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Anropurm EBkiupa, nenubie 1pobu, dmcia
PdubonaTIn 1 KBaIPUPOBAHNE MTPAMOYTOJILHIKOB

C.Bb. l'amxkos

1. Anroput™M EBKINIA U KBAIPUPOBAHUE IPAMOYI'OJbHUKOB

CBoU 3HAMEHUTHIN AITOPUTM EBKIU NPUAYyMaJ IS PEIEeHUus 3a[a9U O
comsMepuMOCTH ABYX oTpeskoBl). OGmell Mepoil OTPe3KoB ¢ AIuHaMH 1 1 I
HA3BIBAETCA TAKOU OTPE3OK MIUHBI [, KOTOPBIM MOXHO YJIOXUTEL 6€3 OCTATKA
KaK B IepBOM OTpe3ke (04eBuAHO, poBHO [1/l pa3), Tak u BO BropoM (COOT-
BeTCTBEHHO lo /] pa3).

Kaxk m3BecTHO, aIropuT™ 3aKI09aeTCI B CIeayomeM. MeHbmmi 0Tpe3ok
(mmuebL l9) ykaansiBaeTcsa B GoabiieM (AAUHBL []) MAKCUMATLHO BO3MOXKHOE
YUCI0, CKAXKEM G1, Pa3, MOCJAE FIero OCTACTCA OTPE30K MIWHEBL [; — a1ly, KO-
TOPYIO 0603HAaIMM [3 (Ha aareGpamvIecKOM A3BIKE DTO HA3BIBAETCA NEJCHUEM
¢ ocratkom). OTPE30K 3 yKIAABIBAETCS, CKAXKEM, G2 Pa3 B OTPE3Ke lo, U TI0-
JydaeTca B OCTATKe OTpe3oK ly. [loroMm oTpesok [y ykiIambiBaeTCsA a3 pa3 B
OTpe3Ke [3, ¥ mOJIy<IaeTCsa B OCTATKE OTPE3OK [5 U T. 1.

Kcraru, cam EBkaug vHAYKIIUIO HE TPOBOAWI, & IOBTOPIII LIAT AJATOPATMA
TPH pasa, # MbI TOXE MOCIEAYEM eMy B 3TOM. PaboTy aaropuTM 3aKaHIABAET
Ha TOM IIare, CKaXeMm ¢ HOMePOM k, KOr'[[a, Oy YeHHBIN HA MPEABIAYIIEM IIare
OTPe30K [f 41 YKIAABIBACTCA Ha OTPe3Ke I poBHO ap = li/l4+1 pa3. Torga B
KadecTBe o0mern Mepsl [ oTpe3koB [y u [y 6epeTcs OTpe3soK k1.

B coBpemenHOV TepMMHOMOrMM AJAUHY OTPE3KA lg+] — OOLEH MEPHI OT-
peskoB [ u [y — HaseBaroT HamboabmmM o6muM geaurerem (HO/M) [y u ly u
o6ozunagaior (I1,[s).

O6o3uasum e(m,n) TUCI0 WAros aaropurMa EBKIMAa, TPUMEHEHHOTO K
HATYPAJIHHBIM TUCIAM 711, ¥ 7. SICHO,9TO BBeIEeHHAA (DPYHKIUA CHMMETPUIHA,
T.€. HC MEHACTCA IIPU IIEPpECTAaHOBKE CBOUX aPr'yMCHTOB, U 3aBUCHUT TOJBKO
OT OTHOLIEHUA 1M /N

YCam ou csoit MeTO[ alr'OPUTMOM KOHEYHO He Ha3bIBaJI, TEPMUH 3TOT CTAJ MOMYJIAPEH
B HAallleM BEKEe U IPOMCXOJUT OT UCKaXeHWs uMeHu Aub XOpe3Mu — XKUBLIEO TBHICATY JeT
Ha3a[ B XOpe3Me BBIAAOIIEr0CA MATEMATHKa, Ha3BAHUE OTHON U3 KHUT KOTOPOrO JaJ0 UM
IeJOMy pa3felry MaTeMaTHUKH — aarebpe.

MaTemaTu4eckoe npocsewenne, cep. 3, sbin. 6, 2002(93-115)
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Anropurm Epkanga — ogun u3 Hambodee 9aCTO yOOTPEOAAEMEIX B MATE-
maTuke u aidas napopmanus 0 GyHKnuu e(m,n), ONeHUBAIMWEN CKOPOCTH
ero paboTsl, maTEepecHa. O 1HAKO, HECMOTPA HA MIPOCTOTY ONPEIeJeHu, (PYH-
kuusa e(m,n) BegeT cebs O9YeHb HEPEryJSAPHO U C TPYAOM IOAAACTCA UCCIe-
noBanuio. Jlo cux mop HamboJee M3BECTHBIM PE3yJbTATOM O HEH OCTaeTCA
HAlJeHHA B 1epBOi moaoBuEe 19-T0 Beka?) onenka

e(m,n) < [logy(VB(max(m,n) +1/2))] — 1,

rae ¢ = (V5 + 1)/2 — max HasmiBaeMoe 30J0TOE ceveHue, a |a| — meras
9aCcTh 9MCIa ¢. [lpyruMu croBaMu, 9ucio geneHun B aaropurMme EBkiawma Ha-
XOX IeHUs (M, n) He IPEBOCXOJUT

log, (\/g(max (m,n)+1/2))| — 1,

[OPUYIEM OLIEHKA TOYHAS, B 9€M MBI CKOPO yOeammcs.

Pabory aaropmrma EBkimma MOXHO OpencTaBUTh TAKXKE CIEAYIOMIAM
06pa3oM: B IPAMOYTOIBHUK pasMepa [1 X lo YKIALBIBAEM (1 KBAJIPATOB pPa3-
Mepa s X lo, B OCTABIIMUCA TPAMOYTOJBHUK pasMepa, [y X 3 yKIAIBIBAEM a9
KBaIpaTOB pa3mepa l3 X [3 u T. 1., TOKa HE MOKPOEM IPAMOYTOIBHAK PAa3Mepa,
Iy x lo xBagpaTamu k pasHBIX pa3sMepoB B OOIIEM KOJIUYIECTBE a1 + ... + ak
ITYK.

O6o3uaaum F(m,n) HaMMeHbIIEE TUCIO0 KBAAPATOB B MOLYyIEHHOM C IO-
MOUIBI0 aIropuTMa EBKINIA HOKDPHITHN IPAMOYTOIBHUKA PAa3MeEpa m X Nn.

B gomonuenue K BepxHeU omeHKe GyHKIuuU e(m,n) garee OygeT JOKa3aHA

TaKXke MBOUCTBEHHAA K HEM B HEKOTOPOM CMBICJE HUXKHAA ONEHKA (DYyHKIIAH
E(m,n)

E(m,n) > |log,(V5(max(m,n) — 1/2))],

CIpaBeqIuBas IPU JOOBIX B3AMMHO IPOCTHIX M, N. Byner mokazaHo Takxe,
9TO YKA3aHHAA OIEHKA TOTHASA, T.€. OHA HOCTUrAETCA A OCCKOHEIHO MHO-
TUX M, N.

Bompoc o ee mocTmxUMOCTEH XOTA OBI MO HOPAAKY IS IPOU3BOIBLHOTO
3HaveHna max(m,n) He aceH. Bam3ko K 3TOMy BOIPOCY CTOUT MOCTABIEHHASL
H. M. Kopo6ossim® npobaema o CYLUIECTBOBAHUU [ JIOOOr0 N TaKOU IIpa-
BUILHOU APO6H M /m, 9TO B €€ Pa3lIOKEHUU B LENHYI0 APOOHL BCE DIEMEHTHI
OyyT OrDAHUYEHBI, U TOL/A

E(m,n) < Clogn, e(m,n) < clogn,

rae ¢, C' — HEKOTOpbIe KOHCTAHTHI.

D UspecTHEIM dpaHIy3cKIM MaTeMaTHKOM Jlame.
3B mpouwtom mo6eurerem mepsoil MOCKOBCKOM MAaTeMATHIECKON OIMMIINA 5L, HBIHE H3-
BECTHBIM CIIEIHUATACTOM II0 TEOPUU IUCEI U BEIMACIUTEILHON MATEMATHUKE.
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Ecau camraTh mempio aaropurMma EBKIMA MOKPBITHE MPAMOYTOJLHUKA
KBaIPATAMU, TO OH AEUCTBYET KAK «XKaTHBIN a,JI]T‘OpI/ITM»4)! HA KaXOM LIare
[IOMEUIAET B IIPAMOYTOJBHUK HA CBOOOMHOE MECTO KBAIPAT MAKCUMAJIbHBIX
pasmepoB. Ha mepBbIN B3IUIAL KaXeTCA, 9TO OH CTPOUT MUHUMAJIBHOE II0 -
CIIy MCIOAB3YEMBIX KBAAPATOB MOKpbITHE. OMHAKO DTO HE TAK U B 3TOM MbI
ckopo ybeammcs. [losromy umeer cmbica 06o3uauTs K (m,n) HamMeHbLIEE
YUCIO0 KBAAPATOB B MOKPBITAU HPAMOYTOJIBHUKA PasMepa m X 7 U PacCMO-
TPeTh 33429y O BHIYUCICHUM S>TOU BEIUMIMHBI. B 00meM ciydae OHa OKa3bIBa-
€TCA YPE3BBIYANHO TPYIHOU.

3AA4A 1. okaxwure, aro K(5,6) =5, E(5,6) = 6.

BosHukaeT BOIpOC: a MoveMy MbI MPEAIIONAraeM, 9TO 1M, N — HATYPATIb-
HbIE, MOXET OBITh UMEET CMBICA TAaKXKe PACCMOTPETh 3a4ady O pa3OueHun Ha
KBaJpPAThl MPAMOYTOILHUKOB U C HecOm3MepuMbIMu cTopoHaMu? OTBeT Ha
DTOT BONPOC AaeT AoKaszaHHad B Hadase 20-r0 Beka U3BECTHHIM HEMEIKUM
maTemaTukoM M. [[eHOM Teopema O TOM, 9TO €Cau MPAMOYTOJbLHUK pa3pe-
3aH IIPOU3BOALHLIM 06pa30M Ha KBAJAPATHI, TO €r0 CTOPOHBI COM3MEPUMEIL CO
CTOPOHAMH BCEX DTHUX KBAAPATOB U APYT C APYTOM.

PaccmoTpuM Tenmeps Caeayommi KaacC MOKPHITAU (B APYrOM TEPMUHO-
JIoruu — pa3sOMeHuy WU Pa3pE3aH’ui) HPIMOYLOIbHUKA. PaspexeM mpsamo-
YTOMIbHUK Ha [Ba IPAMOYTOIbHUKA, MOTOM KAKOU-HUOYIb U3 HUX paspexeM
HA [Ba NMPAMOYTOJBHUKA M TAK JajJee 0 TeX IOP, IOKa He MOLy<duM pas3Ou-
€HMEe MCXOJHOr0 MPAMOYTOJIbHMKA Ha KBaApaThl. Takue pazOmeHus Ha30BEM
PUILOTUHHBIMY Pa30UeHUAMY (MOKPBITUAME) U 0003HAYUM MUHAMAJIBLHOE “IH-
CJIO0 KBAJAPATOB B TAKOM Da3OMeHuu mpAMOyroabHuKa m X n aepes H(m,n).

Jlerko mpoBepuTH,9TO BCE BBEAEHHBIE (DYHKIIUY CUMMETPUIHBL U 3ABUCAT
TOIBKO OT OTHOLICHUS M /T, HOPTOMY jajtee MbI OyeM MPEANoIaraTb, ITO
™M ¥ 7 B3AMMHO IIPOCTHIL, T.€. HE UMEIOT OOIIEro AeIUTeNsd, OTIAIHOrO OT 1.
Manee OygeT mMOKa3aHO, YTO BO3MOXHBI HepaBeHcTBa K(m,n) < H(m,n) u
H(m,n) < E(m,n).

Mur Bepuemcs k pyukumam K(m,n) u H(m,n) mo3gree, a cendac moka-
xeM, Kak Gbysxuun F(m,n) u e(m,n) CBA3aHBI ¢ BAXHBIM HOHATHEM I[EITHOU
npobn.

2. AjgrorutM EBKJUIA U IEIHBIE IPOBMU.

[MousTre menHOM APOOU OAHO U3 BAXKHEUIINX B MATEMATHUKE, €My MOCBI-
mensl neasle kauru (Hanpumep «lemnbie apo6my A. . Xunumna) u MHOrUMe
cratbu B xypHanae «Kpanry (manpumep E. M. Hukummna u FO. B. Hecreperko

Y TepMun @KaIHBI AICOPUTM» YIOTPEGIACTCA B CEPHE3HOM CMBICIE A OGO3HATCHIA
MoJOOHOTO TUIIA AITOPUTMOB.
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B Ne5,6 3a 1983 r.). Janee MBI pacckaxeM O HEKOTOPHIX MAJIOU3BECTHHIX 3a-
[adax, CBA3AHHBIX C HEMHbBIME APOOAMEU u auciamu Pubonadam (0 HUX TOXKE
manucanbl kauru, Hanpumep H.H. BopobreBriM, kO0TOpas Tak m HaA3bIBAET-
ca1 — «Hucaa Pubonawamy).

3aMeTuM, 9TO €CIU B MPOLECCe MPUMEHEHU airopurMa EBkimga K 4u-
craM [ u lg B pe3yIpTaTe NOCIe[OBATENBHBIX IEICHUAN C OCTATKOM IOy Ia€TCsA
HOCJAEA0BATEILHOCTD YaCTHBIX G, . . ., 0k, TO APOOL 1 /Iy paBHA Tak HA3BIBa-
€MOU LEmHOU Apobu

oot —
ag

OTO JErKo [O0KAa3aTh, IPOBEPAS MOCIEI0BATENHHO, ITO

l; 1
i =a; +

a1 +

i=k,... 1.
lit1
1

ag

[TosTOoMy sICHO, 9TO MPOU3BONBHYIO (KAK MPABUIBHYIO, TAK ¥ HEIPABUILHYIO)
MOJOXUTEIHHYI0 APOOh MOXHO IPEICTABATEH B BUE IEIMHON APOOU C HATY-
PATBHBIMU JJEMEHTAMHU @

ot —
ag

rae BO3MOXHO a1 = (. 3ammch Yucia B BUJE IEMHOU APOOU HEOMTHO3HAYTHA,
TaK KaK

1 1
ak (ap — 1)+ %
Yrobbl cuenaTh ee OMHO3HATHOW, NaJee UCIOIB3YEeM TOJLKO 3AMUCH, B KOTO-
pOU mocaeqHuM daeMeHT ai 7 1. BymeMm mcnonas3oBaTh TaKXKe COKPAIIEHHYIO
3AIUCh MEHON 1poou:

1 1 1
ot ot Tar
C oObsBieHrEM ONHO3HAYHOCTU 3AIUCU YUCAA B BUAE IMEOHOU APOOU MBI MO-
TOPOIMUINCH, TAK KAK MOXHO PACCMATPUBATD IEMHBIE TPOOU C HEIETBIMY DI~
MenTamu. Ho s npo6ent ¢ HATYpaJbHBIME DIEMEHTAMH 3TO BepHO. /lencTBu-
TEIbHO, U3 PABEHCTBA

a1+

I 1
— = qQ -
I 1+ I
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CIeLyeT, 9TO 4] PABHO LeJou JacTu npobu [ /ly, Tak Kak gpobb

1
o+ —
2+ 1
et —
ay
OYEBUTHO MeHbINE 1, ¥ MO3TOMY OIpeRenseTcss OJHO3HATHO, OTKYAa CIEAYET,
49T0 U APOOb

a2 +
a3 + — 1
ak,
ONIPENEeNACTCA ONHO3HATHO, 3HAYUT AHAJOTHIHBLIM OO6PA30M MOJIYdaeM, ITO
DIEMEHT G ONIPENEeNAeTCA ONHO3HATHO, U T. I.

[Tosromy must MI0060H HOIOKUTEILHOU APOOU T = M /M ¢ HATYPAIbHBIMU
YUCIATENEM U 3HAMEHATEIEM OJHO3HAYHO OIIPEIeIeHA KAK BEICOTA (IHUCIO HTa-
xen) e(r) Tak u cymma snemerToB F(r) mzobpaxaromen ee nenHou gpobu ¢
HATYPaJbHBIMU 3JIECMECHTAMMU. HCHO, ITO YKA3aHHBIC BCJIWIUHBI COBIIAAAXOT C
BBEe/[CHHbIMU paHee ¢pyHKumamu e(m,n), E(m,n).

Pasymeercs, arropurm EBkiauma 3akamauBaeT paboTy He BCErna, a JUIIb
KOr'4a OTpe3Ku I u lp comsmMepumsl, TO ecTh Korjga orHowenue [ /lp — pa-
[IOHAJIBHOE YUCJIO X TOJBKO B DTOM CIyIae COOTBETCTBYIOMIAA LEMHAA APOOD
OymeT KoHedHOU. Kciam X)e ymoMsaHyTOe OTHOIIEHUEe WPPANUOHAIBLHO, HAIIPHU-
Mep oTHouIeHre OKOBOU CTOPOHBI PABHOOEIPEHHOIO TPEYTOABHUKA C YIVIOM
72 rpagyca mpu OCHOBAHUY K DTOMY OCHOBAHUIO, TO ajtroputm EBkiumga Oymer
paboTaTb 6€CKOHETHO U MOPOAUT OECKOHETHYIO IEMHYI0 APp00hb, B pacCMaTpHU-
BAEMOM CIydae BeCbMa 3aMeTATEeAbHYIO

1
1+

1+

1
1+...

3AJAYA 2. Hagure reoMeTpudecKu, 9eMy PaBHO OTHOIICHHE GOKOBOU
CTOPOHBI K OCHOBAHWIO B YIIOMMWHABIICMCSA BBIIIE TPEYT'OJBHUKE U MTOKAXKUTE
€ro UPPALMOHAIBHOCTD, HE MOIB3YICh aIropuTMoM EBkiauaa.

Ms1 He OygeM KacaThbCs 34€Ch BOIPOCA O CXOAUMOCTHA OE€CKOHEYHBIX I[EIl-
HBIX ,qpoﬁeﬁ5), HO BCe Xe 3aMeTHM, ITO B paCCMaTPUBAEMOM CIydae 3Ta Apo0b
paBHA MpeNery MOCAeJOBATEIbHOCTY KOHEYHBIX MEIHbIX AP0o6en

1 1
71 9 sy ]. + 1 )
14+ —— 14+...4+ =

11 1
t1

1
1, 1+%, 1+——) 1+

11
t1

%) Cm. 06 2TOM, HAIpUMEp, YIOMUHABLIYIOCA KHKKY A. . Xunuuna.



98 C. B. I'amukoB

TaKXke BEeChbMa 3aMeYaATEeNbHBIX. Ecaum 0603HAYMUTE 1-10 ApOOh B 3TOU MOCTe-
IOBATEIBHOCTH Uepe3 ¢, u mpeobpa3oBaTh €€ OT N-ITAXKHOIO BUAA K OOBIK-
HOBEHHOMY, TO Hoiay4dum Apobs G, /F, = ¢,. CpaBausas cocegrue apobu,
3aMevaeM, ITO
1
n:1+¢ s Fpn=Gp_1, Gy =Fy 1+ Gp_1.

n—1

Ilocnenuee cooTHOUEHWE MOXHO Impeobpa3oBaTh K Buxy Fii1 = F_1 + F,
¥ 3aMETUTh, 9TO ¢, = Fpy1/F),.

3. HucaAa ®OUBOHAYYU

[MocregoBarensuocts {F),}, onpegenennas pasencrsamu Fy = 0, F; = 1,
F,=F, 1+F, o,n=2,3,..., — 5TO U €CTb 3HAMEHUTAA IOCJIEJOBATEIb-
nocrs Pubonaaan®).

O6o3Ha9as npegen NoCAe0BATEILHOCTH Py 9€Pe3 ¢ U MePEXOMs K PEAeLy
B 000UX 9aCTAX PABEHCTBA

1

¢n—1 ’

d)n =1+
MOJLy9aeM yYPaBHEHHUE
1
g )
Yy KOTOPOr'O Ha POJIb ¢ FOAUTCA TOJILKO MOMOXUTEIbLHEI KOPEHb

$=(V5+1)/2

p=1+

— 30JI0TO€ Ce'IeHue. 7)

Cpenu orpomuoro wuciaa pakTos 0 anciax PuboHawIn HAM TOHAJOOATCA
TOJABKO TPU, KOTOPHIE MbI CEUYAC U rl(OKa,)KeM.s) Heckonbko yTBEpX HeHun,
KOTOpHIe He OyyT UCIOIb30BATHCA fajee, MBI IpuBegeM 6e3 10Ka3aTelbCTBa
B BHJe 3a/4a, B TOM 4ucjie u 000CHOBaHUE IIPOBEJEHHOI'O BHIIIE IIPEAeIbHOIO
rnepexoza.

JIEMMA 1. Jas uuces Pubonauuu cnpasedausbl MorcIecmaso

Fn+m:Fan+1+mean

% Ona mossurace B 13 Bexe B kaure Jleomap 1o IImsamckoro, mo nposBuiry Pubonau4u, B
3ajade, B KOTOPOU IILIa PedYb O PA3MHOXEHUN KDPOIUKOB.

7O PO 5TOro 9MCIA B MATEMATHKE I B HCKYCCTBE CM., HAIIPEMED, 3aMeTaTeIbHbIe KHIIY
[O.1Iuno «'eomerpusa u uckyccrBo» u kuury ['. Kokcerepa «BBenenue B reoMeTpuion.

®) loka3aTeIbCTBA MEPBEIX ABYX (AKTOB, TAKKE KAK ¥ PEIICHHA GOJBIIMHCTBA CIELy-
OIUX Aajgee 3a4ad, MOXHO Hautu B ynomumHasmencs kaure H.H.BopoGvesa, a Tperun
dbaxT — B BRHmEquen B cepuu «Bubamoreuka Keanrar xaure P. Xoncbeprepa «3agadm ¢
M3IOMUHKOW .
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U HEPABEHCINBO

Fn+m < Fn+1Fm+1 < Fn+m+17
8 KOMOPOM AEB0E HEPABEHCMBO 00pawaemcs 8 pasencmeo npu m = 1 uau
n =1, a npasoe — npu m =0 uau n = 0.

JloKa3aTeIbCTBO TOXK AECTBA MPOBEIEM UHIYKIUEN 0 M. Ba3a uHIyKIun
npu m = 1,2 04eBUAHO CIPABEJINBA, & A BBINOJIHEHWUA WIAra WHIYKINQ
ITOCTATOYHO IPOBEPUTH PABEHCTBO
Fn+m+1 = Fn+m + Fn-l—m—l = (Fan+1+Fm—1Fn) + (Fm—an+1+Fm—2Fn) =

= (Fm + Fm—l)Fn—l—l + (Fm—l + Fm—2)Fn = m+1Fn+1 + Fin By
HepaBeHCTBO crenyeT U3 TOXAECTBa TaK KaK
Fn+m+1 = Fm+1Fn+1 + Fin P,
Fn+m = Fan—l—l + Fi—1Fp < Fan+1 + Fm—an+1 = Fn+1Fm+1-

Caenyromas JeMMa, JOBOJIBHO yAWBUTEABHA: B HEU [EIO€ TUCIO BHIPAXKA-
eTcd 1epe3 UppalroHaIbLHOE.

JIEMMA 2. Cnpasedausa $opmyaa Bune?)
_ = (=9)™"
F, = NG .

Jloka3aTeabCTBO TAKXKe MPOBEAEM M0 MHAYKIWH. Ba3a MHAYKIUA OIPUA N =
= 0,1 o4eBUIHO CIIPaBEIINBA, TAK KaK

1+v5 1—+5
p—(-¢)' T T3 _1
V5 V5 ’
a I,ZUI}I BBIIIOJIHEHU A LIar'a I/IHrl(yKHI/II/I }IOCT&TO‘IHO HpOBepI/ITb paBeHCTBa

¢2 :¢+17 (_¢)72 = (_¢)71+17

"3 HUX BBIBECTU IMOWICHHBIM yMHOXECHUEM DABCHCTBA

P =g g (<) = () T ()

u 3aMETHUTDH, ITO TOr'ga

il ) NNl o) N )
NG NG NG '

JIEMMA 3. Hepasencmso F,, < m cnpasedauso mozada u moavko mozda,
Ko2da

Fn+1:Fn+Fn—1:

n < [log, (V(m + 1/2))).

Hepasencmeo F,, > m cnpasedauso mozada u moavko mozda, ko2da
n > [log, (V5(m —1/2))] + 1.

) Bune — ¢dpannysckun maremMaTuk 19 Bexa.
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[1a moxasaTelbCcTBa HepeluieM HepaBeHCTBO Fj, < m ¢ moMompio Gop-
myasl Bune B Buge

" —(=p)"

\/5 g m?
9TO PaBHOCUJIBLHO HEPABEHCTBY
n o\ 1
% <m—+ ( j;)g <m —+ 5 s
TaK KaK eciau
9" 1
NG <m-+ 5
TO
" —(=¢)"" 1 (="
F,=—""—<m+=-- <m+1
u 3uaquT F, < m. HepasencTso
P" 1
—=<m+
V5 2
PaBHOCHIBHO

n < log, (V5(m +1/2)),
4 3HAYAT U HEPABEHCTBY

n < [log, (VB(m +1/2))],

Tax Kak logy (v/5(m +1/2)) He MOXeT GBITH TEMBIM THCIOM, BEIb B MPOTHB-
HOM CIIydae

oF 1
\/g—m-kz,
OTKYIa
¢* —(—¢) " 1 (—¢) "
Fp=—F""—=m+-—"—""——=m+4+a, 0<a<l
k \/5 2 \/5 ) )
9To HeBOBMO}KHO, TaK KaK Fk — LOEeJ0€ ImCJIO.

Bropoe yTBepXgeHUE JeMMBI OYEBAIHO PABHOCUILHO IIEPBOMY.

OTMeTI/IM7 9TO U3 JEMMBI 3 BBITEKAET, ITO IIOCJIAECOOBATEIbHOCTD

®(m) = [log, (V5(m +1/2))]

o6paTHa K nocaegoBaTerbHOCTH PuboHawam F), B TOM CMBICTE, ITO
O(F,) = n.

3A71A49A 3. posepsre, uto F, — Grumxapuee neroe x aucay ¢"/+/5
SAIAYA 4. [lokaxure, 9TO

Fm-l—an - Fan+1 = (_1)an—m-
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JIEMMA 4. Cnpagedausbr moaxcdecmea
Fn—l/Fn + Fn—l/Fn—l—l = (FnFn—i—l + (_1)n)/FnFn+la
Fn—2/Fn + Fn/Fn—l—l = (FnFn—i—l + (_1)n+1)/FnFn+la
Fn—l/Fn + Fn/Fn+2 = (FnFn+2 + (_l)n)/FnFn+2a
Fo 2/ Fy+ Fuy1/Fuyg = (FyFyo + (=1)"*Y) /F, Fyyp.
,HJI}I MTOKa3aTeNbCTBA IIEPBOI'O U3 HUX IIEPEIINIIEM €r'o B BUOE
Fn—an+1 + Fn—an = FnFn+1 + (_l)n,
IIOTOM B BHIE
Fn—an+1 - Fy% = n—an-H + (Fn—l - Fn—l—l)Fn = (_l)n,
n 3a,MeTI/IM, 9To TO}K}IQCTBO
Fo1Fnp — Fv% = (_1)n

ABJIAETCA 9aCTHBIM CIy9aeM TOXAECTBA NMPEABIAYIIEH 33 1a91.
[aa moxazaTeabCTBA BTOPOrO MEPENUIIEM €r'0 B BU/E

Fo—oFny1 + F} = FyFop + (-1,
u mpeobpa3yeM K yKe 3HAKOMOMY BHUIY
F?2 —Fp_Fpy1 = (1)
st qoKa3aTenbCTBA TPETHErO MEPENUIEeM ero B BUIE
FuioFy 1+ F2=F,F, o+ (1),
u npeobpa3yeM K BULY
Frooly | — FyFy = (1),

KOTOPBIN ABIACTCA IACTHBIM CAYIAEM IMPEABIAYIIEH 3aJaM.
[aa moxazaTeabCTBA MOCIETHETO TOXAECTBA IEPENNIIEM €ro B BUJIE

FouoFnio+ FoFui1 = FuFpps + (1),
7 mpeobpa3yeM K yxKe 3HAKOMOMY BHIY
FoyFpp1 — FupoFy oy = (-1

3AIAYA 5. BeiBegure u3 npegbiayuien 3a1a49m TOX I€CTBA,

bn+1 — Pn = ( bnt2 — Pn = 1)

FnFn+1 ’ FnFn+2 ’
a M3 HUX — MOHOTOHHOCTBH IIOJIOCAEA0BATEILHOCTER { oy } U { oy 41} Omum-
pasAcCh Ha [OKA3aHHBIE YTBEPXKJIECHUA, TOKAXKATE CXOAUMOCTD IOCIENOBATENb-

sHocru {¢y, }.

3AILAYA 6. Jokaxwure, aro (Fy, Fri11) = 1.

_1)n+1
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3ATAYA 7. Eciu mpogomrkuTh HOCAeI0BATEILHOCTE PUOOHAT N B «OTPH-
LATEJbHYIO» CTOPOHY C COXpaHeHueM paBeHcTBa Fiy, + Fj 11 = Fj 49, TO OyayT
BBIIOJHATHCA paBeHcTBa F_j_1 = (—l)ka U COXPAHATCA BCe (pOPMYJBI Ipe-
OBIIYIIAX 33,034

Caenyrouas 3amada 0600maeT 06e mpeabIyme.
3ANAYA 8. (Jhowa.) Noxaxure, 910 (Fy, Fin) = Fpy -

3AIAYA 9. [oxaxure, 9To pasnoxenue uucia F, 3/F, B nenuyo apo6b
uMeeT BAJ
1 1
4 et ay
rae k =14+ m; ar =0, eciu n = 3m; a, = 1/3, eciu n = 3m + 1; a, = 1/5,
ecau n = 3m + 2.

4. IENHBIE APOBU U YUCJIA PUBOHAYYIN

Hennyo apobb

e —

an
MOXHO paCCMaTpuBAaThb C IIPDOU3BOJNBHBIMHU, a HE TOJBKO HATYPAJBHBIMHU 3JIC-
MeHTaMu. ECIu BHINOJHUTH BCe AEUCTBUsA, YKA3aHHBIE B HEU, TO €€ MOXHO
HpeO6pa3OBa,Tb B O6bIKHOBeHHyIO; BBIDAXKCHUEC €€ TUCAUTENI U 3HAMCHATEJLA

qepes ag, a1, - - - , Gy 0003HAIUM

[ag,...,ap) u [a1,...,ap].
flcuo, uTo BBIpaxkeHue [ay, ..., a,] OpencTasiieT u3 ceb6i MHOTOWIEH OT
HepeMeHHBIX dg, . . . , Gp. HEeIOCpeaCTBEHHO IPOBEPAETCA, YTO
[ag, ... ,an] = aglay,...,an] + [az, ..., ay].

MoxHO cunTaTh, YTO 3TO PABEHCTBO CIPABEJIABO U IPX N = 1, eciu mnocies-
HeH CKOOKe B 9TOM CIydae OIPUOUCATH 3HadeHue 1.
[Ipumensas aaroputm EBKIuAa K IuCINTENO U 3HAMEHATEIIO IpOo6m

[ag, - --,an]
7
[a1,...,an]
l_'rqe qucia g — Ha,Typa,JIbeIe, Ba,Me“Ia,eM, 9TO OHa HeCOKpa,TI/IMa,, TaK KaK B

pesyabTaTe ero paboThl MOLYYaeTCA KAK Pa3 HenHada ApoOb

1
ap +

a1 +
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u
([ag, ... anl,[a1,...,an]) = ([an-1, an], [an]) = (Jan],1) = 1.

JIEMMA 5. Hucao odnousenos 6 mmozousene [ai,...,a,| pasno Fpii u

npU A00LIT HEMYPAALHVIL A1, . . ., Gp CNPABEJAUBO HEPABEHCMEBO
Fn+1 < [al, e ,an],
KOTNOPOE 00PAWGETNCA 8 PABEHCEO AUWD NPU A1 = ... = G, = 1, U HEPABEH-
cmeo
[alu cee 7an] < F1+a1+...+an7

KOTNOPOE 00PAWAEMCA 68 PABEHCTNEO NPU A1 < 2, Gy L 2,09 = ... =ap_1 = 1,

a maxace npun =1, ap = 3.

HOKA3ATEJBCTBO. IlepBoe yTBepxgeHue JeMMBI ClIeqyeT U3 BTOPOTO,
MO9TOMY MOCTATOYHO MOKA3aTh MHAYKIUEH IO 7, ITO

Fn+1 < [ala cee aan] < F1+a1+...+ana
IIpUIeM PABEHCTBO
Fn+1 = [al, . ,an]
CIIPaBEIUBO JUIIb IPKA 4] = ... = G, = 1, & PABEHCTBO
[ala s aan] = F1+a1+...—|—an
— JIUUIb IPA Q] = ... =Cp_1 =1, ap <2, it a1 =2, a3 = ... = ap_1 = 1,

ap <2mwmn=1,a =3.

Y nobHO HaUYMHATE MHAYKIUIO ¢ 1 = (), momaras GopMaJbHO KaK U PAHbIIE
[a1,...,an) =1, Fiiq,+. +a, = F1 = 1 upun = 0, Torga HEpaBeHCTBA JEMMbI
0YEBHUIHO OOPAIIAIOTCA B pABEHCTBA. 3ameTuM, 4T0 Fy, = k—1upu k = 2,3, 4,
a motom Fj > k — 1, Tak Kak

Fopn=F+Fe12k—1+k-2>k

(31€Ch B HEABHOM BHU/I€ TOXE MPOBOAUTCA WHIYKIUA).
Baza wnaykmuu (n = 0, 1) Temeps o4eBHAHA, TAK KaK

Fo=1<a1 < Fiiq-
[IposegeM MHAYKIHOHHLIA nepexos. CorlacHO paBeHCTBY
[a1,...,a,]) = a1fag, ..., a,] + [as, ..., ap]
7 IPEANOJIOXEHWIO NHAYKIUY CIIPABEIINBEL HEPABEHCTBA,

F, < [a27 e aan] <Fiiatotan, Fno1 < [a/37 s ,Gn] < Fliastotans
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CIEOBATEILHO,
Fopy=Fy,+ F, 1 <ag,...,a5] + [a3,...,a,] <a1,...,0,] =
= 01[027 e 7an] + [0’37 s 7an] <a1Fiiat.tan + Fliast.ta, <
S Fo+1F14a0+.4an T Foy Fitas+.. +ans
u paseHcTBO Fy 1 = [ay,...,a,] COpaBEINBO MU IPA 4] = ... = a, = 1.

Coruacuo gemme 1 umeem
Fu—l—v =Fy1F, +Fqu+1-
Orcrona crenyer, ITO

[a1,...,0n] < Fo,+1F14a0+..4an + For Fast.van = Fitai+..+ans

U HEPABEHCTBO J0Ka3aHO. PaBeHCTBO BOBMOXKHO JUIIL KOI'Ja
Fa1+1 =ar, Fal =1, Fa2+..-+an = F1+a3+---+an7
ulay,...,an] = Fiiay+.. +a,, T-€ TOIBKO B CIydae, KOUJA
ay < 27 az = ]-7 [0/2, cee 7a’n] = F1+a2+...+ana n > 3

WY KOTAA 61 < 2, G2 < 2, n = 2 1, CIeAOBATEIbHO, COMVIACHO IIPENIOIOXKEHUTO
VHIYKIUA JUIIb KOT' A,

a1 =2, ar=...=ap_1 =1, ay <2,

Wik a4 = a3 = ... = ayp_1 = 1,a, < 2. Tem caMbIM IIAr WHAYKIIAYU CAETAH U
JEMMA, JOKA3AHA.

B zakmiodenue pasaena mpeagaraeM dUTATEN0 HECKOIBKO BaXHBIX YTBED-
KAEHUN O MENHBIX APOOAX B KA4eCTBE 3aa49. JTU yTBEPKJACHUA HajJee HaM,
OHAKO, HE MOHATOOATCA.

3AIAYA 10. (IIpasuao Itaepa.) Joxkaxmre MHAYKIUEN IO N, ITO MHO-
COWIEH

[ag, ... ,an]

MOXHO HOJYy9IATH CICAYIOmMM 00pa3oM: 6epeM MpPOM3BEACHHE BCEX DICMEH-
TOB, 3aTEeM BCEBO3MOXHEIE IIPOM3BEICHNA, KOTOPBIE MOXHO IOLY9UTH, OILy-
CTHUB KaKylO-HUOY b Napy COCEIHUX DIEMEHTOB, 3ATEM U3 DTUX MPOU3BEICHUN
[OJTy 9aeM HOBBIE, BHIOPACHIBAA IIPOU3BOABLHBIM 00Pa30M Mapbl COCEIHUX DJIE-
MEHTOB ¢ TaK Jajee, I HAKOHEI CyMMHUPYEM BCe PA3IMIHEIE U3 ITOLY IABIIAXCA
npousBegeruin (ecau n + 1 9€THO, TO HA MOCACAHEM IHATE IMOLYIAETCA (ILy-
CTOe» IIPOU3BEJCHME, He CojepkKaliee BOOOIIe COMHOXUTENSH; KaK IPUHATO,
ero 3HAYEHVE M0 ONPEIEIeHNO IOIAraeM PABHBIM 1).

3AMAYA 11. Jokaxure, 9T0

[ag,...,an] = [an,...,aol,
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T.e. IPU U3MEHEHUH! IOPAIKA DJIEMEHTOB Ha IPOTUBOMONOXHBIA TUCIUTEID
apobu HEe MEHAETCA.

3AIAYA 12. [okaxure, 9T0
[ag,--.,,an] = anlag,...,an—1] + [ao, ..., an—2].

[pobb, 00pa3oBaHHAA MEPBLIMU K >TaXaMu, HA3BIBACTCA k-1 110 IXO0JALIEN
OpOOBI0 maA MCXOAHOUM aApobu. Ee BeaumumHa m300paxaeTcsa OOLIKHOBEHHOU
npoObIO

[ao,...,ak]
[a1,...,a]’
KOTOPYIO A KPATKOCTH gatee 0Go3HadaeM L&,
Opobs o
[@k+1,---,an]
[@kt2,s---ran]’

HA3BIBAETCA k-M OCTATKOM M 0O03HATIAETCA T'k.

3AIAYA 13. IlposepsTe, uTO

[ao,...,an] _ [ao,...,ak_l,rk]

[a’17"')an] N [a’17"')ak717r1€] ’

3AMAYA 14. Mokaxwure, 9T0 1pu k > 2 COpaBEIUBLI PABEHCTBA,
Pk = QkPk—1 + Pk—2, Gk = Qkqk—1 + qk—2-
[JlokaxeM HAKOHEII, ITO CIPABEIINBA
TEOPEMA. /as 41006l HAMYPGALHBIE M U N
e(m,n) < Llogd)(\/g(max(m,n) +1/2))] -1,
dpyeumu caosamu, 8vicoma yenwot dpobu das uucaa m/n me 6oavue
|log, (\/g(max(m,n) +1/2))] -1,
u npu (m,n) =1
E(m,n) > [logy (V5(max(m,n) —1/2))],

OPY2UMU CAOBAMU, CYMMA IALMENMO8 YENKOT OPOOU Af UUCAA T/ TL, HE MEHD-
we

[logs (V/5(max(m,n) — 1/2))].
O6a nepasencmea OCMUNCUMYL, G UMERHO, CNPABEIAUBO CACIYIUEE IKC-
mpemasbroe csoticmeo wuces DPubonauuu: cpedu 8cer HECOKPAMUMBIL NPa-
suUAbHBIL Ipobeti 6uda s/ Fl; HaUMERbWYIO CYMMY IAEMEHMOB COOMBEMCMBYI0-

wet yenwot dpobu umerom moavko dpoou Fi_o/Fy u Fi,_1/Fy, a nauboavwyio
no evicome yenwyto dpobo umeem Fj_1 [ Fy,.
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[LOKABATENBLCTBO. IlycTs m/n — HecokpaTumas npaBuibHas ApoOb U
m 1 1 1

n a1+a2+“'+ak'

Torga n = [a1,...,a] 1 U3 JOKA3AHHBIX B JeMMe 4 HEDABEHCTB MMeeM

Fk+1 < n g F1+al+.~~+ak )

OTKY[a U U3 JIEMMBI 3 HEMEJIEHHO CJIeIyeT HEPABEHCTBO TeopeMbl. OcTalbHOe
BBEITCKACT U3 PABCHCTB

1 1 1 1 1 1 Fy,
H...ET%:E...ITL:F]C+17
ko1 k
111111 11y B B
241+ 4142 241+ T 4141 Foo1  Frp
k2 ko1

Teopema mokasaHa.

5. POPMVYJIBL 1 BETBAIINECSA LIEIHBIE IPOBU

[Jaree paccMOTpUM HEKOTOPHIE KJIACCH apupMeTHIeCKAX (GOPMYJI, Ipem-
CTaBIAIOIIAX, UIN, KaK ellle I'OBOPAT, Pealu3yOMUX pPaluoHAJIbLHBIE THUCIA.
Bynem paccmarpuBaTh Caeqyiomme MHOXECTBA, ONEPAIUT

Bi={z+y,a 41}, Bo={o+y, (e +y 1) L1},

KOTOpBIe Ha30BeM Oaszucamu. OnpenenuM WHIYKTUBHO HOHATHE (POPMYJIbI HA
6asucom B; m peanm3yeMoro € 9ucia ciegyommuM 06pa3om.

KoncrauTer 1 ob6baBiraem dpopmyaamvu. Ecim @1 u @ — dpopmyanr B 6a-
suce B, u 11,72 — peaimdyeMble UMM UHUCIA, & W € B — nrobas GasucHas
onepamus, 1o ¢ = w(Py, P2) mo onpegeneHNo ABAAETCA HOPMYION, PEATH3Y-
fomen amcao w(ry,r2). B onepamus w(z) ecTs omepamua obpamenns 71,
10 w(Pq) aBaserca Gopmyaon, peammsyomen GyHKouo w(f1).

C1oXHOCTBIO (HPOPMYJIBEI HA30BEM YHCIO CHMBOJIOB KOHCTAHT 1 B (popmy-
je. CIOXHOCTBIO 9UCIAA 7' HA30BEM MUHUMAJIBHYIO CIOXHOCTD PEATU3YIONIEN
ero dopmyasl u obozuadum ee Lp(r). O6osnadum 4epes L(r) snamenarens
OOBITHOU HECOKPATUMOU ApOOU, PABHOU 7.

Hanpuwmep,
(t+DP+a+14+)H 1+@ ettt

— ¢opmyasl B 6asuce Bg, peammsyroume qucao 6/5 co CIOXHOCTBIO b u 6
coorBercTBeHHO. OTCIOMA BUIHO, 9TO

LBg g 57
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HO PaBEHCTBO
Lp, =5

(ma caMoM gene BeITEKawmee u3 3a4a49u 1) TpebyeT A0Ka3aTerbCTBa. 3aMe-
THUM, 9TO, HAIIPUMED, 3aMUCH

(@~ +@)™H™

B CMBICJIE HAIIErO OIpeaeJeHus (pOPMYJIOU He SABIAETCA.

[MousaTue popmyasr B 6a3uce By mo CyuecTBy PaBHOCWIBLHO IOHATHIO BE-
TBAMIEACA memHou apo6um. OmpenenrnM MOCIeHEe MMOHATHE IO WHIYKIUH.
OO6bryHbie 1EenHbIe IPOOU CIYUTAEM YACTHBIM CAYy9YaeM BETBAIMIMXCA IETHBIX
apoben. Eciu R;, 1 = 1,...,n, — BeTBANMECS HENHBIE IPOOU, ¢ — HATYPaIb-
HOE YHCI0, TO APOOHL

1
a+Ri+...+ Rn
TOXe HA30BEM BETBAIIEHCS, a BCE DJIEMEHTHI Apoben R; u 9ImciIo a — ee die-
MenTamu. CyMMy BETBAMUXCA HENHBIX APOOEU M MPOU3BOABHOIO ILEIOTO G
TOXEe CINTAeM BETBAIIEUCS IEIHOU APOObIO, a ee dIEMEHTaMI — BCe DJIEMeH-
THI CJATAEMBIX U THUCIO (.

3AILAYA 15. [laa mobou gpobu r «mciao Lp, (1) paBHO HAMMEHBIIER CyMMe
SIEMEHTOB B BETBAIMXCS IEMHLIX APOOAX, IPEeNCTABIANIAX 7.

Jokaxem, 9T0 s J0H60X 1podu 1

Lp, (T) = Lp, (T)

[lecTBUTEIBHO, TaK KaK (OyHKIUA (x_l + y_l) BBIpaxaeTcs B 6asuce B B
BHie GECIIOBTOPHON CYIEPIO3UINK, TO JI00yI0 ¢popMmydy B 6asuce By MOXHO
6e3 m3aMeHeHUs CIOXKHOCTU npeobpaszoBaTh B dopmynly B 6asuce Bj, oTKy-
ma Lp,(r) > Lp,(r). Jliobas moadopmyra suga ' dopmyrer B 6asuce B
[peICTABUMA, B BHIE (@fl +...+ &7 rre ®; — moadoOpMyIBI MeHBIIEH
cnoxHOCTH win KOHCTaHTH 1. Torga popmyaa @ skBuBaseHTHA HOPMYIE TOU
K€ CIOXHOCTHU

((..(@rt+eyhHy H et e, ) =
=y(v( . (7 (@1, @2), @3) ... ), D),

rae y(z,y) = (z7! + y~!) 7!, mocrpoennoi B 6asuce By U By, u conepxamei
Ha OAWH CHMBOI ~ | Menbmre. [IoBTOpAA 3TO mpeo6pa3oBaHWe, TIOXY<THM /1A
0601 popMyasl B 6a3uce B DKBABAICHTHYIO el GOPMYJILY TOU XK€ CIOKHOCTHI
B 6asuce By. 3uauur, Lp,(r) < Lp,(r), orkyga Lp,(r) = Lp, ().

3ADAYA 16. [lna mobou gpobu r
LBi(T) = LBi(l/T)'
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OmpeneauM Tenepb MOHATHUE MOCAEOBATEALHO-TAPALICALHON DJIEKTPUTIe-
CKOU LEMU U3 eUHAIHBIX Pe3ucTopoB. OIUH eqUHCTBEHHBIN PE3UCTOP CIUTA-
em Il-menbio ¢ conporuBrennem egumuuna. Ecan Ry n Ry — Il-menim ¢ compo-
TUBJICHUAMHU 7] U Ty COOTBETCTBEHHO, TO IEMb, KOTOPAA IIOMYIACTCA U3 [eren
R; napannenbHbIM COEAUHEHAEM, IMEET COLPOTUBICHUE (1] ! +ry -1, a nens,
MOy YAOMIAACA U3 TeX XKe Ienen R; mocaeoBaTelbHbIM COEIUHEHNEM, UMEET
COTPOTHUBIEHUE T1 + ro. HamMeHblee UCIO eIMHUTHBIX COMPOTUBICHUN, U3
KOTOPBIX MOXHO mOCTpouTh ll-mens ¢ conporusnenunem r o603uaum Lip(r).

3AIAYA 17. [okaxwure, aro Ly (r) = L, (r).

SAAYA 18. YcTaHOBUTE B3AUMHO OJHO3HAYHOE COOTBETCTBUE MeX 1y H -
pa3OMeHusAM IPAMOYTOABHUKA M X 1 U ll-memsamu ¢ conporusienueM m/n u
BeiBeAuTe orciona, uro H(n,m) = H(m,n) = Liy(m/n) = Lp,(n/m).

Ormerum, 9T0 3aada 0 Beraucaenuu Gyakumu Lij(r) daxTuaeckn pac-
CMATpUBAIACh B KHUTE «HeThIpecTa n36paHHbIX 33439 U3 KypHaaa American
Mathematical Monthly», HO cxenaHHBIE TaM yTBEPXICHUA HEBEPHBI, B €M
MBI IDpeQJIaracM IUTaATEaIO Y6erl(I/ITBCH CaMOCTOATEJABHO.

[IpocTenime OeHKN BBENEHHBIX (DYHKIUU MAIOT CAETYIOIAE YTBEPXK Ie-
uusi. Ecim 1po6s 7 = m/n, To noxaraem E(r) = E(n,m).

TEOPEMA 2. fasn at060t dpobu v
Lp,(r) < E(r) < max{L(r), L(1/r)},

npuvem pagencmso docmuzaemcs avwnb das dpobet suda 1/q, u das dpobet
suda 1 —1/q=1/(14+1/(q —1)).

HJOKABATEILCTBO. O4eBUAHO, 9TO JOOYI KOHEUHYIO IEmHYIO ApOObL C
HATYPAJIHHBIMY SIEMEHTAMI MOXHO Ipeobpa3oBaTh B ¢popMyay B Gasuce B
CJIOXKHOCTH PABHOU CyMMe DIEMEHTOB IEMHON ApPOOU (3AMEHAA KaXKAbIM die-
MeHT a Ha ¢opmyry 1+ ...+ 1). llosTomy Lp, (r) < E(r).

Hepasencrso E(r) < L(r) mokasbiBaeTCsa MHAYKIWEH O BHICOTE IEITHOU
ApOOU a1 7', KOTOPYIO MOXHO CIMTATh NpaBWiIbHOU. Basa (n = 1) oueBuana.

[Tar naaykiuu. Tak kak

1

r=—7¥
1
ay + H
rae r1 = [ag,...,ay], TO cormacHo upeanonoxenuio nagykuuu F(ry) < L(ry),

3HAINUT

E(r)=E(r) + a1 < E(r1) 4+ a1 + (E(r1) — )(a1 — 1) = E(r1)a; + 1 <
< L(1/r1)a; +1 < L(r).

PasencrBo Bo3mMOXHO, aumb korga F(r1) = 1 wm a; = 1 u 04HOBpEMEHHO
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71 — HATypaabHOe, T.e. mmbo korga r = 1/(ay + 1), mmbo korga
r=1/(1+1/a2) = as/(1 + a2).

TEOPEMA 3. Cnpasedauso coommoulenue

H(p,q) = Lp,(p/q) > max(p,q)/ min(p, q).
Pasencmeo docmueaemca moavko na dpobaz suda 1/q.

Mokaxem uaaykiuen, uto 1/ Lp, (r) < r. [lycts & — dpopmyaa croxaOCTH
L(r) B Gasuce Bj, peamusyiomas r. Moxuo cumrars, aro ® HE comepxur
nmoadopmyr suga ((®1)7!)~!. Pacemorpmm 06a Bo3MOXHBIX caydasa. IlycTs
O = &) + &y, ¢; peanusyer 7; u umeer croxuocTh L; = L(r;). Torga L(r) =
= L1 + Ly, r = r1 + r2. CoracHo nmpeaunonoxeHuto wHAyKumu 7; > 1/L;,
OTKy 2

r=ri+mre 2 1/L1 + 1/L2 > l/L.
Ecmu xe ® = (®1 + ®2) !, To B cuty mpeAmnonoXeHua WH Iy KT
1/r; > 1/L;,
OTKy 2
l/r=ri+mr<Li+Ly=1L,
[pUYeM PABEHCTBO BO3MOXKHO JUIb Korga r; = L;, T.e. r = 1/L.
Crenyomas TeopeMa MOKa3bBIBAET, B dacTHOCTH, 4T0 H(n,m) moxer

ObITH rOpa3 g0 MeHblIe F(n,m) 1 yCcTaHABINBACT TOYHOE HEPABEHCTBO MEXK Y
HUMU.

TEOPEMA 4. Cnpasedaugvl coomuouenus
E(m,n) > H(m,n) = Ly, (m/n) > |logy(v/5(max(m,n) - 1/2))| >
> [logy (VB(E(m,n) —1/2))],
a das q=FpFhi1 uau FpFpio, n 2> 2,
H(q+1,9) = Lp,(1 +1/q) = [log,(V5(E(g +1,9) — 1/2))] =
= [logy(V5(q +1/2))].

I OKA3ATEJNLCTBO. IlepBoe HepaBEeHCTBO yXe MOKa3aHO B TeopeMme 2.
Bropoe mepaBerncTBO OyaeT MOKa3aHO B CIAEAYIOIIEM pasfeire B Teopeme 6.
[Tocneqaee HEpaBEeHCTBO BHITEKAET W3 MPEABIAYIIErO0 XU BTOPOrO0 HEPABEHCTBA,
TEOpPEMBI 2.

Hoxaxem nocrmemaue yrBepxaenusd. [lycts ¢ = F Fy 1. llpumensas B 3a-
BUCHUMOCTH OT “I€THOCTHU 7} OMHO U3 PABEHCTB

anl/Fn + anl/FrH»l = (FnFn+1 + (_1)n)/FnFn+17
Fy o/Fy+ Fy/Fpy1 = (FuFoyy + (1)) F,Foy,
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U TOJB3YICh MOKA3AHHBIMU B TeopeMe 1 paBeHCTBaMU
E(Fp-1/Fp) = E(Fp—2/Fp) =n — 1,
IOy Ia€M, ITO
Lp,(1+1/q) < Lp,(Fp—1/Fn) + Lp,(Fr—1/Fpny1) <n—14+n=2n-1
A
Lp,(1+1/q) < Lp,(Fr—2/Fy) + Lp,(Fr/Fpy1) <n—1+n=2n—-1.
[IpumeHaa HepaBEHCTBO JeMMBI 1
Foik < Fpp1Fip < Fpggv1, nk 22,
3aMedaeM, 4TO Opu 1 < 2
Fon—1 < q=FpFni1 < Fop,
3Ha9IUT q + 1 < Fh,, OTKyJa COrIacHO JeMMme 3
[logs(V5(g +1/2))] = 2n — 1,
a COIVIACHO TeopeMme 2
Lp,(1+1/q) > |logs(V5(g +1/2))] = 2n -1,
3HAQYIUT
Lp,(1+1/q) =2n -1 = [log,(V5(q +1/2))].

ITycte Teneps q = F,F, 2. [lpumensas B 3aBUCHMOCTH OT HYE€THOCTHU N
O/IHO U3 PABEHCTB

Fn—l/Fn + Fn/Fn+2 = (FnFn+2 + (_1)n)/FnFn+27

Fu_z/Fn + Foi1/Frys = (FuFuis + (1)) /Py Fos
MOy 9aeM AHAJOTHIHO MPEIbIAYIIEMY, ITO
Lp,(1+1/q) < 2n.
Onare npuMeHss HEPABEHCTBO JeMMbI 1 3aMedaeM, ITO npu n < 2
Fop < q= FyFpi2 < Fapia,
OTKY/[a OIATH COTVIACHO JeMMe 3
[log, (v5(q +1/2))] = 2n,
¥ COTVIACHO TeopeMe 2

Ly (1+1/q) = 2n = [logy(V5(q + 1/2)) .



AuaropurMm EBkimaa, nenHsie gpobu, ducia PuboHaIdm. . . 111

6. BTOPOE MTOKA3ATEJLCTBO

Hepasencrsa, noka3aHHbBIE B TIOCJAEHEN TeOPEME, MOKA3BIBAIOT B IaCTHO-
cTy, 4To Jobad HUXHAA oueHka muai H(m,n) = Lp,(m,n) aBromarudecku
Oymer u oneHkou aua E(m,n), oqHAKO MOXyYeHHBIE B MPENBIAYIIEM DAa3Ielre
OUEHKM HE TO3BOJIAIOT BhIBeCTHU OueHKy miat F(m,n). Herpusnanbuyo Humx-
ui010 ouenky aaa H(m,n) noxyamr O. M. Kacum-3aze.

[anee npusoauTcsa 6omee MPOCTOE AOKAZATEABCTBO HECKOABKO (oaee Cira-
60ro yTBEpXK IEHUA, U3 KOTOPOTO OJHAKO MOXHO BEIBECTH TAKYIO XK€ HIKHIOK
ouernky aas H(m,n), aro u gua E(m,n), naB TeM caMbIM 14 TOCJAELHEN BTO-
poe gokazaTeabcTBO. [las >TOro Ham moTpebyloTCa ABE JEMMbI, UMEOIe U
CaMOCTOATEIbLHBIM WHTEPEC.

JIEMMA 6. Ecau 0 < YisPin @i < Ti U pi +q < T +Yyi, t = 1,2, mo
pip2 + 1q2 < T1T2 + Y1y2, npuuen npu 0 < y; < x4, 1 = 1,2, pasencmeo
BO3MONCHO AUWD K020 D; = Tj, ¢; = Y; UAu Ko2da p; = Yi;, ¢; = i, 1 = 1,2,

[ moxa3aTenbCTBA CHAYAIA 3aMETHAM, ITO Opu ycaoBuax p < £, 0 < b <
<aup+q<c+y cupaBequBo HEPpaBeHCTBO pa + gb < xa + yb. [lencrsu-
TEeJIHHO,

pa+gb—za—yb=(x—p)(b—a)+bp+qg—z—y)<O0.
B culy cHMMMEeTPUYIHOCTH yCIOBHA, MOXHO CIMTAThL, 9TO P > ¢1. lorna,
OpUMEHAs IBa pa3a cHOPMyIIPOBAHHOE BHIIE HEPABEHCTBO, MOLYIaeM, ITO
P1p2 + q1q2 < P172 + q1y2 < T122 + Y1Y2.

IIpu p; > q1 > 0 paBeHCTBO BO3MOXHO JUIIL KOTAA P; = T4, G = Yi,
1 =1,2. [Ipu q; = 0 paBeHCTBO HEBO3MOXHO, n60 TOorga p;+¢q; < x1+y;. llpm
p1 = q1 > 0 paBeHCTBO OIATH HEBO3MOXHO, OO TOTIa PABEHCTBA P1 + q] =
=1 + Y1, P1 = 1 HECOBMECTHHI.

JIEMMA 7. B ycaosusar npedvidyweti semmbl Cnpasediuso Hepasercmaso

P1g2 + p2q1 + q1q2 < Z1Y2 + Toy1 + T1T2.

Ipu 0 < y; < i, 1 = 1,2, pasencmao 603M0AHCHO AUWD K024 P; = Y;, ¢; = Tj,
1=1,2.

[ moxa3aTeabCTBa, 3aMETHAM, 9TO IPU P + ¢ < L1 COIPABENJIUBO HEPA-
BEHCTBO

P1g2 + p2q1 + 12 < (1 + q1) (P2 + q2) < 21(22 +y2) < T1y2 + T2y1 + 2132,
1, AHAJOTWIHO, TAKOE XKe CTPOroe HEPABEHCTBO CIPABEIINBO IIPK Py +qo < T9.
Cuuras manee, 9T0 p; + ¢; > X;, UMEEM:
P1g2 +p2q1 + q1g2 = (p1 + q1) (P2 + @2) — p1p2 =
=Pt a)p2t @) —(Pr+a—a)p2+e@—q) <
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Spr+aq)pe+a2) — (1 +q —21)(p2 + @2 —2) =
= (p1+q)ze +z1(p2 + @2) — z122 < (21 +y1)xe + (2 + y2)21 — 2122 =
= x1y2 + Toy1 + T122.

TEOPEMA 5. (0. M. Kacum-3ade.) Iycmy p/q — necoxpamuman dpobo,
P,q — yeavie wucaa, Ly, (p/q) = L. Tozda

Ipl, gl < Fry1, Ipl+ ] < Fryo.

O6a mepaseHcTBa gokaxeMm 1o uHAyKumu. baza maaykuumu (L = 1) oue-
BUTHA.

[Mar waaykmuu. [Iycte ® — dopmyna croxuaoctu L B 6asuce B;. Torma
mwm ® = @, + ®y, rue ¥; — Popmyanr cmoxnoctu L;, Ly + Ly = L, nim
d = @1_1, rae ®; mmeer cmoxuocTe L. B mocmemmem cayvae o60CHOBaHME
mara, MHAYKIAA OYeBUIHO.

Paccmorpum nepsoin corydan. CormacHO mpeanoaoKeHno nHAyKiuu ¢hop-
myasl ®; peanrusyior apobu p;/q;, Takme, ITO

il 1¢il < Fri+1,  |pil + |4l < Fri42,

Pi, ¢i — uteasle aucaa. Torga popmyna ¢ peamusyer gpobb p/q, Takyio, 9TO
4 = q1q2,  p = p1g2 + q1p2. lpumenas nemmy 6 npu x; = Fp, 41, y; = Fr, n
HCIOJAB3Ys JeMMy 1, moaydaeM HEPABEHCTBO

Ip| < p1llae] + @il Ip2] < Fro+1Fry41 + Fr,Fro, = Friv1041-

TakXke TOKa3bIBAETCSI HEPABEHCTBO A |q|.
Ouenum reneps |q| + |p|. [Ipumensas semmy 7 upw z; = Fr,41, y; = Fr, n
UCIONB3YA JeMMy 1 IMoTy<IaeM HEpaBEHCTBO

lal + Ipl < [pallg2| + ] |p2] + a1] lg2| <
< FL1+1FL2+1 + FL1+1FL2 + FLl FL2+1 = FL1+1FL2+2 + FLlFL2+1 =
= Fr 41,42

ObemanHas HUXKHAA OLEHKA, TAeTCA CICAYIOMEN TEOPEMON.

TEOPEMA 6. Jas w060l necoxpamumoti dpobu p/q, 2de p, ¢ — namy-
PAALHBIE YUCAG, CNPABEIAUBHL HEPABEHCNBE

H(p,q) = Lp,(p/q) > |logy(v/5(max(q,p) — 1/2))] ,
H(p,q) = Lp,(p/q) > |logs(V5(p+q—1/2))] — 1.
JokaxeM HEpaBEHCTBO
Lp(p/q) > |log,(V5(max(p,q) — 1/2))].

O6o3nauus Lp(p/q) 9epe3 L u npuMeHUB IPEAbIAYLIYIO TEOPEMY, [IOLY 9aeM,
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aro max(p,q) < Fry1. Orciona u u3 neMMmer 3 moydaeMm, 9To

L+1 > [log,(v5(max(p, q) — 1/2))] + 1,
a 3HAYUT W HaIle HepaBeHCTBO. HepaBeHCTBO

L, (p/a) > [logy(V5(p +q—1/2))] — 1

IOKAa3bIBAETCA AHAJOTWIHO, TOIHBKO BMECTO IIEPBOI'O HEPABEHCTBA IPEABINY-
e TEOPEMBI MCIOAb3yeM HEPABEHCTBO p + q < Fryo.

7. KBAOPUPOBAHUE IIPAMOYTOJBHUKOB U 3JEKTPUYECKUE IEINA

3aMeHUB B IIPOIECCe MOCTPOEeHUsA Npoum3BoabHOU ll-menu = Ha Kax oM
mrare mapaiieJbHOE COEAWHEHUE MOIENed Ha MOCAeNOBATEALHOE, & MOCIET0-
BaTeJIbHOE COEIWHEHFEe MOANENeN HA MapaIeIbHOE, MOJYyIaeM HOBYIO IEMb
=¥ KOTOPYIO HA30BeM ABOUCTBeHHOU K nenu =. O4YeBUAHO, 9TO ABOUCTBEH-

Had Uelb A OEelu = COBHAJAeT C LENbI0 =.

3AIAYA 19. [lokaxuTe, ITO ITBOUCTBEHHLIE NPYT APYTY LEIU UMEIOT B3a-
“MHO OOpaTHBIE COINPOTHUBIEHUS U BHIBEJATE OTCIONA MOCIEJHEE DPABEHCTBO
OpeNBIIYIIEeR 331491,

BepremMcs k npou3BoabHBIM pa3OueHUAM MPSIMOYTOILHUKA HA KBAAPATHI.
VM MOXHO COIOCTABHUTH INIOCKHWE DIEKTPUIECKHE IIENW, COCTOAIINE U3 €Nu-
HUIHBIX COHpOTIlIBJIGHPIfI.lO) [aa >TOro BHIgETNM B IPAMOYTOJLHUKE BCE TO-
PU30OHTAJIbHBIE OTPE3KU, COCTOANIAE U3 CTOPOH KBAAPATOB Pa30bueHUA u He
YJIUHAEMBIE C COXPAHEHUEM DTOT'0 CBOUCTBA (B UX YUCJIO BXOAAT U 00€ ropu-
30HTAJbHBIE CTOPOHBI IPAMOYTOIBHUKA). B cepequue KaxI0ro u3 BHIJEICH-
HBIX OTPE3KOB BO3bMEM TOUKY. /[[Be TOUKHM COequHIEM OTPE3KOM, €CJAU HEKOTO-
PBIT KBaApaT pa3OueHus KacaeTcsa 000UX OTPE3KOB, Ha, KOTOPHIX BHIOUPAIUCH
3THU TOYIKH.

Ecaz or mepBOoHAMAIBHOIO YEpPTEXA OCTABUTH TOJBKO BBIOPAHHBIE TOU-
KU ¥ COeJUHAIOIINE UX OTPE3KH, TO MOLYIUTCA II0CKOoe u3obpaxeHue rpada.
I'padom HA3BIBAETCA OOGBEKT, COCTOAMIANA U3 HEKOTOPOTO MHOXKECTBA, BEPIINH
7 HEKOTOPOI'0 MHOXECTBa, pebep, COeAUHAIOIINX 3TU BEPUIMHBI HOmapHO. K-
J¥ BEPHIMHAM Ipada COMOCTABUTH TOYKU HA, IIOCKOCTH, & pebpaM — O0Tpe3s-
KU, COeUHAIOIINEe COOTBETCTBYIONINE BEPIINHEL, TO IOLydaeTca u3o0paxeHue
rpada. N3o06paxenne HA3BIBAETCA IIOCKWM, €CAX OTPE3KM B HEM IIEPECEKA-
OTCA TOABKO B BepimHax. I'pad, MMEOUUI II0CKOe n300paKeHne, Ha3bIBALT-
¢A TaKXe IIOCKUM. Ecim opueHTHpOBaThH KaxXxgoe pebpo paccMaTpUBAEMOT0O
rpada B HAMPABIEHUY OT OJHOU MOPU3OHTAILHOU CTOPOHBI MPAMOYTOJbHUKA

19310 GpL10 CIEeJaHO YeTHIPbMA AHMVIMACKUIMY MAaTE€MATUKAMY [JA PEIIEHUA 3a0a9u Pas-
OmeHMs KBagpaTa Ha MOIAPHO HE PABHBLIE KBAaAPAThHL. VHTepeCcHas HCTOPUS MOUCKA, PELIeH
sTou 3aja4uu onucaHa B kHmxkKe V. M. firmoma «Kax paspesars kBagpars.
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K IPYrod M HAIMCATH HA KaXAoM pefpe IIUHY CTOPOHBI KBaJApaTa, m306pa-
KAEMOT0 3TUM PeOPOM, TO MOLYIUM OPUEHTUPOBAHHBIN I'Pad ¢ HATPY KEHHbI-
MU pebpaMu, HA3bIBAEMBIN ABYXIOMIOCHOU CETHIO (IIOMIOCAMY ABIAIOTCA BEP-
IIUHEBL, ©300PaXKA0MUEe FOPU3OHTAIBHBIE CTOPOHBI IPAMOYTOIBHIKA).

3aMeTuM, 9TO CyMMa, YUCEN, TPUMUCAHHBIX BCeM pebpaM, BBIXOIALIUM U3
OJHOI'O IIOJIOCA, paBHA CyMMe ducel, IPUIUCAHHBIX BceM pebpaM, BXOLANIUM
B IPYrOU MOAIOC, 1 006 OHU PABHBI JUIMHE TOPU30HTAILHOU CTOPOHBI ITPAMO-
yroabHUKA. Keam 3aMeHuTh Kaxjaoe pebpo rpada Ha eIUHUYHBIT PE3UCTOp,
TO MOIYYIUM IEKTPUIECKYIO CXeMY, COOTBETCTBYIOIIYIO HallleMy pa3OueHuIo.
Ecaz cauraThb, 9TO cuIa TOKA B KaXIOM PE3UCTOPE PABHA TUCIY, IPUAINCAH-
HOMY COOTBETCTBYIOIIEMY PeOpy, TO I KaXJOW BEPUIMHBI CyMMa BTEKAIO-
X B Hee TOKOB OyJeT paBHA CyMMe BHITEKAamuX. /lencTBuTeasbno, o6e 5Tu
CYMMBI PaBHBI AJWHE FOPU30HTAILHOI'O OTpe3Ka, B IeHTpe KOTOPOr'o BHIOU-
paJjach paccMaTpuBaeMas BEPIIXHA.

HazoseMm rpanbio m06yi0 9aCTh INIOCKOCTH, OCPAHUIEHHYIO [BYMS OPUEH-
TUpOBaHHBIMU HersaMu pebep rpada ¢ OOMKUMU HAYAJOM U KOHIOM. THCI0
BepiuH rpada 0603HauuM b, a 4ucao rpasen — r. [l Kax o rpaHd CyM-
MBI HCeJI, IPUNUCAHHBIX pebpaM 060uX Ierner, paBHbL ApyT apyry. /leucTsu-
TEIbHO, KaXJOU IPAHU MOXHO CONOCTABATH BEPTUKAJBHBIN OTPE30K BHYTPHU
OPAMOYTOJIbHUKA, COCTOALMA U3 CTOPOH KBAIPATOB PAa30UMEHUs U OrpAHU-
YeHHBIN CBEPXY W CHU3Y MOJOOHBIMU XK€ TOPU3OHTAILHBIMU OTPE3KAMU, TO-
raa o6e paccMaTpUBaeMble CYMMBI PABHBI [IMHE DTOr0 OTpeska. Kaxmyio
73 DTUX CyMM MOXHO WHTEPIPETUPOBATH KAK CYMMY HAJACHUU HAIIPIKEHUSI
Ha KaXJOU M3 PacCMaTPUBaeMBIX Iemer. B mrTore momyumm b + r ypaBHe-
uuu Kupxroda mis paccmMaTpuBaeMon cxeMbl. [lageHume HANpAKEHWUS MeX-
Iy TOMOCAME CXEMbI PABHO [IMHE BEPTUKAJIHLHOU CTOPOHBI MPAMOYTOIbHUKA,
a ee CONPOTUBIEHUE — OTHOIIEHUI) BEPTUKAIHLHOU M TOPU3OHTAIBLHOU CTO-
pOH.

DJIEKTPUIECKYIO CXEMY MOXHO COIMOCTABATDL HAIIEMY pPa3bUWeHUIo U aApy-
CUM CIIOCOGOM, 8 MMEHHO, MOBEPHYB NPAMOYToabHUK Ha 90°. DTy cxemy Ha-
30BE€M [BOUCTBEHHOU K MEPBOHAYAIBHOU CXEME.

3AMAYA 20. IIposepwre, uro s Il-nemenn BBegeHHOE NOHATHE IBOU-
CTBEHHOCTHU COBIATAET CO CTAPLIM.

B Teopuu rpadoB nBorcTBEeHHBIM IpadOM K JAHHOMY ILIOCKOMY rpady Ha-
3pIBaeTCA rpad, y KOTOPOr'o BepUIMHAMHU ABAAIOTCA 'DAHU UCXOLHOrO r'pada,
a pebpa, coeIUHAIOMNE BEPUINHEI, COOTBETCTBYIOT pebpaM, IPpUHALICKAITAM
OJHOBPEMEHHO O0O0OMM IenAM, OIPDAHWYMWBAIONIAM I'DAHU, COOTBETCTBYIOUIVE
OTUM BepUIMHAM. 1MCJIO BEPIIMH B JBOUCTBEHHOM rpade PABHO HUCIY Ipa-
HE B HCXOMAHOM M HAa000poT, a 4mcio pebep B o6oumx rpadax OTUHAKOBO.
O60o3ua4uM gucao pebep p.
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SATAYA 21. YcTaHOBATE CBA3L MEXAy MOHATHEM ABOUCTBEHHOCTH MIJIA
IWIOCKUX DICKTPUIECKUX [EMEU U IBOUCTBEHHOCTBIO I IIOCKUX rpadoB.

[Ipy pemeHuu ciaegyiomer 3a4a<dd MOJE3HO HCIOAL30BATH 3HAMEHUTYIO
dopmyay duepa: s a06oro miockoro rpada b —p+r = 1.

3AIAYA 22. IlepeuuncauTe Bce rpadsnl He 6oee IeM ¢ AeBATHIO pebpamu,
coorBercTByomue He [[-pasbuenunm.

3AIAYA 23. (Mockosckasn oaumnuada 1940 20da.) Jokaxure, 9TO mps-
MOYTOIBHUK HEIb3A pasOuTh He 6Goaee 9eM Ha, 6 pasHBIX KBAJPATOB.

SAITAYA 24. Jlokaxure, 9TO MMEIOTCA TOJBKO ABA Pa3HBIX pa3OueHust
OpPAMOYTOJIbHUKA He 60jiee €M Ha AeBATH PA3HBIX KBAIPATOB U IOKAXKUTE,

gro L(61,69) =9.

Teneps Mbl MOXeM yOemuTbess, 910 K (m,n) umHOrga OBIBAET MEHBIIE
H(n,m). [leuncrBurensHo, u3 TeopeMsl 5 cregyer, 1aro L(61,69) > 10.

MoxHO maxe HOKa3aTh, YTO A HEKOTOPBIX MOCAEIOBATEABHOCTEHR M)
u ng

K (mg,nk)/H (mg,ng) < 0,89.

[ust >TOr0 paccMoOTpuUTE DICKTPUAUECKYIO Ienb ¢ Bepumaavu 1,2,...,8 u
eJUHUYHBIMA PE3UCTOpaMu, coegussiomumu napsr sepmu (1,2), (1,3), (2,3),
(2.6), (3.4), (3.5), (4,5), (4,7), (5,6), (5,7), (6,8), (7,8). Lposepsre, 110 NPH
HAIIPsAXKEHUU Mex [y momocamu 1 m 8, paBaom 377, 1O pe3ucTopaM MOUIET
TOK (B HAIPAaBIEHUWM OT MEHBUIMX HOMEPOB K Oombmmm) cuasr 123, 138, 10,
113, 68, 75, 7, 61, 28, 54, 141, 115 coorBercTBerno. [locTpouTe mo sTon memun
pas3buenue npsMmoyroabauka 256 X 377 Ha 12 xBagpaToB co cropoHamu 123,
138, 10, 113, 68, 75, 7, 61, 28, 54, 141, 115. PaccmoTpuTe mociaenoBaTelb-
HOCTBH IPAMOYTOIBHUKOB pa3sMepa P X (n, ONPEIEIIeMYI PEKYPPEHTHBIMU
dopMmyramMn

Pntl = P2 + G2, Gni1 =DPnGn, Do = 377,q0 = 256,

U IOKaXwuTe 1m0 mHAYKIud, 9T0 (Pn,qn) = 1 1 L(pp,qn) < 2" - 12 (B goxa-
3aTEIbCTBE HEPABEHCTBA 1Al WHAYKIAA OOOCHOBBIBAETCA TEM, 9TO MPAMO-
YTOIBHUK Pp, X G, pa3bUBaeTCa HA ABA MPAMOYTOIbHHKA, MOTOOHBIX IIPAMO-
YTOIBHUKY Py, 1 X ¢p—1). OTCOnA caegyer, 910

L(pn, qn)/ logspn < 12/ log, 377 < 0,89.

[amree npumeHUTE TEOPEMY O.
OrmeTuMm B 3akaoveHue 6e3 T0Ka3aTeabCTBA, ITO

K (m,n) > logy(m + n).



