-Benos)

PEmMEHUE. Cyuwecmeosanue UCKOMOM TocieloBaTeTbHOCTHU J0Ka3aHO B pe-
IeHny 3a7a4u 1.2, npuHaamexaiinem B. M. TuxomupoBy (BeITyck 5, c. 218).
HenepuoduuHocmb [OKa3bIBAETCS Kak B perneHuu 3agauu 1.2 (cm. Hmke). OT-
METHM, YTO eC/I B 3azade 1.2” mociemoBaTesbHOCTb IM(P OTBEYAET HETPHU-
BUAJBHOMY UJEMIIOTEHTY, TO B JAHHOM cJy4dae moiydaercsa 10-agudeckoe
pellleHre TPAHCIEHEHTHOTO YpaBHEHUA 2° = X, KOTOPOe 3aBeIOMO Uppaliy-
OHAJIbHO. (A. 4. Kanenw-Benos)

1.2"" (Bbimyck 25, ¢. 170). YcnoBUE. IlociegoBaTesbHOCTh udp Gecko-
HeYHa BJIEBO, a CIIpaBa OKaH4YMBaeTcsA Ha 76. JIto6ble KpaliHue cipasa k 1udp
006pasyroT Takoe 9ucio N, 4To N,f okaHuuBaeTcd Ha N. Jlokaxure, 4TO 3Ta
MOCJIeJ0BaTEIbHOCTh HETIEPUOAWUYHA.

(3. M. ZiIncambemos, A. 4. Kanenws-Benos)

PEmEHUE. BHavasie oKaXXeM cyulecmeosdHue TaKOU IocaeZ0BaTeIbHO-
CTH. DTO MOXKHO CZIeJIaTh BYMsI CIIOCOOaMU.

Crniocos 1. ITocnedogamensvHoe nocmpoeHue uucaa N, uHOykuyueil no k.
Ins k = 1 Takue yucna cymecTByIoT. [IycTh uckomoe k-3HauyHOe uucio N
(BO3MOKHO, HAUMHAIOIIeeCs C HyJIsA) yKe mocTtpoeHo. Pacecmorpum (k + 1)-10
undpy by uncna N2. Monoxum X, = ¢, 10°*! + Ny Torza

X2 =cz10% 04D 4 N2 + 20, N, 104! =
= N7 + 2, 10°"IN, = N2 + 2¢, 1071 -6 (mod 10%*2)

(Tak kak 1o yciaoBuio N, = 6 (mod 10) mpu Bcex k). [lanee,

NZ + 2,105 - 6 = Ny + (b + 2¢,) 10571 (mod 10°%2).

MaTtemaTnuyeckoe npoceelleHme, cep. 3, Bbin. 26, 2020 (276-285)
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TpebyeTcs mopo6pats Py ¢, Tax, 91o6b! (k+ 1)-1 npa uucna X7 copnasna
¢ (k + 1)-i nudpoii yucna X, ; Torga MOXHO TMONOXKUTb N, = X; U IPOJOI-
’KUTBH TIPOLIECC IT0 UHAYKIUU.

OTo ycioBHe COBHaZieHUs O3HavaerT, 4Tto b, + 2¢;, = ¢, (mod 10), T. e.
¢, + b =0 (mod 10), yero oueBUAHBIM 06PA30M MOXKHO OOUTHCA.

Crniocos 2. ITocmpoerue uucna N, 8 s8Hom 8ude. B kauecTBe X,, MOXXHO
n
B3ATb YMCJIO, COCTOAIIEE U3 MOCTeHUX N Udp uncia 6° . B camoMm fere,

(6°)2—6>" =6 (6" —1).

n n
Yucino 6° genutca Ha 2" a unceno 6° — 1 genuTea Ha 5! B cuy ciezyto-
IIIer0 YaCTHOTO CIydas emMmbl TeH3ens:

Ecrua=1 (mod p*), mo ' =1 (mod p**!) (monoxuma=6, p=>5,k=1,

{ =n).

[IpyuMeHeHMe 3TOr0 YTBEPKAESHUA [JI PelleHUA OJIMMIINaJHbIX 3a7a9 —
BaXHadA TeMma JJjid Kpy:KKa, cM.: Kanenw-benos A. A., Tpenanun A. C., AuieH-
ko Y. B. Onumnuaasbeii kopuer. M.: MITHMO, 2016. C. 33.

Tenepb AOKaKeM anepuoOuuHocms. PaccMOTprUM G6eCKOHEYHBIE BIEBO IT0-
CJIeI0BaTEbHOCTU JECATUYHBIX ITUDP ... Ay ... a;. VIX MOXXHO eCTeCTBEHHBIM
00pa3oM CKJIaZIbIBaTh U YMHOXKaTh. TO, UTO MOJyYUTCs, HA3bIBAETCA KONbYOM
uesnbix 10-aduueckux uucen. Ecu ke B 3TOU IOCIEAOBATETLHOCTH CTaBUTD
3alATYIO U pa3pelraTh KOHeUHOe YUCI0 3HAKO8 NOCjle 3ansimotl, TO TONyIUTCS
konbuo 10-aduueckux uucen (cM. [viHkuH E. B., Ycnenckuil B. A. MaTeMaTude-
ckue 6ecenpl. M.—J1.: TUTTJI, 1952. C. 67 u ganee).

KoJbIIo OOBIYHBIX IIEJbIX YHCET MOXKHO M30MOP(HO BJIOKUTH B KOJIBIIO
10-aaruecKuX LeIbIX YUCEe: KQKIOMY [IeJIOMY YUCITY N HYy>KHO COIIOCTaBUTh
6GeCKOHEYHYIO BJIEBO IOCJIEAI0BATENIbHOCTD, KpaliHUE clipaBa k WIeHOB KOTO-
poit TIpu Mo60M k COCTAaBJIAIOT OCTAaTOK OT AedeHuA n Ha 10X. DTo Boxe-
HHE TTPOIOJDKAETCS /10 U30MOPQPHOTO BIOKEHUS TOJIST PAITMOHATBHBIX YHCET
B KOJb1I0 10-agnueckux uyuces. [Ipr 5ToM panioHaIbHBIM YMCIaM OTBeYaroT
nepuoandeckrie (BO3MOXHO, ¢ peAnepurozoM) 10-agudeckue Apobu U TOJIBKO
oHU. [loKka3aTelbCTBO YTBEPXKJEHUS «TOJAbKO» CM. HI)KE B KOMMEHTapuu 3.
B ApyTy0 CTOPOHY J0KA3aTeNbCTBO IO CYIIECTBY TAaKOE Ke, KaK /1T OOBIYHBIX
MTepUOANYECKUX Ipobei.

OcTaéTca 3aMeTUTh, UTO eCJIM o — pallMOHAJIbHOE YUCJIO, TO PABEHCTBO
a? = a BO3MOKHO TOJIBKO TIpU o= 0 U a = 1. /74 Hameli mocyie0BaTeIbHOCTH
MocJIeJHYE /IBa PAaBEHCTBA He BBINOJHEHH], a IpeblAyIee BhIIIOJTHEHO. 3Ha-
4YUT, OHA COOTBETCTBYET UPPAIIMOHAJIBHOMY YHMCIY U ITOTOMY allepUOJUYHA.
3azjaya peleHa.
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KoMMEHTAPUHU. 1. AHasornyHo 10-afudyecKuM 4ucjaaM ONpeJesaloTca
m-aZndecKue Yucia A JJI0060oro HaTypanbHOTO m > 1. KosbIlo p-aAndecKux
yucen Q, MpU IPOCTOM p sIB/IAETCs mosieM. Hazg monem QQ, MOXKHO CTPOUTD
MaTaHa/IU3, paCCMaTPHUBaTh JIOTAPUPM U SKCITOHEHTY, YZAOBJIETBOPSIOIINE TEM
ke PYHKITMOHAIBbHBIM YPaBHEHUSIM, YTO U B BEIIECTBEHHOM CJIyJae, H T. .

2. Konb1io 10-agudecKkux duces ecTh IpsAMasi CyMMa Iojel 2-aAudecKux
u 5-aguueckux yucen: Q;,=Q, P Qs (1. e. Q,( mpeacTaBsieTcs B BUZE BEKTO-
POB C HIOKOOPAVMHATHBIM CJIOKEHUEM U YMHOXEeHUEM, IPUYEM NepBas KOOpAU-
HaTa NpUHAAIEKUT Q,, a BTopas — Qs). MdemnomeHm eCTh 3IEMEHT e TaKOH,
4TO €2 = e. B Mmo06OM TI07Ie ecTh iBa uzeMnoTenTa: 0 u 1. IIo3TOMy B Koblie
Qo uMeeTcs yeThlpe uiemnoreHTta: TpuBuambHeie 0 = (0,0) u 1 = (1,1)
Y HeTpuBUaibHbIe e; = (1, 0) u e, = (0, 1). Haieii mocjieZjoBaTeIbHOCTH OTBE-
YyaeT UAEMIIOTEHT e, = (0, 1), a aHaJIOTUYHOM OCIe[0BaTENbHOCTH ... 625 —
uzemnoreHrt e; = (1, 0).

3. B «MaremaTn4eCcKOM IIPOCBEIIeHNU», CEP. 2, BHIIL 5, c. 255 ObUTa TIpes-
JIO)KeHa 3a/ladya Ha OJIM3KYI0 TEMY:

JlokaxxuTte, 9TO AJIA JIFOOOTO HaTypasbHOTO N HaWAETCA TaKOW HOMeED N,

2 3 n
YTO YHCIUTENb HECOKPATUMOU Apobu A,,/B,,, paBHOU % + 27 + % +...+ 27,

nenures Ha 2N. (ZI. K. ®addees)

PEMEHUE. B ycioBUY NpUBEAEHO PAasJOXKeHUe B pAZ, 2-alUueCcKOoro JIo-
rapudma ansa log(1 — x) mpu x = 2. Ho log(1 — 2) =log(—1) u 2log(—1) =
=log((—1)?) =1log(1) = 0, uTo u osHavaeT TpebGyeMoe B 3ajaue.

4. OTMeTHM, 4TO BepeH U GaKT, 06paTHHII UCITOIH30BAHHOMY BHIILIE: €CITH
a = p/q — palMoOHaJBHOE YKCJIO, TO ero 10-aZindecKoe pasjIoKeHUe TIepPHUo-
IYHO (BO3MOXKHO, C TIPeANnepruoaoM). JleliCTBUTENbHO, TIPU HEKOTOPOM m
BennuuHa o - 10™ umeer Bug x + p’/q’, rme x — uenoe, ¢’ B3aMMHO IIPOCTO
¢ 10, p’ < q’. Tlokaxem, 4TO TOrZa p’/q’ pasmaraercs B YUCTO MEPUOAUIECKYIO
10-aauyeckyto apobb. [TockonbKy 10 B3aMMHO ITPOCTO € ¢, To q Aenut 105 —1
npu HekoTopoM k. Torza q = (10X — 1)/t ;19 HEKOTOPOro HATYpaJbHOTO t.
Orcroga a = x +r/(10% — 1) ana HexoToporo HaTypaabHoro r, 0 <r < 10K —1.

Tenepsb 3ameTuM, uTo —1 =...999... 9. OTcroza

—1=09...9 (k geBaTok) - [...(0...01)...(0...01)] =
=(10—1)-[...(0...01)...(0...01)]

D imurpuii Koncrantusosuy ®aagees (1907-1989) — wieH-koppecnonaeHT AH
CCCP, mpodeccop JIT'Y, crieruaaucT B 06JacTH aireOpbl, TEOPUU YUCET], BBIYHC-
JIUTENbHON MaTeMaTuku. OIUH U3 co3JaTesleil UIKOJIb, HEIHE HOCSIEH ero nMs
(cM. HacTOSAIINIA BBITYCK, C. 9-34).
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(nepuoz (0...01) cogepxut (k— 1) Hy/b ¥ OfHY eguHUILLY). [IoaTOMY
—1
+(0...01) ... (0...01) = .
YMHOXHMB 00€ 4aCTH 3TOr0 paBEHCTBa Ha I' < 108 — 1, monygaem, yto 10-aguye-
ckas apobb /(10X — 1) — uncTo mepuoaMdeckas BUAA ... 7T ...T ... T, Tae I —
pe3y/IbTaT AOMOJHEHUS I' HYJIIMU CJIeBa ZI0 k-3HAYHOT'O YHCJIa.

5. 3aMHTEpeCOBaHHOMY YHUTATENIO0 COBETYeM OOpaTUThCA K KHHTe: Kob-
auy H. p-Aandeckue 4ucia, p-aIndecKuil aHaiu3 U A3eta-GyHkiuu. M.: Mup,
1982.

Cwm. takxe: Jucambemos 5. M., Kanenwv-benos A. 4., Illydyesa U. C. CBOW-
CTBa CTEMEHHBIX BBIYETOB HATYyPaJIbHbIX YHCET B PA3IMYHBIX CUCTEMAX CUMC-
nenus («MaremaTtrdeckoe obpaszoBanue», N2 1(93), suBapb — mapt 2020 r.,
c.46-50). (3. M. [lncambemos, A. 4. Kanenws-Benos)

8.10. YcaoBHME. CylecTByeT Jid BEKTOPHOE IIPOCTPAHCTBO HUJIBIIOTEHT-
HBIX MaTPUI] HEKOTOPOTO MOpsAJKa, IPOU3BeeHNs 3JIeMEHTOB KOTOPOI'o II0-
POXK/AIOT BCIO MaTpU4Hyo anre6py? (Marpuiia A Ha3bIBaeTCS HUIbNOMEHM-
Hoti, ecmu A = 0 zy1a HexkoToporo k.) (I1. Axobuaros)

PEmMEHUE. Takoe mMpOCTpaHCTBO MOXKHO HAaWTU cpeiu MaTpuil 3 x 3. Jler-
KO IIPOBEPUTH, YTO IPH JIIOOBIX a 1 b MaTpuIa

0O a O
-b 0 a (D)
0O b O

HWIBIIOTEHTHA, U TaKHUEe MaTPUIILI 00Pa3yIoT JUHEWHOe IpocTpaHcTBo N. He-
CJIOKHO TaK)Ke MIPOBEPUTH, UTO
0 1 0 0 a O 0 0 O 0 a O
00 1|[-» 0 al]|l-1 0 o|=[-p 0 0]. (2)
0O 0 O 0 b O 0 1 0 0 0 O
B anre6pe, MOPOKAEHHOM TPOCTPAHCTBOM N, €CTh CJIEAYIOIINe MAmMpuy-
Hble eOUHUUbL

01 0O 0 0 O 0 0 O 0 0 O
0 0 0, 1 0 0, 0 0 1], 0 0 O
0 0 O 0 0 O 0 0 O 01 O

[TepBas mosny4yaeTcs U3 MaTpuils (2) mpu a =1, b =0, BTopas — u3 To¥ e
MaTpuilel 1pu a =0, b =—1. TpeTbio U YETBEPTYIO MAaTPUIHbIE €IMHUIIBI MOXK-
HO TTOJYIUTh U3 TIEPBBIX BYX JIMHENHOM KOMOMHaIMel ¢ MmaTputieii (1) npu
Pa3/IMYHBIX 3HaUYEeHUAX ITapamMeTpoB. CpeAu IPOU3BeAeHUN 3TUX MAaTPUL] €CTh
BCE OCTaJIbHblE MaTPUYHbBIE €IUHUILIBL, & 3HAYUT, IIPOCTPAHCTBO N IIOPOXKAaeT
MIOJIHYI0 MaTPUYHYIO anrebpy. (M. Mumpodgaros)
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9.3. YCIOBME. Y3ibl k-MepHOH LIeJI0UHCIeHHON peméTKU pacKpaluieHb
B { 1BeTOB. JIOKa)XXUTe, YTO HAWJAETCA IPAMOYTOIbHBIHN Napauiesienues c peéo-
paMu, napaUleIbHBIMU OCSIM PEIIéTKY, ¢ BEPIIMHAMU OZHOTOo IBeTa. Ilocra-
palTech MONYYUTH OLIEHKU Ha pa3Mep 00JacTH PElIETKY, Te MOXXHO HaBep-
HSIKA HaWTH MapauUlesieNuIie/], B 3aBUCIMOCTH OT k u £. (A. 4. Benos)

PEMIEHUE. BepxHssa oyeHka. ITokaxkeM, 4To TpebyeMasi KOHCTPYKIIMS Haii-
nétcs BHyTpHu Kyb6a N X ... x N mpu goctatouHo 6osbimom N. Ecmu A € B—
[IBa KOHEYHBIX MHOXKECTBA, HA30BEM NJIOMHOCMbI0 A B B OTHOIIIEHUE WX MOIII-
Hocreii |A|/|B.

JIEMMA. ITycms 6 knemuamom (k + 1)-meprom Kybe co cmoporoil N ecmb
noomHoxcecmeo X naomuocmu A. Toeda 8 Kybe MoxucHO 8blOpams 08a napan-
JIeJIbHbIX K-MepHbLX €101 Mak, umo nepeceueHue 08YX NOJYUEHHbLX CeUeHUll
MHoxcecmaa X, ecnu ux coemecmums eHympu k-mepHozo kyba, 6ydem umems
8 HéM nuiomHocmb 6oavute uem A(A—1/(N —1)).

JIOKA3ATEJILCTBO. BbibepeM ofHy U3 KoopAuHAT. COOTBETCTBYIOIEee Ha-
mpaBjieHUe OyzZeM Ha3bIBaTh 8epMUKAIbHbIM, @ MHOXKECTBO KJIETOK, Y KOTO-
PBIX 3Ta KOOPAWHATA OAMHAKOBA, OyZleM Ha3bIBaTh 20PU30OHMANbHBIM CIOEM.
KonudecTBO ToOueK MHOXKecTBa X Ha Kaxaoi us M =Nk BEPTUKAIbHBIX TUHUN
00603HauYUM 4epe3 dy, ..., dy; COOTBETCTBEeHHO. Toraa a; + ... +ay, = ANM.

Yucno HeynmopsaAodeHHbIX map (x;, X,), TAe TOYKH X, X, TIpUHazIexaT X
U HaXOJATCSA HA OAHOM BEPTUKAIU, MOXKHO OLIEHUTD 110 HEPABEHCTBY O CPEJHUX:

al(aa— 1) P aM(ag— 1) > AZNZMZ— ANM
3HAYUT, B KAKOU-TO mape cioéB He MeHee yeM A(AN — 1)M /(N — 1) takux
map, a INIOTHOCTh mepeceyenust 6ospiie yem A(A —1/(N — 1)). O

[LIOTHOCTh OZHOTO M3 I[BETOB B KyOe pa3MepHOCTH k CO CTOpOHOW N
cocTaBsgeT X0Tsa 661 1/£. ByZieM ucKaTh mapauiesenure UMEHHO JaHHOTO
nBeTa. [Tonoxum

f(x) ::x(x—ﬁ).

[Mosb3ysich JOKa3aHHOM JIEMMOM, MOXXHO ITepEeNTH K KyOy C TOM K€ CTOPO-
HOM, pa3aMepHOCThIO Ha 1 MeHbIel u mwioTHOCThIO f(1/£). Takum ob6pasom,
nmapauviesienurnes HaugeTcs, eciv k uTepaluii OToOpaykeHUs f AaAyT MONOXKH-
TeJIbHYIO BEJINYUHY.

OTO BBITIOHAETCS TIPU ZI0CTAaTOYHO Oosbiux N. ITycts N > (2@)2k, TOor/ZIa
UHAYKIMEeH 1o d moixydaeM npu d < k OLIeHKY

fd(%) >2(20) > 0.
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HuxcHAas oyeHka. PacCMOTPUM CITydaiiHyr0 pacKpacky Kyba co CTOpoHOMi N
B { 1iBeToB. [Tapannenenumnezos 6yzeT Bcero
_ (N(N-1) )k
m= ( 2 ’
¥ KKABLI M3 HUX OAHOLBETHBIH ¢ BeposTHOCThI0 p = D, Econ mp < 1,

TO 3aBEIOMO CYIIECTBYeT pacKpacka 6e3 OJHOI[BETHBIX IapasUIeIeUIIe/OB.
k
JULsE 5TOTO MOXKHO B3ATh, Hampumep, N < (27K, (M. Mumpogaros)

KoMMEHTAPUI. Ilo 3TOH TeMe cM. TakKe cTaThio: 3nak E. . Pa3buenus
IIeJIOYKCIEHHBIX PEMETOK U mpuHIu Jupuxie («MaTeMaTuyecKoe IMpocBe-
IeHue», cep. 3, BB 19, c. 241-247) u komMmeHTapuii A. . Kanenb-bBenoBa
K 9TOM cTaThe (TaM Xke, c. 248).

17.6 (B dopmynupoBKe u3 BhIlycka 25, c. 169). YcioBUE. Eciu nensie m
Y n B3aUMHO IIPOCTHI, a yncaa x* + x ", x™ + x ™ — HeHy/eBble 1iesble, TO
x + 1/x — toxe menoe yucio (x € C).

PEmEHUE. [Ipu |x|=1 ycroBue 3aZiauy paBHOCHIBHO TOMY, U4TO X' ¥ X" —
KODHHU IIECTOM CTeNeHU U3 1, HO TOTZA TO JKe caMoe BepHO U A x. Jlanee
cunTaeM |x| # 1.

[yctb x™ +x ™ =a, x" + x~
moJsiy4aem, 4to |x| = 1.

IIpu nesioM |a| > 2 y ypaBHeHus A+ A~ ! = a ABa pasnTu4HBIX peneHus, 06a
JlefiCTBUTEIbHBIE U OJHOTO 3HAKA. A 3HAYWT, Y ypaBHeHUs 2™ + 2~ = a POBHO
2m pa3IUYHbIX KOMIUIEKCHBIX pelleHuid. Moy JTro0bIX IBYX pelleHuit 1160
paBHBI, MO0 B IPOU3BEAEHUM JAIOT 1, 8 apTyMEHT OTHOUIEHUS JIFOOBIX IBYX
peureHui uMmeet Buz 21k /m c nensiM k. MHOXXeCTBO pellleHUH BBIIVIAAUT KaK
[IBa TIPAaBWIbHBIX M-YTOJbHUKA, TOMOTETUYHBIX C ITOJIOXKUTETHHBIM K03bbU-
I[UEHTOM.

AHasornyHbIA QaKT BepeH | I pelleHui ypaBHeHud 2" + 2" = b.

Yucso x — obIHUi KopeHb MHOTOWIEHOB 2°™ —az™ + 1 u 22 — bg" + 1.
O603HaYMM HAMOOJBIIUHA OOIIUN JETUTENb 3TUX ABYX MHOTOWIEHOB Yepe3
P(2). Ero BeIYHC/IEHHE TT0 AITOPUTMY EBKJIH/Ia TOKA3bIBAET, YTO OH IPUBEJEH-
HBIH C 1eabMu kKoadurrientamu. Jlomyctum, X’ — KopeHb P(z), OTINYHBIN
oT x. Torga

m n

=b. Ecim a wiu b paBHo *£1 wmm £2, To

2nk x/ 21

= =arg|l =) = 2mt
m X n
c eabiMu k v £. Tak KaKk m ¥ n B3BAUMHO IIPOCTHI, TO Y X ¥ X' OAUHAKOBHIM ap-
ryMeHT. 3HaYuT, y MHOrowieHa P(z) He 60jiee IBYX KOPHEL, 1 €ro CTeneHb 1

wiu 2.
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B mepBOM ciiyyae X — IIeJIo€ YUCJIO, HO TorAa X + X ' He MOXeT OBbITh
LeJIBIM TIpH | x| # 1.

Bo BTOpOM citydae y P(z) ABa KOpPHA C OAWHAKOBBIM apryMeHTOM U B3a-
MMHO 0OpaTHBIMU MOAY/IAMU. Tak Kak P(z) uMeeT BellleCTBEHHbIE KOIPHU-
I[UEHTHI, 062 KOPHS TOXKE BellleCTBeHHbIe. 3HAYUT, KOPHAMU P (2) ABIAIOTCA
yucia x ¥ 1/x. Toraa o Teopeme Bueta koaddunuent B P(z) npu z (1iesoe
yucno) paBeH —(x + 1/x). [TosaTomy u X + 1/x — 11ey10e YucIo.

3AMEYAHUE. be3 orpannyenus, yro x" +x " u x™ +x~" He paBHBI HYJIIO,
yTBepXKJeHue 33/laul He 06sg3aTebHO BepHO. Hampumep, eciu

T, + . T
X =cos = +isin =
6 6’

Tox3+x°=0,x>+x2=1,H0x +x 1 = +/3. (M. Mumpogaros)

22.58. YcnoBUE. CyllecTBYeT JIU MHOTOYJIEeH BTOPOM CTeleHU OT ABYX
NepeMEHHBIX, YCTAHABIUBAIOUINN OHEKIIUI0 MEXKY TOYKAMHU C I[EJTBIMU KOOP-
AVHATaMU U LeJIbIMU YUcIaMu? AHaJIOTMYHBIM BOIIPOC /JIA IPOCTPAHCTBA.

(A. A. Kanenw-Benos)

OTBET: He CyLIEeCTBYeET.

PEmEHUE? . TIycTh TAKOH MHOTOUWIEH OT JBYX epPeMEHHBIX CylIeCTBYeT.
Torza ero KoapdUIIMEHTH PAIMOHANBHEL JIefCTBUTEIBHO, eC/I MHOTOWIEH
umeet BUZ p(x, y) = ax? + bxy +cy? +dx +ey + f, To

a= %(p(z, 0) —2p(1,0) + p(0,0)),

b— %(p(l, 1) —p(1,0)—p(0,1) + p(0,0)),
c= %(p(o, 2) —2p(0,1) + p(0,0)),
f=p(0,0),

d=p(1,0)—p(0,0) —a,

e=p(0,1)—p(0,0) —c.

Kak u3BecTHO, abdUHHBIM ITpeoOpa3oBaHUEM C PAIMOHATbHBIMHU KO3bOUIIH-

eHtamu (x, y)— > (x, ¥) MOXHO MPUBECTH TaKOM MHOTOWIEH K OZJHOM U3 CJe-

aytoux Gopm:

1) Ax?+By?+C, AB > 0 (samMnTudecKuii caydaii);

2) A(x? —By?) + C, B— He xBagpar 1ejoro uucia (mepBelii runep6osmde-
CKUH ciy4aii);

20 pelnenusx mm. a, 6 cm. C. b. l'amkoB, «3aMeyaHus K 3aZla4HUKY ,MaTeMaTu-
YeCKOT'o MPOCBeIleHUA “», HACTOAIIMNN BBITYCK, €. 259-262.
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3) Axy + C (BTOpoOli runepboIMYecKUi CiIydai);

4) Ax?+ y (HeBBIpOX/EHHBIH TapaboIMYecKuii cIydaii);
5) Ax?+ C (BBIpOXK/IeHHBI TapaboTHYecKHii CIydaii);
6) x (TUHEMHBIH cay4aii).

[Ipy yka3aHHOM IpeoOpa3sOBaHUM PEIIETKA I[EOYNCIEHHBIX TOYEK IIe-
DPEXOZUT B HEKOTOPYIO PEIIETKY M3 TOYEK C PalMOHAJbHBIMU KOOpAWHATA-
MU. DTU TOYKU MOXKHO TIPEACTaBUTh B BUZE z + mu + nv, rae z — GUKCH-
pOBaHHAas TOYKA, U;, Uy — GUKCUPOBAHHbIE BEKTOPHI, M, N — IIPOU3BOJIbHBIE
1[eJIble YHCIa. Y BEKTOPOB Uy, U, €CTh TAKWE JIMHENHbIE KOMOUHALIMY W, Wy
¢ uenbIMU K0addunrieHTaMu, YTO BEKTOP W; TOPHU3OHTAJIEH, W, BepPTUKAIEH
Y UX KOOpAWHATHI 1esbie. [Tosoxum N = |w, ||w,| 1 paccMOTpUM MOAPEIETKY,
MOPOXKAEHHYIO TOYKOM 2 M BEKTOpaMu |ws,|w;, |w;|w,. [IpuMeHUM roMoTe-
tuio (x, y) — (kx, ky), roe k — HauMeHbIIMI OOIIKI 3HaMeHaTelb KOOPAH-
HaT TOYKH 2. [IycTb (X, Yy) — IPOU3BOJIbHASA TOYKA U3 MTOJYIEHHOH PelIéT-
ku L. Toraa L cOCTOUT U3 BCEX IE€TOYUCTEHHBIX ToueK (X, y), /I KOTOPBIX
(x, ¥) = (xo, o) mod (N).

Ha peméTke L MHOTOWIEH P MMeeT OfHY U3 TIEpEeYUCIeHHbIX GopM. Mol
MOKaXKeM, 4TO JTMOO MHOTOWIEH He MHBEKTUBEH, JUOO OH He MPUHUMAEeT
3HAYeHUH U3 HEKOTOPOTO JIy4a. DTH CBOMCTBA He MEHSIOTCA [IPU YMHOXKEHUN
HaIllero MHOTOWIeHa Ha HEHYJ/IEBYIO KOHCTAHTY. YMHOXXUB €T0 Ha IMOAXOZAIIee
YUCJI0, MOXXHO CUUTATh A HaTypalbHBIM 4mciaoM, a C 1ensiM. O603HaYUM
MIOJIyYeHHBIN MHOTOWIEH 4Yepe3 P(x, y) u pa3bepéM BhIlIeNepeUHCIEHHbIE
cIIydau.

Cnyuau 1 u 5. MHorowieH P He mpUHHUMAaeT JJOCTAaTOYHO JANEKUX OT HYJIA
OTpUIATENbHBIX 3HAYEHUH.

Crnyuail 2. [IpeAcTaBUM MHOTOWIEH B BUJE

P(x,y) =A(x?*—By?—1) + (C + A).

TTocKOLKY B He AAB/A€TCA HOIHBIM KBaJpaToM, ypaBHeHue Iemns x2 —By? =1
MMeeT pellleHre B HaTypaJbHBIX YMCIax (X, y;). JIuHeliHOe mpeobpa3oBa-
Hue T, 3alaHHOEe MaTpullel
(x1 B}’l)
no ox)’

ABJsAeTcA OMeKIMeld Ha pelléTKe BceX IeJIOUYUCIEHHBIX TOUYeK U COXpaHseT
3HayeHMsA MHorowieHa P. OHo uHAynupyeT 6uexnuio Ha (Z/N)?, koTopas
IIPU BO3BEe/IeHNU B HEKOTOPYIO cTeneHb d > 1 AaéT ToxecTBEHHOe OToOpaske-
uue. CiezioBarebHo, T? nepesoaut B cebs peméTky L. ITpu aTom T9 He MMeeT
HETOZIBIDKHBIX TOYEK, KpoMe Havasia KoopauHaT. [loaTomy yirob6as Touka u3 L
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IepexofUuT B APYTYyI0 TOUKY U3 L ¢ TeM ke 3HadeHueM P. CieznoBaTenbHo, P
He OMEKTHUBEH.

Crnyuaii 3. PaccMOTpUM NTPOU3BOJIBHYIO TOUKY (X, ¥) € L. Ecin x =0, TO U3-
MeHeHHUe JIpyrod KOOpAMHATEL He MeHsAeT 3HaueHre MHOTOWIeHa U yTBepK/e-
HUe AokazaHo. Ecmu x # 0, monoxkum g =N + 1. Torga gx, # 1, gx =x mod (N),
qy = y mod (N). CrnegoBatenbHo, Touku (qx, y) u (X, qy) pa3audHbl U MIPU-
Hazanexart L. [Ipy atoM A-gqx-y+C=A-x-qy + C, T.e. P He OUEKTUBEH.

Crnyuaii 4. Bo3bMéM N + 1 Touek peméTky L ¢ pa3TnyHbIMU 3HAU€HUAMU X
Y OZIMHAKOBBIM 3HaYeHUeM Y. XOTs ObI B IBYX U3 ITUX TOYEK 21, Z, 3Ha4YeHUsA P
cpaBHUMBI 10 Mozyio N. [IpubaBuB B TOUKe Z; K KOOpAUHATE y BEJIUYUHY
P(2,) —P(2;), kpaTHyio N, IOIy4uM TOUKY 2’ € L, s koTopoii P(z") = P(z,).
CrnenoBartenbHO, P He OMEKTUBEH.

Cnyuaii 6. MHOTOWIEH P He 3aBUCUT OT y ¥ IOTOMY IPUHUMAET KaXKJ0e
CBOE 3HaueHHe 6ECKOHEYHO MHOT'O pa3. (3TO OTHOCUTCS U K pAaCCMOTPEHHOMY
BHIIIIE C/Ty4alo 5.) YTBepikAeHUe 0Ka3aHo.

AHaJIOTUYHBIE PACCYX/EHUS IOKA3bIBAIOT, YTO U B TPEXMEPHOM ITPOCTPAH-
CTB€ HUCKOMBII MHOTOWIEH HE CyLIeCTBYET.

(A. 4. Kanenw-Benos, JI. Pad3usunosckuil)

25.1. YcnoBuE. MHdexkc Xupwa viccienoBareis — 3TO MaKCUMa/IbHOE Ta-
KOe N, 4TO YYEHBI UMeeT He MeHee n paboT, Ha KaXKAyl0 U3 KOTOPBIX MPU-
XOZIUTCS He MeHee N CChUIOK. XUPII YTBEPXKJAeT, YTO YUEHBIA C MHIEKCOM
He MeHee 50 nMeeT HOOeleBCKUM ypoBeHb. [Ipodeccop umeeT 10 acIUpaHTOB,
KOTOPBIX OH XOUeT BHIBECTH Ha HOOEIEBCKUM ypoBeHb. KaXK/blii U3 HUX pa3
B MeCI] MMyOIUKYET CTaThi0, CCHUIATHCS MOXKHO TOJIBKO Ha paHee OITyOJIHMKO-
BaHHBIE PAOOTHI APYTUX acCIUPAHTOB. Kakoe MUHMUMAaTIbHOE YHCJIO MECSIIEB
Tpebyetcs mpodeccopy? (A. 4. Kanenv-Benos)

OTBET: 56.

PEmMEHUE. OueHka. ITocse 50 MecsIeB y acmupaHTa HabHUpaeTcs J0oCTa-
TOYHO paboT «HOOEJIEBCKOTO YPOBH». YTOOBI Ha MOC/IEAHIO paboTy OCTab-
Hble 9 acmMpaHTOB czenanu 50 cchUIOK, TpebyeTcs elle Mo KpailiHel mepe
6 MecdI1ieB.

[TPUMEP. AcCnMpaHTBHl IUTHUPYIOT BCe paHee BHIIIEANINE PAabOTHl CBOMX
KOJLJIeT.

CIIMCOK JIUTEPATYPBI

[1] Kpwuros U. A. Kykyiuka u netyx (6acHs).
(A. 4. Kanenv-Benos)



OHE‘-IATKI/I, 3AMEYEHHBIE B BBIITYCKE 7

CTPAHUIIA, CTPOKA HAnNEYATAHO CIELYET YUTATh
187 3 cHusy OKPY>KHOCTb OKPY>XHOCTb WIU NpAMas
187 1 cuusy OKPY>KHOCTH OKPY>KHOCTU WM NPAMOU

OMNEYATKU, 3AMEYEHHBIE B BBITITYCKE 25

CTPAHUIIA, CTPOKA HADEYATAHO CAEOYET YUTATh
146 9 cBepXy | aHAJIOTUYHbIE MAJIbYMKOB | aHAJIOTUYHbBIE CIIUCKU MaJIbBUUKOB
168 14 cBepxy BCA BAC

NH®OPMALIMA /11 ABTOPOB

1. CoopHUK «MaTeMaTHyeCcKoe IIPOCBelleHre» NpeAHa3HaveH I IMUPOKOTO Kpyra
Hay4YHBIX paOOTHUKOB, ITpeIoAaBaTeiell, yJaluxcs U BceX, KTO NUHTEPeCyeTcs MaTeMaTy-
KoH. M3gaHue Imy6InKyeT MaTepHaslbl 110 Pa3IUYHBIM 00IaCTAM MaTeMAaTUKU, a TAKKe
o npobseMaM e€ WCTOPHM U IpEeNoZaBaHUsA, UHTEPEeCHBIe U JOCTYIIHBIE YKa3aHHON
ayAUTOPUH.

2. CoopHUK «MaTeMaTHudecKkoe IIpocBelleHre» He IIyOaNKyeT CylieCTBeHHO HOBbIe
Hay4YHble Pe3yJbTaThl, OIleHKa KOTOPBIX JOCTYITHA JINIIb CIEIUAINCTaM B COOTBETCTBY-
Iomeli obiactu. He my6inKyloTcs Takke MaTepyasbl O TEKYIIUM BOIIPOCaM IIpenoza-
BAaHMA MaTeMaTUKU B y4eOHBIX 3aBeIeHUAXK.

3. Marepuassl IpUHUMAIOTCA MO 3IeKTPOHHOM IouTe Ha aZpec matpros@yandex.ru
B Buzie AByX daiioB (pdf u tex) ¢ ZOMOTHUTENbHBIMU (aiiiaMi PUCYHKOB U T.II., €CIN
Tpebyetcsa. JlonyckaeTcsa MPUChUIKA cTaTel, HabpaHHBIX B Word.

4. IlpocuM 06paTUTh BHUMaHWeE, YTO MaTepHasbl IPUHUMAIOTCI B 4EpHO-6e1oM
HCIIOTHEHUH.

5. [Ipocum aBTOpPOB KpaTKO IOACHATH B Haudaje CTATbU, B Y€M e€ Iiesb U I1o4YeMy
TeMa CTaTbU IIpe/iCTaBIAeT UHTepec.

6. Pejaxkuusa OnarofapHa aBTopaM 3a odOpMJIEHHE CCBUIOK Ha JIMTepaTypy Kak
B MpeJBIAYIINX BBIMyCKaX, cM. http://www.mccme.ru/free-books/matpros.html

7. B KOHIIe cTaThbU HEOOXOAMMO YKa3aTh I Ka)XKJOTO U3 aBTOPOB:

— QamMuwInio, UMsl, a TAaK)Ke OTYECTBO (€CJIN €CTh) ONHOCTHIO,

— MecTo paboThl/00y4eHus,

— 3JIEKTPOHHBIH azipec AJiA My6IuKaLny.

8. ABTODHI 33/1a4 BMECTe C YCIOBHEM TNPEJCTABIAIOT MUChMEHHOE pellleHre (XOTs
651 HAOPOCOK).

9. ABTOpHI OIyOJIMKOBAHHBIX CTaTell MMEIOT IIPaBO Ha 2 dK3eMIUrApa cOOpPHUKA
Ka)KJblli, POCUM 0bOpamiaThCs 0 afpecy matpros@yandex.ru



