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IupuHa MHOTOYTOTBHIIKA

M. JI. I'epBep™

Ecan BBRIpe3aHHBIN W3 KapTOHA BBIMYKJIBIH MHOTOYTOIBHIK MOMKHO,
HENPEPBIBHO [BUTAA IO CTONY, IPOTAIINTH MeXKAY ABYMA I'BO3 AAMU, BOU-
TBIMHU B CTOJ Ha PACCTOAHNN 1, TO TOTIa €r0 MOXKHO MMPOTAIIATEL N MeXK-
Iy TBO3AAMM, BOUTHEIMU Ha paccToAHum r > 1. BepHo am To XKe camoe n

LA OG0T 0 HEBBIMYKJIOT O MHOTOYTOJBHUKA, — HAIPUMED, NI TaKOro,
Kak Ha puc. 17

Bubanorpadmus: 2 HazBaHus.

Ppu momorHnTeNbHEIX OTpaHHYeHHsSX (KOTOPHIM MHOTOyroabHHK M Ha
puc. 1 He yIOBIeTBOpsieT) yTBEPAUTENbHBII OTBET HA BONPOC N3 aHHOTAINH
noay4anau B [1] J. E. Goodman, J. Pach n C.K. Yap. Metonsr u pesyibTaThi
paboThl [1] mocay:Kuau OCHOBOI sl MOCTPOEHIH HACTOSAMIEH CTAThH.

y B

Puc. 1 Pwuc. 2

*PaboTa BLITIOMHEHA ITPH I AepxkKe Poccuiickoro dona GyHIaMeHTATLHBIX HCCIEN0-
Bauuil (rpant 96-01-01852).

MaTemaTu4eckoe npoceeleHune, cep. 3, Bbin. 2, 1998(173—191)
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1. TEOPEMA JBOIICTBEHHOCTH

MuHuMalbHOe PacCTOAHMe wy; MeXKIy AByMS ToukaMu B RZ mosponrs-
olllee MPOTAIUTE MIOCKHI MHOTOYIOABHUK M MeX 1y HUME, HAa30BEM wiu-
puroti M (MOXKHO TOKa3aTbh, 9TO JIf BBHIIYKJIOI'O MHOTOYTOJMbHHKA TaHHOE
onpejiejieHlie COBNAMAET CO CTaHJIAPTHBIM: wy; — HalMeHbIlee PACCTOsHUE
MeXK Ty HapaJIelbHBIMH MPSMBIMA, OMOPHBIMI K M).

W3z HOBREIX pe3yJabTaTOB, NOJYYEHHBIX B CTAThe, OTMETHM CJIeny I,

Pycrs A w B — 1Be Toukn Ha rpannne P muoroyroabuuka M (puc. 2).
Acho, uro ecan anuua d orpeska AB He cAMIIKOM BellWKa, TO €r'0 MOYKHO
HEeIpephIBHO NPOTAlINTh BAOAL P — Tak, 4T0 ero koHubl A u B Bcé Bpems
OyayT HaxomuThes Ha P u orpesok AB, crenaB nodHbe 060poT BOKpyr M,
BEpHETCSA B HCXOMHOE TMOJIOKEHUe.

CrpalnBaeTcsi: KaKOBO MaKCUMaJbHOE 3HaYeHue dpy JAUHBL d, TOMyCKa-
olllee TaKoe mepeMellenne KOHIOB oTpe3ka 1o rpanuie M7

OxkaswiBaercs, dyy B TOYHOCTH PABHO HINPpUHE W) MHOTOYTONbHUKA M.

Yr1oO6hl f0KazaTh 3Ty TEOPeMy MBOHCTBEHHOCTH U PEIIUTh 3a1a4dy, cdop-
MYJUPOBAHHYIO B aHHOTAIMH, PACCMOTPUM PSJI HOJATOTOBUHTEIBHBIX, BCIIOMO-
raTelbHbIX 3a/1a4.

2. BO3bl 1 MAIMKUHBEI. PABOBOE IIPOCTPAHCTBO

Pasobparbes ¢ 3agadaMu o MINpAHe MHOTOYTOJbHAKA HaM, B IEePBYIO OUe-
peflb, MOMOKET IMpleM, HCTOAb3YeMbIll B [2] Ipu peleHnn cieyoleln 3a, aqn
P.P. KoucranTunosna.

Ase nenepecexaowuecs dopozu eedym uz 2opoda Cy 6 2opod Cy. Hzsecm-
1O, YMO d6€ MAUUNBL, C6A3ANHbIE 6€pe6kol daunbl 2L, mo2ym npoexams u3
C1 6 Cy (no pazuvim dopozan ), ne nopeaé eepecku. Cuo2ym AU pazmunymo-
ca deéa wpyeavir 603a paduyca R > L, ecau ur yenwmpst dsudcymes no mem
sce dopozaam nascmpeuy dpye dpyay?

PEWEHUE. Bor — pertierne sToi 3ajga4n, npuBegertoe B [2, ¢.8,9]. Pac-
CMOTPHM KBaApaT

K ={(z1,22)|0<a; < 1,1 =1,2}.

Posoxkenne 1Byx sknnaen (oqun — Ha 1-if 1opore, Ipyroi — Ha 2-1) MOKHO
XapaKTepn30oBaTh TOYKON KBajgpaTa K: TocTaTOYHO 0GO3HAINTHL depe3 I
npodato paccrostus or C no Cy 1o i-ToU popore, 3akI04éHHYI0 Mexay Cp u
HaXOIATIMCS Ha DTOW TOpOTe DKUMaKEM.

BceBO3MOXKHBIM TOJOKEHUSIM DKUTaKeH COOTBETCTBYIOT BCEBO3MOMKHBIE
Toukn KBagpaTa K. PTOT KBajpaT HazhIBaeTCA (Pa306blM NPOCMPAHCTIEOM,
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™ |- MaLunHbl

s, [~ Bo3bl

Puc. 3

a ero TOUKN — hazosvimu mouramu. Taknm o6pazoM, Kax gas pa3zoBas TOTKA
COOTBETCTBYET OTMPeNeNeHHOMY MOJOKEHUI0 Taphl dKUTaKeh, a BCAKOE [TBMU-
JKeHme DKUMazkel m3obpakaeTcs IBHKeHneM PasoBOH TOYKH B PaszoBOM TPO-
CTpaHCTRBe.

Panpumep, HavaabHOe noaokenne mMamnd (B ropomge C'1) COOTBETCTBYeT
JTeBOMY HIZKHeMY yriy kBajgpata K (21 = 22 = 0), a nBmxenne maummn us C
B (3 uzobpaykaeTcs KPHBOU, BeMylled B HPOTHBOMOJOKHBIN YT'OJI.

TouHo Tak Ke HavYaJIbHOE TOJOXKeHNe BO30B (ONWH — Ha l-W mopore Ha
Belesne u3 Cy, Ipyroil — Ha 2- nopore Ha Beesme u3 C, puc. 3) cOOTBeT-
CTByeT TpaBOMY HIDKHeMy yraiy kBagpata K (z; = 1, 23 = 0), a 1BuKeHne
BO3OB M3006pakaeTcs KPUBOH, BeIVIed B MPOTHBOMOMOKHBIN yTOM KBaJpaTa.

Po Beakme nBe KpuBHIE B KBajJpaTe, COSTUHAONINE Pa3Hble Taphl TPOTH-
BOTIOIOKHBIX BEPINNH, TepecekaioTcs. PosTomy, kKak 6B HE IBUTAJNCH BO3HI,
HACTYTHT MOMEHT, KOT/a Tlapa BO30OB 3afMET MoJOKeHNe, B KOTOPOM ObLia B
HEKOTOPHIT MOMEHT BpeMeHH Tapa MalliH. B »TOT MOMEHT paccTosHne MexX-
Iy MeHTpaMu BO30B OyaeT MeHnbiiie 2. lTak, Bo3aM He y1acTcs Pa3MUHY ThCS.

3. MHOTOYIOJbHHUK C PYYKON U Er'O IMHUPUHA

Pycrs monynpsivas H (puc. 4 Ha cief. ¢Tp.) nMeeT e INHCTBEHHYIO OOIIYIO
TOYKY ¢ rpatuiiein P muoroyroasiuxka M. O6benunenne P u H o6oznadum
depe3 Py m 6y1eM HasbIBATh MHO20Y20AbHUKOM ¢ pyukol (B3aMeH 6ojee TOY-
HBIX, HO TS/KETOBECHBIX KOHMYP WIN 2PAHUYA MHO20Y20AbHUKA € PYuKoil), a
caMy noaynpsMmyio H 6yjgeM HazbIBaTh pyukod.

C u3y4aeMBIMH BOTPOCAMU TECHO CBABAHEBI CJAEIVIOUINE 33 a4,

1. Pycemov Ay u By — dee npouzeoavnvie mouxu nwa pyurxe H. Joxazame,
UWIMO CYUECTMEYEM NAPGL HENPEPLIEHBIE 0OMOOPaNRCeHU

a: te0;1] - A=ua(t) € Pg, b: t€[0;1] - B=>(t) € Py,
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Puc. 4

06.4ada0Was cAedYProuUMY C60THCMEAMU:

- nput =0 mouxu A u B aanumaom nosoxncenus Ag u By;

— npu uamenenuu t om 0 do 1 paccmosnue |AB| ocmaemes neuzmenmblm;

— npu uamenenuu t om 0 do 1 no kpatinet mepe odna uz mouex A u B obro-
dum P (m.e. deueasco Henpepvieno, HO He 0OA3AMEABHO MOHOMONHO — MO
no waco6ol, Mo NPoMuUs 4acoeol cmpeiky — desaem noanbii obopom 6o-
wpye M );

—nput =1 ompezox AB cosnadaem ¢ ompesxom AgBy — max umo aubo

Al = a(l) = 1407 B1 = b(l) = BO7 (1)
AU6O
Al = a(l) = BO7 B1 = b(l) = Ao. (2)

2. Joxazams, umo ycaosus (1) wau (2) 6binoansiomes 6 2a6ucumMocmu
om moeo, kakosa dauna ompesxa AgBy: cywecmeyem maxoe w, wmo npu
|AoBo| > w sevinoansemesn (1), a npu |AgBo| < w evinoansemes (2).

3. Bepno au, wmo npu |AgBy| = w cywecmsyiom obe napwvt omobpaxrce-
nuti: u maxas, umo evinoansemca (1), u maxas, umo evinoansemes (2)7?

ONPEJAEJEHUE. Yncio w Ha30BeM  wupunoli MHOTOYTCOAbHHKA C pyd-
kol Py.

ﬂaﬂbHeﬁMHe IIOCTpOeHNd OIlpaBIaloT BbI60p 9TOI'0O TepMHHa, a IOKa BO3HH-
KaeT BOIIPOC:

4. Basucum au wupuna P om pacnosoncenus pyuxu H? Podpobuee:
nycms H* — wobas noaynpamas, umeowas eIuncmsennyio oowyo mouxy
c epanuyeti P mnozcoyeoapnura M. O6wedunum P ¢ H* u wupuny noayuen-
Ho20 MHo20Y2oabHUKG ¢ pyukot P« o6o3nauumn wepes w*. Pasubt au mexncdy
cobot w u w*?
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Pwuc. 5 Pwuc. 6

4. JIBUYKEHHUE OTPE3KA IIO JOMAHON

Ppex e vem nepeiTu K pelenuto 3agad 1-4, obcyum cieayloiiee yTBep-
KIeHne.

5. Pycmv ABCD — necamonepecexaoujasics mpéraseHnas L0MAHAR AU-
nus, npuvem 36enva AB u C'D umeiom (xaxcdoe) dauny 6oavwe 1. Pycmp A’
u D" — maxue mourxu na 36envar AB u C'D, umo |AA'| = |D'D| = 1. Tozda
ompe3ok daunvl 1 moxcrno max nepemecmums u3 nosoxcenus AA" 6 noaoxce-
nwue D'D, umo konyvt ompesxa 6ydym HENPEPLIEHO J6ULAMbBCA IO AOMAHOT

ABCD.
U3z puc. 5 fgcHo, 9To yTBepK IeHne 5 HeBepHO.

6. Cmanem au ymeepacdenue § GEPHBIM HE MOABKO OAA MPEL36EHNOT
Aomanot, no daxce dag n—36ennoti somanot AgAy ... A,, ecau donoanumens-
1O nompebosamv, WMOObL 6CE MOUKY AOMAHOU, AeHcaujue Ha paccmosnun < 1
om Ag, npunadaexcaiu €€ nauatbromy 36eny AgAr, a 6ce mouxu gomanot,
aedcaujue wa paccmosnuy < 1 om Ay, npunadaescait €€ Koneunomy 36eny?

Perenne 3amaqn 6 (cM. pa3m. 5) moMoxKerT Jydile NTOHATH 3a1a4n 1-4 1, B
JACTHOCTH, OOBICHUTD, 3AUeM K MHO20Y2OADHUKY NPUIEAAHE PYUKA.

5. PENIEHUE 3AJAYM O ABUKEHUU OTPE3KA 110 JOMAHON. ['PAD I

Pycrs  sce mouxu mecamonepecexawoueiics n-zeennol aomanoi P =
= ApA1 ... A,, aexcawue na paccmoanuu < 1 om Ag, npunadaexcam €€ na-
waavnomy 3eeny AgAr, a ece mouxu aomanol P, qexcaujue wa paccmosnuy
<1 om A, npunadaencam e€ xoneunomy 36eny. ObosuavuM depes Aj n de-
pes Al rouxku P ma paccrosuuu 1 ot Ag u ot A, u, caegys [1], mokaxem,
9TO OTPE30K [INHBI | MOXKHO HENPepPHIBHO MepeMecTHTh N3 TmoJoxkenus AgAf
B nosoxkenne Al A, 1BUTas KOHIB OTpeska mo Jomanon P (puc. 6).

Pycty L — panna jomanon P u nycts AB — Ipou3BOALHBIE OTPE30K [IIN-
Hbl 1 ¢ konunamn Ha P. [lauaer nomansix AgA n AgB (u3Mepennsre Broas P)
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0603HaYuM depe3 Ly u Lo u nonoxknM (cpaBHUM ¢ pa3i. 2)
1 =1Li/L, x3=Ly/L. (3)

Poctynus Tak ¢ xaxcdbim 0Tpe3KOM JANHBI | ¢ KOHIaMW Ha P, moaydum
HEKOTOpOe MHOXKecTBO I Touek ¢ koopanuatamu (3) B dazosom npocmpan-
cmee, T.e. B KBajpaTe

K= {($17$2) | 0<e; <1, i= 172}'
B wactHocTH, orpeskam AgAy 1 Al A, coOTBETCTBYIOT (pa30Bhle TOYKM
Fo=(0,1/L) m» F1 =(1-1/L,1). (4)

YTOYHEHUE. Bumecte ¢ xaxgoit Toukoit X = (27, 23) MuoxkecTso [, o1e-
BH/IHO, cOepKuT ToUKy X' = (23, 21), cuMMeTpndnyo X OTHOCHTENBHO Ips-
MOU &1 = z9 (ecin dasosad Touka X coorBercTByeT oTpesky AB, To X’/ co-
orBeTCcTByeT 0Tpe3ky BA). Uckmiounm u3 I' Bce TOUKH, ¥ KOTOPHIX 21 > T2,
T. e. npn onpegenennn I' 6y1eM paccMaTpuBaTh TOIbKO Takue OTpe3kn AB,
y KOTODLIX (IpH ABHKeHHN BIoIbL ) A 6nmke k Ag, 1em B.

Perpyano mpoBepuTh, dT0o MHOXKecTBo ' mpegcraBiser coboil Tpad,
pébpa KOTOPOTO SBAAIOTCA NGO AYTaMi JIAUNCOB, JUG0 TPAMOJNHEHHBIMH
oTpe3kaMi (OTPe3KH MONYYaloTCsi, KOrTa KOHIE AB mpnHagre:xkar mim of-
HOMY H TOMY K€ 3BeHy JoMaHon AgA;...A,, Win DapaielbHBIM 3BEHbIM, a
IyTH — KOTTa KOHUBI A B npnHairexar HenapaiielbHbiM 3BeHbiM ). Crenern
BepinnH [' OMicaHbl PN TOKA3aTeAbCTBE ClIeAYIONIeN TeopeMbl (JIeMMbL 1, 2).

TEOPEMA 1. ®azoesie mouxu Fy u F7 npunadaesxcam odwnoti u moi e
cea3not komnonenme 2pada I';, max wmo ompesor daunst 1 modcno nenpe-
Pui6HO nepemecmumy u3 noaoxcenus AgAj 6 nosoxcenue Al A, deuzas xon-
ybl ompesxa no somanot P.

JOKA3BATEIBCTBO. [lomycTum (IOTOM MBI OCBOGOIHMCS OT TOO JOIY-
IeHNSs ), 9TO

aomanas P we codepacum nu 0dnoti napvl napaiieapubls 36€enbes,
PACCNOAHUE MENHCAY KOMOPLIMY 6 mounocmu pasho 1.

(5)

ﬂOKaH(eM cilelyroulee yrBepzKieHune.

JIEMMA 1. Ppu ycaosuu (5) ece sepwunvt epaga I, xpome «xonyesvizy
sepwun (4), umerom wémuyio cmenensv: 0,2 wau 4, u auwp sepwunst Fo u Iy
umerom cmenerns 1.
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Bumecte ¢ nemmon 1 6ymer gokasana n TeopeMa | mpu ycaoBun (5): BBILIA
3 Fy, 6ygeMm gBHraThed Mo pébpam rpada I', He mpoxons oy o ogHOMY pebpy
IBaKIbl (MOKA 5TO BO3MOXKHO); 9TO [IBHKEHHE He MOMKeT 3aKOHYNTHCSI HU B
KaKOIl BepIInHe Y6THON cTeneHn (BOIId B He€, MBI MOKeM BBINTIH); TEM CaMbIM
MEL JogeM go Fj.

JIOKABATEJBLCTBO JEMMBIL 1. PycTh orpesox AB ginubl 1 ¢ BepiinHaMmn
Ha jgomanon P He coBmagaer Hu ¢ AgAy, Hu ¢ A A,. Torma

A# Ao, B#A, (6)

(31ech HCHOXb3yeTCs O paHNYeHNe, HATOKeHHOe Ha JoMaHyio P = AgAy ... A,
B Havale maparpada: Bce TOYKH JOMaHON P, jexallme Ha DacCTOSHUE
< 1 or Ag, npuHagiexaT eé HadalbHOMY 3BeHy, a BCe TOYKH JOMaHOH P,
JexKalllie Ha paccTosunn < 1 or A,, IpuHALIeKAT €€ KOHeTHOMY 3BeHY ).

Benencrsue (6) AB obpasyer ¢ P gBa yria B Touke A (HazoBeM HX Qq, &)
U IBa yIia B Todke B (HasoBeMm HX [1, (J2); IpH 5TOM BO3MOKHBI CJIeIyIOIINe
caIydan:

Puc.7 a)

a) B TOYHOCTH OIHNH U3 YIVIOB (v, &z — OCTPHIIl W B TOYHOCTH OJUH U3
yriioB (1, 32 — ocTphiii; B 9ToM (001eM) caydae 06a KoHIla AB MOTYT 0THO-
BPEMEHHO TBHTATHCS MO JTOMaHON P B IBYX HalpaBIeHHAX (puc. 7a);
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b) 1ubo omuH, 16O TPHU U3 YIIOB 1, (3, 31, B2 — OCTpHIE; B 3TOM CaIydae
OJIH KOHell oTpe3ka AB MoxXKeT ABUTIaThCi 10 JoMaHOU P B ABYX Halpa-
BIEHHAX, & Apyroi KoHen AB — B OJHOM HAaIpPaBIeHNN (COOTBETCTBYIONIAS
BepinHa rpada I' nmeer crenens 2, puc. 7b);

Puc.7 c)
¢) o6a yriaa «; — OCTpble W HH OJNH U3 YIVIOB [3; He SABISETCS OCTPHIM
(mrm HAoOGOpOT, 06a yria [3; — OCTpBEe W HNU OINH W3 YIVOB (v He SBISETCS

OCTPBIM); B DTOM Ciydae KaxKIblil U3 KOHIOB 0Tpe3ka AB MOXKeT MBHIaThCs
no JoMaHoil P B IByX HalpaBIeHHAX, TaK 9TO BCEr'o MMeeTCs YeThIpe Ba-
puaHTa JBUKeHUs (COOTBETCTBYIONIas BeplinHa rpada [ uMeer cremenb 4,
puc. 7¢);

A
A J
k 1

0 2 | 4

© 12|22
r
2| 4 2 0]
B B
Puc.7 d)
d) Bce yruibl aq, g, f1 m B3 — ocTpele, 1n6O HU OJNH W3 DTUX YIIOB

He SIBASeTCS OCTPLIM; U3 DTOrO0 MOJOXKeHus oTpe3oK AB HUKyja HE MOXKeT
caBuHYTHCS (rpad ' nvmeer msonnpoBaHHyio BepuinHy, puc. 7d).

Caydan a—d ncyepnsBator 9 Bozmoxkuocten (j,k), 0 < 7, k < 2, rue j
0003HAaYALT YUCIO OCTPHIX YIVIOB CPeIl YIVIOB ¢, a k — YHCIO OCTPHIX YIIOB
cpean yrioB f3;, ¢ = 1, 2. Jlemma 1 — a ¢ Hen n Teopema 1 mpu yeaosun (5) —
TOKa3aHa.
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Puc.7 e)

B o6mmem caytae — 6e3 yeaosus (5) — rpad [', kpome «KOHIEBHIX» BepIINH
F; crenenn 1, MoxeT UMeThb U [Ipyrue, «HEKOHIEBbIeY, BEPIIHHBI HEYETHOU
CTerneHn.

Bepna, omnako, cremyioias JeMMas

JIEMMA 2. Bcee nexonyeswvie sepuwunbt 2pada I newémmuot cmenenu modxc-
no pazbums na napwvt sepuun (U, V), coedunénnviz 6 I' npamosuneinvinu om-
peakamy — pébpanu UV .

JlokaxkeMm JeMMy 2, a TOTOM BHIBeJeM U3 Heé Teopemy 1.

JOKABATEALCTBO JEMMBI 2. I'padp I' MoKeT nMeTh nexonyesvie Bep-
[ITHBI HEYETHON CTENeHN TOJBKO MpH HapylieHnu (5), T.e. IPH YCJIOBHHU, ITO
JoManas P comepKuT mapaJjelbHbe 3BeHbS, PACCTOSHIE MEXKIY KOTOPbIMI
B TOYHOCTH paBuo 1 (puc. Te).

Kaxxgonn Takol mape 3BeHbEB COOTBETCTBYET IPAMOJMHEHHBIN OTPE30K
(pe6po UV rpada I'), coeqnusiomnii nBe nexonyeevie Bepmnusr U n V' He-
YETHOW CTEeNeHH, YTO U TOKA3bIBaeT JeMMy 2.

Y naaus uz rpaga ' Bce npsmoauneiinbie péopa UV, coequnsiolne HeKOH-
IeBble BepIIMHLI HEeYETHON cTeleHH, npuxoinM K rpady 1, Bce Hekonnenbie
BEPIUHE KOTOPOT'O UMEIOT YeTHYIO cTenedb: 0, 2 mwan 4, T. e. oOKa3LIBaeMcsd B
YVCIOBHSX jJeMMbl 1, KoTOpas, Kak U Hpexje, BiedeT 3a coboi Teopemy 1.

Ponyrro npuBesénnLie 1oKazaTelbcTBa OOLACHAIOT poab pydku H B 3a-
madax 1-3:9To aHaJ0T Ha9aJbHOT'O I KOHETHOIO 3BeHbeB JJoMaHon AgA; ... A,;
HaJgundne pydku H TacT BO3MOXKHOCTL BELICIHTL CpelH BCeX BEpIINH COOT-
BeTcTByIomEero rpadga ' B pazoBoM IpoCcTpaHCTBe «KOHIEBLIeY BepLINHLI F;
crernn 1 (mogpo6uee 06 5ToM — B pa3i. §), a TakkKe MOMOKeT HCIOIB30BATH
sagadn 1-3 mpH pelreHny 3a1a4n O IBO3IAX U3 aHHOTAINH.
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A° B°

Pwuc. 8

6. PEPEMENIEHUE OTPE3KA IO MHOT'OYTOJLHUKY C PYYKON

Yro6bl pemiuTh 3ajgaun 1-3, cBsKeM ¢ Prp opueHTHPOBaHHY 0 JoManyio T
COCTOAIIYIO U3 TPEX dacTel (puc. 8): HaYaIbHOE 3BeHO JOMaHOH 1 — KycoK
pyuku H ot Toukn A° 1o Touxu B°, Bropas wacTh 1T — OpHEHTHPOBAHHLIN
IPOTHB 9acOBON CTPEIKH KOHTYp PP MHOroyroabiuka M ¢ HadagoM 1 KOHIIOM
B BY u, HakoHel, KoHedHoe 3BeHo 1 — kycok pyuxu H ot BY 1o A°. Touxy
AY BriGepem docmamouno dasexo ot P — Tax, 4Tobb eé paccTosnue 1o P
ObL10 Hoabiie D, rae D Goablile guaMeTpa MHOrOyroabHuKa M.

Samada 1, oueBu,IHO, UMeeT pellieHne, eciu miauHa d orpezka AgBy 60ib-
me D.

Posromy maree mpegnoraraercs, 9to d € (0; D]. Kpome Toro, orpesok
AgBg MoxkHO 6€3 orpaHnuenns o6LUIHOCTH CYNTaTh TpuMbiKatomuM K AY, Tax
4970 naree au6o Ag = AV, 6o By = AY.

Poctponm B (pasoBom mpocrpancTBe rpap I' = 'y (d — mapametp,
0 < d < D); orrecem k 'y Bce pazoBbie Toukn (21,22), 0 < 21 < 22 <
< 1, KoTophle moayyalTes 1o ciaenyiolleMy npaBuiy. Pycts A u B — makue
Touxn Jomanoii T, ato |AB| = d, npuiem npu gsmxennn uz A° sronn T
TOo4YKa A BcTpedaeTcs panbiie, 4eM B. Pycrs L — piuna somanon 1. JinHb
aomanbix AYA n A°B (uzmepennnie Boab T') o6oznauum depes Ly u Ly (Tak
aro Ly — Ly > d) u nonoxum (kax u B (3)) z; = L;/L, 1 =1,2. B wacTuocrn,
oTpe3kaM JIUHEL d, TpuMBEKaomiM K A, COOTBeTCTBYIOT (a3oBEIe TOUKH

Fi=(0,d/L), Fy=(0,1-d/L), Fy=(d/L,1)u Fy=(1—-d/L,1). (7)

Tem caMbIM, B OTJIHYIHE OT Pa3jil. b, KOHIEBHX (Da30BHIX TOUYEK He [IBe, a de-
Toipe (puc. 9).

Ppu d = D n npn d € (0; D), éanskux x 0, pemenne 3agaqn 1, ode-
BIJHO, CYIIECTBYET, IPHYeM BBHIMOTHAIOTCS (COOTBETCTBEHHO) ycaoBus (1) u
(2). Nubivu croBaMu, B mepBoM ciydae (puc. 9a) ['y BkI0O9aeT KOMIOHEHTY,
comepKaiyto Fy; n Fy, 1 KOMIOHEHTY, cojep:xkaliyio F3 1 Fy, a BO BTOpOM
crydae (puc. 9b) — kommnomenTy, cogepxkainyo [ n Fy, n KOMIOHEHTY, co-
repxkainyio Fy u Fs (mociemuss, BopodeMm, n3obpazkaeT [NBHKEHHE OTPe3Ka
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[

A1 =Ao

F. F. o
B1 AI
o S
o >
AO BO
A B’
F.F.
BI BO
=
AO A1

Puc. 9



184 M. JI. I'eppep

AB, npu koropom Hi A, Hi B He o6xomaT P, Tak 910 oTobpaxenns [0;1] B
Pry, cooTBeTcTByOMINE HTON KOMIOHEHTE, He SBISIOTCA PEllleHneM 3a,1aqm 1).
Petnym Teneps 3aga4y 1 s aoboro d € (0D)].
Acno, 9T0 Bce KoumeBwie Bepmuubl F;, 1 < ¢ < 4, rpada 'y numeroT cTe-
medb 1. Yo ke kacaeTcs HeKOHIEBHIX Bepiiud ['y, TO, modTH MOCAOBHO TIO-
BTOpAS [TOKa3aTeIhCTBO TEOPEeMEl 1, moayyaem:

A. Fcau aomanas T ne codepacum nu 0dnot napsbt napaiteabublit 36 €HbES,
paccmosnue mexrcdy Komopuimu pasno d, mo ece nexonyeevie sepuiunvt 1y
UMEION UEMHYIO CTNENEHD.

B. Feau aomanas T codepacum napaieabubie 36EHbA, PACCTMOAHUE MENHC-
dy komopvimu paeno d, mo éce nexonyeevie sepwunbl I'g neuémuot emenenu
MoxHcHO pazbums wa napvt sepwun (U, V), coedunénnvir 6 I'q npamosuneinsi-
mu ompesxamu — péopamu UV . Hexawouus amu péépa uz Uy, npuzodum
epay 1), 6ce nexonyesvle 6ePUUNDL KOTNOPO2O UMEIOT YEMHYIO CINENEND.

Beiigs us Bepmmabr Fy, 6ygem gBuraThes mo pédpam rpada 'y (B cay-
qae A) min rpada [, (B caytae B), me npoxogs mum mo ogHoMy peGpy IBa-
K ITHI (MOKa 5TO BO3MOYKHO); BTO IBHKEHIe He MOKET 3aKOHIHTHCH HII B KAKOI
BeplliiHe YETHOU CTeNeHU; TeM CaMbiM MbI [OWJIeM M0 OMHOU U3 BepiiuuH Fj,
2< <4

Ecau ato — Bepinuna I, To BedgeM u3 F3 U NPOMONKUM TBUTATHCA 1O
TeM péGpaM, MO KOTOPHIM MBI €lIé HH pa3y He NPOXOAHIn (MOo-TpeKHeMy He
IPOXO/s HU 10 OJHOMY pebpy MBaiK[Ibl, TOKa 5TO BO3MOXKHO); KaK I PaHBIIe,
BTO MBUZKEHHE He MOYKeT 3aKOHYHTHCA HU B KAKOU BepliiHe YETHOU CTEleHH;
TeM CaMBIM MBI O IeM [0 e THHCTBEHHOU OCTABIIEeNCS KOHIEBOU BepIIUHbL Fy.

Nrak, B paccmaTpuBaeMoM caydae rpad I’y BKIovaeT KomnonenTy Ky o,
cojiepzKallylo Toukn [y u Iy, u KomnonenTy K34, cogepxKamyio Fz n Fy.

AsbTepHaTHBHAS BO3MOXKHOCTH: BhIUAS U3 F|, Mbl MOTWIH H0UTH 10 Iy, B
pToM caydae 'y BKIO9aeT KoMnonenTy K 4, cofepkamyio Iy u Iy, a Takxe
KOMIIOHeHTy K 3, cosepxamyio [y n F3.

Paxouer, Boiiigs us Fy, Ml Moran goutu o Fi (mo nytu Ky 3); Ho Torga
cymecTByeT U myTh K9 4 u3 Iy B Fy, a nockoabKy nyTh Ky 3 paszgender [ u
Fy, ro mytn Ky 3 n Ky 4 nepecekaloTcd; 3HaYUT, B DTOM Clydae BCe deThIpe
Bepmmmubl: F, Fo, F3 nu F, — nupunamiexaT oJHON KoMIoHenTe rpada [y
(pme. 9c¢).

Taxkum obpazom, us BeplinHbl F] Bcerja MOXKHO HouTH aubo no Fo, au6o
mo F4, a mHOr;a W O Kaxkgou W3 TpEéx Bepmmubl: Fo, F3 m Fj. Bagaga 1
peliiena.

Ponee Toro, Bcé noAroTOBJIEHO W MJAA pellenus 3agad 2 u 3.
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OnpPEAEAEHUE. Wcnoabsys obosnadenne K;; mid cBa3HOro mojarpada
rpada I'g, cogepxamiero I; n F;, Beigenum aBa kiracca rpados ['g:

J10601 rpad MepBoro Kilacca BKAWYAET HellepeceKakolnecss KOMIIOHEHTh
K2 m K34,

a10601 Tpad BTOPOTO KIacca BKIOTAET HellepeceKalolnecs KOMIOHeHTH
1(174 n 1(273.

B >Tux TepMmnax 3amavn 2 n 3 MOXKHO TepedOpMyJINpOBATE CJIeNY oMM
obpa3oM:

2. Cywecmsyem maxoe w, umo npu d > w 2pad I'y npunadaexncum nep-
soMYy KAaCCY, ¢ NPu d < W — 6MOPOMY KAACCY.

3. Ppu d = w epad 'y ne npunadaesxcum nu nepsomy, Hu 6Mmopomy
Kaaccy: ece wemwpe sepwunvt £, 1 < ¢ < 4, npunadaexcam odnoi xomno-
newme I'y,.

PEmEHUE 3A0A49 2 U 3. fcwHo, uTo npu d # e rpadgur I'y u ', He mepece-
Kaforca. Ppu sToM mis konneBbix BepinnH ' (o6o3naunm nx F;, 1 <1< 4,
9TOGH OTIHINTE OT BepiinH F; rpada 'g) BEIMOIHAIOTCA COOTHOIIEHNS, aHa-
Joruiuste (7):

Fi=1(0,e/L), E=(0,1—¢€/L), Es=(e/L,1)n Fs=(1—¢€/L,1),

1. e. (puc. 10) mpu e < d Touknm F; pacnonoxensl 6amxe, deM [, kK yraam

KBaIpaTa
K ={(z1,22)|0<a; < 1,1 =1,2}.

Es Fs F. Es Es Fs Fi Es
E. U E.
F. F.
F1 FW
E E,

Pwuc. 10
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Pwuc. 11 Puc. 12

PosTomy BepHa

JEMMA 3. Feau epag I'. — nepsoeco waacca u d > e, mo epag I'y —
mooice nepeoeo kaacca. Feau I'y — emopozo waacca u e < d, mo I’
MoJNce 6MOPO20 KAUCCA.

JTOKABATEABCTBO. Unade 'y u ['. mepecekanck 6w1, puc. 10.

CAEACTBUE. Moocho npunamo 3¢ w HUNCHIOW 2panb mex d, das KOMopsble
epad Iy npunadaexrcum nepsomy xaaccy uau (4mo mo He camoe) 6epruioo
epanb mex d, das womopwix 'y — emopoeo kaacca. Jas amozo w ymeeparcde-
nus 3adav 2 1 3, ouesUIHO, SBINOAHAIOMCA.

3AMEYAHUE. Touxka d = w sBiAseTCH TOYKOU Hepexoja OT rpadoB BTO-
poro kiracca K rpadpaM IepBOro Kiacca; KOMIOHeHTHI K;; mia rpacgos I'g
npu d, 6an3kux K w (puc. 11), HAMOMHUHAT ceMelcTBO THIepOOT Ty = ¢ Iis
¢ Boauzu 0. Ppu d = w rpap I'y = '), umeer Bepuinny X crenenn 4, us
KOTOPOHI MOXKHO MOHacTh mo pébpam 1y, B a0byio us Bepmun F;, 1 < ¢ < 4;
casubin moarpad Iy, comepxammnu X n F;, 1 < ¢ < 4, — amagor cenapa-
mpucet £y = 0, pasgeasionienn rupnepGobl Y = ¢ I ¢ PA3HBIX 3HAKOB (XOTs
HHOTIa BTOT NoArpad yCTPOEH CaoKHee, HalpuMep, TakK, Kak B clydae, Koria
M — npaBHJIBHBIH TpPeyroabHUK, puc. 12).

B zaxmiodenne »Toro maparpada chopMyIupyeM U JoKayKeM elé OTHY
JeMMy (cpaBHEUM e€ ¢ 3amadamu 1, 2), KoTopas MOHATOOUTCS B pas3i. 7.

JIEMMA 4. Pycmb cywecmeyiom maxue HENPEPLIEHLIE OMOOPAHCEHUA
a: te0;1] - A=ua(t) € Pg, b: t€[0;1] - B=>(t) € Py, (8)

umo nput =0 ut =1 ompezox AB 2anumaem 0dno u mo stce noaoxucenue
AoBy C H: Ay = a(0) = a(l), Bo = b(0) = b(1), npu uzmenenuu t om 0
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Puc. 13

do 1 odna uz mouex A, B obrodum xoumyp P u paccmosanue mexcdy A u
B ne o6azameavno nocmoswno, no npu eécex t € [0;1] ne npesocrodum e
(6 wacmuocmu, |AgBo| = eg < €). Tozda e > w, max umo cywecmeyiom
omobpadxcenus, obaadaoujue 6cenu ceoticmeamu omobpaxcenud (8) u, xpo.ae
mozo, maxue, umo |AB| = e.

JTOKABATEJIBCTBO. B dasoBom npocTpancTBe mepemerenie (8) oTpeska
AB msobpakaerca KpuBoil () = Q1 9, coemuusiomein £Y u Y, nan xpusoit
Q = Q3.4, coequusiomein FY u Y, rae E? — pepumnnt rpada I, (puc. 13).
Ppu d > e osta kpuBas me mepecekaercs ¢ 'y (taxk xax |AB| < e < d).
Posromy € > w: ecanm npeanosoxknTh, 9To € < w, To npn d € (e;w) rpad 'y
— BTOPOTO KJacca M, 3HATHUT, BOMPEKH CKa3aHHOMY, TTepeceKaeTcs ¢ KPUBOH
Q) (160 K 4 nepecekaer (2, 160 Ko 3 mepecekaeT (3 4).

7. MOXKHO JU NPOTAIIUNTHL MHOTOYTOJBbHUK MEXKAY ABYMS
I'BO3AMU?

Onupasce ma geMMmy 4, pelnM 3ajady 0 I'BO3[AX U3 aHHOTAINN U 33Jady
4 u3 pasji. 3.

Pycrs rozau G4 1 (g BOUTHL B CTON HAa PACCTOAHNE €, I IyCTh H3BECTHO,
9T0 MHOTOYDOJBHUK M MIMPUHEL w); MOXKHO IPOTAIINTH MeXK Ty HEMHI (Tak
q9TO € > Whf).

Korja MBI mpoTackmBaeM MHOIOYDOIBHHK MEXKIY ['BO3[SMI, TO ['BO3IH
HEIOIBHAKHLL, a MEOrOyroabuuk M aBuzkercs. OJHaKO, €Il JKeCTKO CBA3ATH
¢ M cucremy KoopimHAT, TO B Hell, HaoGopoT, 2603du G u Gy deudxcymes
OMHOCUMEALHO HENODEUHCHOZO MHOLOY2OALHUKA:

G = Gl(t) n G9 = Gz(t), t € [0, 1] (9)
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[T MHOTOYTOIbHUKOB He OYeHb CJAOKHON (POpMBI IBHKeHHe (9) MOKHO
npeacTaBiIaTh cebe caeryomnM obpasom (puc. 14).

Pa xontype P mMuHOroyroapaunka M Brei6upatorcsa aBe Toukn: C7 u C5. B
Hux K M npugensiBaioTcs aBe pydku: by u hy (moaynpsimere CTCy n C5C5), He
nepecekalonine ApyT Apyra W He nMeiolime ¢ P ipyrux obIuX ToYek, KpoMe
Cy u C3. O6vennnenue M, hy u hy paséuBaer R? na nse qactu: 6eprmion u
nudcwowo, 1 aBuKenne (9) npoucxoiuT Tak, 4To G4(t) 1€KAT B 3aMBIKAHIH
Bepxuell, a G'2(t) — B 3aMbIKQHII HUAKHEHN 9acTH.

Nmenno Tak npomackusanue muo2oyzoaprura mexncdy 2603damu G v Go
TpakTyeTcs B [1], u uceaenyemas 3amada peiieta B [1] mas MHODOYTOMBHUKOB
M, KoTopbie MOKHO UMEHHO MaKUM cnocofom TPOTAITAThL MeXIy Gy 1 (.

Po mis 6oree CIOKHBIX MHOTOYTOABHUKOB (puc. 15) mpu e, 6Jm3Kknx K
wps ABuxKenne (9) we.b3s MpencTaAaBATH TAaKHM 00pa3oM, I Ha MOMOIIb IPH-
XOUT KOHCTPYKIusA P w3 pasj. 3.

YTo6br HIPUMEHNTH €€, IMpek e BCero OTMeTHM, 9TO ecan ABIKeHne (9)
IPOHCXOINT Tak, Kak B 3agade 1, T.e. G1(t) = a(t), Ga(t) = b(t), To npu
svinoanenuy yeaosus (1) oxvazvieaemes, umo mnozoyzoavnur M npomawjuau
mednedy 2603danu G u Go.

3uaant, wupuna w = w(Py) mnozoyzoavnura ¢ pyuxoi Py we menvue
WUPUHBL War MHo2oy2oabnurxa M. PpoTuBonosoxHoe HepaBeHCTBO, a C HUM
1 TOXKJIECTBO

w = wy, (10)

cpasy BBITEKAlOT U3 CAeAYIOMIero yTBepK IeHns (KoTopoe 6y IeT JOKa3aHO Hil-
xKe):

Eeau mnozoyzoavnur M modxncno xax-wubyds npomawumsv mexcdy 2603-
damu Gy, Gg, mo amo moxno cdeaamv u max, umobvl deéusxcenue (9) npo-
uczoduio, kax 6 3adave 1 npu ycaosuu (1) wu, mem campin, wmobvl KoHybl
ompesxa GGy deuzaaucy no Py.

Kpowme semmbl 4, npu npoBepke >TOro yTBep:KiaeHus Oyj1eT HCIOJb30Ba-
Ha elIé OfHa JeMMa (JeMMa b 0 2.4a6HoM unmepsae), K (POPMYyINpOBKe 1
TOKA3ATeIbCTBY KOTOPOU MBI H HPHCTYIAEM.

Cpenu Bcex t € [0;1] B (9) mmeroTcst Takne ¢, 9TO TepecevdeHne OTpe3Ka
GGy ¢ M nycro, Takue ¢, uto G1(G5 He CONEPKUT BHYTpeHHUX TOodeK M,
Ho GGy N P # 0, u, nakonen, #a [0; 1] MOXKHO BHIIEANTH OTKPHITOE TOJ-
MHOXKecTBO 2 Takux ¢, mis KOTOphIX 0Tpe3oK (G1Gy COMEPKUT 6HYMPEHHUE
Touxku M.

JIEMMA 5. Cpedu unmepsasos, cocmasasiowur 2, ecmv maxoi, 24a6-
notl, unmepsan (to;t1), wmo npu t € [to;t1] u npouczodum npomackueanue
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Puc. 14

Pwuc. 15
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mno2oy2oavnura M mexwcdy Gp u Go:  das kaxcdoi enwympenned mouru
p € M naidémea t =t(p) € (to;t1), npu komopom ompezox G1Gy codeprcum
p; nput € (to;t1) 6ce enympennue mouxu muozoyoavnura M neperodam
uepez ompezox G1G5.

JIOKABATEJIBLCTBO. Boobiie ToBops, £ COMEPKUT U IPYTHUE, HE2.AU6HbLE,
unTepBaabl I. /las ¢, npuHaiexanux Kaxiomy us Hux, orpesku G1G5 co-
JepiKaT He BCe, a TOIBKO TaCTh BHYTpeHHNX Todexk M; npu t € [ »Tu To9kn
AUUD BpeMentno neperodam uepez ompesorx G1(Go, a nomom 6036pauyaiom-
ca o6pamuo. Posromy, ecin 661 ) cOCTaBIAIN TOIHKO TaKne WHTepBaIwl [,
MHOTOYTObHUK M He ObLil 6bl mpoTalied Mexiay G u Gy, 3uavur, £ gei-
CTBUTEIBHO COTEP:KNT HCKOMBIN MHTEpBAX (f;t1).

st rraBroro muTepBana (to;t1) C Q npn t € [to;t1] Toukn P € G1Gy,
6amxaiime x G, Gz, 0603Ha4nM (cooTBeTCTBeHHO) depes A u B, A = A(t),
B = B(t). Orobpaxenus

teftoith] = A= A(t), te[tosts] — B=B(t), (11)

MOTYT OKa3aThCs Pa3pPBIBHBIME (/15 HEBBINYKJIBIX MHOTOYTOXbHUKOB M), HO,
MeHSs TapaMeTpu3annio (3amenss «mepeckokm A(t—0) B A(t+0) nu B(t—0)
B B(t + 0) «HempPepLIBHEIME TepexogaMuy ), HETPYIHO CIelaTh UX HENPepPhiB-
HbpIME. Ppu KaxXJ1oM U3 ABYX MpaHUYHBLIX BHaUYeHWH t = fg U t = {; OTpe3oK
AB = A(t)B(t) (B03MOXKHO, BEIPOXKIAMOMNNACS B TOYKY — B CIydae, ecin
A(t) = B(t)), o4eBHgHO, Te:KNT Ha TpaHniue M, Tak 4TO CylUeCTByeT TakKas
CTOpOHA MHOTOyTOJIbHUKA S;, 9T0 A(t;)B(t;) C s;, ¢ = 0,1. PosTomy serko
noonpenenth (11) Bue [to;¢1] n meperiTn o1 (11) K HenpepHIBHBIM 0TO6paKe-
HUsIM (8), YIOBIETBOPSAIONINM YCJIOBHAM JTeMMEL 4.

Ppumenss »Ty JgeMMy, mofydaeM, 4TO CYIIeCTBYIOT oTobGpawkenus A(f)
n B(t), obragatoiine BceMn cBOHCTBaMn oTobpazkeHun (8) m, Kpome TOro,
Takue, 9To |AB| = e.

Pomaras Gy = A(t), G2 = B(t), moaydaem, 9T0 BepHa aHOHCHPOBAaHHAS
BbIIIIe

TEOPEMA 2. Fcau mmozoyzoavnurx M moxcno xax—nubyds npomawumo
meancdy mouxamu Gy, Go HA PAcCMOANUL €, O IMO MONCHO cIeaamb U MAK,
umobur deuarcenue (9) npoucroduqo, kax 6 2adave 1 npu ycaosuu (1); Konywi
ompesra G1Go dsudcymes npu smom no Prr.

Taxk kak (o remme 4) € > w, To npn 11060M d > € COOTBETCTBYIOMINI Ipad
'y npuHa/1e;KUT HEPBOMY KJIACCY U, CIeT0BATEILHO, COMEPKNT KOMIOHEHTH
K191 K3 4. Orcrofa 11 ao6oro MEOroyronbanka M cremyer
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TrOPEMA 3. FEeau muozoyeoavnur M moxcno npomauwums mexncdy 06yms
MOUKAMY KA PACCTNOARUL €, TRO €20 MONCHO NPOMAUUMD U MENHCAY MOUKAMU
Ha paccemosanuu d > €.

Wrak, 3amada u3 anHoTanuu periena. Pemena u 3agada 4: Kak yKe oTMe-
9eHO, N3 TeopeMbl 2 BHITeKaeT TOXKAecTBO (10), a HOCKOABKY B MpHBeIEHHBIX
BHIIIIE PACCYXKIeHUAX pyuKy H MOXKHO BClOAy 3aMeHUTh pyukod H*, To w =
w* — MIUPUHA W MHODOYTOJbHUKA C PYYKOU Py He 3aBUCHT OT PACHOJOKEHUS
pyuku H.

8. [TOKABATEJLCTBO TEOPEMBL JBONCTBEHHOCTH

OcTaercs mokazaTh TeopeMy fnBolcTBeHHOCTH. P0o1pobHO oHa cpopmy.iu-
poBaHa B pa3f. 1, a eé kpaTkad POPMYIUPOBKA — CAeTYIONIAL:

TEOPEMA 4. wy; = dpy.

JOKABATEILCTBO. Beaegcrsue (10) mmpnua wps paBHA gy — Mak-
CIMaJIbHOMY 3HadeHHI0 MINHBL d oTpeska AB, KOTOPBIE MOXKHO TaK Hepe-
MECTHTH BIOJIL JoMaHon 1" us moaoxenuns AgBg B momoxenne A1 By = BgAy,
9TOGHI BEITOMHAIOCH YCI0BHe (2); (pa3oBasi TOUKA ABIZKETCS TIPH HTOM 110 I'pa-
¢y 'y m3 Fy B Fy (puc. 9).

I'pagp Iy, cogep:kuT TakKe myTh u3 Fy B Fj.

ComnocraBienne nepeMelnennii orpeska AB Broab T, m3o6paxKaeMbIX My-
mavn [ Fy w FyFs (HIGKHEOH DparMeHT pucyHKa 9) gemaeT OYeBHIHBIM pa-
BEHCTBO dyer = dpf-

Nrak, wy; = dps. Teopema IBOHCTBEHHOCTH ITOKa3aHa.

B zakaiodenne xo4y BeICKaz3aTh MIPU3HATENBHOCTE JAPY3biAM U KOLIEraM 3a
MOMOIIb pU TOATOTOBKe >Tol cTaThbu: A. M. OueBckuit o6paTua Moe BHEMa-
Hile Ha paboTy [1]; y MeHs He 6BLIO 5TOU paboThH mox pyKoi, u U. B. ApHoab
IO MOeHd HmpochbHe CKaHMpOBaJ U mpucaaa Moe eé mo e-mail; P. P. Bacninen
OPOsiBIJ 3aBU,IHOE MOJTOTepIeHne, BHICIYIINBas 10 Teae(oHy MOHU JTOKa3a-
TenbcTBa U 06cykgas ux co muou; /. E. Joaros crenans Ha KoMubloTepe
PHCYHKE K cTaThe. Becex ux s uckpente 61aropapio.
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