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with a set of Sato—Wilson equations. The analogue of the Sato—Wilson equations for the strict
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OpHOpO/ZIHBIE IPOCTPAHCTBA, HOPOXKAAIOINe pellenns nepapxuu k[S]
1 ee CTPOroii Bepcun
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Awnunoranus. Uepapxus k[S] u ee crporas Bepcusi npeicTaBisior coboil ase pedopmMalun
KoMMyTaTHBHO anarebpsl k[S], ¢ k = R wm k = C, B npocrpancree N x N wmarpun, rie
S — marpuna oneparopa c¢aBura. B pabore nmokazaHo, 9To obe jredopMaI COOTBETCTBYIOT
conpsizkennto k[S] smementamu nomxomsmeit rpynmel. [Ipu aTom omeBaromast Marpura medop-
Malliy eJMHCTBEHHA B ciydae uepapxuu k[S] u omnpenessiercsd ¢ TOYHOCTBIO JI0 yMHOXKEHUS HA
€JIMHUYHYIO B CJIy4ae cTporoif nepapxuu k[S]. D1a eMHCTBEHHOCTD TI03BOJISIET HEIIOCPEICTBEH-
HO noKa3aTh, uto dopma Jlakca mepapxum k[S| pasHOCHIBHA cemeiicTBy ypapreruit Carto—
Busibcona. Aunasor ypasuennii Caro-Buibcona i crporoii uepapxuu k[S| Bcerga npusogur
K ypaBHeHusiM Jlakca 3Toil mepapxuu. DTU CUCTEMbI SKBUBAJIEHTHBI, €CJIU OKPYKEeHHe, B KOTO-
POM paccMaTpHUBaeTcs nepapxus, pasperrumo 1o Kommu B ojjHoMepHOM mpocTpancTse. B pabore
TaK:Ke IpeJicTaBieHa 6anaxosa rpynmna Jlnu G(Sz) u ase ee noarpyunst Py (H) n Uy (H), tae
U,(H) C Py(H), makue, uro opHopoausle npocrpanctsa G(S2)/Py(H) n G(S2)/UL(H) na-
10T pemenust nepapxun k[S| u ee cTporoii Bepcun, COOTBETCTBEHHO.

KitroueBsbie cj10Ba: OHOPOIHBIE IPOCTPAHCTBA, HHTErPUPYEMbIe HEPAPXIN, ypaBHeHus Jlakca,
dopma Caro-Buibcona, BOTHOBBIE MATPUIIGI
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Dedicated to Alexander Ivanovich Bulgakov
at the anniversary of his 70-th birthday

Introduction

In [1] we introduced a wide collection of integrable hierarchies in the N x N-matrices
corresponding to deformations of various commutative Lie subalgebras of the algebra LTy(k)
of all N x N-matrices with coefficients from k that possess only a finite number of nonzero
diagonals above the central diagonal. In the present paper we focus on the subalgebra
k[S) = {N,a:S" | a; € k} and prove some additional results for the k[S]-hierarchy and
its strict version. We start by showing that £[S] is a maximal commutative subalgebra of
LTx(k) and that each of the two deformations of S corresponds to conjugations with elements
from its appropriate group, where the deforming group is larger for the strict version. In both
cases the evolution equations of the deformed generator is a set of Lax equations for this
generator and this deformed generator together with the set of Lax equations it satisfies forms
an integrable hierarchy. The dressing matrix of the deformation turns out to be unique in the
case of the k[S]-hierarchy and it is determined up to a multiple of the identity in the strict
case. The uniqueness of the dressing matrix enables one to prove directly the equivalence of the
Lax form of the k[S|-hierarchy with a set of Sato—Wilson equations. There exists an analogue
of the Sato—Wilson equations for the strict k[S]-hierarchy. It always implies the Lax equations
of this hierarchy. Both systems can be shown to be equivalent if the setting one works in, is
Cauchy solvable in dimension one.

Solutions of both hierarchies are constructed by producing wave matrices in the linearization
module of each hierarchy. Therefore we recall the essentials of this approach. We conclude
by presenting a Banach Lie group G(Sz), the two subgroups P,(H) and U.(H) of G(Ss),
U;(H) C P.(H), and by giving the construction from the flag variety G(S2)/P;(H) of a wave
matrix of the k[S]-hierarchy and from its cover G(S,)/U,(H) of a wave matrix of the strict
k[S] -hierarchy.

The content of the various sections is as follows: Section 1. describes the scene of the
deformations, the algebra LTy(R), the maximality of k[S] and the properties required later on.
The next section is devoted to the description of the two deformations, it contains a discussion
of the Lax equations they have to satisfy and we describe there the link with their Sato—
Wilson form. The form of the relevant LTy(R)-module, the equations of the linearization and
a characterization of the special vectors, called wave matrices, can all be found in Section 3.
In the last section we present the homogeneous spaces G(S,)/P.(H) and G(S2)/U(H) and
show how to construct wave matrices of the k[S]-hierarchy and its strict version from them.

1. The algebra LTy(R)

Let R be a commutative k-algebra over the field k. We write M, (R) for the n x n-
matrices with coefficients from R and similarly My(R) for the space of N x N-matrices with
coefficients from R. The transpose A” of any matrix A € My(R) is defined as in the finite
dimensional case. Let V' be the R-module of all 1 x N-matrices with coefficients from R, i. e.

V=R'={Z=(z;)=(x0 1 22 --)|2; €RforalljeN}
Inside V' we consider for each 7 € N the R-submodules

Ve ={Z = (x;) | z; =0 for all j > i} and Vi, = UsenVa;.
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The space Vi, is a free R-module with basis the {€'(i) | i € N}, where €(i) is the vector with
the 7-th coordinate equal to one and the remaining ones equal to zero. For each ¥ € Vg, and
each A € My(R) the product ZA is well-defined and determines a vector in V. Hence, if we
write

MA(Z) = ZA,

then M, is an R-linear map in Hompg(Vh,, V). The subspace of My(R) that is central in
this paper is the space LTn(R) of all A € My(R) that possess the property that there is an
m € N such that for all : € N there holds

MA(Vgi) C V<i+m- (11)

Property (1.1) implies that LTn(R) is an algebra w.r.t. matrix multiplication. Inside LTy(R)
there are some classes of basic matrices with their own notation: first of all there are the basic
matrices £;;), ¢ and j € N, whose matrix entries, in Kronecker notation, are given by

(Ei,g))mn = GimOjn.

It is convenient to use the notation A =3 ajEu; for an A = (a;;) € LTn(R). The
second class of matrices for which we introduce a special notation are the diagonal matrices.
Let {d(s) | s € N} be a set of of elements in R. Then the diagonal matrix diag(d(s)) in
Mxy(R) is given by

d0) 0 0
0 d(1 0
Jiag(d(s)) = 3 d(s) Bppy = 0

The algebra of all diagonal matrices in My(R) is denoted by
Dn(R) = {d = diag(d(s))| d(s) € R for all s € N}.

One has a diagonal embedding i; from R into Dy(R) by taking all diagonal coefficients of
i1(r) equal to r, i. e.

r 0 0

() 0 r 0
11\r) =

' 00 r

A central role in this paper is played by the shift matrix S, its transpose ST and their
powers, where S is the matrix corresponding to the operator Mg :V — V defined by

MS((:UO T, T )):(0 To T1 To )

Note that we have
SS" =1d and §"S =" E,. (1.2)

121
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Besides the expression in the basic matrices it is also convenient to have at one’s disposal
the decomposition of a matrix A = (a;;) € My(R) in its diagonals. If m > 0, then the m-th
diagonal of A is by definition the matrix

dm(A)S™ = diag(a(s stm))S™ = Z i im) B i itm)

120

and those diagonals are called positive. Similarly, for m < 0, the m-th diagonal of A is defined
as the matrix

(S) " dm(A) = (S7) " diag(a(s-m.e) = D Ai-mi) Ei-m

120

and they are called negative. So each matrix A € My(R) decomposes uniquely as

A= " dn(A)S™ + > (ST) " dy (A). (1.3)

m=0 m<0

We use the decomposition (1.3) to assign a degree to elements of LTn(R). For a nonzero
A € LTn(R) the degree is equal to m if its highest nonzero diagonal is the m-th and the
degree of the zero element is —oo.

Lemma 1.1. The centralizer in LTn(R) of the matriz S consists of the

{> ir(rj)s’ | rj € R}.

j=0

Proof. Let A= (au,)) belong to LTn(R). Then we have on one hand

0 apo - aon
AS = | o (1.4)
0 amo) -+ G
and on the other
a(1,0) a(1,1) T A(1,n+1)
a(2,0) a(2,1) T A2 n+1)
SA= : : : . (1.5)

A(n+1,0) An+1,1) " Q(ntlnt1)

If the expressions (1.4) and (1.5) are equal then induction w.r.t. i shows first of all that A
is uppertriangular, i. e. for all j < 4, a;; = 0. For the remaining coefficients the identity
AS = SA yields then that a(; = agy1,j+1) for all 7 < j. This proves the claim. O

A consequence of Lemma 1.1 is the following property of k[S] = {2V k:S* | ks € k}

Corollary 1.1. The algebra k[S] is a mazimal commutative subalgebra of LTy(k).
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As any associative algebra, LTy(R) is a Lie algebra with the commutator as a bracket. We
use two decompositions of LTx(R) into the direct sum of two Lie subalgebras. The first splits
elements of LT(R) as follows

A =7 (A) + 7ap(A) =) d(A)S™+ > (ST d(A)

m=>0 m<0

and the second as

A= mau(A) + mu(A) =D dn(A)S™ + > (ST d(A).

m>0 m<0

The first way to split elements of LTx(R) yields the Lie algebra decomposition

LTN(R) (LTN(R)) D Wslt(LTN(R))a where
Tur(LTN(R )) = {A e LIn(R) | mu(A) = A},
mar(LIN(R)) = {A € LIN(R) | msu(A) = A}.

The second leads to

LTn(R) = 7yt (LT (R)) & mu(LTn(R)), where
Tout(LTH(R)) = {A € LTW(R) | mou(A) = A},
me(LTu(R)) = {A € LTW(R) | mu(A) = A}.

Inside LTn(R) we associate a group to each of the Lie subalgebras my(LTN(R)) and
m(LTN(R)). Note that on 7g(LTN(R)) the exponential map is well-defined and yields elements
in

U =U_(R)={Id+Y | Y € 1 (LTn(R))}.

One easily verifies that U_ is a group w.r.t. multiplication. We see U_ as the group correspon-
ding to me(LTN(R)). If the exponential map is well-defined on m;;(LTn(R)), then the resulting
elements belong to the group

P =P_(R) = {A =Y (S)"du(A) | do(A) = diag(d(s)), all d(s) € R*}

m<0

and therefore we see P_ as the group associated with m;(LTN(R)).

2. The Ek[S]-hierarchy and its strict version

In this section we discuss the two deformations of k[S] that we consider and the evolution
equations we want the deformations of S to satisfy. At the first deformation each Zi>0 k; St
in k[S] is deformed into ... k;L, where £ € LTy(R) is an element of the form

120

L=8+Y (STt t; € Du(R). (2.1)

i<0

One directly checks that any element USU™!, with U € U_, has this form and we call
USU~' a U_-deformation of S. We call U also the dressing matriz of USU~!. At the second
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deformation we transform each matrix 3, k:S* € k[S] into ), kM’ where M € LTn(R)
is an element of the form

M =m S+ (5")'mi,m; € Dn(R),m1 € Dy(R)". (2.2)
<0

Also in this case one easily verifies that any matrix PSP~!, with P € P_, possesses the form
(2.2) and therefore it is called a P_ -deformation of S. Likewise we call P also the dressing
matriz of the deformation PSP~!'. Moreover, we have

Lemma 2.1. Reversely there holds for the deformations (2.1) and (2.2)

(a) Any L of the form (2.1) can uniquely be written in the form L£=USU™' with U € U_,
i.e. L 1s a U_ -deformation of S.

(b) Any M of the form (2.2) can be written in the form M = dUSU'd™', where U € U_
is unique and d € Dn(R)* is determined up to a factor from iy(R*). In particular, M
1s a P_ -deformation of S.

P roof Westart with a proof of statement (a). So, given an £ of the form (2.1), we have
to find an U = Id+ 3., (S") u;,u; € Dyn(R), such that LU = US. For any U € U_ the
matrix LU —US has no strict positive diagonals. So, it suffices to show that for all n > 0 the
equations

determine the {uy, -+ ,u,41} uniquely. Hereby we use the relations in (1.2) and the following
two relations between S, ST and the diagonal matrices:

STdiag(d(s))S = STS diag(1,d(0),d(1),---) = diag(0,d(0),d(1),---),
diag(d(s))ST = STdiag(d(s + 1)).

By applying (2.3) one gets for US' the expression
US=S8+> ("Vu;8 =8+ (ST)S diag(1,u;(0), u;(1),- )

=1 izt
=S+ (STY" diag(0,1;(0), u;(1), - -).
=1

From this expression we conclude for each n > 0 that
d—TL(US) = dlag(O, un+1<0)7 un+1(1>7 e ) (25>

Now we apply the first relation in (1.2) and repeatedly relation (2.4) to the product LU and
get

LU =S+ (STli+ 8> (SVu+ Y (ST)4(ST)

i>0 =1

120
j=1

=5+ 3 (M)l + S (ST g+ Y (ST diag(4ils + 5))uy.
i>0 =1 i>0

J=1
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Thus we get do(LU) = ¢y + u; and for the remaining diagonal components of LU

d_n(LU) = by + iy + > diag(lei(s+n+ 1= k))tper—p,n > 1. (2.6)
k=1

The equality do(LU) = do(US) is in terms of the diagonal components of £ and U the
identity
by +uy = diag(0,uq(0),uy(1),--).

The (0,0)-entry of this matrix identity yields wu,(0) = —¥¢5(0), the (1,1)-entry gives
u1(1) = u1(0) — (1) and continuing in this fashion, one gets that any w;(s) is a linear
combination of the matrix coefficients of ¢;. By induction w.r.t. n we may assume that the
equations

d_k<£U) = d_k(US),O < k <n— 1,

determine the {uj,---,u,} and each wug(s),s € Nand ,0 < k < n — 1, is a polynomial
expression in the matrix coefficients of the {f;,0 < k < n — 1}. By combining the expressions
(2.5) and (2.6) we get for n > 1 from d_,(US) =d_,(LU) the relation

Unp+1 = dl&g(O, un+1(0)7 un+1<1)a T ) - gn - Z diag(6k71<3 +n+1-— k))un+lfk'
k=1

Again we look successively at the diagonal entries of this matrix identity, starting with the
(0,0) -entry and recalling that all u, 1 x(s) are known. This yields us

Uns1(0) = —£o(0) = Y Ly (n+ 1 = k)ttng1—1(0).

k=1

Next we consider the (1,1)-entry and that gives us

41 (1) = ttn1(0) = (1) = > lor(n+ 2 = k)i (1),

k=1

Continuing in this fashion, one gets that any w,1(s) is a polynomial expression in the matrix
coefficients of ¢y, --- ,¢,. This proves the claim in item (a).

The proof of statement (b) can be reduced to that of (a) by the following observation:
take an arbitrary element k£ € Dy(R) and an d = diag(d(s)) € Dy(R)*. Then there holds
d=1kSd = diag(%)k& Given any M of the form (2.2), choose a d € Dy(R)* such that

for all s € N the element ds(i)l) equals m1(s)~'. Then the matrix d~*Md has the form (2.1)

and, hence there is a unique U € U_ such that d"'Md = USU~'. Then M equals PSP~!
with P = dU € P_. In this case d is not unique, because any element i;(a), with a € R*, is

in the center of LTy(R) and there also holds M = iy(a)dUSU*d iy (a™!). O

Next we discuss the evolution equations that an U_ -deformation £ of S has to satisfy
and those for a P_ -deformation M of S. Hereby each S i > 1, is seen as an infinitesimal
generator of a flow. In that light we assume in both cases that R is equipped with a set of
commuting k-linear derivations {0; : R — R | i > 1}, where each 0; should be seen as
an algebraic substitute for the derivative w.r.t. the flow parameter corresponding to the flow
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generated by each S°. By letting each 9; act coefficient wise on matrices in LTy(R), we get
a set of derivations of LTy(R), also denoted by {0;}. The data (R,{0; | i > 1}) we call a
setting for both deformations.

For each U_ -deformation £ of S and all ¢ > 1 we consider the cut-off’s

Bi(S) := mu (L. (2.7)
Note that, since all {£'} commute, the {B;(S) | > 1} satisfy for all m > 1
[BZ(S)’ ‘Cm] = _[ﬂ-slt<£i>’ Em]’

where the right hand side is of degree m—1 or lower, like 0;(£). This shows that it makes sense
to unite the following set of Lax equations for the £™ in one combined system, the so-called
k[S] -hierarchy:

0i(L™) = [Bi(S), L™ = —[ma (L"), L™]. (2.8)
It suffices to prove the equations just for m = 1. For, since 0; and ad(B;(S)) are both k-
linear derivations of LTn(R), all basis elements {L£™ | m > 1} of the deformation k[L] of
k[S] satisfy the same Lax equations. The equations (2.8) itself are called the Lax equations
of the k[S]-hierarchy. Note that the Lax equations (2.8) show that the action of each 0; on
the coefficients of L expresses each of them in a polynomial expression of the coefficients of
L. Any U_-deformation £ of S in LTy(R) that satisfies all the equations (2.8), i > 1, is
called a solution of the k[S]-hierarchy in the setting (R, {0;}). Note that in each setting there
is at least one solution of the k[S]-hierarchy, namely £ = S, the trivial solution of the k[S]-
hierarchy. We can express the conditions when a U_ -deformation £ = USU™! is a solution of
the k[S]-hierarchy, in terms of U. For there holds

Lemma 2.2. Any £ =USU™', with U € U_ is a solution of the k[S|-hierarchy, if and
only if U satisfies the relations: for all i > 1

KU = —mgqu(LY). (2.9)
Proof. Since §;(U)=-U"10,(U)U", we get for L=USU"! that
(L) = [0:(U)U, L].
If U satisfies (2.9), then [—mg (L), L] = [B;(S), L] yields the Lax equations for £. Reversely,
if £ is a solution of the k[S]-hierarchy, then 9;(U)U~" + g (L") commutes with £ and thus

U=U"0,(U)U" 4 74 (L))U commutes with S. The element U only has strict negative
diagonals and Lemma 1.1 implies that U = 0 and this proves the claim. O

Since the relations (2.9) are the analogue of the Sato-Wilson equations for the KP hierarchy
[3], we call them the Sato—Wilson form of the k[S]-hierarchy. Still another equivalent form of
the k[S]-hierarchy was proven in [1]:

Proposition 2.1. Let £ be a U_ -deformation of S with the {B;(S)} as in (2.7).
If L is a solution of the k[S]-hierarchy, then they satisfy the zero curvature relations

03, (B (5)) — 0, (Bi, (5)) — [Bi, (5), By, (5)] = 0. (2.10)

Reversely, if the projections {B;(S)} of a U_ -deformation L satisfy the zero curvature rela-
tions (2.10), then L satisfies the Lax equations (2.8).
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Remark 2.1. By the equivalence in Proposition 2.1 the set of equations (2.10) is also
called the zero curvature form of the k[S]-hierarchy. Let do(L) the zero-th diagonal of Lf
then the equations (2.10) imply that the commuting diagonal matrices {do(L")} satisfy the
compatibility conditions

0;,(do(L™)) = 05, (do(L™)), for all i, > 1, and iy > 1.

Next we treat the evolution equations for the P_ -deformations {M™ | m > 1}. In that
case we consider for each 7 > 1 the strict cut-off

Ci(S) = Mo (M. (2.11)
Since all the M? commute, there holds
[Ci(S), M™] = —[mu (M), M™],

which shows that the {C;(S) | @ > 1} have the common property that the commutator with
M™ has degree m or lower. The same holds for the matrix 9;(M™), so it makes sense to
unite the following set of Lax equations for the {M™} in one combined system

D(M™) = [Ci(S), M™] = —[m (M), M™]. (2.12)

Because of the form of the {C;(S)} and the similarity with the Lax equations (2.8) we call
this system the strict k[S]-hierarchy. The equations (2.12) itself are called the Lax equations
of the strict k[S]-hierarchy. Note that also in the strict case the Lax equations (2.12) show
that the action of each 0; on the coefficients of M expresses each of them in a polynomial
expression of the matrix coefficients of M. Any P_-deformation M of S in LTy(R) that
satisfies all the equations (2.12) is called a solution of the strict k[S]-hierarchy in the setting
(R,{0;}). By the same argument as for the k[S]-case, it suffices to prove the equations (2.12)
for m = 1, since all basis elements {M™ | m > 1} of the wider deformation k[M] of k[S]
satisfy the same Lax equations. Note that in each setting there is at least one solution of the
strict k[S]-hierarchy, namely M = S, the trivial solution of the strict k[S]-hierarchy. Also
for the strict k[S]-hierarchy we found in [1] an equivalent zero curvature form

Proposition 22. Let M be a P- -deformation of S with the {C;(S)} as in (2.11).
If M is a solution of the strict k[S]-hierarchy, then the {C;(S)} satisfy the zero curvature
relations

0;,(Ci,(5)) = 0,,(Ci, () = [Ciy (5), Cir ()] = 0. (2.13)

On the other hand, if the projections {C;(S)} of a P_-deformation M satisfy the zero
curvature relations (2.13), then M satisfies the Lax equations (2.12).

To discuss a Sato—Wilson form of the strict k[S]-hierarchy, requires some care, for the
dressing matrix of S is not unique as we saw in part (b) of Lemma 2.1, and therefore we need
the following notion:

Definition 2.1. Let (R,{0;}) be a setting for both hierarchies. This setting is called
Cauchy solvable in dimension one, if | given a collection of elements {a; | i > 1} in R satisfying
the compatibility conditions

0i,(a;,) = 05, (a;,), forall iy > 1 and iy > 1,

there is an o € R* such that there holds for all i > 1, 0;(«) = a,a.
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E. g. the formal power series k[[t;]] with all the 9; = - is such a setting. Now there holds

Proposition 2.3. Let the setting (R,{0;}) be Cauchy solvable in dimension one and
let M be a P_ -deformation that is a solution of the strict k[S] -hierarchy in this setting. Then
there is a P € P_ with M = PSP~! such that

0(P)P! = —m(MY). (2.14)
Reversely, any M = PSP™' with P satisfying (2.14), is a solution of the strict k[S] -hierarchy
Proof. Since 9;(P7')=—-P19;(P)P~!, we get for M = PSP~! that
0i(M) = [0;(P)Pt, M].

If P satisfies (2.14), then [—m(M"), M] = [C;(S), M] yields the Lax equations for M. Note
that the proof of the sufficiency of equations (2.14) does not require R to be Cauchy solvable
in dimension 1. This we need in the proof of the reverse statement. Assume M = PSP~!
is a solution of the strict k[S]-hierarchy, where P = d~'U, with d € Dy(R)* and U € U_
and we write . The first thing we notice is that 9;(P)P~! + m;(M") commutes with M and
thus P = P~4(9;(P)P~' 4 m;(M))P commutes with S. The element P only has negative
diagonals and Lemma 1.1 implies that Wslt(fD) = 0 and the zero-th diagonal of P commutes

with S. This last fact implies that the zero-th diagonal dy(P) belongs to i;(R) and that lies
in the center of LTy(R). So P~dy(P)P = dy(P) and thus

P gy (0;(P)P™Y + (M) P = myu(P) = 0.
Hence P = 7,(9;(P)P~' + m;(M?)) = 0. On the other hand we have
P =d'0;(U) U d + maup(M?) = d720;(U) U d + d Y gy (L) d = 0,

so that according to Lemma 2.2 £ is a solution of the k[S]-hierarchy. Let do(L’) be the
zero-th diagonal of £’. Then the {dy(L")} satisfy the compatibility relations from Remark 2.1.
A direct computation yields that

do(p> = az<d71)d + go(l) = 60(2) - 0,(d)d*1 = il(ai), with a; € R.
Since there holds for all 4, > 1 and i, > 1 that
0, (03, (d)d ™) = 03,05, (d)d ™" — 0y, (d) B, (d)d ™ = 0y, (0y, (d)d 1),

we get in total that the {a;} satisfy the compatibility conditions in Definition 2.1 and there is an
a € R* such that for all + > 1, 9;(a)a! = a;. Then conjugating S with P, :=i;(a™')d"U
also yields M and there holds 0;(P,)P,"' = —m;(M?) and this concludes the proof of the
claims. O

We call the relations (2.14) the Sato—Wilson equations of the strict k[S] -hierarchy.

Remark 2.2 From the proof of Proposition 2.3 follows that, if P = d~'U € P_,
M = PSP~ and £ = USU™!, then P satisfies the equations (2.14), if and only if £ is a
solution of the k[S]-hierarchy and 0;(d) = do(L")d, for all i > 1. This equivalence we meet
again in the next section, but in a different form.
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3. Wave matrices

Let (R,{0;}) be a setting where one looks for solutions to both hierarchies. The construction
from the homogeneous spaces of solutions of both hierarchies is done by producing special
vectors, called wave matrices, in a suitable LT(R)-module that we briefly recall. We start
with the upper triangular matrix

1 pi(t) pa(t)
0 1 pi(t)

?/10 :djo(t,S) :eXp(ZtZSZ) - 0 1 e
i=1

where ¢ is the short hand notation for {¢; | i > 1} and each p;(t) is a homogeneous polynomial
of degree j in the {t; | i < j}, where every t; has degree i. Note that 1y commutes with S
and satisfies for all 7 > 1, 82 (1) = S%pg. Recall that each 9; was the algebraic substitute on
R for the partial derivative w.r.t. the flow parameter of S*. Therefore we write 9;(¢0) = 5 9 (4hy).
The LTy(R)-module that we need consists of formal products of a perturbation factor from
LTy(R) and vy. The products will be formal, for in order to make sense out of the product
of a matrix from LT(R) and the matrix ¢y as a matrix requires convergence conditions and
we want to give an algebraic description of the module. Consider therefore the space O(S)
consisting of the formal products

{{m }77/}0 {Z mZS’ + Z ST z} @Z)g,mi S DN(R)} . (31)

<0

Addition resp. scalar multiplication are defined on O(S) by adding up the perturbation factors
of two elements resp. by applying the scalar multiplication on the perturbation factor. Some-
thing similar is done with the LTy(R)-module structure: for each h(S) € LTy(R) define

h(S)-{m(S) o == {h(S)m(S) }tbo.

Clearly this makes O(S) into a free LT(R)-module with generator . However, Besides the
LT(R) -action also each 0; acts on O(S) by the formula

Am(S)}vo) = {Z Ou(mi)S* + 3 (ST) M0y (i) + m(S)Si} o.

k<0

Here we impose a Leibnitz rule on the formal product. Finally there is a right hand action of
S on O(S). Since S and 1)y commute, we can define it by

{m(S)}oS = {m(S)S .

Analogous to the terminology in the function case, see e. g. [2], we call the elements of O(S)
oscillating Nx N -matrices. Note that any ¢ = ¢y = h(S)1o with h(S) invertible is a genera-
tor of the free LTN(R)-module O(S). Examples are the choices h(S) € P_ resp. h(S) € U_ in
which case we call 1 an oscillating N x N-matrix of type P_ resp. U_. With the three actions
just defined we can introduce inside LTy(R) two systems of equations leading to solutions of
the two hierarchies.
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For the k[S]-hierarchy, this system looks as follows: consider a U_ -deformation £ of S in
LTx(R) with the set of projections {B;(S) := m(L%)}. The goal is now to find an oscillating
N x N-matrix ¢ = {h(S)}¢y of type U_ such that in O(S) the following set of equations
holds

Ly =S and 0;(¢) = B;(S)y, for all ¢ > 1. (3.2)

Since O(S) is a free LTn(R)-module with generator 1, the first equation £y = ¢S implies
Lh(S) = h(S)S and thus £ = h(S)Sh(S)™'. By Lemma 2.1 this determines h(S) uniquely.
The same argument allows you to translate each 0;(v) = B;(5)v into an identity in LTn(R):

0i(v) = {0i(h(S)) + h(S)S" }o = {0:(h(S)R(S) ™" + L'} = Bi(S)o.

Thus we get that h(S) satisfies the Sato-Wilson equations (2.9) and £ is a solution of the
k[S] -hierarchy. The system (3.2) is called the linearization of the k[S]-hierarchy and ¢ a wave
matriz of the k[S]-hierarchy. Note that 1), is the wave matrix corresponding to the trivial
solution of the k[S]-hierarchy, £ = S.

In the case of the strict k[S]-hierarchy we start with a P_ -deformation M of S together
with the projections {C;(S) := meu(M")}. Now we look for an oscillating N x N-matrix
v = {k(S)}o of type P_ that satisfies in O(S) the following set of equations:

Mp = ¢S and 9;(p) = C;i(S)p, for all i > 1. (3.3)

Also ¢ is a generator of O(S) and again we can translate the equations (3.3) into identities
in LTx(R). Thus the first equation My = ¢S becomes M = k(S)Sk(S)™! and the second
set of equations in (3.3) yields the Sato-Wilson equations (2.14) of the strict k[S]-hierarchy.
In particular, M is a solution of that hierarchy. The system (3.3) is called the linearization
of the strict k[S]-hierarchy and a ¢ satisfying this system a wave matriz of the strict k[S] -
hierarchy. Because the second set of equations in (3.3) is a different form of those in (2.14), the
conditions in Remark 2.2 translate directly to a link between wave matrices of the hierarchies
under consideration.

For both hierarchies, we use in the sequel a milder property that oscillating N x N-matrices
of a certain type have to satisfy, in order to become a wave matrix of that hierarchy. For a
proof, see [1].

Proposition 3.1. Let v = {h(S)}y be an oscillating N x N -matriz of type U_
in O(S) and L = h(S)Sh(S)™! the corresponding potential solution of the k[S]-hierarchy.
Similarly, let ¢ = {k(S)}o be an oscillating N x N -matriz of type P_ in O(S) with potential
solution M = k(S)Sk(S)™" of the strict version.

(a) Assume there exists for each i =1 an element M; € m,(LTN(R)) such that
0i(v) = My
Then each M; = w4 (L) and 1 is a wave matriz for the k[S]-hierarchy.
(b) Suppose there exists for each i > 1 an element N; € mg(LTN(R)) such that
di(p) = Nie.

Then each N; = Tgu (M) and ¢ is a wave matriz for the strict k[S] -hierarchy.
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Remark 3.1. Since you do not meet formal products of lower triangular N x N -matrices
and upper triangular N x N-matrices in real life, the only way to construct wave matrices of
both hierarchies is to give an analytic framework, where you can produce well-defined products
of such matrices. This is done in the next section.

4. The construction of solutions of both hierarchies
All the relevant N x N-matrices that will be produced in the sequel correspond to bounded
operators acting on a separable real or complex Hilbert space. Since £k =R or C, we have on
k anorm |-|:k — Ryg. The Hilbert space we will work with is a space of 1 x N matrices.
Thereto we denote, for each n € N, the row vector with a 1 on the n-th entry and all other

T

entries equal to zero by €(n)*, i. e.

en)t =(--,0,1,0,---).
Consider now the k-linear space of 1 x N matrices

H={> a,é(n)" = (ao,a1,02,-+) | an €k, _ |an|* < o0},

neN neN

which becomes a real or complex Hilbert space w.r.t. the inner product

O ane(m)" D baf(n)") = anby,

neN neN neN

depending of k=R or C. The elements {€(n)” | n € N} form by definition a Hilbert basis in
H. In the sequel we need the subspaces {H;,i € N} of H and their orthogonal complements
Hi- given by
H; = {Z an€(n)’ € H} and H;- = {Z an€(n)’ € HY.
n<t n>1
Any b € B(H), the space of all bounded k -linear maps from H to itself, can be defined w.r.t.
the {¢(n)"} by right multiplication My with an N x N-matrix [b] = (b;;) 1. e.

b(e(j)") = My (E()T) =€) ] = Zbﬁé@')?

This choice implies for all by and by € B(H) that [by o by] = [bo][b1]. The invertible transfor-
mations in B(H) are denoted by GL(H) and its group of matrices by [GL(H)].

Two decompositions of B(H) play a role in the sequel. The first splits a b € B(H) as
b=u_(b) + p,(b), with the corresponding matrices

0 0 0 ... boo bo1 bo2
blO 0 0 ... 0 bll b12
[U_(b)] - b20 b2 1 O e and [p+(b)] - O 0 b22

It gives rise to the decomposition of the Lie algebra B(H) as U_(H) ® Py(H), where

U_(H)={be BH) |b=u_(b)} and Py (H) = {be B(H) | b=p,(b)}. (4.1)
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The second decomposition consists of splitting a b € B(H) as b = p_(b) + uy(b), where
the matrices of both components are given by

bpp O 0 ... 0 bo1 boo
b1 0 b1 1 0 Ce 0 0 b1 2
[p-(b)] = and [uy (0)] =

b20 b21 b22

0 0 O

This leads to the decomposition B(H) =P_(H)®U.(H) of B(H), where
P (H)={beB(H)|b=p_(b)} andU,(H)={be B(H) | b=u,(b)}. (4.2)

Before we present the Lie algebra of the central group G(S:) in this paper, we need some
notations. We denote the space of Hilbert-Schmidt operators from H to H by &s. It is the
two-sided ideal of compact operators in B(H) such that for each A € S,

| A|[5 := trace(A*A) = trace(]A|*) < oo.

Here A* denotes the adjoint of A. In terms of the matrix coefficients (a;;) of [A] the Hilbert-
Schmidt condition is simply
> ayl® < 0. (4.3)
ijeN
The map A — ||A]]2 defines the Hilbert-Schmidt norm on S, with respect to which it is
complete. Consider now the subspace B(S2) of B(H) defined by

B(S;) = {b € B(H) | u-(b) € Sa}.

Consider two elements b; and by in B(S;). Since S is a two-sided ideal in B(H), all U_(H) -
components of u_(by)py(b2), pi(br)u_(by) and u_(by)u_(by) belong to Sy. Hence biby €
B(S;) and thus B(S;) is een algebra. We put on B(S;) a different Banach structure than
the one induced by the operator norm on B(H), namely we take the Banach structure that
is the direct sum of the Hilbert-Schmidt norm on U_(S;) and the operator norm on P, (H).
The group G(S;) will be the elements in B(Ss2) that have an inverse in B(S;) and is an open
subset of B(Sy). Inside B(S;) we have the two Lie subalgebras

U(S2) ={be B(S2) | b=u_(b)}

and Py(H) and B(S,) is equal to their direct sum. To both Lie subalgebras there corresponds
a subgroup of G(S,), respectively

U_(Sy) ={be B(Sy) | b=1d+u_(b)}
and
P.(H) = {p € P,(H) | p invertible ,p~' € P (H)}.
The characterization (4.3) implies that, if we define for each N € N the map py : U_(Ss) —
U_(Sy) by taking the first N + 1 rows of py(u) equal to those of u and the remaining ones
equal to zero, then we have for all u € U_(S;) that
lim py(u) = u. (4.4)

N—oo



330 Gerard F. Helminck, Jeffrey A. Weenink

The product Q(Sy) = U_(S2) Py (H) is called the big cell w.r.t. these subgroups and the splitting
w=u_(w)ps(w), with u_(w) € U_(S;) and py(w) € Py(H), we call the (U_(Ss), Py (H))-
splitting of ©(S;) and u_(w) is the unipotent component of this decomposition. The second
decomposition of B(H) induces also a different splitting of B(S;) in two Lie subalgebras,
namely as P_(Sy) ® U (H), where

P(S2) ={b€ B(S2) [ b=p-(b)}.

To each of these two Lie subalgebras we can associate subgroups of G(S,). For P_(S,) that
will be

P_(Sy) = {p € P_(Sy) | pinvertible ,p~* € P_(Sy)}

and for Uy (H) thatis Uy (H) ={p € Py(H),p =1d+uy(p)}. Let D(H) denote the invertible
diagonal transformations in B(Sy). Then P.(H) = D(H)U.(H) and P_(S;) = U_(S2)D(H)
and thus §2(S2) also equals P_(Ss)Ui(H). We call the splitting w = p_(w)uy(w), with
p_(w) € P_(Sy) and uy(w) € UL (H), the (P-(S2), Uy (H) )-splitting of Q(S;) and p_(w) is
called the parabolic component of this decomposition.

The next step will be the introduction of the group of commuting flows that is relevant
to both hierarchies. This requires some notations. For r > 0, let Dy(r) be the closed disc
around the origin in the complex plane with radius r. As in [4], the space O(Dq(r)) of
holomorphic functions on Dy(r), consists of the direct limit of the O(U) with U an open
subset containing Dy(r). On it we put the topology of uniform convergence and we consider
the closed subspace Oy(Dy(r)) of all f € O(Dy(r)) such that f(0) = 0. Now we can specify
the group I' of commuting flows in GL(H) we will work with. The matrices corresponding to
the transformations in I' are the image of the continuous map from Oy(Doy(1)) to [GL(H)]
built up from the substitution z = S in an f € Oy(Dy(1)) and the exponential map. In
concrete terms, the group of matrices of I' can be described as follows:

] = {[V] = exp(ZtiSi) | Lz il +-e)" < OO} . (4.5)

for some € > 0

Since the matrices in [['] are upper triangular, ' is a subgroup of Py(H) and hence of G(S,).
Therefore I' acts by left translations on G(S;). We need the following result w.r.t. this action:

Proposition 4.1. The action of I' on G(S,) satisfies: for each element g € G(S»)
there exists v € T such that v~'g belongs to the big cell QSy) w.r.t. U_(S;) and Py (H).
The set Oy(Do(1))(g) of all f € Oo(Do(1)) such that [y] = exp(f(S)) satisfies this condition
is a non-zero open part of Oy(Dy(1)) and let T'(g) correspond to its image in T

P r oo f. Because of relation (4.4) it suffices to prove the statement for the elements of
G(8,) that decompose for some N € N w.r.t the splitting H = Hy & Hy as

goo --- 9oN

=)= ("G00 0) a0 = | s | eGLva®
gNo .-+ 9NN
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IgN+1,N+1 --- .-  GNN+k
0 ) : .
and g(1,1) = : : _ | invertible,

0 oo 0 gNtR N4

since elements of this form are dense in G(S:). The matrix of each element v € T' we split
w.r.t. the same decomposition of H :

I po ... pN
] = (PYN%)’O) 35(1): 3) , with vx(0,0) = O 1 -
0 0 1

Then the matrix of the operator v~ !¢ has the form

gl = (YOO ),

0 9(1,1)7(1,1)
where = = —g(0,0)yn(0,0)"1y(0,1)y(1,1)~" + ¢(0,1)v(1,1)~!. Hence, if we find a vector
ty = {t1,-- ,ty} such that g(0,0)yx(0, ) po(tn)uo(ty) with po(fy) an invertible upper
triangular N + 1 x N + 1 -matrix and uo( ) unipotent lower triangular matrix of the same

size, then we have

gl = (p“fN) 9(1,1;(1,1)—1) (UO%?N) ISN)

and this is the decomposition we are looking for. Clearly, in order that we have the desired
splitting of [g][y]~" the condition

—

9(0,0)7(0,0)™" = po(tx)uo(fy)

for the vector tx is also necessary and by taking the inverse, one sees that it is equivalent
to finding a £y for 7(0,0)h, where h = g(0,0)~! = (h;;), such that 7(0,0)h = u(ty)p(ty)
with p(fy) an invertible upper triangular N + 1 x N + 1-matrix and wu(fy) a unipotent
lower triangular one. We will show by induction on N that there are N nonzero polynomials
{q1,--- ,qn} such that for all ty in the complement of the union of the zero-sets of all the
{¢:} one has the decomposition yx(0,0)h = u(ty)p(ty). For N =0, the matrix [¢] is upper
triangular and the desired decomposition holds for all Zy. Now we take N > 1, we split off
the first row of y5(0,0) as follows:

hoo -+ hon
1 0 ...... 0 1 pl .. .pN ., .’
— : .. . 4.

No - hyw

and we focus for the moment on the product of the last two matrices. Since the first column of A
is nonzero, the polynomial gy := h070+Z]kV:1 hiopr is nonzero. Now we work on the complement
of the zero-set of qn, so gy is invertible. Define for all ,0 < ¢ < N, the polynomials
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iLo,Z‘ = ho; + Zszl hi,ipr. Note that 5070 = qn. Then the product of the last two matrices
in (4.6) is equal to

R R 1 o --- - 0 . R

hoo -+ - hon e 10 e hoo -+ e how

h/N,O h/N71 oo hN7N ,.,E E a 1 0 ]A?/Nl “ e BNN
hyo 0 -+ 0 1 ’ ’

where each izm = hk,oq](,l and all fllk with ¢ > 1 and k& > 1 are defined by ilzk = R, — ﬁioflok.
Next we push the top row of the right matrix to the right

iLo,o ilo,N 1 0 --- 0

0 hig - hiy 0 hig -+ hiy hoo- - hon
S E T ( 0 Idy )
0 hxi -+ hyy 0 hyy - ]AlN,N

The matrix (ho(,)o ' 'igo’N) at the right has determinant ﬁop = qy # 0 and will be part of
N

p(tn). Next we move the matrix (1 0 0) in the product (4.6) to the right by using
0 x-1(0,0)
1 0 0
hig 1 0 -0 .-
(1 O:vvvve 0) : 0 1 0 ... _<1 0)(1 O:vvvvn 0)
0 7N_1(0, 0) . zZ IdN 0 'YN—I(O, 0) ’
: .1 0
hno O -+ 0 1

-

where Z is the column of length N equal to yy_1(0,0)h with (h)” = (h19,--- ,hno). The

1 -
matrix (2 I((i) ) will be part of w(ty). Thus we have reduced the case to the product
N

1 0 - 0
1 0eeeen. 0 hiv - hin
(0 n-1(0, 0)) S
0 ilN,l e ilN,N

where the matrix at the right has determinant qg,l # 0. The induction hypothesis gives us then
the nonzero polynomials {q, -+, gy} so that on the complement of all their zeros we have the
desired decomposition. This proves the claim in the proposition. O

Now we will construct for each g € G(S2) a solution of the k[S]-hierarchy and the strict
k[S] -hierarchy. The appropriate setting in both cases is the algebra

R(g) = C*(Oo(Do(1))(9), k), (4.7)
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with the derivations 0; = %,i > 1. We start with the construction of the solutions of the

k[S] -hierarchy. Then we have by definition for all v € I'(g) that

v g =u_(g9,7)p+(9,7)" (4.8)

and thus on the matrix level

(9l = p+(g, )] u=(g.7)].

Note that all matrix coefficients of [u_(g,v)] and [p4(g,7)] belong to R(g), since the map
(u_,p;) — u_p;' is a diffeomorphism between U_(Sy) x Py (H) and (S;). The equation
(4.8) leads to the following identity

V(g) == [u_(g,7D] = [p+(9,7)]lg]- (4.9)

Clearly ¥(g) is an oscillating matrix in O(S) for which the products between the different
factors are real. To show that W(g) is a wave matrix for the k[S] hierarchy it suffices to prove
the property in Proposition 3.1. Thereto we compute for all ¢ > 1, the matrix 9;(¥(g))¥(g)~"
using both the left and the right hand side of expression (4.9). We start with the right hand
side. Since for all i > 1, 9([g]) =0, we get

0:(¥(9)¥(g)~" = 9([p+(g, )P+ (9.7

Now the matrix 9;([p+(g,7)])[P+(g,7)]™" is of the form }°, _(d,.S" with all d, € Dy(R). Next
we use the left hand side of (4.9) to compute 9;(¥(g))¥(g)~'. This yields

In this formula expression 9;([u_(g,7)])[u_(g,v)]"' possesses only negative diagonals and
[u_(g,7)]S*lu_(g,7)]™" has the form

i v.S" + Z(ST)_’”UT,
r=0

r<0

with all v, € Dy(R) and v; = Id. Combining this with the expression found for the right hand
side gives for all ¢ > 1

0.((g)) = (3" 05U (g) = Brugyy ¥g).

Thus ¥(g) satisfies the conditions in part (a) of Proposition 3.1 and hence it is a wave matrix of
the k[S]-hierarchy. In other words, W(g) is a solution of the linearization of the k[S]-hierarchy.
The corresponding solution £, of the k[S]-hierarchy is

Ly = lu-(g,7)]S[u-(g,7)]" (4.10)
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Note that, since the factor p;(g,7)~' plays no role at the construction of £,, multiplying ¢
from the right with an element of P, (H) does not affect the solution L,.

Secondly, we present for a g € G(S2) the construction of the solution of the strict k[S]-
hierarchy. We proceed similarly, but now we use the ( P_(Ss), Uy (H) )-splitting of Q(Sy). By
definition we have for all v € I'(g) that

v lg=p-_(9.7)ui(g,7)"" (4.11)

and thus on the matrix level

9]V = [ar(g,9)] p-(9.7)]-

Note that all matrix coefficients of [p_(g,v)] and [uy(g,7)] belong to R(g), since the map
(p_,u;) — p_ui' is a diffeomorphism between P_(Sy) x Uy (H) and (S;). The equation
(4.11) leads to the following identity

®(g) = [p-(9,7[v] = [us(g,7)]lg]- (4.12)

Clearly ®(g) is an oscillating matrix in O(S) for which the products between the different
factors are real. The idea is again to show that ®(g) is a wave matrix for the strict k[S]-
hierarchy and that is done by proving property (b) in Proposition 3.1. Thereto we compute for
all 4 > 1, the matrix 9;(®(g))®(g)~"' using both the left and the right hand side of expression
(4.12). We start with the right hand side. Again all the 0;([g]) are zero, hence

0;(®(9))®(g9)~" = di([ur(g, ] [uglg, )]

The matrix 9;([us(g,7)])[ur(g,7)]"" has only strict positive diagonals. Thus 9;(®(g))®(g)~*
is equal to a matrix of the form } _, u,S" with all u, € Dy(R). Next we use the left hand
side of (4.12) to compute 9;(®(g))®(g)~" once more. This yields

g+ = (g, MNP (g, 1))

= 0i([p-(g,VNIP-(g, 1] " + [P-(9,7)]S [P~ (g, 7)] .

&
iy
2
=
P

|

I

k>
l?
l?

In this formula expression 9;([p_(g,7)])[P—(g,7)]™" does not possess any strict positive diago-
nals and the matrix [p_(g,7)]S'[p_(g,7)]"" has the form

i: v ST+ (ST)
r=0 r<0

with all v, € Dy(R) and v; € Dy(R)*. Combining this with the first expression found yields
forall i >1

0:(2(g)) = (O v:S")2(g) = Cia(®(9)-
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Thus ®(g) satisfies the conditions in part (b) of Proposition 3.1 and hence is a wave matrix of
the strict k[S]-hierarchy. The corresponding solution M, of the strict k[S]-hierarchy is

M,y = [p-(g,7))8[p-(9,7)] 7" (4.13)

Also here the factor uy(g,v)™' plays no role at the construction of M,. Hence, multiplying ¢
from the right with an element of U, (H) does not affect the solution M,. For completeness
we resume the foregoing results in a

Theorem 4.1. Let g be an element in the group G(Sz).

(a) For any ~ in T(g) let u_(g,7) be the unipotent component of ~ 'g in the
(U_(8s), Py (H)) -splitting of Q(Ss). Let the oscillating matriz V(g) € O(S) be defined
by formula (4.9). Then V(g) satisfies the linearization of the k[S]-hierarchy w.r.t. the
matriz L, defined by formula (4.10). The solution L, of the k[S]-hierarchy satisfies for
all g € G(S3) and all p € PL(H) that L, = Ly,.

(b) For any ~ 1in T(g) let p_(g,7) be the parabolic component of ~~lg in the
(P_(S3), U, (H)) -splitting of Q(Ss2) . Let the oscillating matriz ®(g) € O(S) be defined
by formula (4.12). Then ®(g) satisfies the linearization of the k[S]-hierarchy w.r.t. the
matriz My defined by formula (4.13). The solution M, of the k[S]-hierarchy satisfies
for all g € G(S2) and all we UL(H) that My = My,.

Remark 4.1. The manifolds G(S;)/P.(H) and G(S2)/U,(H) are the analogues for
the k[S]-hierarchy and its strict version of the Grassmann manifold Gr( H ) and its cover, the
flag variety Fi, used in [5] resp. [6] to construct solutions of KP resp. strict KP.
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