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Алгебра я логика, 7, № 5 (1968). 106-116. 

УДК 819.48. 

Clusters of algebra 

by 

Ahmad Shafaat 

By a cluster of algebras of a given species fl we shall understand 

a class V that consists of all П-algebras satisfying a set £ of 

(possibly infinitely long) sentences of the form 

(I) V x1,... ,xn[ (w1 = w^ v ...V w^ = w| ...) 

V (v, ф v^ V ... V v p ф v p V ...)] , 

where w^ , ŵ ' , v p , v p are Я-words in (a finite number n of 

variables) x^,...,x^ . The part (ŵ  » v ...V »^ = » | у 

of the sentence (i) is called its positive part and the part 

(T, R T J V - " V T R T ^ V ...) is called its negative part. If 

positive part of every sentence in Z is finite then the cluster 

defined by £ is called positively elementary. A negatively elementary 

cluster is defined similarly. An elementary cluster is often called a 

universal class. 

In this paper we give a categorical characterization of clusters 

and prove that a positively (negatively) elementary cluster is closed 

with respect to inverse (direct) limits of its inverse (direct) systems [1]. 

For every class V of ft-algebras we .write g(v) for the 

categories of algebras of V and h anamorphisms between them. Write 

g(0) for the category of all O-algebras and ft-homomorphisms. 

A direct (inverse) system in an arbitrary category is called mono 

or epi according as all of its morpbisms are monomorphisms or 

eplmorphisms. 
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Theorem 1. A class V of fl-algeoras is a cluster if and only if 

(1 .1) For every monomorphism Â  — > Ag in K(fl) if Ag e K(V) then 

A, e K(V) . 

(1.2) Direct limits in K(n) of mono direct systems in K(V) are 

in K(V) . 

Proof. Conditions (1 . 1 ) and ( 1 .2) are equivalent to saying that 

Y is abstract, hereditary and local. When V is a cluster V is 

obviously abstract, hereditary and local. This proves one part of the 

theorem. Nov assume that V satisfies (1.1) and (1.2). Let z(V) 

be the set of all sentences of the form (I) that hold in e/ery algebra 

of V . Let A be an fl-algebra satisfying £(v) . We have to show 

that A 6 Y. • ЗУ locality we can assume that A is finitely generated, 

say, by (a^,...,a ) . Let a be the sentence obtained by taking first 

the negation of the conjunction of 'relations' of the form 

w(a1,. ..,an) = w> (a1 ,...,an) or w(a1 ,... ,ад) ф w' (a1,... ,&J 

that hold in A , then replacing â  by , — ,а д by X q and finally 

prefixing V x, ,...,x ; here w , w' denote arbitrary ft-words. 1 n 
Clearly <J is of the form (I) and does not hold in A . This means 

that a f £ ( Y ) . Hence there is an algebra A' s V which fails to 

satisfy a . Let aj,...,a^ £ A' be such that о is false when 

x1 = в . = a ^ . Then the subalgebra A" of A', generated by 

a.j,...,an is isomorphic to A . Thus A is embeddable in an algebra 

of 5J and by abstractness and heredity we conclude that A € V . This 

completes the proof of Theorem 1. 

The above proof is an application of the well-known 'method of 

diagrams'. 

Theorem 2. Let V be a negatively elementary cluster. Then 

direct limits in К(П) of direct systems in K(v) are in K(V) . 

Proof. Let I be a set upward directed by the partial ordering 3 

Let (f : A t — > A ^ } ^ i n x
 Ъ е a direct system of K(V) . We 

shall assume that П does not contain miliary operators, the proof being 

essentially the same in the general case. To construct the direct 
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limit of (f..) we first construct the sum S of {A. 1 . - as follows, ji — l-iJi€l 
We can assume without loss of generality that the carriers A^ of the 

algebras A^ are disjoint. Let 

S 0 = Ui€I A i ' 

but fl1,.•.>s
h(u) d o n o t Ъ е 1 о п в t 0 t h e s a m e \ 1 

S = 1в,,...,вшш i ше 0 , V " ' s h ( u ) e S N ) U S Q , 

s = и s 
n=o n 

where for every u e fi we write h(<j) for the arity of ш and 
а1"* вЬ(ы) и i s ^ u s t a s e 1 u e n c e - Clearly S is a set of n-words in S 

We take S to be the carrier of S . For every u € П we now define 

an operation S(uJ over S . Let A^(wJ be the operation over A i 

determined by u in A^ . We define S(u) by: 

< V " ' s h M > - ( u ) = < 6Т-"' вь(ы)^1 ( ь ) ) ' i f l € Z > 

V"*' sh(w) e A i ' 

= s1 ••• sj 1( u) u > otherwise. 

The algebra S so defined is the sum of f^J^j ^n * 0v e r 

S we define a congruence it as follows. For every set r of ordered 

pairs write sym(r) for the set {(s,t) ; (t,s) or (s,t) e r) and 

tran(r) for the set of ordered pairs (s,t) such that there exists a 

sequence s ,...,s satisfying s Q = s , s = t and 

<80,s1),...J<BB.1,eB) e r . Let 

к = tran(sym(r )) о . 0 

r
n +i = K „ u H(s1,-..,sh((ij))S(o)), (s-,...,s^(u)>s(u)) ; 

и e П, <s 1, sl >'""' < sh(u)' sn(M) > e к&) , 

Kn+1 = tran(sym(rn+1)) , 
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к = U к . 
n=o n 

Thus к is the least congruence over S containing r Q . It is not 

difficult to verify that S/к is the direct limit of the direct system 

{f 1 1) 1< 1 • W e h a v e t 0 prove that S/к e K(V) . Before doing this we jl l aj — 
need to learn few facts ahout к . 

(2.1) The relation K Q consists of ordered pairs (ai»aj) > ai 6 A i » 

a. e A. such that there exist a k e I satisfying k ё i,j and 
J 0 

Let f^fe^ = fkJ(a^) = , say. Then {& ±>\) , 

^i'S) e r o ' ' ^ak'aJ^ 6 B ^ r

0 ^ ' <ai'aj> e tran(sym(rQ)) = K q . 
Conversely let (a^a^) e K q . Then if (а^,а^) e sym(ro) we can take 
k = j or i according as (a^a^) e r Q or (а^,а^) e r

0 • * n *be 

case when (a^a.) j . sym(rQ) there exist a.̂  e Â ^ ,...,a1 e A^ 
о о m m 

such that a. = a , a = a and (a ,a );...,(a ,a ) € sym(rj . 
xo 1 m J 1o 1 V l m 

We can find k.,...,k such that f, . (a. ) = f. . (a ),... 
1 m Kl о о "l 1! h 

...,fk ^ (a± ) = f ^ (a1 ) . Tind k e I such that 
m-1 m-1 m-1 m m m 

U k l - " k . ' ^ e a f k i ( a i ] = fkj ( a,) ) Ъ е с а и в е * щ \ ± = f k i ' " - ' 
I 1 О О 

fkk fk i = fki • 1 3 1 1 6 p r o v e s ( 2- 1 }-

m m m m 

(2.2) For every non-negative integer n the relation K q is a 

'congruence over the partial subalgebra S ' of Й , that is, к п is 

an equivalence relation over and if (si'Bi )»•••»(^(ы)'sh(и) ̂  6 Kn 

and s = <s1,...,sh^)S(u) e S Q , s 1 = (a',...,a^^)S(ub s S n then 

<s,s') e к п . 

-,i We use induction to prove (2.2). It follows directly from (2.1) 

and the definition of S that K Q is a congruence over S Q . Assume 

(2.2) for all O j £ n . The symmetry and reflexivlty of K q implies the 

symmetry and reflexivlty of r ^ as may be directly seen by the definition 

of r
a+-\ • This shows that K

n +-] = tran ) and that кц+-| is a 

reflexive relation over S Q +^ . Transitivity of к д +^ is immediate. 

For symmetry let ( s
0> s

m +i) e K
n +-] s o ' t n a' t tbere exist в^,...,в 

such that (s
0»si )>•••>( s

m» s
m +i) = r

a+\ ' then 
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<sm+1,sm;,...,(s1,so) e r n + 1 , since г д + 1 is symmetric. Hence 

{s m + 1,s Q> e tran(rQ+1) = • ТЫв proves that к ц + 1 is an equivalence 

relation over S n +£ • 
Before proving the congruence property for кп+-| we first show 

that the restriction of к . to S is к Let (s,s'> e к , , 
n+1 n n x ' ' n+1 ' 

s,s' e S . Let s ,...,s be one of the shortest sequences such 
n о m 

that s o = s , s m = s', (e0,e, >,...,<em_lfsm) « r n + 1 . Suppose 

ŝ_ / for some t , 1 < t < m . Then we can write 
s-ui = < s i - i ' - ' s n , h ( u ) ^ M ' 

4 " <8t,i V w ^ - < ei,T-"' Bt,h(«')^ (" ) ' 

B w = ( 5 w , i ' - ' s w , h ( U ' ) ^ ( u , ) ' 

where и , a)' € П and (s. 1 }st ) e к for H p . п(ш) and • 

(s*1 *s« л ) e к for 1 £ p £ h(u!) . This is immediate from the 

definition of r n + 1 since s^ i S q and ( s ^ ,ŝ > , ( в ^ в ^ ) € r n + 1 . 

Now, by the definition of G , we find that ф S Q and 

si = <si,i>--->sim»)}-m = < e i , T " " e i , h ( M ' ) ^ ( w , ) 

together imply that ш = ш 1 , s, = sj for 1 £ p $ h(<o) . Thus 

s-t-l = < ' 4 - l , i ' " " e 4 - i , h ( * o £ ( ' 0 ' s-t+l = ( ^ b i ' - ' ^ b h M ^ ' 

a n d <'W,J''W,P> « "n f ° r T s p S h C u ) . Hence (^.Т3^! > ̂  rn +l ' 
This contradicts the assumption that sQ,...,sm is one of the shortest 

sequences of a certain type. Hence s, I S is false and 
4* n 

s ,...,s e S . Again (s ,s,) e r . - к о m n o l ' n+1 n 
implies t-at 

so = < so , l'--- so,h(a.)^ ( ( d ) 

sl = <"l,T —' Bl,h(«)£ ( M ) 

for some u € fl and ( s ^ ,s, ̂  ),...,<e 0 j h ( w ),e ] > h M ) e к ц . Since 

sq,s^ have been shown to be in we have by the congruence property 

of к that (s ,s. ) e к . Hence and similarly (s ,s. ),...,(s ,,s ) e n 1 о 1 ' n ^ 4 о 1 ' ^ m-1 m' 
к which implies that (s ,s ) = (s,s'> e к , as was to be proved, n о m ' n ' 
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We conclude the proof of (2.2) Ъу showing that if s,s' € s
a + \ > 

s = (s1,...,sh^>S((D) , s" = {S',...,B^^}S((JI) and 

<s1,s1
t),...,(sh(u)))s^((>))) с K q a 1 then <s,s'> б к п + 1 . Clearly 

s1,... >Bi' > • • • j Sb(u) 6 Sn a n < i> b y v * a t w e Proved in the last 

paragraph, (e, , 8 , ' ) , . . . , ( в ь ^ ) € K q . Hence <s,s') e r Q + 1 С к п + 1 

and (2.2) is proved. 

(2.3) The restriction of к to is к д for every non-negative n . 

Let ( s, s ') e к , s,s' € S q . Let m he the least integer such 

that (s,s') e * m . If m > n then s,s' e 1 and since by the proof 

of (2.2) the restriction of к to S , is к , we conclude that 
m m-1 m-1 

(s,s'> e ^ . This contraction proves that m £ a and that (s,s') e K Q • 

Hence (2.3). 

(2Л) For every finite subset {s1,...,sm) of S there exist 

i , a.j,...,am such that i e I , a.|,...,am e A.̂  and 

(e,,a,),...,(sm,am> € к . 
Again we use induction. Let s^,...,ea e S Q S O that ŝ  e 

s e A. for some i.,...,i e l . Find i e I such that m i l m m 
I M 1 ' - ' " V al = fii 1

( sl )'...,a m = f 1 1 (e ) • Then 
1 m 

<s1 ,a1 ),... ,(sm,am) e к and a^,...,a e . Now assume (2Л) for 
all finite subsets of S and let s, ,...,s e S , . If s, e S we n 1 m n+l 1 n 
can find i.j e I , â ' e A J , such that (ŝ ,a.f) e к • Otherwise 

we can write ŝ  = (s^ ^,...,s^ ^ ( ц ) ) ^ ^ f o r s°me u € П and 

1,...,s 1 e З д . By the induction hypothesis 

<6i,i'ai,i>'---'<ei,h(u)'ai,hH> € K f o r s o m e 4 6 1 ' 
a.j ̂  ,... ,a.j h ^ e A^ . Since к is a congruence (s^a^1) e к where 

al = ^ al,l' , , -' al,h(io)^-^ e A i • 8 1 л ^ г 1 У < B2' a2 >' -*"'^ sm' am J 6 14 f o r 

some a^ € А^,...,а^ с A ^ , ig,...,^ с I . Find i Buch that 

1 m 
(•j ),.. .,(вш,аш) e к , a1,...,ajB e A ± . This completes the proof of 

(2.U). 

We are now ready to prove that S/к С K(v) , 

Let the sentence 

(II) V x 1 , . . . , x n [ ( w 1 - v j V . . . V w ^ - w ' V . . . ) V ^ V . . . V • E « T 1 j / , J 
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hold In A. for all i e I . We show that (il) also holds in a 
S/к . For this we need to show that for all S . J , . . . , B e S either 

(w, (s.,...,s ),wi (s. , ...,s ) ) e к for some I I 1 or 
•O 1 П "t* I n 

<v (B 1,...,s n),v p(s 1,...,s n)> ^ к for some p , 1 S p g m . Suppose 

otherwise and let e^,...,sa € S be such that (ŵ (s.| ,... , S Q ) JW^S-J ,... ,вц) ) 

^ к for all t 2 1 and (vp(s.|,... ,sn) >v
p(s-| > • • • » s

n)) e к for all p , 

1 S P g m . Using (2.4) find i , a.j,...,an such that i e I , 
a T " " ' a n e A i ^ (B]'al ) » ' " ^ s

n ' a
c ) 6 K ' 1 1 1 6 1 1 

(wi(a1,...,an),w|(a1,...,an)) ̂  к , <vp(a7 ,... ,ац) ,vp(a.,,... ,aQ) ) e к for 
all -t , p , { 5 1 , I S p g m . Write b p = vp(a.| ,... ,а ц), 
b' = v' (a. ,... ,a ) so that (Ъ ,b') € к and b ,b' eA, where 1 S p S m . p p 1 n Р Р P P i 
By ( 2 . 3 ) and ( 2 . 1 ) we can find J e I such that f ±(b ) = f. ±(b') . 

P Op P *3p P 

Find i 6 I such that j г ̂  -for all p , 1 S p S m . Then 

W = f0i ( V ' 1 S P S m • c1 = W ' - . . , ^ = fjt(an) • Гпеп 

v p( V...,c n) = f..(bp) = ^ ( Ъ р ) = v p(c r...,c n) , 1 g p s m 

Since с.,...,с e A. this contradicts the assumption that (il) holds in A. 
' n j j 

This proves that every sentence of the form (ii) that holds in every algebra 

of K(V) also holds in S/к . Hence S/к e K(V) and the theorem- is proved. 

Theorem 2 was stated for some universal classes of algebras without 

detailed proof in [ 2 ] and [ 3 ] . For the simpler case of epi direct 

systems the theorem is stated in [ . 

The construction of inverse limits is dual to that of d'trect 

limits and is well-known. Using this construction it is not hard to 

prove 

Theorem 3 - Let V be a positively elementary cluster. Then 

K(V) is closed with respect to inverse limits of its inverse systems. 

The last two theorems show that elementary clusters (universal 

classes) are abstract, hereditary and closed with respect to direct and 

inverse limits. The question arises whether these properties characterise 

elementary clusters and if not what other necessary or sufficient or 

necessary and sufficient conditions on K(v) will ensure that V is an 
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elementary cluster. 

One result in this direction is given Ъу Theorem 5 of [4] which 

states that V is an elementary cluster if Y. i s abstract, hereditary 

and closed with respect to products and direct limits of epi direct 

systems. 

Поступила в редакцию 
5. У П. 1968 г. 
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