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Hain CEMMUHAaAP: MaTeMaTHUIECKHUeE
CIO2KE€ThI

Bestkoe 111 11eOBIIIEBCKOE MHOZKECTBO BbIHyKJIO?

A. P. Amumor*

Pycts M — HenycToe 3aMKHYTOE MOAMHOXKECTBO ILIOCKOCTH H & — TOY-
Ka, He NpuHamiexaiias emy. Torga mis TOYKH & Bcerja CYIIECTBYET TOY-
ka u3 M, 6amxkaimas K Hell (3TO JOKA3bIBAETCSA HUIKE), T. €. TaKas TOYKa
Yo € M, 4T0 paccTosiHue OT & 0 Yo He BOJbIIe, YeM pacCTOsHHE OT Z [0
aobon Touku y € M. (Takux Gamkalmnx K @ TOYeK MOKeT OBITH, BOOOIIe
roBOpsi, MHOTO.)

Eciu M — 3aMKHYTHEE KPYT U TOYKa 2 jJexkuT BHe M, To bankauiias K &
TOYKA g €JUHCTBEHHA, OHA JEXKUT Ha MepecedeHut OKPYKHOCTH, OTDaHU M-
Bafoleln Kpyr M, u ayda, HauWHAOMIErOCH B IeHTPe KPyra U MpPOXOSAIIero
yepes Touky x. Po ecaiu M cocTouT Bcero us IBYX TOYEK Y U Yz, TO BO3-
MOXKHBI B Caydyas:

— TOYKa ¥ He JeXUT Ha CepeJInHHOM MNepIeHTukyaspe [ K oTpesky [yi;yz],
OamKaliliasg K & eIUHCTBEHHA — WIH Y1, WIH Yo;

— TOYKa ¥ JeXKUT Ha [, OAMXKauIMe K & OyIyT o6e TOYKT i U Ya.

Touku, 1ist KOTOPHIX HJHKaUIIAs TOYKA HeeTHHCTBEHHA, HATIOMUHAT 00 13-
BECTHOM 6ypudanosom ocde, KOTOPHEH CTOMI MEXIY ABYX PABHOYTAJEHHBIX
OT HEero MeIIKOB ¢ OBCOM W TOruG OT roJofa, TaK U He pPelinB, Kakou u3
MEIITKOB HAXOMUTCS K HEMY OJuze.

BosuukaeT Bompoc: kak onucams 6ce 3amxnymuie muoxcecmea M, das
komopuix Gauscatiwas uz M x wo60i mouxe x eduncmeenna?

*PaboTa BHIIOJIHEHA TIPU TTOAAepXKKe Poccuiickoro ¢porma GpyHAaMEHTANBHEIX TCCIeL0-
Bauuit (npoekT Ne96-01-00212) u nporpammer «Begymme nayunble mkonsny (mpoekt Ne 96-
15-96102).

MaTemaTu4eckoe npoceeleHune, cep. 3, Bbin. 2, 1998(155—172)
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Bravaje MBI pacCMOTPHM DTOT BOIPOC B eBKJMIOBON mIockocTu R2, a
3aTeM — B GoJee o6IIeM n-MepHOM eBKJIHIOBOM NpocTpaHcTBe R,

[Mnst Todek x,y ¢ xoopgmuaTamu = = (ay,a2) n y = (f1,F2) Ha mwiIoC-
koctu R? onpegerum wucio (x,y) = ayf) + azfs, HasbIBaeMOE CKAAAPHBIM
npouséedenuem BeKTOpoB & u y. W3 onpejgenenns (-,-) cpasy cieiyer, 9To
(z,y) = (y, ) u (ax + By, z) = oz, z) + By, z) upn «a, § € R. Pon paccmos-
HUEM MeXKIy HUMH MBI OyjJeM IOHHMaTh OOBITHOE eBKINIOBO PacCTOAHNE

Iz = yll = V{2 =y 2 —y) = V(o1 = B1)? + (a2 = Bo)?.

O6o61eHneM pacCTOSHAS MEXKIY TOYKAMH ABIAECTCSI MOHATHE HAUAYUUWE20
npubausrcenus nin paccmoanus p(x, M) om 3adannoi mourxu x do 3adannozo
Mmruoaxcecmea M

M) = inf ||z —y|.
pla, M) = inf Jlz—yll
Pox saemenmom wmauayuwezo npubiuxcenus winm bauxcatiwed mouxod Lis
3aaHHON TOYKH & MBI OyjeM IOHHMATh TY TOYKY Yo € M, mais KoTopoi
|z — yol| = pla, M), 1. e. ||z — yo|| < ||z — y|| mrst m06BIx y € M. MuoxkecTBO

BCcex OaMmKanInx Tovek us M 1id 3aTaHHON TOYKE & obo3HadaeTcs Px.

ONPEAEJIEHUE. Penycroe MmHOXKecTBO M HazwkIBaeTCH ueHblLés CrUM, €C-
Jau abas TOYKa  UMeeT TOYHO OfHy Oamkanmryio B M:

Ve Pz cocTonT m3 OTHOU TOYKH.

Ecin M — 4eb6BIIIIEBCKOE MHOXKECTBO, TO 0ToOpakeHne P, comocTaBasonlee
TOUYKe ¥ €€ OamKanyio Touky Pz us M, HasbIBaeTCSI Mempuueckotl npoek-
yuetl Ha MHOXKecTBo M.

PpocreivMu mpumepaMu 4eGbIMIEBCKUX MHOYXKECTB CIYKAT 3aMKHYTHII
KPYyT, OTPe30K IIN IpsMas Ha mIockocTn R2.

Hcnoab3ys BBeéHHOE MOHsATHE YeORIIIEBCKOTO MHOYKECTBA, NepeopMy -
pyeM MOCTaBJIeHHBIH BHIIIE BONPOC: ONUCAMb 6CE UEOBIULESCKUE MHONCECTNEA
6 R? (B R™).

PepBrie 3HaunTENBHBIE PE3YIbTATHI, OTHOCAIINECH K YeOhIIIEBCKUM MHO-
JKecTBaM, ObLIN TMOJYYeHBl B T€OpUH NpuOIAMKeHus (PYHKIUN OJHUM U3 OCHO-
Baresnem »1ou Teopun P. JI. YebrimésniM. PaszBanne «1ebbIIEBCKOE MHONKE-
cTBO» 6bLI0 gano nozjgHee C. P. Creukunbim B yecTh Yebriiéna.

PepBriMu, KTO HCcaeqoBad reoMeTpruiYecKie CBONCTBA 4eOhIIIEBCKUX MHO-
kecTB, 6wn JI. Pyat n T. Moukun. B cepenune 30-x romoB PyaT oTBeTHA
Ha TMOCTABIEHHBIN BOTpoC g ciydas R” (em. o63oper [2] n [3]) u mamén reo-
MeTpUYeCcKoe CBOUCTBO, XapaKTepusylollee 4ebhIIEBCKIE MHOKecTBa. Takum
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reoMeTpUYecKuM CBOHNCTBOM OKa3alach BRINYKJIOCTh. MHuOKecTBO M HazbIBa-
eTCA 6bINYKAbLM, eCAN TAd JI06BX ToueK z,y € M muooxkecTBo M comep:KuT
OTpe3ok [x;y], X coemuHsAONING. PanpuMep, Kpyr Ha MIOCKOCTH — BBITYKIOE
MHOXKEeCTBO, & OKPYKHOCTh — HeT.

TeorEMA (JI. BYHT). Munoocecmeo 6 esraudosoi niockocmu (6 npo-
cmpancmee R™) asasemen uebbiuéscrum moeda u moavko moeda, K020a ono
2AMERYMO U 6bINYKAO.

SaMKHYTOCTH YeOLIIIEBCKONO MHOXKECTBA, OdeBHAHA. Kcam GbI 0HO OBLIO
HE3aMKHYTHIM, TO HallLIach ObI TpefelbHas TOYKa MHOXKeCTBa (T. €. TOYKA,
PaCIoIOKeHHAs HA HYJIeBOM PAcCTOSHNN OT MHOMXKECTBA), eMy He MpHHAITe-
JKalllas, HO TO IPOTHBOPEINIO Obl YeObIIIEBOCTH MHEOXKeCTBa. P osToMy ragee
BCe pacCcMaTpHBaeMble MHOXKECTBA Oy IyT IPeInoJaraThcs 3aMKHY THIMHE.

ocmamournocms B TeopeMe IMOYTH OYeBHIHA W ObLLIa M3BECTHA OYeHD
pasuo. CyllecTBenno 6ojee TPYIHO JOKa3aTh Heobrodumocmd BLIIYKIOCTH.
Mger npuBOIIM HECKOJIBKO TOKa3aTeIbCTB DTOrO0 3aMeYaTeIbLHOIO YTBEPK Ie-
ang. /JokazaTelbCTBO JOCTATOIHOCTH U IIePBBHIE IBa JOKa3aTeIbCTBa HE0O-
XOTUMOCTH ISl HATJAATHOCTH Oy IyT HPOBEIeHBI MJIf MHOKECTB B €BKJIHUJOBON
mrockoctn R2.

Bse1ém neckonbko obosnadennii. Ecaun ¢ € R? u r > 0, To nonoxum
B(z,r)=A{y € Rz‘ | —y|]| < r} — Kpyr ¢ meHTpOM & U paTuycoMm r,
é(m, ry={y¢€ Rz‘ |l — y|]| < r} — OTKPBITHII KPYT ¢ HEHTPOM & N
pagnycom r, («BHyTpeHHOCTBY Kpyra B(z,r)),
S(z,r)={y € R? ‘ |l — y|| = r} — OKpPY:KHOCTH ¢ HEHTPOM & W PATHYCOM I

ﬂOKABATEJIbCTBO AJOCTATOYHOCTN.

PycTh MHOKecTBO M, pacnofoKeHHOe B eBK/IH-

JOBOH IJIOCKOCTH, BLIMYKJIO W 3aMKHYTO M TOY-

ka z He dexkuT B M. JlokaxkeMm, 9To & nMeeT B

TOYHOCTH OAHY OAMZKalIIyo TouKy us M. ‘d
Jorazameabcmeo cywecmeosanus, OIuKal-

mero »1eMeHTa H3BAeYeM U3 TeopeMmbl Beliep-

ITPacCa: HENPEPLIBHAA PYHKYUA Ha Kounarme')

docmueaem ceoe2o munumyma. BozbMeém 106yT0 Puc. 1.

rouky & € M u noaoxum r = ||z — &||. Torna

(cum. puc. 1) muoxkectBo M’ = M N B(z, r) BEIYKIO, 3aMKHYTO (Kak mepece-

deHne ABYX BBINYKJIBIX I 3aMKHYTHIX MHOJKECTB) I OTpaHHYeHO (HOO JeKNT
B Kpyre pajgnyca r). CregoBaTeqbHO, OHO KOMIAKTHO.

1 2
)B R*n B R"™ KOMIIAKT — 3TO B TOYHOCTH 3aMKHYTO€ OI'PaHUuYIeHHOE MHOXKECTBO.
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Y1 z Y2

Puc. 2. Puc. 3.

Dynxuns f(y) = |lv — yl| = /(@1 — B1)% + (az — B2)? HenpepuiBHa. 3Ha-
q9UT, OHA TOCTHraeT MuHEMYMa Ha M’ B HekoTopoil Todke §, T. e. ||a — §|| <
< ||l@ — || gas Becex € M. A Bre M’ n106as TOIKa OTCTORT OT & HA PAcCTO-
aune, 6oabuiee ||z — £||. 3nadnt, § — Onmkaiuias Touka K @ B M.

Aoxasameavemeo eduncmsennocmu. Pycth M — BHITYKIOE 3aMKHYTOE
MHOXKecTBO. [JlomycTum, 9TO st HeKOTOpon Todkn x ¢ M HaligyTcs mnse
6amKafiime TO9KH Y1, y2 € M. Pockorbky M Bemykio, TO TOUKa z = (y1 +
+ y2)/2 — cepenuna oTpeska [yi;yz] — npuHamiexnT M.

B (HeBbIpOXKIeHHOM) paBHOGEIPEHHOM TPEYIOJbHIKE ¢ BepIImHAME
Z, Y1, Y2 (CM. puC. 2) TOYKA 2 SBIAETCS OCHOBAHWEM BBICOTHI, ONMYIIEHHON N3 &
HA CTOPOHY [y1; Y2], T. €. €€ IInHA MeHbUE TINHB GOKOBON CTOPOHBl — 9YHCIA
|z — y1|| = || — y2||- Urak, bl Hauun Touky z € M, Gofee 6IN3KYIO K @, 9eM
Y1 U Yg, YTO NPOTUBOPEUUT BHIOOPY TodUeK Y1 u Yz. CaejoBaTelbHO, HCXO,I-
HOe MPeINoNoKeHne O HAJUYUl y & JBYX OJUKAUIIHX TOYEK ObLIO HEBEPHO,
no3ToMy M — 9eGHIIEBCKOE MHOKECTBO. [l

1. JTOKABATEIRCTBO JI. BYHTA

(Cwm. [4].) MomycTum, 9T0 YebbIéBCKOe MHOKecTBO M HeBhimyk.10. Torma
HAWAYTCs TOYKH xy, 22 € M m Todka y Ha OTpesKe [x;x3] Takue, 9TO y He
gdexut B M. Pockoabky M samkuyTo n y ¢ M, To Haigércsa qucio £ > 0
Takoe, 9T0 Kpyr B(y,¢) He nmepecekaercs ¢ M.

PaccMoTpnM cOBOKYTMHOCTE ) 6cex 3aMKHYTHIX KpYroB B(z, p), KaxK Ibiil
13 KOTOPHIX cofepKuT Kpyr B(y,£) u He mepecekaeTcsi BHYTpeHHOCTHIO ¢ M
(B(y,2) C B(z,p) u B(z,p) N M = @). fcno, uro Q samxuyro. Pokaxewu,
9TO PAJHYChl p DTUX KPYT'OB OI'PaHIYeHEl.

[efictBurensro, nycts B(z,p) € Q mepecekaeT OTpPe30K [21;%2] B ABYX
TOYKAX 7)1 W 72, PACCTOSIHNE MKy KOTOphIMH 2a (cM. puc. 3). O6osHadnm
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depes b paccTosiHIE OT Z M0 XOPABL [11; 7)2]. AcHo, 910 b+ ¢ < p = Va? + b?,
otkyga b% + 2bs + 2 < a? +b* u b < (a® — %)/ (2¢), snaunt, p? = a? + b* <
<a?+ ((a® - 52)/(25))27 49T0 I TPeGOBAIOCH.

Ecan B(z,p) € Q, To mist ero meHTpa z BHIIOJHEHBI 1BA YCIOBHS:
— MPOEKINS Ha OTPE3OK [T1; Ty] JEKUT MEXKIY &1 U To;
— paccTosHHe OT 2z [0 NPAMOH, COeIUHAONIEH Ty U 9, He OOJbIIe, YeM
(@ — %)/ (22).

Posy4niock, 9T0 COBOKyNHOCTD (z,p), cooTBeTcTByIOIINX B(Z,p) € Q,
eCcTh KOMIAaKT. 3Ha4uT, no Teopeme Beiepirrpacca B ) Halgéress Kpyr
B(zo, po) MakcuManbpHOTO pagnyca. Ppu sTom 06s13aTeqbHO

B(Z(),po) N M 7£ @7

unave B Q Hangércs kpyr B(zg, p1) 6oavwezo, uen pg, paguyca (J0CTATOTHO
HOJOKUTH p1 = Minyeps ||V — 20| > po, Torga B(zo,p1) "M =@ un B(y,<) C
C B(z0,p0) C B(z0,p1)). Pycts Teneps yg € M — Touka, 6anmxaiias K 2o,
toraa p(zo, M) = ||z0 — yo|| = po.

Pockonbky B(y,e) C B(zo,po0), TO
rpaHmdHas OKPYKHOCTBH S(Zo, po) Kpy-
ra B(zg, po) nan ue nmeer ¢ B(y,¢) nn
OJHON OOINell TOYKH, AN HMeeT OIHY
o6uryio TouKy w (puc. 4), KoTopas, Tak
Kak B(y,e)N\M = @, otandsa oT TOYKN
{yo} = M N S(zo, po). Ecim mer Teneps
caBuaeM Kpyr B(zo, po) Ha Ma.ioe pac-
CTOAHNE B HANPABICHIN BEKTODA iJgZ0
(B cryqae S(zo,po) N B(y,e) = @) nan
B HallpaBJIeHUH BeKTopa Joi (B ciydae
S(z0,po) N B(y,e) = {w}), To kacamue
cABHHYTOTO Kpyra B(zg, pp) 1 MHOKe-
cTBa M ucvesHerT.

[eficTBuTenbHO, paccMOTpuM BTOpOH cayvain (puc. 4). Pycts Toukn p, ¢ €
€ S(zo, po) BEIOpAHBI TAK, YTO AHAMETD [p; ¢] NepleH THKYIsipeH Xope [w; yo.
HMuamerp [p; ¢] pazbuBaeT Kpyr Ha jaBa noaykpyra: Iy u Iy, npu sTom canra-
eM, 9To w € Iy, yg € II,. Pockoabky M 3aMkuyTO n He mepecekaeTcs ¢ Iy,
TO pacCTOAHNE OT 000N TOYKHN TOAyKpyTra 117 1o MHOKecTBa M Gobliie He-
KoToporo 4ucia a > 0. Posromy maigércsa qucio b > 0, 410 mis jaob6oro ¢,
0 < ¢ < b, casur () = I} + ¢ - o noaykpyra Il; na BekTOp € - Youb
He mepecekaeTca ¢ M. Jlazee, Ipu caBuTe Ha BeKTOp b - ol JM06ad TOU-
Ka TpaBoro moaykpyra Il mepeiinér B HekoTOpyio Touky moaykpyra Ili(c)

Puc. 4.
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st HekoToporo ¢ € [0;b] u, mo moxkazaHHOMY BBIlIE, He OygeT JexaTb B M.
Urax, casunyTeiii kpyr B(z), po) = B(z0, po) + ¢ - Joib ne nepecexaercs ¢ M
(20 = 20 + ¢ o), T. e.

B(yvg)CB(Zéva)v B(267p0)ﬂM:®.

Suaunt, B(zy,po) € Q. Po rorga B(z,p2) € Q pas py = mingen |[v — 2l
9T0 BBUAY pg > pPo NPOTHBOPEYHT MAKCUMAIBHOCTH pg. PTO NOKa3biBaeT, 4T0
Jomylenne HeBHNykaocTn M BegéT K MpOTHBOPEUHIO.

PepBhlil ciydall pacCMaTpUBAeTC aHATOTHIHO. a

2. TOKABATEJILCTBO B. Kiau — B. 1. BEPALIMIEBA — JI.B. B1AcoBA

(Cu. [3, 8].) KuoueByo poib B 9TOM [MOKa3aTelbCTBE HIPaeT Teopema
Ppayspa?) o cyliecTBOBaHIN HEOIBHKHON TOYKH IPH HEIPEPLIBHOM 0TOGpa-
KeHIN Kpyra B cebs (cm. [5], [6]): npu nenpepvienom omobpaxcenuu f xpyea
B(z,r) 6 ceba cywecmeyem nenodsuicnas mouka; m. €. HaUdémes mouka
zg € B(x,r) maxas, umo f(z9) = zp. Pra BaxHas Teopema Tak:Ke BepHA 1
IPH HENMPEPHIBHOM OTOOpayKeHHH TPOU3BONBLHOIO BEIMYKJIOI0 KOMIakTa n3 R™
B celd.

YeaoBue BHIYKJIOCTH B Teopeme Ppayspa Baxkno. Panpumep, ao60i mo-
BOPOT OKPYAKHOCTH Ha YroJ, oTAndHbil oT 360n°, n € N, ne umeer Hemo-
OBIKHOU TOYKH.

ONPEJEJEHUE. YeOLIMIEBCKOE MHOXKe-
cTBO M Ha3bIBaeTCAd 4eObIUESCKUM COAN-
yem, ecan (cM. puc. 5) mis 10600 TOIKH ,
He Jexaliein B M, nroGast TouKa w U3 JIy4a,
HaudnHalomerocs B ¥ = Px u npoxoagiinero
qepes ¥, HMeeT TOYKY Y CBOeH GJAMMKaHnIIen
u3 M.

Puc. 5.

Mur noxaxkem Teopemy PyHTa, mokaszaB, YTO BCAKOe YeOLINIEBCKOE MHO-
JKeCTBO ABIAETCS TeOLITIEBCKUM COTHIIEM U ITO BCAKOE TeOLINEBCKOE COMHIE
BBIMYKJIO.

JIEMMA 1. Yebviwéscroe mnoxcecmeo na naockocmu (8 R") saeanemesn
YeOLUUES CRUM COANYECM.

2
)Pep;[bnueB HUCTIoNb3yeT Gonee craboe, deM TeopeMma Ppayspa, yTBepxaerne. Ero goka-

3aTedbCcTBO B 1960 I. MOAYYMAO 30J0TYIO Melalb HA KOHKYpPCE CTYAeHIeCKNX paboT.
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ﬂOKASATEJIbCTBO JEMMBI 1.
Pyctes M — 4e6BITIIEBCKOE MHOXKECTBO 1
x ¢ M. PocpenctBom { 0Go3HAYNM JyH,
HadHHAIOMHUICA B iy = Pr U Hpoxo daini
depes . Pomoxum r = ||z — y|| n obo-
suadnM B = B(z, ||z — y||). Onpererum
oTobpaxkenne ¢g : B — B mo ¢gopmyae

[z -yl
—et I p B
g(Z) x+”$—P2H($ Z)7 zZ €
¢ (Touka ¢(z) JeKUT Ha MepecevdeHun Iy a,
ICXOAAIIEro U3 & B HampaBlennu Pz, c
Puc. 6. oKpyzKHOCTBIO S(z,7)) (cM. puc. 6)).

Jlokaxxem, 9T0 oTobGpaykenne ¢ HempephiBHO. [l >Toro mokaxkeMm, 9TO
MeTpudecKkas Mpoeknus P #a d9e6GhIIEBCKoe MHOKECTBO HeNMpPEPHIBHA.
Cravana samernm, 4To ecau u,v € R? (u,v € R"), 1o

plu, M) < Jlu = vl + p(o, M), |p(u, M) = p(o, M)[ < flu = vl (1)

[elicTBUTENBHO, 15 06010 $ € M B cuily HepaBeHCTBa TpPeyTrOJbHUKA HMe-
em |[u — s|| < |lu— |+ |[v—s|. Bospmém HmKHIOIO Tpanb 0 s € M cHa-
daja B JEBOIl 4acTH HepaBeHCTBa, a 3aTeM — B mpaboit. Poxyaum p(u, M) <
< lu = v|| 4 p(v, M). PomensB MecTaMn u 1 v B IPeIbIIYIIEM pacCyiKIeHuN,
noxyanm p(v, M) < |[u — v|| + p(u, M). PosTomy

Ip(v, M) = plu, M)| < [u—v].

Tenepb peANONOKIM, 9TO MeTpHYecKas NpoeKnus P paspbiBHa B Heko-
TOPOH TOYKE U, T. €. HAHAYTCS 9ucao £ > 0 1 mocIefoBaTenbHOCTh {Uy, Frel,
Uy, — U, Takue, 910 ||v, — v|| > £ g Bcex n € N, roe Pu,, = v,, Pu=v
(MoxeM cunmTaTh, 4TO u # v). B cuny (1) mociaenoBaTenbHOCTH {Vp fneN
orpaundera. Pycts 0 — eé mpegenbHas Toduka. flcro, uTo 0 # v. Po (1)
|lu = 0| = lim,e0 ||tn — val|| = p(u, M). Tax kax M 3samkuayTO, TO 0 € M,
T. €. 06€ TOYKH v, O ABAAIOTCH OAMKANIINMEI K % — TPOTHBOPEUNe C YCJIOBHEM,
970 M — 4debHIIIEBCKOE MHOXKECTBO.

Nrak, MmeTpudeckas npoekuus P HenpepbiBHa. Posromy orobpakenne g
TakzKe HempepbiBHO. PpuMennm Teopemy Ppayspa o HemoJBHKHON TOYKe K
BLINYKJIOMY KOMIakTy B 1 oToOGpaKkeHWIo ¢: HaljIéTcs TodKa zg € B Ta-
Kaf, 9T0 g(z0) = zo. U3 onpenenenus ¢(zo) creiyer, 4TO TOYKa & JEKUT Ha
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OTpesKe, COeNHSAIOMIEM 2o ¢ e€ OamKanumm saeMeHToM Pzg. Ppun sTom (kak
JETKO CleyeT U3 HepaBeHCTBa TPEYTOALHNKA 1 TOT0, 9T0 M — [1e6HIIEBCKoe
MHOZKeCTBO), OJHMKANIINM 2IeMeHTOM K J0001 ToYKe oTpeska [zo; Pzg] OymeT
Touka Pzg. Po mis x 6amxkanuias Touka y = Pz, u OHa e IHHCTBEHHA. SHAYUT,
Pzy = y. CieoBaTenabHo, Iis BCeX TOUeK OTpe3Ka [y; zp] OamKaliien TOIKOn
3 M aBiseTcs ToUKa ¥.

Ppumenss mpenbiayinme paccy:KIeHHs, TPOBeIEHHRIe IJIA &, K TOUKe Zp,
MBI eI11é gajee caBuHeMcs mo ay4dy £. B nrore mis pioboi Toukn w € £ Towka
y Oyzrer exmncTBennon oamxanmien uz M. Jlemma 1 rokasana. [l

JEMMA 2. Beskoe uebviwéscroe coanye 6 R* (B R") evinyr.ao.

Mur gagnM JgBa TOKa3aTelbCTBaA 3TOTO (PaKTa.

JOKA3ATEILCTBO. Cnocosb | (amaantnaeckun) [8]. Pycts 2,y € M n
z=Ax+ (1= ANy € [z;y], rme 0 < A < 1. Pockonbky M — debbiméBckoe
conune, To npn z ¢ M xaxmas touka z+ 6(z — Pz) mas 0 > 0 nmeer TOYKY
Pz cpoeir 6amkaiiien us M.

Pockonbky Pz — Gamkaimas Touka mis z + 6(z — Pz), To

Iz +0(z = Pz) = 2||* > ||2 + 6(2 — Pz) — Pz,
U, [IOJb3YACh CBONCTBAMI CKAJISAPHOTO IPON3BeJeHNs, MBI MOIY IaeM
|z — x||?/0 +2(z — P2,z — 2) > ||z = Pz||*/0 + 2(2 — P2,z — P2).
Yerpemisas § — 00 B HTOM HepaBEeHCTBe, MBI IOy daeM
(z = Pz,z —2) > ||z — Pz|].
AHaJOrn4HO, NOACTABIAA B IPEIBLIYIINX PACCyKIeHIAX J BMECTO &, HIMeeM
(o= Pryz—y) > s - PoIP.

YMHOXKaA IBa MOCIeJHIX HepaBeHcTBa Ha A 1 (1 — A) coOTBeTCTBEHHO, CKla-
AbIBaf UX U yIHTHIBafA, 4T0 z = Az + (1 — A)y, HaxoquMm, 4TO

0> ||z — Pz||.

Urak, ||z — Pz|| =0, otkyga 2 = Pz € M, 1. e. M — BBIIyKIIO.

Cnocos Il (reomerpuueckuin). Pycts @ ¢ M, y = Pz. PocpencrBom
I' obozravum kacaterbuyo K Kpyry B(z,||z — y||) B Touke y. Pes orpann-
d9eHnst OOIHOCTH (CHTYalust He N3MEHUTCS NPH OTHOBPEMEHHOM CIBUTE WK
MOBOPOTE PACCMATPUBAEMBIX OOBEKTOB), CYNTaeM, 4TO MpsiMas [ coBnajaer
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¢ ocbio abcunce, a Touka ¢ = (0,&) aexnt Ha ocn opauaar u & > 0. Torma
y = (0,0).

Po cBolicTBy coanednoctn aiobas Touka w ayda £ = {Az |A > 0} umeer
cBoel OImKaniled TOYKy y. PosTomy npsamas ' 6ymeT kacaTeabHON K 1I060MY
kpyry B(w, [Jw —yl]), w e L.

Pacemorpum 11 = Uy B(w, ||lwl]]) —
oObeIIHeHNe OTKPBITHIX KPYTrOB ¢ IeH-
Tpamn na {. Ormerum, aro B(w, ||w]))N
M =@ nns w € £. Pycrb 2z — npous-
BOJbHAsA TOYKa B BepXHEH MOXYILIOCKO-
ctu. Pockoawky I' — eanncTBenHas Ka-
caTeabHas K aiobomy kpyry B(w,||w]]),
w € {, To nHTEpBaX (z;Yy) O0GA3AH Te-
pecekaThes ¢ BHYTPEHHOCTHIO HEKOTO-
poro mapa B(ac,f) € II. Po Torja, ec-
JU TOYKA W HMeeT JOCTATOYHO OOJb-

IO OpAUHATY, TO TOYKA 2z Oyjer Je-

xarb B B(w, ||w])) (310 Brnoaneno, ec-

Puc. 7. mw > (GG +C3)/(2¢), rre z = (C1,Ca),

C2 >0, w=(0,w)). CregoBarenbHo, z € Il u BepxXHss TOMYIIOCKOCTH COBIA-
maeT ¢ Il m He cogep:kuT Tovyek u3 M.

Urak, aobyto Touky @ ¢ M MOXKHO OTAeanTh 0T MHOXKecTBa M mpsimol,

He cogepxatnein z. CregoBartenbro, M BHIYKIO (IeHCTBHTEIHHO, €Can OBl

HAIILINCH TBe TO4YKH u,v € M rmakme, 9to ¢ € [u;v] u @ ¢ M, T0 TOUKy

& OBLIO 6Bl HEBO3MOXKHO OTJeanTh oT M upsivoi). Posromy debwiméBckoe

corane M BunmykJo. Jlemma 2 moka3zaHa. (|

Teneps neobrodumocms B Teopeme PyHTa HeMeIIeHHO caelyeT W3 IBYX

JMTOKa3aHHBIX JeMM: IO JeMMe 1 KaxKioe 9eOLIIIIEBCKOe MHOXKECTBO fABAACTCA
9eOLIIIEeBCKIM COJHIEeM, a IO JeMMe 2 BcAKOe COJHII€ BBINTYKJIO.

* ok * ok

Caegyoliime 1Ba TOKa3aTelbCcTBa TeopeMbl PyHTa MBI faliM B KOHEYHO-
MepHOM e6kAudocom npocmpancmee R™. PaeMeHT »Toro mpocTpaHCcTBa —
n06asi COBOKYITHOCTH & = (Qq, &g, ..., Q) U3 N TeACTBATENBHBIX dncen. Pru
YHCAA O, (g, . . ., (v, HABBIBAIOTCS KOOpuHATaMu Touku z. [lelicTBus ciaoxe-
HUS U YMHOMXKeHUs Ha 4ucjio A € R npouzBoisTcd M0 CASAVIONHM TTPaBHIAM:

$—|—y: (a17a27"'7an)+(ﬁ17ﬁ27"'7ﬁn): (041+ﬁ17052+ﬁ27"'705n+ﬁn)7
Az = Mag, ag, ..., an) = (Aag, Aag, ..., Aay,).
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Mast mobbix @ = (0q,...,a), y = (B1,...,0,) € R" onpenennm crarspnoe
npouseedenue BeKTOPOB T U Y 1O opMy.Je:

<$7y> = O‘lﬁl +...+ O‘nﬁn-

Pro onpenenenne 06061maeT n3BecTHYIO (POPMYJIY BBIParkKeHHSA CKaJISpHOIO
IPOU3BeeHns B TPEXMEepPHOM IPOCTPAHCTBe Yepe3 KOOpAMHAThI COMHOKNTE-
Jell B OPTOTOHAJIBHON CHCTeMe KOOpAnHAT. Jlerko BmaeTh, 9TO (-, -) yIOBIe-
TBOpseT caenyiomnm TpeboBanusM: (z,y) = (y, ), (z,y+2) = (z,y) + (z, 2),
Az, y)y =Nz, y), (x,2) >0npun ¢ 0 u (z,2) =0 npn z = 0.

aunoti BeKTOpa T B eBKINIOBOM NPOCTPaHCTBe R” HazbIBaeTCA THCIO

] = y/af+---+al = V/(z,2).

3. JIOKABATEJLCTBO ACILUIYHIA — DUKKEHA

PTo moxasaTenbcTBO, Kak W JOKa3aTeIbCTBO M3 caenyioiero m. 4 (¢ mo-
MOIIIBIO IEMMBI 06 O9NCTKe), 6y 16T ONNPATHCA HAa CBONCTBA MHOKECTB C eTHH-
CTBeHHOH HanboJee yIaIéHHON TOYKOHW I CBONCTBA HHBEPCHU € THHIIHON cde-
pBI, Jatorlinecs HUKe.

Pycrb 2 € R"u M C R™ Touka yg € M nasniBaeTcs naubosee yoaténno
mouxot w3 M mas x, ecan

[l = yol| = sup{lle — yl| |y € M3, . e |lz = yoll > [l —yll Yy M.

CkaxeM, 9T0 MHOKecTBO M o61agaeT CBONCTBOM edUHCMEEHHOCTIU HAUOO-
aee ydaréunotd mouxu, ecan misg gioboro ¢ € R” B M cymecTByeT B TOTHOCTH
0/lHa TOYKa g, HauboJee ygaiénnas oT z. Takune MHOXKeCTBa B KAKOM-TO CMbI-
cie «oBpaTHBD K YeBhIEBCKUM MHOXKecTBaM. OToOpaKkeHne, CONOCTABIAIO-

Ilee TOYKe ¥ €€ HanboJee yIaJeHHyo Todky u3 M, 0603HAYNM MOCPEICTBOM
F:R*— M. Utak,

Fle)e M, |z = F(2)|| = sup{lle -yl [y € M}.

Jlerko BugeTh, YTO NPUMEPOM MHOXKECTBAa CO CBOHCTBOM eJHHCTBEHHOCTH
nHauboJee yIaJEHHON TOYKH CIYAKUT OJHOTOYeYIHOe MHOKeCTBO. /Ipyrue mpu-
Mephl TAaKHX MHOMKECTB HE.Ib3A IIOCTPOUTH, 9TO MOKa3bIBaeT CAeAyIolas BakK-
Hasg TeopeMma (cM., HAmp., [8]).

TeorPEMA (UECCEH). Toavko odnomoueunvie mnoxcecmea 6 R obaa-
darom c60lUCmeom eQUHCTNEEHHOCIU Hauboaee YOUAENHOT MoK,
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JOKABATEJIBCTBO. PyreMm 1oKka3biBaTh TEOPEMY TOJBKO IS BaMKHY THIX
muoxkecTB. Pycrs M C R”™ — 3aMKHyTOe MHOXKECTBO CO CBOUCTBOM €[TMH-
CTBEHHOCTH Haubodee yraiénuon Touku. fcuo, aro M orpanudeno. Pycts F :
R"™ — M — oTobpakeHne, cOMoCcTaBAgIONee TOUKe 2 €6 HanboJee yIaJeHHYIO
TouKy u3 M. Pokaxewm, 4T0o oTob6paxkeniie F HeNpeprIBHO U fajee TPUMEHHM
TeopeMy Ppayspa o HemoIBHKHONI TOYke K mpomsBoabHOMY Mmapy B(zo, 7o),
comepKaiemy M.

Ppennogoxum, aro oTobpakenune I’ e sBisercs HenmpepbiBHbIM. Tormpa
HAWlIETCH MOCJAeJI0BATEIbHOCTE X1, ...,2k, ... Todek u3 R” cxogsmascs K
TOYKe ¥, I TaKaf, 4TO MOCTefoBaTeqbHOCTH I'(21),..., F(xg),... HE cXo-
auresi K Touke ['(z). Pockoabky M orpanmdeno, To HalZeTCA MOAIOCTENO-
BaTeNbHOCTD &y, ..., L, ;... 1OCIEIOBATEIbHOCTH L1, ..., Lk, ... TaKad, ITO
nocienoBaTebHoCTh F(24, ), ..., F'(2;,),... CXOI0TCSA K HEKOTOPOI TOUKe ¥,
omauunot ot F'(z). Pockorbky M samkuyTo, 10 y € M. Touxkn F(z) n y
HauboJee yIajdeHbl 0T & — NpoTHBopedne ¢ onpeneisenuem M. Posromy oTo-
Opakenue I’ HepephLIBHO.

Cyxenne orobpakenus F' Ha HelycToe KOMIIAKTHOE BBIYKJIOE MHOKECT-
BO — TPOW3BONBHBIN comep:kaumuin M 1map B(zg,rg) — oTobpaxaeT ero B
ce6si. Po Teopeme Ppayspa cyimecTByeT HemomBm:KHasA ToUKa Yo € B(xo, o)
oTobpazkenns F, 1. e. F(yg) = yo. Postomy yo € M. Urak, yo — Hanboxee
yiajdéHHas TouKa U3 MHOXKecTBa M s TOYKH Yo, U, 3HAYUT, MHOKecTBO M
COCTOUT U3 OJHOU TOYKH. O

Oro6paxenne o : R™\ {0} — R", onpegeasemoe kak o(z) = z/||z|?
Ha3bIBaeTcA uneepcueli edunuunot c@epvr. OHO HENPEPHIBHO B 110601 TOUKe

x objacTu onpenenenns, 1. e. npu ¢ # 0. Cirenyiolas jeMMa OMHCHIBaeT 06pas3
IPOM3BOJBLHOT'O 1Iapa WAN cepbl TPU WHBEPCUU O.

JIEMMA 3. Cnpasedausnt caedyioujue coomuomenu:

o (S(x,r)) = S/ (l2l? =) v /|lll® = r2]), el # r,

1)
2) o (S(x [l2])) = {=] (2, 2) = 1/2},
3) U(B(% ) = B(a/(l2]* = r2),r/(l2]1* = r2)), ecau|lz]| > r,
4) o(B(z,r)\{0}) = R"\ B(a/(|z||* = r?),r/||[2|]* = r?[), ecau ||| <r,
5) o (B(z, HwH \{0}) = {z e R"[(z,2) > 1/2}.

Pepexoanu cobeTBenno k doxazameabemey meopemsvt Bynma. Ppennono-
KM, 9T0 B R” cymecTByeT HeBHITIYKJIOe deOhIEBCKOe MHOXKecTBO M. Pes
orpaundenus obmHocTH canTaeM, 9To 0 ¢ M, 0 € conv M (4epes conv M
MbI 0G03HAYaeM 6bINYKAYI0 0bo.L0uKky MHONKecTBa M, T. e. MUHUMAJBHOE BbI-
NyKJI0e MHOXKeCTBO, comepxaiiee M). Pampnvep, BoInyKkaIas 060J0YKa OK-
PYKHOCTH — BTO KPYT, a BEIIYKJas 000J0YKa IBYX PA3IUdHBIX TOYEK — HTO
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OTPe30K, UX coeguusiomui. OTMeTHM, ITO MHOKecTBO M BBIIYKJIO TOLIa 1
TOJBKO TOTJa, KOTJa OHO COBIIAaeT CO CBOeH BHIIYKJION 060/109K0l conv M.

Unsepcust o : @ — z/||z]|* (z # 0) exunmanoii cpeprr nepepogut M B
OrpaHHYeHHOe MHOYKECTBO

G=o(M)={a/|]]*|z € M}.

Kax gorit wap B(z, r), conepxkauuii (7, 06s3aH coepKaTh Hadalo KOOPJHHAT
B CBOell BHYTPEHHOCTH, T. €. JOJMKHO BBHITONHATHCA HepaBeHCTBO ||z < r
(nHave MHOXKeCTBO M comepKaloch 6B B 3aMKHYTOM NOIYIPOCTPAHCTBE, He
cofeprKaleM Hadala KOODJAHHAT, 9T0 NPOTHBOpednT yciosuio 0 € conv M).

[Jas roukn @ € R™ naigérces Takoll MunuMaitbubil map Bz, t(z)), cogep-
wammit G, aro G ¢ B(x,r) gus Beex r < t(z). Pox neiicrBuem muBepcuu map
B(z,t(z)) mepexoant B gonoauenne R™\ V k oTkpeITOMy 1mapy

V=5 (x/me? — *(2)), ﬁ) ’

KOTODHIH, B CBOK OdYepelb, ABIfETCH MAKCHMAIBHBLIM IIAPOM € LEeHTPOM
z/ (||z]|? — t*(2)) Takmm, 9TO 3aMblKanne ero gonoanenus cogepxut M. Po-
CKOIbKY M — 4eOBIIIEBCKOe MHOKECTBO, DTOT IIap mepecekaerT M B elmH-
creennoil Touke P(z/(||z||* — t*(2))). CaegoBareabno, Gpynkims

P/l = @)
= 1) = B (= 2 @)

mpenctBytoinas uz R™ B (G, obaaaeT cBOUNCTBOM

[z =yl <lle —q(@)|l, ecimyeGuyFq(e)

Nrak, G obrajaeT CBOHCTBOM €INHCTBEHHOCTH Hambojee yIaJéHHOW TOTKI.
Postomy mo Teopeme Meccena 0HO, &, CIeJ0BaTEIbHO, I MHOXKecTBO M omHo-
TodedHo. Posromy ucxomnoe npeanonoxenne 0 ¢ M, 0 € conv M He MoxkeT
BHIIOTHATHCSA M0 TaKoro ogHoTodednoro M. Utak, M — BBITyKJIO. O

4. JoKABATEILCTBO C.B. KOHATrMHA IPU NOMOMM JEMMBI OB
OYUCTKE

YacTo aBIsgeTcs TOJe3HON Caefyolas JeMMa «0b O9HCTKe) JJIst cy6 mudde-
peHUnaIoB (cM. [9], MBI IPUBOIUM €€ YIPOIIEHHBII BapuaHT). B Hell yMeHbIIIa-
eTcA KOAMYecTBO NepebupaeMbIX DJeMEeHTOB, IPOUCXOANT «OIUCTKay OT (He-
HYKHBIX» TOYeK.
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JIEMMA (0B OYUCTKE, [7]). Bycme T — womnaxmunoe mnodicecmeo
6 R*, g : T xR"” - R" — dyuryus, svnyxias no r npu ecaxom t €
€ T u nenpepwvisnas no cosoxynrwocmu nepemennviz (t,x). boaoxcum o(x) =
= maxeer ¢(t, z). Toeda, ecau & — mouxa munumyma @, mo waidymcs no-
AONHCUMEABHDIE UUCAG O, ..., 00, 01 + -+ o, = 1, 7 < n+ 1 u mouru
Vv ortr yi € Oglm ) (@) (e0e 7 € To(d) = {t € T]g(t.3) = @(#) v
Ag(1i, ) (&) ={y e R" | g(mi,2)—g(7,&) > (x—2Z,y;), Ve e R"}, i =1,...,7),
makue, umo 0= 7, a;y;.

JOKA3BATEALCTBO TEOPEMBI. PycTs M — HeBBIIYKJIOe 4eOHIIIEBCKOE
mHoxecTBo B R” 1 nycts G = {z/||z]|* | # € M} — ero o6pas npu unBepcun
z +— x/||z||*. MuoxectBo G C R” orpannveno u 3aMKHYTO, T. e. KOMIaKT-
HO. BbIlle MBI TOKazaan Takxke, 9To (G 06/aaeT CBONCTBOM €HHCTBEHHOCTH
HanboJee yIAIEHHOTO dleMeHTa. P puMeHnM JeMMy o6 OYHCTKe I MHOMKe-
crBa ' = G, pynkunu g(t,z) = ||t — z||, t € G. PycTb & — TOYKa MUHEMYMa
QYHKINE ¢ W MyCTh 4ncIa o, TOYKn 7;, y; (¢ = 1,...,n) n mHOKecTBO 1)
Takue, Kak B JeMMe.

Ppennonoxum, ato r > 1. Torma mo ompenenennio Ty TOUKE T1,...,T,
ABAAIOTCA HamboIee yIaJeHHBIMI TOYKaMI U3 MHOXKeCTBa (G LA TOYKH & —
IPOTHBOpeYHe, NOCKOAbKY (G — MHOKECTBO CO CBOUCTBOM €JUHCMEEHHOCTIU
Hanbojee yIaléHHON TOYKH.

Pycte Teneps r = 1. Torga Ty = {7} u mo nemme 06 odncrtke 0 = vy .
Pockorbky ap = 1, To y; = 0. C gpyroit cropousr, y; € 0¢(71,-)(2). Pro
IO OIpeJelleHnIo O3Ha4aeT, 4To |71 — z|| — ||7 — &|| > 0 mas Becex z € R”,
qT0 Bredér |7y — &) =0, 1. e. 7y = &. Po 7y — Hanbouee yparénnas ToIKa
3 G mig . Posromy mo Teopeme Meccena muomkectso (7, a, ClefoBaTelb-
HO, U MHOXKecTBO M, cOCTOAT M3 OAHON TOYKH, OTKyZa M He MOxKeT OBITH
HEBBINYKJIBIM. PpoTuBopedne ¢ Ha9aabHbIM NPeInoJosKeHTeM. O

5. JTOKABATEJALCTBO JI. B. BaAAcCOBA
JEMMA 4. Byems M — uebviwéscroe wnoncecmeo” . Toeda das aioboii
mouxku © ¢ M u das w060t nocaedosameavnocmu {x,}nen, © € (z,; Px)

(n € N), z,, = 2, 6vinoaneno

p(&n, M) — p(z, M)
[l

— 1. (2)

3 o
) Temma BepHa u B 6ojxee obmieM ciaydae 6aHaAXOBBIX HPOCTPAHCTB AJdA TeOBIIIEBCKUX

MHOXKECTB C HEMTPEPHLIBHON METPUYECKON MPOEKITHEN.
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JTOKA3ATEJILCTBO JEMMBL 4. Pycts @ € R*\ M, y = Pz u nycts
NOCIeOBATENBHOCTD {Z ), neN TAKOBA, 9TO & € (Z,;Y) 1 &, — z. Pojoxnum
Yn = Pz,.

Ecau y = y, mas Hekoroporo n € N, 1o mis aio6oin Touku & € [y,; 2]
BEITIONHEHO P = y, 910 M TpebyeTcs B (2).

Ppennonoxum Tenepb, 9TO Yy # Y, Iasf Bcex n. B miaockocTu, ompemgens-
eMOll TOYKAMU &, Ty, Y, Yn, HALJIEM TOUYKY z HepecevdeHns NPAMOU Z,z, Ma-
PANLICILHON Ty, C IPAMOT YYy,. V3 mogo6us TPEYroAbHUKOB AZYY, U AT, Y2
HaXO UM

lz=yall/llzn =2l = lyn=aall/Nlz=ylls  Nan=yll/ll2n ==l = llz=yll/llz=yal|-
(3)

CooTHolrenns Yy = Prn Yn = P$n TaloT COOTBeTCTBEHHO

[ =yl <llz =yl 20 = yull < N2 = yll- (4)

N3 (3) u (4) BeITEKaeT
12 = yll < llwn = 2] (5)

P pumenss mocienoBaTenbHo paBeHCTBO ||z, — y|| = ||z, — ||+ ||z — y||, Hepa-
BerctBa (4) u (5) u ||z, — 2|| < ||zn — Ynll + |lyn — 2||, & 3aTeM HepasencTBoO
(3), moayanm

o<1 Pan M) —pl M) len =yl =l = yll _
< = =
[ — | [ — |
_ [zn = ol = llon = gnll 2o = 2l = llen = 9all
[l [ — |
lyn =20 _ [lyn = oll _ llyn — wll
= = — 0
w2l e =yl ple, M) ’

MOCKOJABKY ¥, — Y 1O JOKa3aHHOW B JeMMe | HeNpepEIBHOCTH METPUYECKOU
NpPOeKIHH. [l

JOKABATEALCTBO TEOPEMBI BYHTA. Pycts M — 4e6BIIIEBCKOE MHO-
xKecTBo. Po emme 4 oHo yioBreTBopsieT yeaosnio (2). Pycrs 29 € R"\ M,
d>0u R=p(xo,M). lns & € R” nonoum f(&) = (1—-26)|[& —zo|| —p(&, M).
PenpepuiBras GpyEKINA f TOCTHTaeT CBOETO MIHIMYMa Ha 3aMKHYTOM OTpa-
HIdenHOM MHOXKecTBe B(zo, R) B mexoropoil Touke z. PokaxkeM, 1to z €
S S($0, R)

Ppennonoxum npotusnoe, T. e. ||z — 20| < R. Torga mo cpoiicTy (2)
naii géres rouka y € B(z, R) rakas, aro p(y, M) — p(z, M) > (1—8)|jz — y]|.
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Torna

fly) = (1 =20)|ly = zoll = p(y, M) <
< (1 =20)(|ly — 2l + [l = @oll) = p(w, M) = (1 = d)||lz - yll =
= (1= 20)||lzo — 2| = p(z, M) = ||z = yl| = f(x) = ofle —y.

Posydennoe HepaBencTBO mpornBopednT HepaBencTBy f(2) < f(y). Caeno-
BaTelbHO, IPEJNOIOKeHHe T € é(xo,R) OBLIO HEBEPHO M, OKOHYATEIbHO,
o — oll = .

Pockoabky f(z) < f(20), TO

pz, M) > p(xo, M) + (1 - 20)R.

Pycrs &, — 0. @yuxuus f,(&) = (1 — 26,)||§ — zo|| — p(§, M) mocturaet
MuHEMyMa Ha B(zg, R) B Touke z,. Po noxasamnomy Bblute |29 — z,|| = R
(n=1,2,...)n

00 M) > pliro, M) + (1 - 26,) R Q

Posommt yy = Pro, 5 = (20 — uo)/Ile0 — voll 1 5n = (0 — 20)/ 2 — o]l
Pockoasky ||z, —yol| > ||2n — yu||, TO 13 (6) crexyer mepaBencTso ||z, —yol| >
lzo—yo||+R—2R0,, 1T0 KaéT ||s+5,|| > 2—206,,. [l1s1 BeKTOPOB s, 5, 3amuineM
PaBEHCTBO Mapallelor paMMa:

s+ sall* + Is = sull* = 2(/Is[|* + [|sa||*) = 4. (7)

Pockoabky 6, — 0, To n3 (7) ¢ y9éTOM IpPeIbIIYIIEro HepaBeHCTBA MOMYdaeM
||s = sn]| = 0 mpu n — oco. U3 sroro cpasy caenyer, 4T0 &, — & = Yo — 2Z¢
npun n — 0o (ToUka & AnaMeTpaJbHO MPOTHBONONOKHA TOUKE Yy Ha cepe
S(zg, R)). Pepexons k npegeny npu n — oo B (6) moayaum

p(&, M) > p(xo, M) + R. (8)
C apyroi cTOpOHBHI,

p(2, M) <

& —yol| < |2 — o|| + p(z0, M) = R+ p(z0, M). (9)

U3 (8) u (9) crenyer
p(&, M) = [|& = yol| = 2R,

910 naér p(&, M) = 2R, otkyaa Pi = yo.

Urak, gas Touku xo ¢ M MBI mokasaju, 94TO TOYKa & Jdyda (, HaduHa-
omerocss B 4o = Prg U OpoXoAslero 4epes Tg, IMeeT TOYKY Yo CBOeil O.u-
Kaiditreni. PamoMHanM, 9T0 29 — cepegnHa oTpeska [yo; Z]. CaenoBaTeabto, n
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Jarobas Ipyras TOdKa OTpe3Ka [yo; ] uMeeT yo cBoell banmkaiien. P puvenss
TpeABIIYIIHe PacCy K IeHUs, TPOBEIEHHBIE A Lo, K TOUKe &, MBI €Ilé rajee
caBuueMcs no ay+y (. B urtore, mis mo6on Touknm w € { Toduka yo OymeT
e HCTBeHHON Onuxkaiien u3 M. 3nauur, M — 4eGhIIEBCKOE COJHIIE, U 110
JeMMe 2 oHo BHIIYKJ0. Teopema JgokazaHa. O

BEKOTOPHLIE OBOBIIEHNUA

B GeckonedHOMEDHBIX IMHENHBIX HOPMHUPOBAHHBIX TPOCTPAHCTBAX O BHITYKIOCTH
1eOBIIIEBCKUX MHOXKECTB M3BECTHO HEMHOTO. Pampumep, Mo cHX TOp He M3BECTHO,
BBIMIYKJIO JIH TTPOU3BOIBHOE 4eGHIIIIEBCKOE MHOKECTBO B GECKOHETHOMEDHOM TIIBGED-
TOBOM IIPOCTPAHCTBE.

BrobsaeMa 1. (B. B. EeumoB, C. B. CTEUKNH, B. Kun) Jokazame uau onpo-
GEPSHYMb, YMMO GCAKOE ue6blwéecnoe MHONHCECMBO 6 6€CKOH€HHOM€])HOM 2Uﬂb6€pm0-
GOM NPOCMPARCMEBE GBINYKAO.

Panomuunm [5], 4T0 AuHENHOE HOPMHPOBAHHOE IPOCTPAHCTBO, HA KOTOPOM BBEjIe-
HO CKaJspPHOE MPON3BefeH e (-, ), HA3BIBACTCA NPEATHIBOEPTOBEIM TPOCTPAHCTBOM.
I'maL6epTOBEIM IPOCTPAHCTBOM HA3BIBAETCA TPEATrHILOEPTOBO MPOCTPAHCTBO, MOJ-
HOe OTHOCHTENbHO HOPMH ||2]| = 1/ (&, ). KoHewHOMepHOE THABGEPTOBO TPOCTPAH-
CTBO — 3TO TpocTpaHcTBo R™.

TpeboBanne MOTHOTH TPeATUALOEPTOBA MPOCTPAHCTBA B MpobieMe 1 BaKHO, Kak
MOKA3LIBAET TIPUMEDP HEEBINYK.A020 GeOBIIIEBCKOTO MHOXKECTBA, TTOCTPOeHHbIH JI2KOH-
coroMW (cM. [2]) B HEMOJHOM NPeJrHILGEPTOBOM MPOCTPAHCTBE (2 mocnejoBaTeNb-
HOCTeH, OKAHINBAIOMNXCA HyaaMu. Takike Hem3BeCTHO, eCTh a1 HECKOHETHOMEPHOE
MPOCTPAHCTBO, B KOTOPOM BCAKOe YeOBIMEBCKOE MHOKECTBO BBIMTYKJIO.

Ppu HEKOTOPHIX OTPAHUYEHUAX Ha CTPYKTYPY 9YeGBIIIEBCKONO MHOXKeCTBa (pas-
JAWYHBIE BIBI KOMIAKTHOCTH) WK [IPH OTPAHHYIEHNH Ha CBOHCTBA METPHYECKON MPO-
eKIHN (HEMPEPHIBHOCTE B KAKOM-JHGO CMBICTE) YAAETCA JOKA3ATH €10 BBEIIYKIOCTh.

PanomMuuM, 9TO MHOXKECTBO HA3LIBAETCA 02PAHUNEHHO KOMNAKIMHLIM, €CI €ro
Tepecedenne ¢ JIOO6BIM 3aMKHYTBIM IIAPOM KOMTAKTHO. PoOHATHO, 9TO KOMMIaKTHOE
MHOXKEeCTBO ABAACTCA OIPAHUYIEHHO KOMITAKTHBIM.

TEOPEMA (JI. B. BaacoB). Hycmvs X — npoussoavnoe 6aHATO60 Npocmpan-
emeo. Toada ecaroe o2panuuenno Komnakmuoe uebbluésckoe mnoxicecmso 6 X A6-
AAEMCA UEOLIUWEBCKUM COARYeM, a 8 2aadkom X — 6binyKao0.

JlokazaTeabCTBO TMOYTH [JOCJIOBHO MOBTOPSIET NMPUBEJEHHOE B M. 2, HO BMECTO
KOHETHOMEPHOU TeopeMbl Ppayspa mpumeHnsieTcs eé o6o0lleHrNe Ha caydan Gecko-
HEYHOMEPHBIX MpocTpatcTs (Teopema Ilayaepa [6]): scakoe nenpepvisnoe omobpa-
HCEHUE BBINYKAOSO 3AMKHYMOSO MHONCECMEA 6 C6010 KOMNAKMHYIO UACTL UMEEM
HENOJBUNCHYI MOUKY.

Paccyxpenns B mociaemHeM [MOKa3aTelbCTBE MOTYT OBITH O0GOOIIEHBI HA CAyTal
“1eOBIMIEBCKIX MHOYKECTB C HEMPEPBLIBHOW METPUYECKON TPOEKINell B 6aHAXOBBIX MTPO-
CTPAHCTBAX, YIOBIETBOPAOIINX CAENYIOMIEMY CBOUCTBY

s,8n €5(0,1), ||s+ 8n]| > 2mpu n = 00 = s, — $ Ipu N — 0. (10)
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Ecan X — runs6epToBo npocTpaHcTBo (Hanpumep, R™), 1o X yIoBIeTBOPAET yCiIo-
Buo (10) B ciily paBeHCTBa MapasielorpaMMa.

PpuBenennoe noxazaTeabcTBO OcTaeéTcs 63 M3MEHEHNUs, 38 NCKAYMEHINEM CIeTy-
foiero MoMenTa. B R™ map B(zg, R) KoMIakTeH, 0 MO>TOMY HelpepbiBHAA (PYHK-
unsA f gocTuraer cBoero MuHnMyMa Ha B(zg, R). B 66CKOHETHOMEPHOM caydae 3TOT
daxT MoXKeT 6BITH HEBEPEH, HO 110 BapHalWOHHOMY TpuHIuNy Prianga ¢pyuknus f
JOCTHTAET «IOYTH MEHUMYMa» Ha B(zg, R): qas moboro e > 0 Haiigéres & € B(zg, R)
TaKol, 9To A aboro y € B(xg, R) seinoarero f(y) > f(x) — ||z — y||. Jaree npu-
MeHsIeM TIPEABIYIINE PACCY K TEHIA.

PecMoTps Ha «0¥9eHb XOpOoIlee) ¢ TOIKHN 3PEHIA FeOMEeTPUN YCTPONCTBO Te6bIIIEB-
CKHX MHOXKECTB B NI-MEPHBLIX €BKJINJOBBIX TPOCTPAHCTBAX, B IPOU3BOMBHBIX KOHEUHO-
MEPHVIT TUHENHBIX HOPMUPOBAHHEIX TIPOCTPAHCTBAX X, O BBITYKJAOCTH 9e0BIIIEBCKAX
MHOXKECTB M3BECTHO MaJeKo He BCE. P pocTpaHCTBO Ha3BIBAETCA 2AddKUM, €CIN B Ka-
K I0W TOYKe eqMHNYIHON chephl KacaTedbHadA TUIEePIVIOCKOCTE K cepe eMHCTBeHHA.
K npumepy, npocrpancrsa £ (n), 1 < p < oo, ¢ mopmott ||z|[, = (af + ...+ ab)lr
z=(a1,...,&,), ABIAIOTCA TJIATKHMHI TPOCTPAHCTBAMH, & IPOCTPAHCTBO X2 € Max-
HOpMOT («kBanpaTs) ||#||e = max{|ai|, |as|} — Hermamko.

Moukun mokazafd, 9TO TaajKOCTh ABYMEPHOTO IPOCTPaHCTBa X HeoOXOJMMa
M JOCTAaTOYHA [AJMA BHIIYKJIOCTH BCAKOI'O 9eOBIIEBCKOIO MHOXKECTBa B Xo. Paccy-
KJad, Kak B deMMe 2 (crmocob IT), HeCIOKHO MOKazaTh, YTO B TIAIKHX TPOCTPaH-
CTBax BCAKOE TeOBIMIEBCKOE MHOXKECTBO BHIMYyKa0. O HaKo, KaK HE3aBUCHMO OKAa3a-
a1 B.U. Pepabimes u A. PporjcTe, BCAKOEe YeOHIIEBCKOE MHOKECTBO BHITYKJO U B
HEKOTOPBIX Hezaadkur mpocTpaHcTBax X, misd Bcex n > 3.

CdopmyanpyeM TeopeMy, XapaKTepHayOIIylo mpocTpancTBa X, (n < 4), B ko-
TOPBIX BCAKOE YeOHIIEBCKOE MHOXKECTBO BBINMYKJIO. Ppu n = 2 oHa 6BLTa jJoKazaHa
MoukuabiM, mpu n = 3 — PepapiteBbiMm u Ppongcreaom, a mpu n = 4 — A.JI. Ppa-
yHoM. Pamomanm, 1ro Touka s € S(0, 1) HasbiBaeTcA docmudcumot, ecim Hal AETCA
KacaTelbHad THNEPINIOCKOCTH H K cdepe B Touke s Takad, aro I N S(0,1) = {s};
TOYKa § HA3BIBAETCA TOYKOH 24adKocmu, el B Hell KacaTeqbHad THIIEPIVIOCKOCTE
K cepe equHCTBEHHA.

TEOPEMA. B koHeuHOMEPHOM AUHEUHOM HOPMUPOSBAHHOM npocmpancmee X,
(n < 4) searoe uebbUEBCKOE MHONCECTNBO 6LINYKAO Mo2da U MOAbKO Mo2da, Ko-
2da ecaras docmudicumas mouka c@epvl A6ALemcA moukoti 24adKocmau.

[aa n > 5 Bonpoc o xapaKTepH3alnn IPOCTPaHCTB X,, B KOTOPBEIX BCAKOE He-
OBIMIIEBCKOE MHOYKECTBO BBIMTYKJO, OCTAETCA OTKPBITEIM. EcTh runoTesa, 9T0 xapak-
TepHU3alnsd, JaHHAd B IPeIbLIYIIEN TeopeMe, BepHa U s aioboro n > 5. OTMeTnm
oderb unTepecubiii pesyabrar W. T'. Hapbkosa [9], KOTOPBII oxapakTepu3oBal 6ce
KOHETHOMEDPHBIE TPOCTPAHCTBA X, B KOTOPHIX BCAKOE 02PAHUNEHHOE TeBBIIIEBCKOE
MHOXKECTBO BBIIIYKJIO.
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