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The main aim of this paper is to prove some new results on semilinear degenerate
relaxation equations associated with abstract differential operators. In order to do that,
we use the Fourier multiplier techniques.
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1. Introduction and preliminaries

Considerable interest in fractional calculus and fractional differential equations
has been stimulated due to their numerous applications in engineering, physics,
chemistry, biology and other sciences. Fairly complete information about fractional
calculus and non-degenerate fractional differential equations can be obtained by
consulting [1-7]. We refer to [8-11] for the basic source of information on the
abstract degenerate differential equations with integer order derivatives in the time
variable. The analysis of abstract degenerate time-fractional differential equations
has been initiated in a series of recent papers. In this paper, we consider the
existence and uniqueness of mild solutions of the semilinear degenerate relaxation
equation (DFP), below, thus continuing the researches raised by R.-N. Wang,
D.-H. Chen, T.-J. Xiao [12], V. Keyantuo, C. Lizama, M. Warma [13].

We use the standard notation throughout the paper. Unless specified otherwise, we
assume that E is a Banach space over the field of complex numbers. By L(F) and
||z|| we denote the space consisting of all continuous linear mappings from E into F
and the norm of an element x € E, respectively. Let I = [0,00) or I = [0,7] for
some T > 0. By C(I : E) we denote the space consisting of all continuous functions
from I into E. Equipped with the norm || - [|cqo.r:z) = supiep.r | - (D), C([0,T] : E)
becomes a complex Banach space. If A is a linear operator acting on F, then the domain
and range of A will be denoted by D(A) and R(A), respectively. Since no confusion
seems likely, we will identify A with its graph. If C' € L(F) is injective, then the norm
| |reey == |C~* - || turns R(C) into a Banach space, which will be simply denoted by
[R(C')]. Suppose that B is a closed linear operator with domain and range contained in
E. Then we define the set po(B, A) by pc(B,A) :={ € C; \AB—A: D(A)ND(B) —
E is injective and (AB — A)~'C € L(F)}.
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Sometimes we use the following condition on a scalar-valued function K(-):

(P1) K(-) is Laplace transformable, i. e., it is locally integrable on [0, 00) and there
exists # € R so that

K(\) = L(K)(\) := lim be_AtK(t) dt = /00 e MK (t)dt

b—oo 0

exists for all A € C with ReX > 3. Put abs(K) :=inf{Re) : K()\) exists}.

By F and F~! we denote the Fourier transform on R™ and its inverse transform,
respectively. Given 6 € (0,7] and d € (0, 1], define ¥y := {\ € C : X\ # 0}. Further
on, |B] :=sup{n € Z :n < S} and [F] := inf{n € Z : § < n}. The Gamma function
is denoted by T'(-) and the principal branch is always used to take the powers; the
convolution like mapping * is given by fxg(t fo s)ds. Set g¢(t) := =1 /T(¢),
0¢:=0(¢>0,t>0)and go(t) := the Dlrac J- dlstrlbutlon For a number ¢ > 0 given
in advance, the Caputo fractional derivative DSu [1; 4] is defined for those functions
u € CI171([0,00) : E) for which gpe—¢ * (u — Zﬁo_l u(0)g;11) € C1N([0,0) : E), by

dr¢l a-r
DSu(s) == FRal [gm ¢k (u - Z U(j)(O)gj+1>]~

J=0

The Mittag-Leffler function Eg.(2) (8 > 0, v € R) is defined by

E .
522 Zofﬁk:+7 zet

In this place, we assume that 1/I'(8k +~) = 0 if Sk +~v € —Ny. Set, for short, Eg(z) :=
Es41(z), z € C. The asymptotic behaviour of the entire function Ejz,(2) is given in the
following auxiliary lemma (cf. [1; 4| and references cited there for further information
about the Mittag-Leffler functions):

Lemma 1. Let 0 < 0 < w/2. Then, for every z € C\ {0} and ! € N\ {1},

-1 _

J
E 2% 2N 2T o2, ,
palz BZ ‘ ;F(v—ﬁﬁ (1217, 2l = o0

where Z4 is defined by Zg = z'/Pe®™/P and the first summation is taken over all those
integers s satisfying |arg(z) + 2mws| < (o + 7/2).

The reader may consult monographs [4] and [6] for more details concerning abstract
non-degenerate Volterra integro-differential equations in Banach and locally convex
spaces. We can consider the C-well-posedness of the following abstract degenerate
Volterra equation:

t

Bu(t) = f(t) + /a(t — s)Au(s)ds, t € [0,7), (1)

0

where 0 < 7 < oo, t — f(t), t € [0,7) is an E-valued continuous mapping and a €
L} [0,7), a # 0. Following the approach of T.-J. Xiao and J. Liang [14; 15|, we have

loc
introduced the following definition.
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Definition 1. Suppose that the functions a(t) and k(t) satisfy (P1), as well as that
R(t) : D(B) — FE is a linear mapping (t > 0). Let C' € L(E) be injective, and let
CA C AC. Then the operator family (R(t));>o is said to be an exponentially bounded
(a, k)-regularized C-resolvent family for (1) iff there exists w > max(0, abs(a), abs(k))
such that the following holds:

(i) The mapping ¢t — R(t)x, t > 0, is continuous for every fixed element x € D(B).

(ii) There exists M > 1 such that
|R#t)z|| < Me*!||z|, z€ D(B), t>0.

(iii) For every A € C with Re A > w and k()\) # 0, the operator B — a(\)A is injective,
C(R(B)) C R(B —a(\)A) and

k(\) (B - EL(/\)A)_lCBx = /e_MR(t)x dt, =z € D(B).

If k(t) = gr41(t) for some r > 0, then it is also said that (R(t)):>o is an exponentially
bounded r-times integrated (a, C')-regularized resolvent family for (1); an exponentially
bounded 0-times integrated (a, C')-regularized resolvent family for (1) is also said to be
an exponentially bounded (a, C')-regularized resolvent family for (1).

Assume that n € N and i4;, 1 < j < n, are commuting generators of bounded
Co-groups on a Banach space E. Set A := (Ay,- -+, A,), A7 := A" - .. A" for any
n=(m, 1) €N, and denote by S(R™) the Schwartz space of rapidly decreasing
functions on R™. Let k = 1+ |n/2]. For every € = (&,--+,&,) € R" and u € FLY(R") =

{Ff:feL R}, weset [§] == (37, €)% (6, 4) =307, &4, and

w(A)z = [ Flu(€)e "©Vgpde, x € E.

Rn
Then u(A) € L(E), u € FL'(R") and there exists a finite constant M > 1 such that

lu(A)| < MI|IF"ul] 1y gy w € FL'(R").

Let N € N, and let P(x) = ZlnISN a,z”, x € R", be a complex polynomial. Then we
define
P(A):= ) a,A" and Ey := {¢(A)z : ¢ € S(R"), = € E}.
In|l<N

We know that the operator P(A) is closable and that the following holds:
(l>) EO = E, E() - nnENg D(An), P(A)|Eo = P(A) and
¢(A)P(A) € P(A)p(A) = (6P)(A), ¢ € S(R).

Assuming that F is a function space on which translations are uniformly bounded and
strongly continuous, the obvious choice for A; is —id/0x; (notice also that E can
be consisted of functions defined on some bounded domain). If P(z) = 7, oy ayz”,
r € R" and E is such a space (for example, LP(R™) with p € [1,00), Co(R™) or
BUC(R™)), then it is not difficult to prove that P(A) is nothing else but the operator
D nl<N a,(—i)Mom /o - Oxn = > <N @y D", acting with its maximal distributional
domain. Recall that P(z) is called r-coercive (0 < r < N) if there exist M, L > 0
such that |P(z)| > M|x|", |z| > L; by a corollary of the Seidenberg — Tarski theorem,
the equality lim;|—, |P(x)| = oo implies in particular that P(z) is r-coercive for some
r € (0,N] (cf. [16, Remark 8.2.7]). For further information concerning the functional
calculus for commuting generators of Cy-groups, see [4; 17; 18].




88 M. Kostié

2. Formulation and proof of main results

In this section, we continue our previous research and prove some important results
concerning the existence and uniqueness of mild solutions of the following semilinear
degenerate relaxation equation

(DFP), { DEPCA() = PLTATE) + 1.0, +20

where 0 < a < 1, the function f(-,-) satisfies certain properties, P;(z) and P(z) are
non-zero complex polynomials, ¢A4;, 1 < j < n, are commuting generators of bounded
Co-groups on a Banach space F, and A = (Ay, -+, A,). If f(t,u(t)) = 0, then we consider
the associated Volterra integral equation

Py(A)u(t) = Py(A)z + (ga * PL(A)u)(t), ¢>0, (2)

along with the problem (DFP),,. We need the following definition.

Definition 2. Let 0 < a < 1, let C' € L(F) be injective, and let C~1P;(A)C = P;(A),
C™'P(A)C = Py(A). A strongly continuous operator family (P,(t));~0 € L(E) is said
to be an («, a, Pi(A), Py(A), C)-resolvent family iff there exist M > 1 and w > 0 such
that the mapping ¢ — |[[t'"*P,(¢)||, t € (0,1], is bounded, ||P,(t)|| < Me“t, t > 1,
A € po(Pa(A), Pi(A)) for Re A > w, and

()\O‘PZ(A) — Pl(A))fle = / e MP,(t)xdt, Rel>w, z€E.
0

The following theorem is backbone of this paper.

Theorem 1. Suppose 0 < a < 1, w > 0, Pi(z) and Py(x) are non-zero complex
polynomials, Ny = dg(Pi(x)) and Ny = dg(Ps(z)).

(i) Let N € N, r € (0,N], let Q(z) be an r-coercive complex polynomial of degree

nmax (N, N1+N2) 1 1 NN .
Mo € C\QEY, 7 > MO (ol (N, 5 i
E = LP(R™) for some 1 < p < 00),
N1 +N Nq+N:
o > ey M1 =) (7 =l - ) M) ), of

E = LP(R™) for some 1 < p < 00), Py(z) # 0, x € R, and let

1/
e (7)) = @
(e (e22) - o 120

Poq(t) = t7" <P2($)_1Ea7a (to‘ 223) (a— Q([E))fy/) (A), t>0.

Set

oy
“Q
)
—~
~~
S—
I

Then (Ra(t))i>0 < L(E) is a global exponentially bounded (go,Ra~(0))-
reqularized resolvent family for (2), (Pay ()0 <€ L(E) is a global
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(o, a, Pi(A), Po(A), C)-resolvent family, (R (t))i>0 is norm continuous pmvided

nmax(N,1EN2) . . . max(N, +N2)
v > ———5—=—, (Pay(t))e>0 is norm continuous provided o' > ———=—1 +
Ni+N> (1 . Oé),
||R0w(t)|| < M(l + t"/Q)ewt, t >0, resp.,
| Rar (1) < M(1+2"572 et £ > 0, (4)
and
HPaﬁ/(t)H < Mto‘_l(l + tl_a+%)ewt, t >0, resp.,
[ Pay (O)]| < Mt (1 4 #1702l et ¢ > 0, (5)
Suppose 5 > %w (resp. 5 > n|% |M if E = LP(R™) for some 1l <p <

00), ' > (1 —a—l—%)w (resp. ' > (1—04+n]1 \)(NI+NQ, if E = LP(R™)
for some 1 < p < o0), Po(x) #0, z € R", and (3) holds Set

Ras(t) = (E (ta 1’;8) (1+ |x|2)‘6/2) (A), £ >0,

C = R,p(0), and

o g1 7)1 o P1(7) b -B'/2
P,g(t) =t (Pg( ) Eaa (t Pg(x)> (1 + |z| ) )(A), t > 0.

Then (Rap(t))so < L(E) is a global exponentially bounded (gao,Rap(0))-
regularized resolvent family for (2), (Papg(t))iso < L(E) is a global
(a, a, Pi(A), Po(A), C)-resolvent family, (Ry(t))i>0 is norm continuous provided
g>2z N1+N2), (Pop (t))e=0 is norm continuous provided 5/ > (1 — o+ % )W

(4) holds with (Ra(t))i>0 replaced by (Rop(t))i>0 therein, and (5) holds with
(Poqy(t))e>0 replaced by (Pop(t))i=0 therein.

Proof. Recall that k = 14 |n/2]. In either choice of the regularizing operator C', we have

C™'P(A)C = Py (A) and C7' P, (A)C = Py(A) [19]. Furthermore, for every j € N, there
exist uniquely determined real numbers ¢; ;. (1 <1 < j) such that E/ (z) = a ' E, 4(2),

2.

z € C, as well as that E&j)( ) = { 1L Cjalaaj—(j—1)(2), 2 € C. Using these facts, we
have that:
1. For every multi-index n € N with |5 > 0, there exists ¢, > 0 such that

(N1+Ny—1
)l?ﬂ 1+N2 )7 r € R™

2 Pa()
‘D <P2(x)> el +lo

For every multi-index n € N with |n| > 0, for every ¢ > 0 and for every z € R",
we have:

v (0P & i e Pi@)
DEW(t %> >t Eag< P2($)>Rn7j(x) (6)

Jj=1

] j+1 P (z)
= ;: 1o Z acji1oboaj—jtita—t (ta PQ(:L_)>R”M( ) (7)

where R, ;(z) can be represented as a finite sum of terms like
[To2s Do (D) with [ >0 (1< q < s5) and [my] + - -+ |njs,| < |n].
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In the remaining part of proof, by M we denote a generic constant whose value may
change from line to line. We get that

)ln\ Ni+N2—1)

’Rm ‘<M(1+| | , provided 1 <j < |n| <kand z€R".  (8)

Arguing as in the proof of [20, Theorem 2.1|, we can prove that, for every ¢t > 0, x € R",
and for every j, [ € N such that 1 <j <k and 1 <[ <7+ 1, the following holds:

’Ea,aj—(j—l)-‘roa—l (tapl(x)/PQ(x))‘ <

1-(aj— (J Dt+a—1)

< M |14 17 UTERTDIPy (2) ) Py . (9)

If t >0 and = € R" satisfies [t*P;(z)/P2(x)| < 1, then the equation (6) yields:
‘D” (Ea,a(to‘fﬁ(x)/Pz(x)))’ < M(to‘ + t"""‘) (14 2" <k (10)

Suppose now that 1 <1< j+1,1<j<|n <k,t>0, x € R" and |[t*P(x)/Py(z)| > 1.
Then it can be easily seen that the supposition 1 — (aj — (j — 1) + o — 1) > 0 implies

)1—(aj—(j—l)+a—1)

Ny + N 11—«
(2 gt

<N1+N2 +|7’]‘(N1+N2—1) <

Using this estimate and (8), it readily follows that

1—(aj=(=D+a=1)

Py(2)/Po(x)| & (1+] |)|77|(N1+N2—1)S

< Mt-(ei=(-D+a-1) (1+|x|)|n\( 1) (N1+N2)1;“’

provided 1 — (aj — (j — ) + @ — 1) > 0. On the other hand, it is clear that

—(aj— (J D+a—1)

1 K N + )
1Py () / Py( )\ (1 [a]) "D < (1 )R (4

provided 1 — (aj — (j — 1) + @ — 1) < 0. Then, for every t > 0, z € R" and 0 < |n| < k,
the following holds (cf. (7), (9)—(11) and [19, (2.6), (2.7)]):

Py(x)
D"Eyo| t*——=
’( %@J
observe that the inequality Re (t*(Py(x)/Py(z))"/*) < wt, t > 0, z € R", and Lemma 1
together imply that the previous estimate also holds in the case that || = 0. Define

<aww:<a@WE(ﬁggnwf@w»“ym,tza

N ) )

< M(l + tlfa) (1 + t\nl)ewt(l + ]x|)|n|<

in the case of consideration of (i), resp.

C%Mw:<%@WE«W%%DO+MWﬁWyM,tZQ
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in the case of consideration of (ii). Then the identity

t
Eo(°Py(x)/ Py(x)) = / G1oalt — 8)5*  Bon(s°Pi(2)/ Po(2)) ds, ¢ >0, @ € R”,
0
(cf. [12, p. 212, 1.4]), shows that

Gaﬂl(t) = (gl_a * Paﬂ/)(t), t > 0, and Ga”g/(t) = (gl—a * Paﬁ/)(t), t > 0.

The proof can be completed routinely by using the estimate (12), the above equalities
and the argumentation used in the proofs of [19, Theorem 2.1]. O

It is worth noting that the assertion of Theorem 1 continues to hold, with appropriate
technical modifications, in the case that E = C,(R") or E = L*°(R"), and that the
additional refinement of lower bounds for the numbers v, 7/, 3, ' can be proved.
Suppose now that 7" > 0, the requirements of Theorem 1 (i) or Theorem 1 (ii) hold,
C = Ru~/(0) (C := Rap(0)) in the case of consideration of Theorem 1 (i) (Theorem
1 (ii)) and = € R(C). Following the analysis of non-degenerate case carried out in [12]
and [13] (another way to see that the subsequent definition of a mild solution of the
problem (DFP), is correct in the case that f(t,u(t)) = f(t) satisfies (P1) is to take
the Laplace transform of both sides of the equality D?Py(A)u(t) = Py(A)u(t) + f(t)
by making use of the formula [1, (1.23)], on the one hand, and to compute the Laplace
transform of the right hand side of equality (13) below, on the other hand), it will be
said that a continuous function ¢ — u(t), t € [0,7] is a mild solution of the semilinear
abstract degenerate Cauchy problem (DFP); on [0, T iff the mapping ¢ — C~' f (¢, u(t)),
t € [0,T], is well-defined and continuous, as well as

u(t) = Ro(t)C o + /Ot P,(t —s)C ' f(s,u(s))ds, te0,T). (13)

Define the operator Q,, : C([0,7] : E) — C([0,T] : E) by

(Qau)(t) := Ra(t)C 'z + /Ot P, (t —s)C ' f(s,u(s))ds, t€]0,T].

The most common technique to proving existence and uniqueness of mild solutions of
semilinear fractional evolution equations is to apply some of the fixed point theorems; in
our concrete situation, we must prove that the mapping ), (-) has a unique fixed point.
Not aspiring completeness of analysis here, we shall only state and prove the following
adaptation of 21, p. 184, Theorem 1.2] to close the whole paper.

Theorem 2. Let T > 0, let x € R(C), and let the requirements of Theorem 1 (i) or
Theorem 1 (ii) hold. Put C := R, /(0), in the case of Theorem 1 (i), and C' := R, 5(0),
in the case of Theorem 1 (ii). Suppose that the mapping C7'f : [0,T] x E — E is
continuous in t on [0,T]| and uniformly Lipschitz continuous (with constant L) on E.
Then the semilinear fractional Cauchy problem (DFP), has a unique mild solution u €
C([0,T] : E). Moreover, the mapping x — u(-) is Lipschitz continuous from [R(C)] into
c([0,T] : E).

Proof. Set M := maxeo,r(t'°T'(a)||Pa(t)]]). Arguing as in the proof of [21, p. 184,
Theorem 1.2, we get that, for every u, v € C([0,T]: E),

MLT*
(@)~ @0, 0 S D gy m €N, 2 E DT
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For a sufficiently large number n € N, one has

(M LT)"

— <1
['(na+1) ’

so that a well known extension of the Banach contraction principle implies that the
mapping @, (-) has a unique fixed point, finishing the proof of existence and uniqueness of
mild solutions of problem (DFP)_, on [0, T]. Keeping in mind a Gronwall-type inequality
[2, Lemma 6.19, p. 111], the remaining part of proof follows similarly as in that of [21, p.

184, Theorem 1.2]. O
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