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OrpanudeHns KOHEYHBIX BEKTOPHBIX CYMM 1
MOKa3aTelLCTBO TeopeMul JleBu — IllTennnia

A. A. Kycrapés

[loka3zaTensrCTBO, KOTOPOE MBI IIPUBEAEM, XOTA U OTINIAETCA OT MOKA3a-
TenbcTBa [TenHua TOCTPpOEHNEM U (POPMOU, HO CYIIECTBEHHO UCIOIL3YET
€r0 OCHOBHYIO JIeMMY, MHTEPECHYIO U caMy 1o cebe.

JIEMMA IIITEAHULIA. Cywecmeyem makas xkonecmawma Cgq, wmo aoboe
CKOAb Y200H0 60AbUWOE, HO KOHEUHOE, MHONCECMBO 6exkmopos 6 RY, diumna
KOMOPLIL He npesocrodum €, a cymma pasrua 0, MOAHCHO YNOPAIOUUMb MAK,
4mMobbL dauna cymmvl nepswviz k sexmopos das an6o020 k ne npesviwana Cye.

ApyruMmu cioBaMu, IEPECTABIAA CIaraeMble B 1I060M KOHETHOM IpenCTaBlIe-
HUY HYJSA CyMMOU BEKTOPOB IJIUHBI HE Gosbine 1, MOXHO HO0OUTHCA TOTO, ITO-
OBI BCE IACTUIHBIE CYMMBI HE MPEBOCXO U TI0 JINHE HEKOTOPOU KOHCTAHTHI,
3aBUCAIIEN OT PA3MEPHOCTH, HO HE OT YMUCAA CAATAEMBIX.

[loka3aTensCTBO DTON JeMMBI OyeT OTAXYATHCSI OT TOrO, KOTOPOE Ial
cam ITennn.

B ogmomeproM caydae demMa IllTenmuna nmouru odesuana. Hyxnoe ymo-
pAOOIEHTE IOy YaeTCa NHAYKTUBHO. BeIGepeM mepBoe caaraeMoe mpOu3BOIb-
HO, & Jlajiee BRIOMPAeM KaXI0€e CIeyIolee CIaraeMoe Mo IMPABUIY: €CIA TeKY-
masa YacTUYIHAA CYMMa MOJOXUTENbHA, TO BHIOMpaeM J000e U3 OCTABIIUXCSI
OTPUIATENBLHBIX CIATAEMBIX, X HA060pOT. PABEHCTBO HYMIO BCE CYMMBI BEK-
TOPOB MapaHTUPYeT BO3MOXHOCTH TAKOT'O YIOPAAOUeHUA. SICHO Takxke, 9TO
HU OJHA M3 YACTUIHBIX CYMM IT0 MOZYJIO HE TPEBOCXOANT MAKCUMYMa MOYJIA
craraembrx. Takum o6pasom, C = 1.

Mur gokaxem jgemmy [llTenHuna nHAYKIMEN MO Pa3MEPHOCTH MTPOCTPAH-
cTBa. IHAYKTUBHBIN Tepexo 1 OyAeT UCIOIL30BATE eme nBa (haKTa O IepecTa-
HOBKaX KOHETHBLIX CYMM BeKTOPOB. MuI chopmyaupyeM 5Tu (paKThI, TOBOPS HE
0 CYMMAaX BEKTOPOB, a O JOMAHBIX C KOHEYTHBIM YHMCJIOM 3BeHbeB. /[oka3zaTenn-
CTBO TIEPBOU JEMMBI UCTTOAL3yeT JeMmy [l TerHua B MeHbIIEN pa3MepHOCTH.

JEMMA 1. ITyemb A — nauaio aomanoti 6 R ¢ komeunvim uuciom 36e-
HbEB8 U MAKCUMAALHOT daunoti 36ena €, a B — ee xoney. Toeda moaxrcno max
NePeCcmMasumy 36€HbA A0MGHOT, YMOObL PACCMOAHUE 0M #0001 BePULUHBL NO-
AYUEHHOT AoManoti do npamoti AB ne npesviuiano Nge, 2de Ny — xoncman-
ma, 3a6UCAWAA MOALKO 0M pasmeprocmu d.

MaTemaTuueckoe npoceewenue, cep. 3, suin. 7, 2003(165-169)
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Puc. 1. IlepecraroBka, omucaHHAA B JeMMe 1

[OKA3ATEJBCTBO. CnpoeKTpreM JOMAaHYIO Ha T'EIIEPILIOCKOCTH, OPTO-
roanbayio AB. Torga Touku A u B mepergyT B Kakyo-T0 oquy Touky C Ha
STOH TUIEPILIOCKOCTH, KOTOPasA TaKke OygeT BEepIIXHON JOMAHOU-IIPOEKIIUN.
ITo remme [MTennnna gaa pasmepaocT d — 1 MOXHO TakK MEPECTABATE 3BEHbI
DTOU JOMaHOU, 9TO paccTosuune oT C' 10 JI0O0U BEPUINHBI IEPECTABICHHOU JIO-
MaHou Oyner He mpeBbmaTh Cy 16. Tormga cOOTBETCTBYIOIIAA TEPECTAHOBKA,
ucxonuonn nmomanont B RY m Gyger mckomoim. [lna xoncTaHTE Ny mOIydaeMm
omenky: Ng < Cy_1.

JIEMMA 2. IIyemb aomanas ydosaemsopsem yciosuio aemmbr 1 (pacemo-
ANUA om 8cex sepuiur, o0 npamoti AB menvuwe Nge) u donoanumesvrno ycio-
suto |A — B| > 2e. Toeda moxcno max nepecmasums 36enba 9moti 40manot,
UMO HEKOMOPLIL, HAUAALHBIT KYCOK NOAYUEHHOT NOCAE NEPECMAHOBKY AOMA-
noti om A do mexomopoti sepwunbt C' ydosaemsopsem 08Yym Ycao8uim:

> |B—C|<2eVN2+1;

> PACCMOAHUAL OM BEPULUH AOMAHOU, pacnosodcennbir mexcdy A u C, do
ompeaxa AB we npesoczodam £(Ng+ /N7 + 1).

[IOKA3ATEJLCTBO. [Tokaxem, 9T0 MOXHO TaK BEIOPATH YACTh UCXOJHON
JIOMAHOW, HAMAHAOIMIYIOCA B Bepumae Cy4 U 3aKaHIuBaoIIyocsa B sepumae Cpg,
970!

> paccroaausz or Cy no A uw or Cg no B He mpeBocxoaaT €4/ Ng +1,

> mpoeknuu Ha npAMyo AB Bcex epmuu momanou mexay C'4 u Cp dexar
Ha orpeske AB.

3aHyMepyeM BEpIIUHBI JOMAaHOU B mopagke asuxkenus oT A x B. Bymzem
CYUTaTh, YTO TOYKa A jMexut «eseer Touku B Ha npavou AB. Bmigeaum
MHOXECTBO BEPINUH, MPOEKINN KOTOPBIX JexkaT cieBa or A. B mem mmeercsa
BepUINHA C HAUOOABIIUM HOMEPOM. [IpOeKIns CIeayIomen 33 HEU BEPITUHBI
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Puc. 2. BrijgeaeHne NpaBUILHOR IACTH

OyIeT yXe JeXaTh CIOpaBa OT TOYKA A. ITa creayomas u OyaeT BepIId-
uvou Cy. Tlpm >TOM paccTogHme OT ee mpoeknuu 10 ToIku A Menbme & (Tak
KaK TpeabIIylas BepmmHa 1exuT crieBa oT A) m paccrosaume ot C4 1o ee
npoektuu Menbine Nge (o yenosuio). CregoBaTensno, paccroanue ot C4 10

Bepumuel A menbine v/ N7 + 1. Amanorn+so onpefemum Touky Cp, BEIOU-

pasd BepUINHY, MPEABIYIIYIO TOW, KOTOPAasd UMEET HAUMEHBIINN HOMED Cpean

nexamux npasee B. Ycnosue |B — A| > 2e rapantupyer, uro Cp # Ca.
Ecau mepecTaBuTh BBIIETEHHYIO YACTh JOMAHOU B HAYAI0 (TOUKy A), TO

ee KoHer OygeT HaXOAUTHCA HA PpacCTOAHUU He Gombire 2ev/ N 3 + 1 oT Bep-
ummasl B. Paccrosaaume mo oTpeska AB mnpu Takou MepecTAHOBKE YBEIUTIUTCS

He OoJee YeM Ha € Ng + 1.

IMocnegoBaTenbHOE IpUMEHEHME JeMM 1 1 2 K HEKOTOPOU JOMaHOU, pac-
CTOSHUE MEXIY HAYAJIOM U KOHIIOM KOTOPOU MPEBOCXOAUT 2, MAET TaKyIO
MEePECTAHOBKY BEPIIWH, 9TO B JOMAHOU, MOJYIEHHOU B PE3YJIbTATE TEPEeCcTa-
HOBKWU, €CTh HEMYCTAaA NPUEUALHASL TaACTh — TAKOU HAYAMLHBIN KYCOK JOMa-
HOU, KOTOPHIN yAOBJIETBOPAET yTBEPXK JACHUIO JEMMBI 2.

JOKA3ATEJIBCTBO JEMMBI [IITEVMHUIIA

Ecau cymma BeKTOpOB paBHA HYJ/II0, TO YaCTUIHBIE CYMMBI ABIAOTCA BEP-
MIVHAMEI 3AMKHYTOW JOMAHOW C JAJUHOW 3BeHa He Goublie €. be3 orpanumienns
OOIIHOCTU CYATAEM HUXKE, ITO € = | U ITO HAYAIbHAS BEPUIMHA JOMAHOU
COBIAJAET C HAYAJIOM KOOPAMHAT. BymeMm moKa3bIBATBH, ITO

Ca < Ng+3VN7+1+1.

3aHyMepyeM BepIIUHLI JOMAHOU B MOpAAKe 00xona. OnuineM mepecTaHoB-
Ky 3BEHLEB JOMAaHOM, KOTOpasd OyAeT yAOBIeTBOPATH JeMmme llrenunna. Bor-
0epeM B JIOMAHOU BEPIIMHY 31 ¢ HAMMEHBITUM HOMEPOM, NI KOTOPOU

2VNJ +1<|Bi|<1+2VNj+1 (1)

(ecmu TAKOW BEPIIMHBI HE HAMAETCA, TO BCE BEPIIMHBLI JEXAT B 21/ Ng + 1-
okpecTHOCTE TOUKU A). 3BeHBA, cTOAmME 10 B1, ocTaBum 6e3 mameneHus. B
OCTABIIENCA JACTU JOMAHOU TIEPECTABAM 3BEHBA TAK, YTOOLI BLIIEIUTH TPa-
BIJIBHYIO 9aCTh, KOTOPAsA 3aKAHIUBACTCA B Bepmwmae By. Byaem npomonxars



168 A. A. Kycrapés

BBIJIETIEHNE TTPABWILHLIX IACTEN U3 OCTATKA JOMAHOU. KCau HA KAKOM-TO IIIa-
re noaydaeMm BepmmHy Bj Takyio, uto |Bi| < 2, TO mpogomkaeM JOMAHYIO
[IPOM3BONBHBIMY 3BEHBAMH 0 TEX IIOP, MOKA He MOy 9nM BepInHy By 1, yaI0-
BreTBOpawoomyoo (1).

U3 memMbl 2 ciegyeT, ITO pacCTOIHUE OT JIOGOU BEPIIUHEL, TTONYIEHHOU B
pe3yabTaTe TAKOTO MPOIECCa, M0 TOYKA A He TPEeBOCXOAUT

14+2VNi+1+4 (Ng+ VN3 +1)=Ng+3VN;+1+1.

JOKA3ATEJIHBCTBO TEOPEMBI JIEBU — [II TEMHUIIA

Mg nokazaTeabcTBa addPUHHOCTI MHOXECTBA CYMM TIEPECTAHOBOK HEKO-
TOPOrO PALA TOCTATOYHO IPOBEPUTD, ITO €CAN €CTh [BE PABIUIHBIE TOIKA —
CYMMBI TIEPECTAHOBOK PANa, TO W BCA OpAMAasA, MPOXOAAINAA Iepe3 BTU TO|-
KH, BXOIUT BO MHOXECTBO CYMM TIEPECTAHOBOK PAAa. II0CKOIbKY TPyIHOCTD
MPEACTABIAET TOABKO CIYyYall YCIOBHO CXOAAMIETOCA PALa, cauTaeM 6e3 orpa-
HUYeHUA OOIIHOCTH, 9TO AAWHA O0Iero wieHa crpeMuTca K 0.

Bo Bcex pampHeNIIMX paccyXAeHUAX Hojaraem &, = 1/2".

[lokazaTersCTBO MPOBEAEM B Ba dTana. Buadamue, npumMenss semmy [[Ten-
HUIIA, 3aMEHUM CYMMBI TIPEAETEHBIMU TOYKAMY MHOXECTBA YaCTUIHBIX CYMM

paza.

JIEMMA 3. Ecau A — npedeabnas mouka mHONCECNEA YACMUYHBIL CYMM
HEKOMOPo20 pada, Mo Hatidemes MaKras NePecmarnosra 3moz0 pada, 04l Ko-
mopoti A — cymma.

[OKA3ATEJLCTBO. [lycTs S),, — 9acTudHas CymMMa PAgA, JEXKAIIAL B £y -
okpecTtHOCTH A. [lIf KaXIOTO 1 pacCMOTPUM JOMAHYIO, BEAYIIYIO U3 S, B
Sp+t1, ¥ IOTOJTHUM €€ NBYMs BCIIOMOTATEILHBIMU BeKTOpamu: u3 A B S, n u3
Sp+1 B A. Tonryuum 3aMKHYTYIO JOMAHYI0, Y KOTOPOU A — HAYAIO W KOHEI]
OJIHOBPEMEHHO, a4 MAKCUMAJILHAA [IWHA 3BEHA DTOU JOMAHOU ¥, CTPEMUTCA
x 0 mpu n — oo.

I[Ipumenum k Taxon JoMaHou JeMMy I[IITerHMIA, MOLYyINM TAKYIO IEpe-
CTAHOBKY, UTO PACCTOSHUA OT BEPIIVH MEPECTABICHHOU JOMAHOU m0 A He
npesocxoaat £, Cy. Y naauM BCIOMOTraTeIbHBIE BEKTOPA, U3 3TOU MePECTAHOB-
k. [Toay9auM HE3AMKHYTYIO JOMAHYIO, PACCTOSHUA OT BEPIIMH KOTOpOu 10 A
ne npesocxogat £,Cy + 2e, — 0 mpu n — 00.

[lamee mpeamonaraeM, UTO €CTh ABe pa3addHBIe CyMMEI paga A u B. Ha-
a, meJb — JOKa3aTh, 9TO Ji0bad Touka mpamou AB aBmseTcs npemensHOU
TOYKOUM MHOXECTBA YACTUIHBIX CyMM HEKOTOPOU MEPECTAHOBKU paga. [lmsa
HAYAJIa TOCTPOUM TAKYIO TEPECTAHOBKY, ITO 06e Touku A m B sABaaoTca
TMpEIEIbHBIMA I MHOXECTBA YACTAIHBIX CYMM.

[lepBriMU TOCTAaBUM Takwe CIATaeMbIE, 9TO UX CyMMa S| JEXUT B £1-
OKpeCTHOCTH TO4YKH A. 3aTeM [ONMOMHMM WX APYTUMU CIATaeMBIMU Tak,
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9TOGLI HOBAsA IACTUIHAA CyMMa So JeXKAIA B £9-OKPECTHOCTH TOYKU B (Tak
MOXHO CIeJaTh, MOCKOILKY U A, u B ABIAIOTCA CyMMaMU PAa3HBIX MMEPECTa-
HOBOK OJHOTO W TOrO Xe pana). [Ipomomxkas gepemoBaTh Cepum, BEIyLINE
B A u B B, NOIyInM TaKyo MEPECTAHOBKY, MIA KOTOPOU YACTUIHLIE CYMMBI
Soiy1 ME€XKAT B €9;41-OKPECTHOCTU TOIKU A, a TaCTUIHBIE CYMMBI So; — B
£9;-OKPECTHOCTN TOIYKU B.

Yepes Py, k > 1, o603Ha4MM craraeMbie, KOTOPbIE BXOIAT B YaCTUIHYIO
cymMmy Sk, HO HE BXOOAT B YACTUIHYIO CYMMY Sk 1.

Pacemorpum mekoropyio Touky C = (1 —t)A + tB ua npamou AB. Bes
orpanmyenus o6mwHOCTH cuanTaeM, 9to ¢t > 0. O6oznadum N = [t].

IlepecTaBum wwieHbI psaga TakuM 06pa30M, ITOOBI MEPBLIMU ILIA CIATAE-
MbIe U3 S, 3aTeM — ciaaraemeie u3 Po, Py, ..., Py, TIOCTe HUX — ClaraeMble

P,

(0,0) (0,0)

Puc. 3. Ilpumep a1a caydas N = 2

u3 P3, Ps, Pyny1 m T. 0. (kaxabii pas Beiompaem N weTHbrx Py, a 3aTem —
cooTBeTcTByOIUEe N HEYETHBIX). 3AMETHUM, ITO

o0
(B = A) = (Pantv2 + Paniga + -+ + Poy(en))| < Z £n = 272Nt
n=2Nt (2)

o0
(A= B) = (Pant43 + Pants + - + Pangny41)| < Z e, = 272N,
n=2Nt+1

K xax mqou u3 vacren P, NpUMeHUM MEPECTAHOBKY U3 JEMMHBI 1, TIOCJIE 9ero Bee
BEPIIVHBI JOMAHBIX, COOTBETCTBYIONMX 9aCTA Pj, 6yAyT OTCTOATEH OT MPAMOU
AB ne 6oxee 1eMm Ha Ny + 251, Tae 0 — MaKCHMAJIbHAA AJIXHA CIACaeMOr0
u3 Pp. O6a craraeMbix B 3TOM BhIpaXeHuu ¢TpeMaTca K O mpu k — 00.

N3 coornomenun (2) cremyer, aro cymma Son; + Z;Vﬂ PNy yoj Gmuska
Kk D = (1 — N)A + NB, a cymma Sont + Z;\rzl PQNt+2j + Z;\/—zl PQNt+2j+1
6mmska k A. Ilockonbky C mexut mexay A u D, nua mo6oro € > 0 u a1060r0
JIOCTATOYTHO GOMBIIOTO ¢ HAMIETCA TACTUIHAL CyMMa MeX 1y Sont U SoN(141)
xoTopas orcrout ot C Ha paccrosaue < €.

Takum o6paszom, Touka C' — mpemerbHAs TOYKA MHOXECTBA JACTUIHBIX
CYMM YKa3aHHOU TEPECTAHOBKYU UCXOTHOTO PAIA.



