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Clusters of algebra

by
Ahmad Shafast

By a cluster of algebras of a given species  we shall understand
a class ¥ that consists of all Q-algebras satisfying a set £ of

(possibly infinitely long) sentences of the form

(1) v x1,...,xn[(w] =WV ...V w‘c=wi vee)

V(v1 #v.l'v ...va#v{)v...)] R

where L v(: s, V. , v! are Q-words in (a finite number n of

P P
variables) XyseeesXy o The part (w1 =WV ...V = wiv ees)
of the sentence (I) is called its positive part and the part
vy # V...V v # v",v «..) 1is called its negative part. If
positive part of every sentence in L 1s finite then the cluster

defined by I 1is called positively elementary. 4 negatively elementery

cluster is defined similarly. An elementary cluster is often called a
uniyersal class.
In this paper ve give a categorical characterization of clusters
and prove that a positively (negatively) elementary cluster is closed
with respect to inverse (direct) limits of its inverse (direct) systems [1].
For every class ¥ of {-algebras we write (V) for the
categories of algebras of V¥ and homomorphisms between them. Write
g(n) for the category of all (-algebras and Q-homomorphisms.
A direct (lnverse) system in an arbitrary category is called mono
or epl according as all of its morphisms are monomorphisms or

epimorphisms.



110 Ahmad Shafaat

Theorem 1. A class V of Q-algebras is & cluster if and only if:

(1.1)  For every monomorphism A, —> A, in K(g) if A e K(V) then
8 € K@)
(1.2) Direct limits in K(0) of mono direct systems in K(V) are

in K(V) .

Proof. Conditions (1.1) and (1.2) are equivalent to saying that
V 1is abstract, hereditary and local. When ! is a cluster \i is
obviously abstract, hereditary and local. This proves one part of the
theorem. Now assume that ¥ satisfies (1.1) and (1.2). ILet ):(l)
be the set of all sentences of the form (I) that hold in every algebra
of Y. Iet A be an Q-algebra satisfying L(V) . We have to show

that Ae V. By locality we can assume that A 1is finitely generated,

say, by [a] ,...,an] . let o be the sentence obtained by taking first

the negation of the conjunction of 'relations’' of the form

w(a1,...,a.n) =w'(a1,...,an) or w(a],...,an) #w'(e.v...,an)

that hold in A , then replacing a, by Kyseeer8 by x, and finally

n

prefixing Y XyseresX here w , w' denote arbitrary Q-words.
n
Clearly ¢ is of the form (1) and does not hold in A . This means

that 0 ¢ Z(¥) . Hence there is an algebra A' e V which fails to

satisfy o . Iet ta».l',...,a.r'1 € A' be such that ¢ is false when

. 100Xy =za.r‘1 . Then the subalgebra A" of A'. generated by
a"l'""’ar'x is isomorphic to A . Thus A is embeddable in an algebra
of ¥ and by abstractness and heredity we conclude that A eV . This
completes the proof of Theorem 1.

The above proof is an application of the well-known 'method of
diagrams’'.

Theorem 2. ILet V be a negatively elementary cluster. Then
direct limits in K(Q) of direct systems in g(\é) are in Ié(l) .

Proof. Iet I be a set upward directed by the partisl ordering =

Let [f,ji : A, —> é.j) be a direct system of K(V) . We

1 isj in I
shall assume that  does not contain nullary operators, the proof being

essentlally the same in the general case. To construct the direct

{«

™~
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limit of [fji} we first construct the sum § of (éi}ieI as follows.
We can assume without loss of generality that the carriers A1 of the

algebras éi are disjoint. Let

5, = UieI Ay

s.l = S0 u (s],...,sh(w)w; we N s],...,sh(w) € S0 y

but 61 ""’Sh(w) do not belong to the same Ai]

= {sl""’sh(w)w ; we O, SyseeaSp(y) € Sn} U Sn ,

where for every ®we @ we write h(w) for the arity of w end

s w 1is Jjust a sequence. Clearly S 1is a set of g@-words in Sc>

145 (w)
We take S to be the carrier of S . For every we O Wwe now define
an operation S(w) over 5 . Iet I_X_i(w) be the operation over A,

determined by w in A, . We define S(w) by:

(s1,...,sh(w))§_(w) (s1,...,sh(w))§_i(w) , if 1ieI,

s],...,sh(w) € Ai »

-
By .sh (w) W otherwise.

The algebra S so defined is the sum of {-A:i]iel in K() . Over

S we define a congruence Kk as follows. For every set r of ordered
pairs write sym(r) for the set {(s,t) ; (t,s) or (s,t) e r} and
tran(r) for the set of ordered pairs (s,t) such that there exists a
sequence 8 ,e.-»3, satisfying s, =8, S, = t and

(so,s]),...,(sm_],sm) er. Let

r, = [(ai,fji(ai)) ;3 Lel, a;c¢ Ai} ,
K, = tran (s,;-,fm_(ra) )
T = K U {((51""’sh(m) )8 (w), (S{""’sl'x(w) B (w) s

we Q (S],S{);---:(Sh(w):sfl(w)) € Kn} ’

tran(sym(r_ .)) ,

#

Kn+1 n+l
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Thus k is the least congruence over S containing r, It is not
difficult to verify that §jn is the direct limit of the direct syétem

{f,ji}iﬁ.j . We have to prove that S/k e Ié(!) . Before doing this we

need to learn few facts about «k .

(2.1) The relation k, consists of ordered pairs (ai,aj) s 8y €A,

aJ € AJ such that there exist a k ¢ I satisfying k 2 1,J and

fki(ai) = fkj(aj) .

Let fki(a‘i) = fkj_(a';]) =8, , 5&Yy. Then (ai,ak) 5
(aj’ak) € ro ’ <ai’a'k> ) (ak’a,j) € sym(ro) ) (ai,aJ) € tra.n(sym(ro)) = K
Conversely let <8‘i’a’j) €k, - Then if (ai,a.J) € sym(ro) we can take

k=J or i according as (ai,aJ) er_ or (aj,ai) er_ . Inthe

[e] o]

case when (a.i,a.d) ¢ sym(ro) there exist aio € Aio,...,aim € Aim

such that a, =a, , a, =a, and (a, ,8, );...,(a 8, ) e sym(x.) -
io i im J io il im-'l im ©
We can find k;,...,k such that £k (ai ) = fk i (ai ) JRAR
170 "o 1M 1
ey (a1 ) = £y (ai ) . Find k € I such that
m-1"m-1 m-1 mm m

2 = =
k 2k ,.e,k . Then fki(a'i) fk:]<a'.j) because fkk'lfk'l 1= fkio’ 5

fkkmfkmim = ijkim . This proves (2.1).
(2.2) For every non-negative integer n the relation k, 1sa
‘congruence over the partial subalgebra Sn ' of &, that is, L is
an equivalence relation over 8 and if (s.' ’B'l')""’(sh(m)’sl'm(u)> € Ky
and s = (s],...,sh(u))§(u) 13 Sn , 8' = <81'""’51’1(w))§(m) € Sn then

(s,8") € Ko oo

i “ We use induction to prove (2.2). It follows directly from (2.1)

and the definition of § that k, 1s a congruence over S5, . Assume

(2.2) for a1l n, s n . The symmetry and reflexivity of L implies the

1
symmetry and reflexivity of r

n+l
of r , - This shows that & ., = tran(r +1) and that & ., isa
reflexive relation over Sn ac Transitivity of L is immediate.
For symmetry let (so,sm+.l) €k g 8° that there exist BysesesBy
such that (80’51 Ysoo "(sm’smﬂ) =r, 4 + But then

(s}

as may be directly seen by the definition

3

[
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(smﬂ,sm),...,(s],so) €T’ since r is symmetric. Hence

{

relation over Sn+1 .

n+l

St ,so) € tran(rn_ﬂ) =%, + This proves that L

Before proving the congruence property for Ky

that the restriction of « to S is k_ . Let (s,8') e«

n+l n n n+l

s,8' € Sn . Iet so,...,sm be one of the shortest segquences such

that 8, =5, s, = s', (so,s]),...,(sm_],sm) €T ¢ Suppose
5, ¢ S, forsome 4, 1<4<m. Then ve can write
Sga1 T <SL-1""’SL-'I ,h(w))g(u) ’
5y = (s&’],...,s{’,h(w))g(w) = (s{"’.‘,...,s'l"h(w,));(u;) y
Spnl T (Sw,1"“’54,+1,h(u'))§("") ?

1
where W, w' € Q0 and (SL-I,p’SL,p) ex, for 1sps h(w) and

1 Ve first show

2

(si LTI P) ek, for 1sps h(w') . This is immediate from the
> >

definition of T 4 since S{,¢Sn and (s{’_],s{’) 5 <SL’SM1) €er

Now, by the definition of § , we find that 8y ¢ §, and

Sy, = (SL,1""’S&,h(m)}§(w) = <s£,1""’s£,h(0'))§(w')

together imply that w = w' , s =8} for 1 $psh(w. Thus
4p T4

n+l

Sp.1 = (s‘e’_]’],...,s£_1)h(w))§(w) s Spa = (S&+l,1”"’sL+1,h(w))§(w) R

and (S-L-hp’s&ﬂ,P) ek, for 1 spsh(w) . Hence <54,-1’SL+1) €Ty -

This contradicts the assumption that BgseersBy is one of the shortest

sequences of a certain type. Hence sy ¢ Sn is false and
§o2++-s8, €S . Again (so,sl) €T 1" %,
implies t-at

s, = (so,l""’so,h(w))g(w)

5, = (sl,],...,s],h(w))g(w)

for some we @ and (so,'l’s'l,'l>""’(so,h(w)’s],h(m)) €Ky - Since

8,357 hhve been shown to be in Sn we have by the congruence property

of k  that (so,s]) € K -

which implies that (so,sm) = (s,s') € k, » &5 was to be proved.

is an equivalence

-

Hence and similarly <So’s'l )""’<sm-1’sm) €
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We conclude the proof of (2.2) by showing that if s,8’ € Sn+'1 »

g = (s],...,sh(w))§_(m) , 8' = (s.l',...,sl'l(w))§_(w) and

(R 4

<S'|’s'l')"'"<sh(m)’sﬁ(w)) €K then (8,s') ¢ Kp4l Clearly

1 T
s'l""’sh(m)’s'l""’sh(w) € Sn and, by what we proved in the last

paragraph, (s.l ’sll)""’(sh(w)’sﬂ(w)) € x, - Hence (s,8") e T) 4 S Ky

and (2.2) is proved.

(2.3) The restriction of k to S, s« for every non-negative n .
et (s,s') er , s,8" €85 . let m be the least integer such

that (s,8') er - If m>n then s,s' ¢ Sm_1 and since by the proof

of (2.9) the restriction of «x  to 8§ is « we conclude that

m m-1 m-1

(s,s8') € K1 - This contraction proves that m s n and that (s,8') e &, -

Hence (2.3).
(2.4) For every finite subset {s],...,sm} of 8§ there exist

<

i, R such that 1e 1T, a.1,...,a.meAi and

fe

(s.l,a.l),...,(sm,am) €K .

Again we use induction. Iet s,,...,8 €S sothat s, € A, ;.00
1 m o 1 :L.I

sme Aim for some il""’im eI. ¥Find 1 € I such that
124,001 - let &, =fii.l(sl)""’a'm=fiim(sm) . Then

(s] ,a.l),...,(sm,a.m) €k and 8,,...,8 €A . Now assume (2.4) for
all finite subsets of Sn and let BpseeesBy € Sn+’l . If 8; € Sn we
can find 1, €I, a.]' € Ai , -such that (s],a.l') € k - Otherwise

we can write s, = (31,],...,51’11(“))_8_((.)) for some we § and

51,1""’51 ,b(w) € Sn . By the induction hypothesis

(S'l,1’al,'l)""’<s'l,h(w)’a'l,h(w)) ek forsome 1, ¢I,
a],.‘,...,a] ;b (w) € A:L] . Since x 1s a congruence (sl,a.]') € k Wwhere
a.; = (a.lﬂ,...,a.1 ’h(w))g(w) € A11 . Similarly (82"'2')""’(sm’an'1) e x for
some a) € Ai2,...,a.]; c Aim, 1pseeesdy € I . Find 1 such that
- 1 o N -
1% 1,...,4 andlet a, f111(a]),..., am_fiim(am) . Then i
(l] i dseens(B B ) €K, Byl € A, . This completes the proof of
(@.4).
We are now ready to prove that 8/x € I;(!) 5

Iet the sentence

(I1) Vxp,eeex [0 =W Voo Vv maw'V SR LIER R RIS AL 2125
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nold in A, for all i €I . We show that (II) also holds in

§/1< . For this we need to show that for all s]‘,..-,sn ¢ 8 elther
(wb(s.‘,...,sn),wi(s],...,sn) ) ek for some £ 21 or
(vp(s],...,sn),vI'J(s],...,sn)) ¢k forsome p, 1 spsm. Suppose
otherwise and let s;,...,8 € S be such that (w&(s],...,sn) ,wi(s],...,sn)')
dx forall £z1 and (vp(s],...,sn),vl')(s.l,...,sn)) ek forall p,
1sp=m. Using (2.4) find 1, Bqs-0e58  such that ie I,

ByseresBy € A; and (s],a]),...,(sn,an) €k + Then
(w&(a.l,...,an),wi(a],...,an)) ér, (vp(a],...,an),vij(a],...,a.n)) e k for
all £ ,p, 421, 1 sp=m. Write bp=vp(a"l""’an)’

bl') = vl')(a],...,an) so that <bp’b1'o) e k and ‘np,bl'J € Ai vhere 1 spsm.
By (2.3) and (2.1) we can find p € I such that fdpi(bp) = fjpi(bi)) .
Find J € I such that j%jp-forall p, 1'sps=mn. Then

f,ji(bp) =fdi(b1'3) » 1spsm. let ¢ =fji(a'1)""’cn=f,ji(an) . 'Then

vp(cl,...,cn) = fji(bp) = fji(bl’n) = vI’,(cl,...,cn) , 1spsm

v
—

w&(c],...,cn) # wi(c.l,...,cn) R i

Since c:],...,cn € Aj this contradicts the assumption that (II) holds in éj .
This proves that every sentence of the form (1) that holds in every algebra
of K(¥) also holds in $/x . Hemce 8/x € g(g) and the theorem is proved.

Theorem 2 was stated for some universal classes of algebras without
detailed proof in [2] and [3]. For the simpler case of epi direct
systems the theorem is stated in [4].

The construction of inverse limits is dual to that of d¥rect
limits and is well-known. Using this construction it is not hard to
prove

Theorem 3. Let \=I be a positively elementary cluster. Then
§(=) ie closed with respect to inverse limits of its inverse systems.

The last two theorems show that elementary clusters (universal
classes) are abstract, hereditary and closed with respect to direct and
inverse limits. The question arises whether these properties characterise

elementary clusters and 1f not what other necessary or sufficient or

necessary and sufficient conditions on g(z) will ensure that V is an
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e

elementary cluster.

One result in this direction is given by Theorem 5 of [)4»] which

te

states that ¥ 1is an elementary cluster if ¥ is abstract, hereditary
and closed with respect to products and direct limits of epi direct
systems.

Hocrynana B penaxuuio
5. YI. 1888 r.
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