[IATEH CIOXKETOB O TBOPYECTBE
Baagnvupa Muxannosuda TuxoMuposa,

I'.T". Marapui-Nansaes

MaremaTudeckoe TBOpUecTBO Baagumupa Mwuxamnosuyua Tuxomuposa
OYeHb Pa3sHOOOPA3HO, HO OCHOBHBIE MHTEDPECHI €r'0 CBA3AHBI ¢ TEOPUEU MpU-
OMUXKEHUN, TEOPUEN SKCTPEMAMBLHBIX 33Ja9 M BLITYKILIM aHAIM3OM. B cBO-
e meATeabHOCTH Biaagmmup MuxamnioBud Bcerga pPyKOBOICTBYETCA HIEEH,
9TO BCE 3HAYUTEIHLHOE B MATEMATHKE OCHOBAHO HA HEOOMBIIOM YHCIE OOIIUX
dyHIAMEHTATHLHBIX TPUHIIUIOB, & KOHKDPETHBIE Pe3YyJbTATHI MOIYIA0TCA HA,
OCHOBE XOPOIIO PA3BUTHIX UCIUCICHUN. 3ACH OyAeT MPENCTABICHO HECKOILKO
CIOXKETOB, PACCKA3BIBAIOIINX O MPpobIeMax, KOTOPBIMU 3aHUMAJICA BuaaguMup
MuxanioBud B pa3HbIE BDEMEHA W TJ€ ero BIUSHUE ObLIO CYMIECTBEHHBIM B
CTAHOBJICHUU ¥/UIU PA3BUTHAU COOTBETCTBYIOMIEN TEMATUKU. DTUX CIOKETOB
IATH, U 3TO CBA3AHO, B YACTHOCTH, ¢ TeM, 4T0 Biagumup Muxanmosud Jio-
6uT, 9TOOBI B IIOOOM CIUCKE (& OH WX COCTABIAET FACTO U TI0 CAMBIM PA3HBIM
MOBOJAM) YUCJIO IIYHKTOB OBLIO KPATHO IIATH.

1. IONEPEYHUKU MHOYXKECTB. B 1936 rogy A. H. Kommoropos BBen moms-
THE TONEPEeTHNKA — BEIUYIUHY, KOTOPAsI XapPaKTEePU3yeT HAWIYUIIee Tpubim-
XKEHME NAHHOTO MHOXECTBA MPOCTPAHCTBAME (PUKCUPOBAHHOU PA3MEPHOCTH.
Omnpegenenne momnepedHnKa TakoBo. [lycts X — HOpMUpPOBAHHOE IPOCTPAH-
ctBo, C' — mogMHOXecTBO X U 7 — HEOTPUIATEIHLHOE IEJ0e Inca0. Benmanna,

d,(C,X) = infsup inf ||z —¢|x,
n(C, X) ﬁzggglerinllx ¢llx

re mepBas HUXKHAA PPaHb OEpeTcd 1Mo BCeM moamnpocTpancTeaMm L, B X pas-
MEPHOCTY He BBIIIE 7, HA3LIBAECTCA n-nonepeunukom no Koamozoposy muo-
acecmea C 8 X.

rﬂ;ﬂﬂ TOrO, ‘ITO6I:»I JIy9HIi€e mMOIyBCTBOBATH CMBICI 3TOT'O MOHATUA, PACCMO-
TpuM caeayoumi npumep. [Iycts X — mIOCKOCTb ¢ eBKIUIOBOU HOPMOH | - |
u C — swmnc (cm. puc. 1). Mer xoruM HamwrygmuM 06paszom npubausuts C'
ONHOMEDHBIMU TIOAMPOCTPAHCTBAME (T. €. MPAMBIMU L, IPOXOAAIINME T€PE3
HOJB). DTO MOXHO MOHUMATEL Tak. PUKCUpyeM Kakylo-HUOyAb mpamylo L m

nycts x € C. Paccroauuem ot = mo L B mMeTpuke X HA3LIBAETCA BEJIUIU-
Ha d(z,C, X) = infeer |z — €|, a Bemmunna d(C, L, X) = sup,cqd(z, L, X)
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)

Puc. 1.

— YKJOHEHUEM C ot L B merpuke X. Hac mHTEpecyeT TO mogmpocTpaH-
¢TBO L, HA KOTOPOM 5TO yKIOHEHHE MUHMMATBHO. MBI roBOpEM TOrAa, ITO
L ocymecrpaser mammydmee npuOaumxenue damunca ' ONTHOMEPHBIMHA MOJ-
npocrpaucTBamu. Q4UeBuaAHO, 9TO L COBNAMAET C OCBHIO abCIMCC M MUHUMAIb-
HO€ YKJIOHEHNE PABHO IMHE MAJOU MOJIYOCH BJINICA, UITO B COOTBETCTBUHI
C OIpeAeJeHrEM BHINIE W €CTh l-momepednuk mo Koamoroposy smmumca C' B
€BKJIUJOBOU HOPME.

[Toasrenne paboTer KoaMoroposa 03HAMEHOBAJO HAYAJO HOBOI'O HTAIIa
Pa3BUTUA TEOPUU MPUOINKEHAN, CBA3AHHOIO C MOMCKAMU HAMIY 9IIEr0 METO-
[Ia PUOIVKEHUA TaHHOTO (PyHKIMOHATHLHOTO Kiaacca. C 1936 roga m BmIoOTH
[0 IIECTUAECATELIX TOA0B IPAKTUYIECKN He OBLIO MyOJNKAIIMI Ha TEMY O IIOIe-
peunnkax. Ho szaTeM, moj BIMAHNEM MCCICTOBAHUN, CBA3AHHLIX C IIPOOIEMON
lMuas6epTa o cynepnosunuax GpyHKIUU U MOSHOU TOTAa Teopuen wHdOopMa-
U7, DTa TEMATUKA CTATa AKTUBHO PA3BUBATHCA.

B sTor mepmon B. M. TuxomupoB myb6aukyeT pamx paboT, KOTOpPLIE CTa-
JU ONpPEeNeNAIINMYA 1A ee naabHeunero passutuid. OH BBeN PAJ BEIUYUH,
KOTOPBIE C PA3HBIX TOYEK 3PEHUA XAPAKTEPUIYIOT ANMPOKCUMATUBHLIE BO3-
MOXHOCTHU JAHHOT'O MHOXECTBA (IPOEKIMOHHBIN MOMEPEeTHUK, TUHENHBIN 110-
NepevHrK, monepevnnk no Lenbdanmy, mo Bepamrenny u ap.) u moxy<wr pag
KOHKPETHBIX PE3YyJAbTATOB MJd HUX, OCHOBBIBAsACH Ha pa3pa6OTa.HHI:IX M XKe
METO/aX, KOTOPHIE BIOCICACTBUYM MHOTOKPATHO MPUMEHSAINCH U 0GOOIIATACE
B gecarkax pabor. OnpeenreHHBIA UTOr 3TOrO 3Talla CBOEH JeATEIbLHOCTH
Branuvup Muxaiiosnd nogsen B MoHorpadwun [1].

3mech MbI chopMyaupyeMm oaud pesyabTaT B. M. TuxoMupoBa, KOTOpBIT
JaeT O0IIMY MOAX0] K OIIEHKAM MOTEPEYHUKOR CHU3Y U TTOKAXEM Ha, IPUMEPE,
KaK OH IPpUMEHACTCA.

TEOPEMA (TUXOMUPOBA O MONEPEYHUKE IMAPA). IIycms X — wnop-
MUPOBAHHOE NPOCMPancmeo, Ly 1 — (n + 1)—.Mepnoe nodnpocmpamncmeo X,
v>0uyBLyy1 ={z € Lpy1 | ||z||lx <7} To2da

dp(YBLyy1,X) = 7.
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Pacemorpum crepyromuu npumep. Iycrs X = C([0,1]) — mpocrpanct-
BO HenpepwBHEIX dynkuui z(-) ma orpeske [0,1] ¢ mopmon ||z(-)|c(jo17) =
= maxyp |z(t)], C = WLl(0,1]) — wmacc bymkumi z(-) ma [0,1],

YAOBIETBOPAIIAX yCIOBUIO Jlunmmuia (¢ KOHCTAHTOU EeQWHWIA), T.€.
lz(t) — z(t")] < |t — t'| mna seex t,¢' € [0,1]. Tlokaxem, uTo mua m060rO
n>1

dn(W,([0,1), C([0,1]) = -

Ouenxra cuuzy. O603ua MM depes Ly, 1 TPOCTPAHCTBO JOMAHBIX HA OTPE3-
ke [0,1] ¢ msmomamu B Toukax ty = k/n, k= 1,...,n — 1. Jlerko nposepuTs,
9ITO Pa3sMEpHOCTH L1 paBHa n+ 1 u aro ecan x(-) € Ly 41 1 MAKCUMYM MO-
IyJell yraoBbIX KO3(P(MUIMEHTOB 3BEHBEB JOMAHOU Z(+) HE MPEBOCXOANT €/Iu-
mmes, 10 #(-) € W, ([0,1]). B wactmocrm, ecmm ||2(-)||l o) < 1/2n, To
HETPYAHO BAJETH, YTO 3TOT MAKCUMYM MOZAYJEH HE TPEBOCXOAUT €IWHUIIHI
u sracmt, (1/2n)BL, 1 C WL ([0,1]). OTcoga, yamTemas odeBuaHOe CBOM-
ctBo nonepeunuka: ecim Cy C Cy, To dp(C1, X) < d,(Co, X), Gygem umvers
no Teopeme TUXOMUPOBA O MOMEPEYHUKE MIAPa;

dn(WL([0.11),C([0,11)) > dn (5-BLns1,C([0,1])) = ;-

n

Ouenxa ceepry. O603HaMM depes L, TOATPOCTPAHCTBO JOMAHBIX ¢ U3JI0-
MaMmu B ToUkax Ty = (2k—1)/2n, k =1,...,n—1, 1 TOCTOAHHBIX HA OTPE3KAX
[0,71] u [Th—1,1]. Jlerko BugeTs, uTo L, — n-mepHoe npocrpancTso. IlycTs
z(-) € WL([0,1]). Conocrasum srow dbynkmun aomanyio £(-) € L, Takyio,
aro {(1x) = z(m), k = 1,...,n — 1. IIpocTon mogcUeT MOKA3BLIBAET, UTO
1z(-) — &C)lleqo,) < 1/2n. Torma paccrosmme ot z(-) no Lp, B MeTpuxe
C([0,1]) Tem 60Hee He npesocxoaut 1/2n, T.e. d(z(-), L,,C([0,1])) < 1/2n.
[lepexona caeBa B >TOM HEPABEHCTBE K BEPXHEW rpanum mo Bcem () €
WL ([0,1]), a 3aTem x HWXHeH IpaHW MO BCEM TOMPOCTPAHCTBAM pa3Mep-
HOCTY HE BBHIIIE 71, TTOLYIaeM, ITO

1

dn (W5, ([0,1)), C([0,1])) < 5~

BwmecTe ¢ OIeHKOU CHU3Y 3TO NOKA3HLIBAET HYXHOE YTBEPXK ICHUE.

2. CPEIHAA PA3BMEPHOCTb U HAWJIYYIIVE NPUBJIUXKEHUA HA HEKOM-
MMAKTHBIX MHOI'OOBPA3UAX. B Teopum mpubImxeHuyu, HaUUHAA C PAOOT
C. H. Bepuirenna, u3yIaoTcsa TPUOIMKEHNA OTACTLHLIX (DYHKIIAN W KIAC-
COB (pyHKIUU, 3aAaHHBIX Ha Bcen npamon R. Cam BepHmrenn BBen qis sToro
HEKUU AHAJIOT MPOCTPAHCTBA, TPUTOHOMETPHUIECKUX MOJMHOMOB, & WMEHHO,
npoctpancTtso B, (R), o > 0, koTOpoe mpeacTaBigeT cOO0U CyKEHUI IETbIX
dyukuun f Ha R, ymoaeTBopsommx ycaoBuio: miasa ao6oro € > () mHaumercs
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rakoe uucao C, = C.(f) > 0, aro mas Bcex z € C BHINOTHAETCA HEPABEH-
ctBo |f(2)| < C-exp(o + €)|z|. DxBuBanenTroe onpegenenne B,(R) Takoso:
5TO COBOKYTMHOCTE dyHknun f Ha R, y kKoTopex mpeobpazosanme Pypre (kax
06001eHHON GYHKIUM) COCPEIOTOYEHO Ha OTpeske [—o, o|. B mocaexyiomme
rO/IBI TIOABUIUCH APYTHUE CPEJACTBA MPUOIMKEHUA KIAACCOB (DYHKIWNA HA MPSI-
MOU, HATIPUMED, MPOCTPAHCTBA, CILIAMHOB U BEUBIETOB. KyCOYHO-TTOCTOSHHBIE
(pyHKIIUYU U JOMaHBIE — MPOCTENIINE TPAMEPHI IPOCTPAHCTB CINIAXHOB. JTHU
npocTpancTBa U npocTpancTBa B, (R) 6GeckoHEIHOMEpHBI, a CTaHIAPTHLIE
KIACChl (DyHKIUN (CKaxeM, COOOMEBCKME KIACCH (DYHKIMU HA TIPAMOM), 111
IpUOIAKEHUA KOTOPBIX OHU UCIOIb3YIOTCA — HEKOMIAKTHHL. Kak B »Tou cu-
Tyallul CPABHUBATH PA3IUIHBIE CPEACTBA MPUOIUKCHUAA!

OauH UX BO3MOXHBIX TOAXOJOB OCHOBAH HA MOHATHU CPEIHEN PA3MEPHO-
CTH TPOCTPAHCTBA, UCTOKA KOTOPOTo BocxomaT K paboram K. Illemnona mo
Teopuu MHGOPMAIMN, Tle OH [aj ONpEeIeIeHIe (IHTPOIUN HA eIUHUILY Bpe-
MEHW» CIy9IanHOTO CUTHAIA HA MPAMOU ¢ OTPAHUIEHHBIM CIIEKTPOM (T. €. pea-
JM3AIUY 5TOTO CUCHAJIA KaK pa3 ABaaooTca saementamu B, (R)). B 1956 roxy
A. H. Koamoropos MoauduuupoBaiz 5TO ONpeeSeHre IId TOAIPOCTPAHCTB
OOBIYHBIX (He CIy9YalHbIX) (DYHKIUM.

[lepBBI pe3yabTaT B 5TOM HAIPABIEHUN — DHTPONUA HA EIWHUILY Bpe-
MeHU orpaHndeHHbIX GyHKuui u3 B, (R) — 6bur noxywen B. M. Tuxomupo-
BoM [2]. Brmocaencrsun Bragumup MuxanioBud BBeJa XapaKTEPUCTUKY TOJI-
MPOCTPAHCTBA, AHAJOTUIHYIO KOJIMOTOPOBCKOU, HO OTIPABJIAKUIYIOCA HE OT
DHTPONUM, & OT TMONEpPeYHUKa 10 KOIMOTOpOBY, KOTOPAs W MOJYYIUIN Ha-
3BaHUE CpeaHen pasMepHOCTH mpocTpancTsa. CyTh nena Takosa. Hadmem c
npocroit curyanmu. Iyers L' — mpocTpancTBo MoMambIX Ha R ¢ m3moMa-
mu B Toukax {kh}, k € Z, h > 0. [lag mo6oro T > 0 o6os3HauuM dUepes
L% cyxenune npocrpanctsa L ua orpesox [—T,T). Jlerko mpoBepuTh, 4TO
pasmepuocts L pasma 2T/h + 3, ecim T/h — menoe, u 2[T/h] + 3 (rae
[T/h] — uenas uacts T/h), ecim T/h — wHememoe, u OTCIOJA JETKO Ce-
ayeT, aTo limp_yoo(dim L) /2T = k1. Dro wmeno m maswBaeTca cpemmeit
Pa3MEpPHOCTHIO (WM PA3MEPHOCTHIO HA €AWHUILY BPEMEeHU) TpOoCTpancTsa, L
(3aMeTuM, ITO MBI, OYEBU/HO, MOJTYIUM TOT XK€ PE3yJbTAT, eCIu OyAeM pac-
CMATPUBATH, HAIIPAMED, TOJIBKO OTCDAHUYECHHBIE JOMAHBIE). JTa MPOIEIypa
(c 3amenon B mocaemEer (poOpMyse Mpegena Ha HUKHWAU TPETET) TO3BOIAECT
ONIPEIEINTh CPENHIOID PAa3MEPHOCTH JI000r0 MPOCTPAHCTBA, CyXEHUe KOTO-
poro ua [T, T| xoneunomepuo ausa scex T > 0.

Curyanusa HECKONBKO CJIOXKHEe, eCIM CyXeHUue MOATPOCTPAHCTBA HA
[T, T] He KoHEIHOMEPHO. B 5TOM Clyduae mMOCTYmaeM CIeAYOMUM 0Opa3oM.
Mycts L — mogmpocTpancTBo, ckaxem, mpocrpanctsa CP(R) orparmienHbx
HENPEPHIBHEIX (yHKIuUE 7(-) Ha mpaMoit ¢ Hopmolt ||2(+)|| s r) = supser |2 (2)]

u BC"(R) — egunwansiit map B8 C°(R). O6ozmawum wepes (LN BCP(R))r —
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cyxenne MHOXecTBa L N BCP(R) ma orpesok [—T,T| u OpemoIoxKmM, ITO
sTo cyxenne komnakTHO B C([—T,T]) (mpocTpaHCTBO HEMPEPHIBHBIX (QyHK-
uuit Ha [—T,T] ¢ o6erauon HOpMOU) Ans Kaxgoro T' > 0. Torga ero MoxHO
¢ M1000U TOYHOCTBIO MPUOIM3ATH KOHEIHOMEPHLIMU MOAMPOCTPAHCTBAMA W
3HAYUT, IJad JI000r0 £ > () KOHeYHa BeIWInHA

K.(T,L,C*(R)) = min{n € Z | d,((L N BC*(R))7r,C([-T,T))) < €},

rae d,((L N BC*R))r,C([-T,T])) — n-nonepeunux no Komoroposy muo-
xecta (LN BC?(R))r B merpuke C([—T,T)]). Acuo, aro K. (T, L, C*°(R)) —
MUHIMAJIBHAA PA3MEPHOCTD HOANPOCTPAHCTBA, AIIPOKCAMUPYIONIIEr0 MHOXKE-
cteo (L N BCY(R))r ¢ ToMHOCTHIO 10 €.

Jlerxo mposeputs, uTo dyukmua ¢ — K, (T, L, C°(R)) me BospacTaeT mpu
kaxgoMm T > 0.

Cpenneir pasmepHocThio mpocTpancTea L B C°(R) HazoseM Bermammy

— ... K.(T,L,C°(R
dim(L, C*(R)) = lim lim inf K LO®)
=0 T—o00 2T
Jlerko mposepuTh, uTO eciau cyxenume L Ha [—T,T] xoHEUHOMEDPHO, TO
JAHHOE ONpefeeHre PABHOCUIBLHO OMPENeNeHu0, TAaHHOMY BHIIIE.
B TepMmmHax cpegmen pasmepHOCTH pesyabTaT B. M. Tuxomumposa, o Ko-

TOPOM T'OBOPWJIOCH BBIIIE, 3BYIUT TaK
a

dim(B,(R) N C*(R),C*(R)) = ~.

ey

Iycrs v > 0. Torga orcioga w w3 TPEABIAYIIErO CAELyeT, 9TO ecam h
U 0 TakoBbl, 9T0 1/h = 0/m = v, TO CpeAHUE PA3ZMEPHOCTH HPOCTPAHCTBA
OTPAHUYIEHHBIX JOMAHBIX U IIPOCTPAHCTBA OrPAHUIeHHBIX GyHKIY u3 B, (R)
paBHLI V. PaccMaTpuBas Bce IpOCTPAHCTBA (DYHKIUA HA IPAMOK, Y KOTOPLIX
CpemHsAs Pa3sMEPHOCTH He MPEBOCXOAUT I, MOXHO T'OBOPUTH O BBIOOpE HAW-
JIYdIIero Cpeau HUX IJd IPUOJMXEHWM TOrO WIM MHOTO KJIACCA (PYHKIUHA Ha,
npamon. Todree roBopsa, MOXHO ONpPENEINTh CPEIHUN V-Tonepednuk mo Koi-
MOFOpOBy n ,z[pyr‘I/Ie CpegHue NMONEePEeIHNKN U ITOCTaBUTH TE€ XK€ BOIIPOCHI, ITO
n B KOMHaKTHOfI CI/ITya.III/II/I: TOYHBIE N ACUMIOTOTUYIECKN TOYHBLIEC 3HAYCHUA
DTHUX MOMEPEIHUKOB, SKCTPEMAIbHBIE IIPOCTPAHCTBA U T. II. DTO OIPEIEINIO
HOBOE HAIIPABJIEHUE B TEOPUU MTPUOINKEHUN — HAUIY JIIUE TPUOIUKEHUS He-
KOMTIAKTHBIX KIACCOB (PYHKINN. 3AeCh TMOIYIEHO MHOT'O UHTEPECHBIX PE3Ylh-
TaToB. B HacToAmee BpeMsa HamboJdee aKTUBHO DT TEMATHKA PA3BUBACTCA B
Kurae.

3. IMpuHoun JIATPAHXKA. B 1897 rogy Jlarpanx BBICKa3aa CIeQyrOUIAR
TIIPUHITUIL: «ECJII/I nmeTca MaKCUMYM WIN MUHUMYM HeKOTOpOfI beHKI_II/II/I MHO-
MAX TEePEMEHHBIX MPU YCJIOBUM, 9TO MEXIY STUMU MEPEMEHHLIMA HMEETCA
CBA3b, 3adaBacMasd OMTHUM WIN HECKOJTBKVMU YDABHECHUAMUY, HY KHO HpI/I6a.BI/ITB
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K QYHKINM, O KOTOPOHU T'OBOPUIOCH, PYHKIINM, 3a0aI0IINe YPABHEHUA CBI3M,
yMHO)KeHHI:Ie Ha HEOIIpEOeJCHHBbIC MHOXUNTEAN, U MCKATh 3aTEeM Ma,KCI/IMyM n
MUHUMYM HOCTpOGHHOI;)I CyMMI:I, KaK eCin 6I)I IepeMeHHBIC 6BIJII/I HE3ABUCUMBEI.
[Tony<1eHnHuble ypaBHEHUA, TPUCOEANHEHHBIE K YPABHEHUAM CBSI3M, MOCIYKAT
A ONpeNeNeHnsa BCeX HEM3BECTHBIX).

O6aymbIBasg HEOOXOMUMBIE YCIOBUA 3KCTPEMYMAa B PA3IUIHBIX 33Ja9aX,

JIa TUMU I/IXH,EIJIOBI/I‘I nopuiieyga K BBIBO 9TO 9TOT NpyMHIOUII (€CaIU IIPU-

Bran M aY,
IaTh €My IyTh 6OJee PACIIMPEHHOE TOIKOBAHWE) MMEET YHUBEDCATbHBIA Xa-
paxTep: TPAKTUYIECKU BCE HEOOXOAWMBIE YCJIOBUA DKCTPEMYMa MOTYT OBITH
¢dOpMAILHO BBEIBEIEHHI, OJAL3YACHL perenToM Jlarpanxa.

CioBa Jlarpamxa OTHOCHINCH K 330a<MaM BUIA,

fo(x) = extr, fi(x) =0, i=1,...,m,

rae extr o3HaYaeT 60 MAKCUMYM, A160 MUHUMYM. COTVIACHO PEKOMEH IAllN-
AM Hago cocTraBuTh ¢yHkuuio (pyuknuio Jlarpamxka) naHHOM 3aKa€um:
L(z,A) = > " Nifi(z) (pasymHO cTaBUTH MHOXUTETs My fo; DTO HEKOTO-
poe mpoaBumkeHue co BpeMmeH JlarpaHka, HO, TPaBa, €MUHCTBEHHOE), T
A= (Xo,..., Am) — HABOD «HEOHPENETCHHBIX MHOXUTEAeN (MHOXUTEen Jla-
rpanxa). /lamee HATO MCKATH MAKCUMYM W MUHUMYM GyHKIuE L MO T (KaK
eCain 6I)I OnepeMeHHBbIC 6I)IJII/I HE3aBUCUMBDY, MJId 9€ro CHa'vaJaa Ha O BBIMIUCATH
HEOOXO0 IUMBIE YCIOBUA DKCTPEMYMA: PABEHCTBO HYIK0 IACTHBIX IIPOU3BOTHBIX.
Ecmu f; — dyHKIMM N mepeMeHHBIX, TO MBI TOIy9IUM N ypaBHenuu. OTHOCH-
TEIHLHO MHOXWUTENEU \; DTU yPABHEHUA OJHOPOLHBI U MODTOMY OAUWH U3 HUX
MOXHO CIMTATDb, CKaXKeM, PABHBIM €IMHULE. B pe3yabTaTe uMeeM n—+m ypas-
HEeHuU (M YPABHEHWU CBA3M) A HAXOXKIEHWS 7 + 11 HEM3BECTHBIX. TOYHBIN
pesyabTar (IpaBmio MHOXUTENERN JlarpanXka) 3By9IUT Tak: ecau Gywkyuy f;,
i=0,1,...,m, nenpepvieno Jufdepenyupyemvi 8 HeKOmMoOPotl oKpecmHoOCmy
mouku T u 8 amoti moukxe JOCMULALNCA AOKAALHBIT IKCPEMYM, MO HaAl-
demcesa makoti nenyaesoti nabop mmoxcumenet Jaeparwsca X = (Mg, ..., Am),
umo T ydosaemeopaem coommowenuio Ly(T, ) =0, m.e. >0 N fH(Z) =0,
ede fI(Z) — npoussoduvie (epaduewmu) dywxyud fi, 0 < i < m, 8 mouke T.

PaCCMOTpI/IM TEIEPh TaK HA3BIBACMYIO 34 /a1y ONTUMAJIBHOI'O YyIIDABICHUA

"t a(t), ult) dt > min, &= o(tzu), ult) € U,
to

x(to) =T, J?(tl) =T, (31)

7 IONpoOyeM MOHATH BU HEOOXOJUMBIX YCJIOBAM MUHUMYMA B DTOU 3aJade,
crenysa ¢popManbHO pekoMeHganuam Jlarpanxa.

B srou 3agade f u p — Ppyuknuu Tpex nepemMeHHbIx, U — HEKOTOPOE MHO-
®KECTBO Ha IPAMOU. [lepeMeHHasa 1 HABBIBAIOTCA YIPABICHUEM, a - — Ha3zoBon
nepeMeHHOU. IHTEPEC K TAKOTO COPTA 334a4MaM BO3HUK B MATHUAECATHIE T'OIBI
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MPOLLIOTO BEKA B OTBET HA 3AMPOCHI MPAKTUKA: TPEGOBAIOCH ONTHMAILHO
(B TOM WIM WHOM CMBICJIE) YOPABIATEH PA3AMIHBIME MPONECCAMU, YIUTHIBAA
€CTECTBEHHYIO ONPAHUYEHHOCTH PECYPCOB (MATEPUATLHBIX, SJHEPTETHIECKIX
u T.1.). B HameMm caydae mpormece onuceiBaeTca AuddepeHnnaibHbIM YPaB-
mermem i = @(t,z,u) (HA «BxOm mOmaeTca ympasieHue u(-), Ha «BBIXOIE
noryaaem z(-)). Mbl xoTuMm HauTH Takoe ympasiaeHue (), 9TOOBI COOTBET-
cTByoman (pa3oBas mepeMeHHas () B HAYAIbHBIN U KOHEUIHBIM MOMEHTHI Bpe-
MeHH t( ¥ {) IPUHUMAJIA 3HAYEHUA Lo U L1, ITOOI U(+) AL Kaxnoro t € [to, t1]
HE BBIXOAWIO 33 TIPeeTsl MHOXECTBA, U (0TpaXxaiomero orpaHnIeHHOCTD Ha-
MIUX BO3MOXKHOCTEH) W, HAKOHEIl, YTOOLI 5TO yIPAaBICHNE GBLIO OIMTUMAIBLHO
B TOM CMBICJIe, ITO mHTerpanl Ha mape (Z(-),u(-)) IpUHEUMAT MUHUMAIBLHOE
3HAYEHUE.

Heobxogumbie yCaoBus MUHUMYMA B MOAOOHOU 3aqatde ObLIU MOJYyYEHBI B
MATALECATHIE TOABI U MOLYYAIA HA3BAHUE TPUHINNA MakKcuMmyMa [loHTpara-
Ha. JTO OJHO U3 HAUOOJIEE APKUX JOCTUXKECHUAN TEOPUU DKCTPEMATBHBIX 3a,1a4.

Byaem cmorpets mHa 3agaqy (3.1) kak Ha 3amady MUHUMU3AIUYA QYyHKIAA
IBYX mepeMeHHbIX Z(+) u u(+), yI0BIETBOPAIOMMX COOTBETCTBYIOIINM OT'DAHY-
genuam. Orpanudenue & (t) — @(t, z(t),u(t)) = 0, t € [ty,t1], MOXHO BOCIpH-
HUMATH KAK KOHTUHYYM PABEHCTB, KaXI0€ U3 KOTOPBLIX HANO YMHOXWUTL HA
«HEOTIPEIENIEHHBIN MHOXUTENb), KOTOPBI 0003Ha MM (caeaysa Tpagumun) p(t)
7 (CIOXUTHY, T.€. IPOUHTErPUPOBATL. TaxuM 0O6pa3oM, pyHKIua Jlarpanxa
sagaqu (3.1) mmeer Bupg

L(z(-), ul-),N) :/t 1 (Ao f (8, z(t), u(t) +p(t) (&(F) — @(t, z(t), u(t))))di+

0

+ po(z(to) — o) + pa(z(t1) — 71),

rae A = (Ao, p(+), po, 1) — wabop muOXmMTenen Jlarpamxka. [Tycrs (Z(-), u(-))
— pelreHue 3aja4u. Brimumem HEOGXOAUMBIE yCIOBAS MUHUMYMa QyHKIMA
Jlarpamxa B sTou TOUuke oTAeasHO 10 z(-) 1 mo u(-). Ilo z(-) — sTo Tak Ha-
3bIBaeMas 3ajada Bomblja — cTaHgapTHaA 3ajada KIACCHIeCKOr0 BAPUAIW-
OHHOT'O ucuncaeHus. Ecim 0603HaIUTh ©1epe3 L moabIHTerpaabHyIo (hyHKIAIO,
TO HEOOXOAUMBIE YCIOBUA B DTOM 3a1aYe UMEIOT BUJ

—2Li)+ L) =0 & pt) = -pMF) - 2fl)  (32)

(rme Em(t) = L;(t,2(t),2(t),u(t), o, p(t)) ¥ AHATOTMYHO MIA OCTATBHBIX
byHKIMU ¢ KPBIIKON) 1
Li(to) = po, Li(t1) = —p1 & plte) = po, pt1) = —pur. (3.3)

HeTpynuo nposeputs, 9To ecau 4(-) gocraBigser MUHAMYM 10 4 () QyHK-
nuu Jlarpamxa, T0O He06X0AMMO (M TOCTATOYHO), ITOOBI B KAaXAOU TOYKE t,
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rae dyuknua u(-) HenpepwiBHA, GyHKuMa L gocturana muauMyma no u € U
B Touke U(t), T.e.

min (Ao (t, 7(t), u) — p(E)o(t,3(0),u) =
— Mf (53 (), (1) — p()p(t, (), @(t).  (3.4)

MoxH0 3amucaTh 3TO BHIpAXeHWE B (pOpMe MAKCUMyMa, MOMEHAB 3HAKU
nepen Aof u pp HA TPOTUBOMOMOKHEIE.

Coornomenus (3.2), (3.3) u (3.4) (B dopme MakcuMyma) U eCTh IPUH-
oun MakcuMmyMma, [JoHTparmHa qis maHHOW 33gadu. TOYHYI0 (POPMYIMPOBKY
He OyjeM MPUBOAUTD, HO CYTh €€ (KaK W B MpaBuie MHOXUTeRen Jlarpamxa)
B TOM, 9TO CYIIECTBYET TAKOU HEHyJeBOW HAOOP MHOXmTenen Jlarpamxka A,
9TO BBINOAHAIOTCA yeaous (3.2)—(3.4).

Pemenne KOHKpETHBIX 3a7a9 HA OCHOBE NMPUWHINMA JIarpaHXa TIPOUCXO-
OUT, KaK MPABUIO, TO CJAEAYIOMEN CXEMe: BBIMUCHIBAIOTCA HEOOXOTUMBIE
YCIOBUA DKCTPEMYMA, TOTOM OHU AHAIM3UPYIOTCA W B PE3yJIbTATE HAXONAT
(IIOI03PEBAEMBINY HA DKCTPpeMyM O0BeKT (ckaxkeM, ¢yukuumio). [Tocme sToro
IIPOBEPAIOT, UTO HAUJAEHHLIN O0BEKT NEMCTBUTEILHO €CTh pPellleHne TAHHON
3agaqu (B CIeAyOmeM cloxere OyaeT paccMOTpeH nmpuMep ). Baxuo npu sTom
OTMETUTH, ITO 339aCTYI0 HAM HYXHA JUIL CTPYKTYPA HEOOXOMUMBIX YCIO-
BUM, JUIA 9Er0 BIOJHE NOCTATOYHO BAAJECHUA MPUHIUAIOM Jlarpamxa, a He
3HAHUA COOTBETCTBYIOMET0 TOYHOrO Pe3yabTaTa. bojlee TOro, MHOT 3, TAKOT'O
pe3yabTaTa MpOCTO HET, a NPWHIOWI JIAarpaHka MaeT NPABUILHBIN OPUEHTHUD
A PEIeHUA 32 Ja4N.

B Tedenun muormx mer Biaaguvup MuxaumoBud mponaraHgupyeT MPWH-
nun Jlarpanxka kKak >P@EKTUBHBIN MPUEM A PEIICHUA CAMBIX Da3IMTIHBIX
DKCTpEMANbHBIX 3a1ad. K coxaneHnuio, moka ero uaes: «[lodTtum Bce dKCTpe-
MAaJbHBIE 33Ja9M YCTPOEHBI OJAWHAKOBO M PEIIAIOTCA CTAHJAPTHO» €IIe He
«oBIamena maccammy. [0 cuxX TMOp MOABAAIOTCA PAOOTHI, MOCBAIICHHBIE DPe-
[IEHWIO TOU WIM WHOU DKCTPEMATHLHOU 33qa49M, KOTOPHIE CYTh YIPAXHEHUSI
Ha TpuUMeHeHUe mpuHIUna Jlarpamxa. OcoGeHHO BaXHO TOHUMAHWE MPUH-
numa Jlarparxa aas «1oTpebuTeneny TeOPUE SKCTPEMyMa, (MHKEHEPOB, DKO-
HOMUCTOB, YIPABIEHIEB), KOTOPHIM 3Ta TEOPHUA SKCTPEMYMA, MIPEOTHOCUT-
ca KakK HAGOp OTAEILHBIX PEIENTOB [JiA PEIIeHUA 3303 TOTO WIN WHOTO
THUIIA.

Pasnuvmbie BOMPOCH TeOpWM 3KCTPEMyMa, B HaCTHOCTH, mpuHIUN Jla-
rpaaxa Baagumup MuxawjioBud MpOAYMBIBAT CO MHOTMMM CBOWMY YYIEHU-
KAMU U KOJIIETaMU, U B TIEPBYIO O¥Yepensb 31eCh CeyeT Ha3BaTh Alekcanmpa
Nasugosuya Modpde n Bragumupa Muxannosuua Anekceesa.

CucreMaTnveckoe U3M0KEHNE HEOOXOMUMBIX YCIOBUU DKCTPEMYMa B Pas-
JUIHBIX DKCTPEMATBHBIX 334a9aX ¢ TOYKYU 3PEHUA MPUHINTA JIarpam®xa MoX-
HO HauTU B MoHOrpaduu [3].
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4. HEPABEHCTBA [ MPOU3BOIHLIX. HepaseHncTsa BuIa
125 ),y < EllzOE, 2™ ON, 7y (4.1)

rnre 0 <k<n, 1<pgr<oo, T=R, wmm Rua >0, >0 (umpu sTom
a m 3 ONHOBHATHO ONPENETAITCA mapaMerpamu k,n,p,q,7), HA3BIBAIOT
HEPABEHCMBAMY KOAMO20POBCKO20 MUNa Wil nepasencmaamy Janday — Koa-
mozoposa. Takoe HazBaHme CBA3aHO ¢ TeM, ¥TO B 1913 roay IJ. Jlargay moka-
3an HepaBeHCTBO (4.1) mma cnywan k=1, n=2,q=p=r=oouT =Ry n
HaIIeJI HAWIYYIIIYIO (T.e. HAUMEHBIIYIO U3 BO3MO)KHI)IX) KOHCTaHT K B 9TOM
HEPABEHCTBE, KOTOpasd OKaszanach pasHon 2, a B 1938 roay A. H. Koamoropos
HAIIEJ TOYHYIO KOHCTAHTY B HepaseHCTBe (4.1) mma mobbIx menbix k u mn,
1<k<n,gq=p=r=o0c0ouT =R

Hepasenctsa Buga (4.1) mpuBiekanu BHUMAHWE MHOTUX W3BECTHBIX Ma-
remaTukos (A namap, Haae, Xapaw, Jlurrassyn, [lomma u ap.). Bemreck un-
TEepeCa K 9TUM HEPaBCHCTBAM MPOU30MICT B IIECTUACCATHIE T'OABI ITPOILIOTO
BEKA B CBA3MU C 3a0a9€d O HAWIYINIEM TPUOIMKEHUN HEOTPAHUICHHOTO OIle-
paropa (06erHO OomepaTopa audHepeHIMPOBAHNA) OTPAHNIEHHBIMI OTEPa-
Topamu, noctasreHHon C. B. CreukunbiM. Bl momyden psag HOBBIX TOYHBIX
pesyabraToB. Hepasenctsa (4.1) urpaioT BaXHYIO POIb B PA3IUIHLIX BOIPO-
caxX aHAMW3A U TEOPUU TPUOIUKECHUN.

Haxox feHre TOYHOM KOHCTAHTHI B TAKOM HEPABEHCTBE PABHOCUILHO pe-
[IEHWIO CACAYIOMIEN SKCTPEMAILHON 33, Jan

le® O,y = max,  f2Olle,m < 10Ol <2 (@2)

g T0bIx 7y > 0 1 2 > 0.
B nagane cemumecaTeix rogqos B. M. Tuxomupos mocTasmi 001Iyo 3a1a<dy

1Dz (ML, (1) = max,  [[DYz()lr, ) < ¥y i =1,...,m

(rme D® — onepaTop (Boob1Ie roBops) ApobGHOro nuddepenuuposannsd, T —
HE TOJBKO MPAMAA WIN TTOMYTIPAMAA, HO, CKAXKEM, OTPE30K WM BCE TPOCTPAH-
crBo R") m mpeanoxmn uccaeoBaTh €€, OMMPasCh HA OOIIME MPUHIATELL TEO-
puu SKCTpeMyMa. IIpu 3TOM OCHOBHAA IeJb, KOTOPYIO MpecaenoBat Biaamu-
Mup MuUXammoBr, 3aKII09AIACh B TOM, ITOOBI HCITBITATEH BO3MOXHOCTH 3TOU
TEOpWM, TAK KAK MPU PABTUIHBIX P; MOJAEIUPYETCA MPAKTUIECKN BECH CIIEKT]
32,181, KOTOPBIE B HEW M3YIAI0TCA (33,1890 BAPUAIUOHHOTO UCIUCACHUS, OIITH-
MAJIBHOT'O YIIPABICHUA, BBITYKILIE 330891, 302491 ¢ (ba3OBBIMUA OI'PDAHUICHH-
avm u T. 1.). He mocrenuion poas urpana, KOHEIHO, M DCTETUIECKAA CTOPOHA,
Jesa; TOYHOE pelleHre KPACUBOU SKCTPEMAIBHON 3aJaMU — BCErJa HEMAJIOEe
Y IOBOILCTBHE.

Yepes HEKOTOPOE BPEMA BHIACHUIOCH, 9TO (DAKTUIECKN BCE PEIICHHBIE K
TOMY BpeMeHU 3aa4u Bua (4.2) mpefcTaBIgioT cO60M, IO CYyTH Aea, YIPaXK-
HEHUs Ha MPUMEHeHue mpuHiuna, Jlarpanxa. Boaee Toro, Takou ecrecTBeH-
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HBI TOAXO0] (pelleHre SKCTPEMATLHON 3aJa<Mi METOJAAMU TEOPUU SKCTPEMY-
Ma.) MO3BOJIWI Cpady YBUAECTH BO3MOXHBIC O606IH€HI/I£[ TOJYYIC€HHBIX PDE3yJJaIbTa-
TOB, IPDOABUHYTHCA B PEHICHUU HOBBIX 3a0a9 U YBUOETH CBA3U UX C APYTIrUMU
3aa9aMU TEOPUHU TIPUOIUKECHUN.

B kadecTBe mpumepa HaUgeM TOYHYIO KOHCTAHTY B OJHOU TOCTATOTHO
MPOCTOU CUTYAIAU, HO TP DTOM BAXKHO 3AMETHUTDb, 9TO CXEMa PACCY XK ICHUU
OyZeT TaKOU Xe W MPHU AOKA3ATEAbCTBE JI000TC0 APYroro HEPaBEHCTBA, T
MOXHO TOJYIATH TOYHLIM OTBET AHATUTUIECKH.

HoxaxeM TOYHOE HEPABEHCTBO

Iz len ey < V22O G 13O s, ) (4.3)

CIIPABEIMBOE [NIA BCEX JOKAILHO abCOMIOTHO HEMPEPHIBHBIX (T.e€. abCoMI0T-
HO HEMpPEepPLIBHBIX HA KaxkaA0M oTpeske) dyukumu z(-) € Ly(Ry ), y koTOpBIX
nepBas npoms3BogHaaA I () Taxxke npuHammexut Lo(R, ). O603HaMM 5T0 IpO-
ctparcTBo Tepes Wi (Ry).

Paccvorpum ma W1 (R, ) srcTpemamsayio 3agasy

z(0) — max, / 22(t) dt < 1, / #2(t) dt < 1. (4.4)
Ry Ry

Ecau Mb1 Hanaem pemtenue Z(-) 5Tou 3a1a4u, Ha KOTOPOM OTPAHUYEHUA 00pa-
WAKTCA B PABEHCTBA, TO JOKAXKEM COOTBETCTBYIONIEE TOYHOE HEPABEHCTBO.
DMewrcreurersro, mycts z(-) € Wi(Ry) u z(-) # 0. Torga merxo mpose-

puts, wro dymkman y(t) = ax(bt), rae a = ()o@l Lo@e) ™
ub = [[2()r.e)/I12() |z, r,) aBrgeTca pomycTumon B (4.4) m mosTOMY
y(0) = az(0) < z(0), wm
. 1/2
#(0) < FO) IO 25, 1O 2 (45)
OTciofa ciefyeT, 9TO CIPaBEJIUBO TaKOe HEPABEHCTRO
1/2 1 2
le)les ey < EONeON s, 217, (4.6)
B camom gene, ecmu ans mekotoporo T(-) € Wi(R,) aro mepasencTso He

BBIIIOJIHAETCA, TO HaugeTca Takoe 7 € Ry, uro ZT(7) Gyaer Goablre IpaBou
qactu B (4.6) mpu z(-) = Z(+). Ho Ha dyukuun z(t) = T(t—7) 3HaeHNe IpaBOK
qactu B (4.6), oueBnanO, HE Goabure, ueM Ha T(-), a Tak kKak z(0) = Z(7), ToO
OPUXOAUM K MIPOTUBOPEIMIO C HEPpABEHCTBOM (4.5).
Urak, gna gokasarenscrsa (4.3) ocramroch HauTu peureHue 3agadm (4.4)
1 yOeIUThLCA, ITO ero 3HAYMEHUe B HyJe paBHO /2. dymkmua Jlarpamxa saga-
u (4.4) nmeer Bug

L@(),\) = Aoz (0) +>\1(/R+ 22(1) di — 1) +>\2(/R+ #2(1) di — 1),
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rge A = (Ao, A1, A2). Cormacuo mpunnuny Jlarpanxa, ecau Z(-) — pemre-
aue (4.4), TO HAUZETCA TAKOWU HEHYJEBOU BEKTODP A, 9TO (dyHKIua Jlarpan-
KA, yAOBIETBOPAET HEOOXOAMMBIM YCJIOBUAM MWHUMYMa B TOdUke Z(-). 3ama-
41a MuHEME3anuu Gysaknuu Jlarpamxka — »5To 3agada Boabna (o KoTopon
FOBOPMIOCH yXK€ B MPEAbIAYIIEM CIOXKETe), MPaBAa, Ha OECKOHETHOM MPOMe-
xyTke. He obpamas Ha 5>TO BHUMaHWsA, BeIMUIIEM (HOPMATLHO HEOGXOAUMbIE
yeaoBua MuHUMyMa. OHE 3aKIOYAIOTCA B TOM, 9TO MOMXKHO BBIMTOIHATHCA
ypaBHEHUE JUWIepa;

—2X0Z(t) + 2\ Z(t) = 0 (4.7)
U yCIOBUE TPAHCBEPCAIbLHOCTH:

2X27(0) = Ao. (4.8)

[Ipoanamm3aupyem mosrydeHHBIE COOTHOIIEHWA. BO-IepBhIX, A1 U Ao He pas-
HBI Hy10, u60, ecim A; = 0, To w3 (4.7) cregyer, ato mu6o Ay = 0, aub60
Z(-) = 0. B nepsom cayuae m3 (4.8) BriTekaeT, aT0 Ag = 0, T. €. BCe MHOKHTe-
am Jlarpanxa paBHBI HYJIIO, 9TO HEBO3MOXHO. BO BTOPOM CIydae moIyvaem,
aro Z(t) = at + b. Ho »Ta dpyuknus we npunanmexut Lo(R, ), ecim ab # 0, a
ecm ¢ = b =0, To Z(-) = 0, 9TO, OIEBUAHO, TOXKE HE TAK IO CMBICILY 3aTA9H.
Amanoruvnbie paccyXIeHUsA MOKA3LIBAIOT, ITO U Ay % 0.

Mamee, \y ¥ Ay TOMKHBI OBITH OTHOT'O 3HAKA, TAK KAK B IPOTUBHOM CJIy4ae
HUKaKoe HeTpuBnaabHoe penternve (4.7) ve npunagiexut La(R, ). ITockonbky
B coorHomenusax (4.7) n (4.8) muoxuTenn Jlarpanxa ompeneneHsl ¢ TOYHO-
CTBIO 10 HEHYJEBOT'O COMHOXUTENA, TO MOXHO CIMTATE, 9TO A1 > 0 1 Ay > 0.
Torga u3 (4.7) crenyer, 90

z(t) = Cre~ VMt L eVt

Ho #(-) € Lo(Ry), mosromy Co = 0 1 Tem cambiv Z(t) = Cre” VA/A2t Tak
kak Z(-) # 0, To orcioga BeiTekaer, 9o Z(0) # 0 u mo cMBICTY 3a4a497 SACHO,

aro Z(0) < 0. Torga w3 (4.8) moxywaem, aTo A\g < 0 ¥ MOXEM CIMTATH, ITO
Ao = —1.

Koucranter Cp, A1 u Ay Hangem u3 (4.8) u coOTHOIIEHUT

/552(t)dt:1, /5’2(t)dt:1.
Ry Ry

DJIEMEHTAPHBIA TOACIET MOKA3BIBAET, UTO

~ — 1
$(t):\/§€ t, AIZAQZE-

fcwo, wro T(+) € Wi(R,).
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[okaxeMm Terneps, 9TO GyHKIMA Z(-) JeUCTBATEILHO SBIAETCA PELICHUEM
sagaqu (4.4). Ona ynosneTBopsaeT ypasrenumio (4.7). YMHOXUM 00€ €ro 9acTn
ua z(-) € Wi (R, ), npounTerpupyem mo R, , 3aTeM mpowHTErpupyeM B mep-
BOM CJIATaeMOM MO dacTaM') u mogcTaBuM BMecTO Z(+), A\, Ao UX BEIPAKCHNA.
Torga morywum, aTo0 mus Beex x(-) € Wi (R,) nmeeT mecTo TOX1ecTBO

2(0) = /R taltdi - /R el

(cmpaBeIMBOCTD KOTOPOTO JErKO MPOBEPUTH ¥ HEOCPEACTBEHHO).
MIycts x(-) — ponycrumas dyuxuus B 3agade (4.4). ITo nepasencrsy Ko-
um — ByHakoBckoro

1/2
2(0) < ( [ dt) e+
Ry

1/2
_ ‘ ) X
(/R o dt) 1E(ary) S 5+ 75 = V2.
+

2 2

Ho z(0) = v/2 u cregosarersuo, Z(-) — pemenne 3azaqn (4.4). Hepasen-
cTBO (4.3) mokazaHo.

OTHOCATENBHO MOAXOMA, OCHOBAHHOIO HA HpUHIMIE Jlarpanxa, K 3a/1a-
JaM O HEPABEHCTBAX [/IA MPOM3BOAHBIX U X B3AUMOCBA3AM C APYTUMU 33104~
qaMy Teopuu NpubIuKeHun cM. B [4].

5. BBIOYKJIBIA AHAJIN3. BRINYKIBIM aHATA3 — pa3fgel MaTeMaTUKu, TIe
U3y49al0T BBIIMYKJ/JIbIE MHOXECTBA, BBIINTYKJIBIC beHKI_II/II/I 7 BBIITYKJBIE OKCTDE-
MAaJbHBIE 33a%H.

Pa6orer Baagumupa MuxanaoBrda, M0 BLITYKIOMY AHAIN3Y OY€HbL Pa3HO-
00pas3Hbl U CBA3aHBI KaK COOCTBEHHO C Pa3BUTHEM 3TOU AUCIUILIAHBI, TAK
7 ¢ TPWIOKEHUAMU €€ K 33Jad9aM TeOpUM TPUOIUKEHUU U TEOPUU DKCTPE-
Mmyma. Ho Bax®HO m TO, 4TO MO BIUAHHEM STUX PabOT CHOPMUPOBAICIT
OTIpeNeNeHHBIN B3TIAL HA TPEIMET BBIMTYKIOTO AHAIM3a, KOTOPBIA OKA3AJICA
BeChbMa ILIOJOTBOPHBIM, 0COOEHHO mia mpuioxenunt. CyThb 3TOT0 B3MIALA CO-
CTOUT B TOM, ITO OCHOBHOE COAEPXKAHUE BHIMYKJIOTO AHAIU3A — DTO COOT-
HOIIIEHUSA TBOUCTBEHHOCTH A HEKOTOPOTO HAGOPA OMEpATOPOB U MOPOXK [EH-
HO€ WMWY BBIMYKJIOe ucyucienue. [[oACcHuM CKa3aHHOe Ha MPUMEpEe OmepaTopa
CONPAXKEHUA ANA KOHYyCOB M 3aTeM IPUMEHUM DTO K BOIPOCY O KPUTEPHUAX
CYIIECTBOBAHUA PEMIEHUN CUCTEM JUHEUHBIX HEPABEHCTB.

l)y‘II/ITBIBaJ{ 4TO cbyHKm/m mw Wi (Ry) orpaHI/IlIeHbI ﬂeHCTBHTeJIBHO fo z(r)z(r)dr =
= 22 fo 7)dr. CregoBarenbHo, 2f0 r)i(r)dr = x2(t) — 2%(0). Orcioga,
HpI/IMerIfI HepaBeHCTBo Komn — Bymuaxosckoro, momyunmM HepasencTso z-(t) < z2(0) +

+2 (fR+ z?(7) d‘r) (fR+a§ (1) d‘r) e st Beex t € Ry .
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O603nauum gepes R" o6bIYHOE €BKJIMIOBO MPOCTPAHCTBO BCEX BEKTOP-
T

CTOIOIOB T = ( : >, a 1epes (R") — eBKIUIOBO MPOCTPAHCTBO BEKTOP-
T

cTpoK Y = (Y1,. - - ,Zn) Ecmy € (R™)', To oToOpakenue & — y-2 = Y » | Uil

€CTb, OYEBUIHO, JUHENHLIA (PYHKIMOHAL 1 TI000H JUHENHLIA (HYHKIMOHAI Ha,

R"™ MoxeT OBITH MpPENCTABICH B TAKOM BuAe. TakuMm 06pazoM, MBI OTOXI6-

creasem (R™)" ¢ mpocTpaHCTBOM BCeX JMMHENHBIX (QYyHKIMOHAIOB HA R™ 1 TO-

sopuM, uto (R")" — nBoucTBeHHOE MpoCTpaHCTBO K R™.

Conocrasum kaxaomy eeimykiaomy xomycy C' € R komyc C* € (R")
(KOTOPBIN HA3BIBAETCA COMPAXEHHBIM KOoHycoM K () mo dopmyne: C* =
={ye R |y-xz >0, Ve € C}. Jlerko BuAeTH, ITO TO BHILYKILINX
koHyC (m maxe 3aMKHYTHI). COOTBETCTBYIOIUN OMEPATOP OOO3HATAM « ¥ ».
[ToBTOPHOE TPUMEHEHHUE HTOTO OEePATOPa MPUBOAUT K KoHyCcy C** = (C*)* =
={zeR"|y-2 >0, Vy € C*}. daemenrapuo nposepsaercsa, aro C' C C**.

CooTHoIIeHNe TBOMCTBEHHOCTH [JIA TAHHOT'O OMEPATOpPa COCTOUT B TOM,
910 ecau C' — 8binykablll 3aMKEHYMBLTG KOHYC, MO

o = O (5.1)

[loka3aTeasCTBO €CTh MPOCTOE CASACTBUE TEOPEMBI OTAEAUMOCTA TOIKA OT
3aMKHYTOT'O BBINIYKJOT'O MHOXECTBA.

Ecmu C u Cy — Buimykabie kouychl, TO, oueBuguo, C1 + Co u Cy N Cy
— TakXe BBIMyKJIble KOHYCHL [lamee, eciu C — BBINyKabln KOHYC B R" u
A: R" - R™ — jqunennbn onepaTop (KOTOPHIU GyaeM OTOX JECTBIATE C €ro0
MaTPUIEN pa3Mepa. 1M X N B CTaHgapTHBIX Oazucax R u R™ u o6o3Ha9aTH TO
xe OykBom), To 06pa3 (mpoobpas) C' npwm mencTsuu A, KOTOPBHIT 06O3HATAM
AC (CA), ectsb cHOBa BHIIyKIb KoHYC B R™ (R™).

Brimykioe ucaucienne 4ia JaHHOTO CIydad — 5TO (hOPMYJIBI AJIA COMPS-
XEHHBIX KOHYCOB TOALKO UTO OMPEAETIeHHBIX onepanui. /[as Toro, 9To6ul ux

BHIMUCATH onpefgeaum eme oneparop A*: (R™)" — (R")" — conpaxennbinn k
A, peuctsytomun o npasury A*y = yA. Utak, pOpMYIbI BHITIAIAT TaK:
(a) (Cl N 02)* = Cik + Cék (b) (Cl + 02)* = Cf N C;
(c) (AC)" = C* A" (d) (CA)" = A*C™.

Dopmyast (b) n (¢) cupasegnusbl 6e3 Kakux-1ubO MPEANONOKEHUN (U IPO-
BepsoTca 6e3 Tpyga). [laa cupasemiuBoctu dbopmya (a) u (d) TpebyroTcs
JOTIOMHUTENLHBIE TIPETIONOKEHUA, HO OHYU 3aBEJOMO BBITOTHAIOTCA, €CIW CIH-
TaTh, 9TO KOHYCHI TIOIW3 IPAILHEL, T. €. ABIAIOTCA MEPECEIEHUAMEA KOHETHOTO
IUCIA 3AMKHY TBIX TOTYyIPOCTPAHCTB. MOXHO IPOBEPATH, ITO ONpPEAeICHHBIE
BBIIIE OTMEPAIAN TTEPEBOAAT TIOIW IPAILHBIE KOHYCHI B TIOJWS IPATbHEIE.
IlepengeMm k mpuaoxenuaMm. Ecium A — maTpuma pasMepa m X n u b €
R™, TO cMCTEMBI 17, JUHEWHBIX yPDABHEHWN W HEPABEHCTB C 7l HEWM3BECTHBIMU
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MOT'YyT OBITH 3amucanbl Tak: Az = b u Ar < b, rie HEPaABEHCTBO MOHUMAETCA
TIOKOOD AUHATHO.

HepBoe, 9ITO MBI BBIACHUM — 3TO yCJIOBUA CYIDECTBOBAHUA HEOTPUIIATECAb-
HOTO pemrenns y cuctembl Az = b mmm, apyrumm croBamm, korga b € ARY,
rae R} = {z € R" | z > 0}. flcmo, aTo R} — mommsapansub KoHYC. B cu-

n \k __ n
1y coornomenusd (5.1), dopmyms (c¢) u oueBngHoro pasencrsa (R} )* = R},
Oymem mMmeTh

ARY = ((ARL)")" = (REA)7,

T.e. b € AR} B TOM ¥ TOIBKO B TOM CiIy4dae, Korga y-b > 0 gua rex y € (R™)',
s koropeix A*y > 0.
OTo u3BecTHaa Teopema Munkosckoro — Papkaria.

Crenyrommu BOMPOC: KAKUE YCAOBUA CYIIECTBOBAHUA PEIIEHUA Y CUCTEMBI
uepaBercTs Az < b? Ipyrumu crosamu, korga b € AR” + RP? B cury (5.1),
(b), (c¢) m Toro, aro (R*)* = {0}, 6ygem mmeTs

AR + RT = ((AR" + RT)*)* = ((R")*A* N (R™)*)* = (0A* N R™)*.

Ho 0A* — »To agpo A* m mosTomy b € AR" + R B ToM m TOTEKO B TOM
caydae, korga y - b > 0 naa vex y € (R™)| nna xoropeix y > 0 uw A*y = 0.
Jto Takxke m3ecTHas Teopema Ku Pana (Paus [3n).

HakoHell ecTeCTBEHHO MOCTABATHL BOIPOC O CYNIECTBOBAHUYU HEOTPHUIIA-
TeIBHOI0 PeIleHnd y CUCTeMbI HepaBeHCTB Az < b, T. e. xorga b € AR +R'?
B cuny (5.1), (b) u (¢) moxyunm

AR? £ R™ = ((AR? + R™)*)* = ((R?)*A* N (RT)*)* = (R A* N R™)*

u TaxkuM o6pasom, b € AR’} +R" B Tom m ToTEKO B TOM CTyHae, Korga y-b > 0
g rex y € (R™) | mna xoropeix y > 0 u A*y > 0.
OTO yTBEPXKJIEHNE M3BECTHO KaK TeopeMa, [ emna.

Ecmm BRIMyKabIN KOHYC — TMOANPOCTPAHCTBO, TO CONPAKEHHBIN KOHYC —
DTO AHHYJATOP JAHHOTO MOATPOCTPAHCTBA W COOTBETCTBYIOIIEE BHIMYKJIOE
UCYUCIEHUE TIO3BOMACT MOy IUTh KPUTEPUY CYIIECTBOBAHNUSA PEIICHAN CUCTEM
JUHENHLIX YPABHEHU.

Muorue GakTh TEOPUA IPUOIAKEHUN ¥ TEOPAU SKCTPEMYMa MOT'YT OBITH
HOIyYeHBI KaK ClIeICTBUAA COOTHOMIEHN] JBONCTBEHHOCTH U (POPMY.JI BBIILYKJIO-
r'0 MCYUCTEHUS I TeX WIN WHBIX ONePATOPOB, IEPEBOIAIINX BBIMYKIbE 005
eKTHI (BBINYK/Ibe MHOXECTBA ¥ BBEIMYKIBIE (DYHKIWA) B ceOs.

B monorpadmuax [5]-[8] orpaxensr ocHoBHBIE Bo33penus Baagmmupa Mu-
XaUIOBUYA HA IPEIMET BBIIYKIOTO AHAIN3A W €r0 B3AMMOCBI3U C AHAIX3OM,
reoMeTpHUen, TEOPUEN DKCTPEMYMA U TEOPUEN MPUOIUKEHUN.



22 I'. I'. Marapur-Wnbsaes

CIINCOK JINTEPATYPBI

[1] Tuxomupos B. M. Hexomopuvie sonpocwi meopuu npubauxceruti. U3g-Bo

MI'Y, 1976. 304 c.

[2] Tuxomupos B. M. 06 e-anmponuu nexomopuiz Kaacco8 aHaiuMuUuecKus
dymruyuii // TAH CCCP, t. 117, Ne2, 1957, c. 191-194.

[3] Anekcees B.M., Tuxomupos B. M., ®omun C. B. Onmumassnoe ynpa-
saenue. Hayka, Mocksa, 1979. 429 c.

[4] Marapur-Uneses I'. I'., Tuxomupos B. M. O wepasencmsaz das npous-
BOONBIZ KoaMmO20poscko2o muna [/ Mar. cbopuuk, T. 188, Ne12, 1997,
c. 73-106.

[5] Uodde A. ., Tuxomupos B. M. Teopus sxcmpemasvnviz 3adau. Hayka,
Mocksa, 1974. 479 c.

[6] Tuxomupos B. M. Bunykaviti anasus. Urorn naykw n Texuuxku. Cepus

CoBpemenHbIe MPOOJEMBI MaTeMATUKA. DyHIAMEHTAILHLIK HAIPABIE-
musa. BUHUTU, Mocksa, 1987, c. 5-101.

[7] Marapur-Unbses I'. T'., Tuxomupos B. M. Buinykabiti anaus v e2o npu-
aoxcenus. YPCC, Mocksa, 2003 (2-oe u3z.), 176 c.

[8] Magaril-T’yaev G. G., Tikhomirov V.M. Convez Analysis: Theory and
Applications. AMS, Translations of Mathematical Monographs, vol. 222,
2003, 183 p.

I'. T. Marapur-abaes, MoCKOBCKII T'OCYJAPCTBEHHBIN HHCTUTYT PASUOTEX-
HUKW, DIEKTPOHUKA U ABTOMATUKY (TEXHUIECKUI YHUBEDCUTET)



