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On a class of random perturbations
of the hierarchical Laplacian

A. D. Bendikov, A. A. Grigor’'yan, S. A. Molchanov, and G. P. Samorodnitsky

Abstract. Let (X,d) be a locally compact separable ultrametric space.
Given a measure m on X and a function C(B) defined on the set B of
all balls of positive measure of X, we consider the hierarchical Laplacian
L = Lc. The operator L acts on L2(X7 m). It is essentially self-adjoint
and has a pure point spectrum. By choosing a family {¢(B)} of inde-
pendent identically distributed random variables, we define the perturbed
function C(B,w) and the perturbed hierarchical Laplacian L* = L¢(y)-
We study the arithmetic means A(w) of the eigenvalues of L“. Under some
mild assumptions the normalized arithmetic means (A —E))/o[\] converge
to N(0,1) in distribution. We also give examples when the normal con-
vergence fails. We prove the existence of an integrated density of states.
Introducing an empirical point process N“ for the eigenvalues of L* and
assuming that the density of states exists and is continuous, we prove that
the finite-dimensional distributions of N“ converge to those of the Pois-
son point process. As an example we consider random perturbations of
the Vladimirov operator acting on L*(X,m), where X = Q, is the ring
of p-adic numbers and m is the Haar measure.

Keywords: ultrametric measure space, field of p-adic numbers, hierarchi-
cal Laplacian, fractional derivative, Vladimirov Laplacian, point spectrum,
integrated density of states, Bernoulli convolutions, Erdés problem, point
process, Poisson convergence.

In memory of N. S. Landkof (1915-2004)

§1. Introduction

The concepts of hierarchical lattice and hierarchical distance were proposed by
Dyson in his famous papers on the phase transitions in a one-dimensional ferro-
magnetic model with long-range interactions [1], [2]. The notion of the hierarchical
Laplacian L, which is closely related to Dyson’s model, has been studied in sev-
eral mathematical papers [3]-[9]. These papers contain some basic information
about L (the spectrum, the Markov semigroup, the resolvent and so on) in the
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case when the state space X is discrete and the hierarchical lattice satisfies some
symmetry conditions (homogeneity, self-similarity and so on). These conditions
enable one to identify the state space (X, m) with a discrete infinitely generated
Abelian group G equipped with a translation-invariant ultrametric in such a way
that the Markov semigroup P! = exp{—tL} acting on L?(G,m) becomes symmet-
ric, translation-invariant and isotropic. In particular, Spec(L) is pure point and all
eigenvalues have infinite multiplicity.

The main goal of the papers mentioned above was to study the corresponding
Anderson Hamiltonian H = L 4+ V (the hierarchical Laplacian L plus a random
potential V). There was hope of detecting a spectral bifurcation from the pure point
spectrum to a continuous one for such operators, that is, to prove Anderson’s famous
conjecture. Unfortunately, the opposite was true: under mild technical conditions,
the hierarchical Anderson Hamiltonian has a pure point spectrum (the phenomenon
of localization; see [9] and [5]). Moreover, the local statistics of the spectrum of H is
Poissonian (see [6]), which is always deemed a manifestation of spectral localization
(see [10] and [11]).

We introduce a new class of operators: the random hierarchical Laplacians L%,
which demonstrate new spectral effects. The spectrum of such operators is still
pure point (with compactly supported eigenfunctions) but in contrast to the deter-
ministic case there is a continuous density of states. This density detects a spectral
bifurcation from the pure point spectrum to a continuous one. Locally, the eigen-
values form a Poissonian point process with intensity given by the density of states.
We will show that our assumptions on the random variables in the definition of L
are almost definitive. Counterexamples demonstrate that all major results do not
hold without such assumptions.

A systematic study of the class of isotropic Markov semigroups defined on an
ultrametric measure space (X, d, m) was made in [12] (for discrete X) and in the
recent paper [13] (where X may contain both isolated and non-isolated points);
see also [8] and [14]. This study was motivated by the theory of random walks
on infinitely generated groups (a classical subject which can be traced back to the
pioneering work of Erdés, Spitzer, Kesten, Molchanov, Lawler and others). The
two studies mentioned above turned out to be closely related. Namely, given an
isotropic Markov semigroup (P?) defined on an ultrametric measure space (X, d, m)
with minus Markov generator L, one can show that L coincides with the hierarchical
Laplacian L¢ on (X, d,m) for an appropriate choice function C(B) (see the defi-
nition below), and vice versa. Then the general theory developed in [12] and [13]
applies. In particular, by canonically modifying the underlying ultrametric d to
a new ultrametric d,, one can describe the set Spec(L) as

Spec(L) = closure{d(;y): x # y} U {0}. (1.1)

Since the families of d-balls and d,-balls coincide, these two ultrametrics generate
the same topology and the same hierarchical structure and, in particular, the same
class of hierarchical Laplacians. In its turn, equation (1.1) yields the following facts
that are crucial for our analysis (see [15]). Let S C [0,00) be any given closed set
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containing 0 as an accumulation point. Assume that X is non-compact and either
all points of X are isolated or S is unbounded. Then the following assertions hold.

1) One can find a proper ultrametric d’ on X and a choice function C'(B) on
the set of balls in (X, d’) such that Spec(L¢o) = S. The ultrametric d’ determines the
same topology as d.

2) If d is proper and X admits a partition into d-balls containing infinitely many
non-singletons, then there is a choice-function C'(B) on the set of balls in (X, d)
such that Spec(L¢) = S.

The following very simple example shows that the condition ‘X admits a par-
tition into d-balls containing infinitely many non-singletons’ cannot be dropped in
assertion 2): X = N and d(m,n) = max{m,n} when m # n and d(m,n) = 0
otherwise.

In the course of study we assume that (X,d) is a locally compact separable
ultrametric space. We recall that a metric d is called an ultrametric if it satisfies
the ultrametric inequality

d(z,y) < max{d(z, z),d(z,y)}, (1.2)

which is obviously stronger than the usual triangle inequality. Usually we also
assume that the ultrametric d is proper, that is, all closed d-balls are compact.

Let m be a Radon measure on (X, d) such that

(a) m(B) > 0 for each ball B of positive diameter,

(b) m({z}) = 0 if and only if « is a non-isolated point,

(¢) m(X) = oo if X is non-compact.

Let B be the set of all balls of positive measure. Our assumptions imply that
B is at most countable. Let C: B — (0,00) be a function satisfying the following
assumptions (in short, a choice function):

— for every ball B € B,

AB):= > C(T)< oo
TeB: BCT

— for every non-isolated point = € X,
sup{A\(B): B € B and x € B} = 0.

Let D be the set of all locally constant compactly supported functions. Given
the data (X,d, m,C), we define (pointwise) the hierarchical Laplacian

Lof(x):=— Y C(B)(Psf—f(x), [eD, (1.3)
BeB: z€B

where

1
PBf:W/dem

The operator (Lo, D) acts on L? = L?(X,m). It is symmetric and admits a com-
plete system of eigenfunctions {fg 5’ }Ben, namely,
1 1
;= 1 — 1 ’
IB.B m(B) 2T (B B

(1.4)
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where the B C B’ are the nearest neighbouring balls (when m(X) < oo, we also
put fx x/ = 1/m(X)). The eigenvalue A\(B’) corresponding to fp p is

AMBY= Y, O (1.5)

TeB: B'CT

when m(X) < oo, we also put X’ = X U {w} and A(X’) = 0. In particular,
we conclude that (Lc, D) is an essentially self-adjoint operator on L?. We abuse
notation and write (L¢, Domp,,) for its unique self-adjoint extension. For all this
we refer to [15].

Observe that we do not need to specify the ultrametric d to define the functions
C(B), A(B) and, in particular, the operator (Lo, Domyg,). What is needed is the
family B of balls, which can evidently be the same for two different ultrametrics d
and d'.

On the other hand, given the data (X, d,m) and choosing the function

1 1

C(B) = diam(B)  diam(B’)’

where B C B’ are any two nearest neighbouring balls, we obtain the hierarchical
Laplacian (L¢, Domyg,,) satisfying

1
AB) = diam(B)’

We will refer to (Lc,Domp,,) as the standard hierarchical Laplacian associated
with the data (X,d, m).

Let us describe the main body of the paper. In §2 we specify some spectral
properties of the hierarchical Laplacian Lo assuming that the ultrametric measure
space (X, d, m) where it acts and the Laplacian itself satisfy certain symmetry con-
ditions (homogeneity, self-similarity). As an example, we consider the operator D¢
of the p-adic fractional derivative of order oo > 0. This operator is related to p-adic
quantum mechanics. It was introduced by Vladimirov (see [16]-[18]). The operator
D is the hierarchical Laplacian acting on L?*(Q,, m), where Q,, is the field of p-adic
numbers and m is the Haar measure. The set Spec(®?) consists of eigenvalues p**,
k € Z (each of which has infinite multiplicity) and contains 0 as an accumulation
point.

In § 3, given a homogeneous Laplacian L¢ and a family {e(B)} peg of symmetric
independent identically distributed random variables, we define a perturbed choice
function C(B,w) and a perturbed Laplacian L* = L¢(,,. This new operator L is
the main object of study in spectral statistics.

For every w € €) the operator L“ is a hierarchical Laplacian and, therefore, has
a pure point spectrum. On the other hand, it may be non-homogeneous for some w.
In particular, the set of its eigenvalues may be dense in certain intervals. We study
the arithmetical means Ao(w), O € B, of the eigenvalues of L¥. Under some
mild assumptions, the normalized arithmetic means (Ao — E\o)/a[\o] converge
to N(0,1) in distribution as O — w. We also give examples where the normal
convergence fails.
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In § 4 we study the problem of the existence of the integrated density of states. It
turns out that the integrated density of states, whenever it exists, has a remarkable
structure: it can be represented as an infinite convolution of probability measures.
More precisely, the integrated density of states coincides with the distribution of
a random variable X = Y A, X}, where the X, are independent and identically
distributed, and the coefficients Ay > 0 satisfy > Ap = 1. Various properties
of probability measures of the form p = Px (that is, infinite convolutions) have
been studied by many authors since the 1930s (see, for example, [19]-[23] and the
references therein). This classical issue can be traced back to the pioneering work
of Erdés, Kerschner, Lévy, Jessen and Wintner. We apply known results on infinite
convolutions to study random perturbations of the Vladimirov operator ©¢ by
Bernoulli random variables. It turns out that the integrated density of states has
an L?-density for almost all a with 0 < o < (log2)/(logp) and is purely singular
for a > (log2)/(logp).

In the concluding §5 we apply the results of the previous sections to study the

empirical process
N§ =Y oxBuw)
BCO

associated with the eigenvalues A(B,w) of the perturbed operator L, where d,
is the probability measure taking the value 1 at {a}. For every finite interval I
we define No(I): w — Ng(I). We show that if ENp(I) converges to some value
A= A() > 0as O — w, then the random variable No(I) converges to the Poisson
random variable Py in distribution as O — w. We provide various examples to
illustrate this result.

This work was started at Bielefeld University (SFB-701) and finished at Cor-
nell University. We are grateful to L. Gross, M. Nussbaum, L. Saloff-Coste and
R. Strichartz for fruitful discussions and valuable comments. Thanks are also due
to the referee for a number of valuable suggestions.

§ 2. Homogeneous Laplacians

In this section we specify some spectral properties of the hierarchical Laplacian
L¢ assuming that the ultrametric measure space (X, d, m) on which it acts and the
Laplacian itself satisfy the following symmetry conditions:

(i) the group of isometries of (X, d) acts transitively on X;

(ii) the reference measure m and the choice-function C'(B) are invariant under
the action of isometries.

The ultrametric measure space (X, d,m) and the hierarchical Laplacian Lo on
it are said to be homogeneous if they satisfy these conditions.

It follows from condition (i) that (X, d) is either discrete or perfect. We have in
mind the following basic examples:

1) X = Z, (the ring of p-adic integers);

2) X = Q, (the ring of p-adic numbers);

3) X =Q,/Z, = Z(p>) (the multiplicative group of p" th roots of unity endowed
with the discrete topology, where n runs through the set of all non-negative inte-

gers).
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As noticed in [24], [25], our assumptions imply that the measure space (X, m)
can be identified with a locally compact totally disconnected Abelian group G
equipped with the Haar measure. Notice that G is not unique. If X is perfect and
non-compact, then a possible choice of G is the Abelian group

<3=§9%§<IIZWH)’ (2.1)

k>l

where the Z(ny) are cyclic groups and {nj}rez is an appropriately chosen two-
sided sequence of integers. The canonical ultrametric structure on G is defined by
the following descending sequence of compact subgroups of G:

G =[] z(nw).
k>l

Namely, the groups G;, | € Z, and their cosets {a + G;} form the family B of all
clopen balls.

There is a natural ultrametric structure associated with the two-sided chain of
subgroups G; of G. We define the absolute value |a| of an element a of G by the
formula

1l 0 if a=0,
al =
m(Gl) if ae Gy \Gl+1.
The absolute value |a| satisfies the ultrametric inequality
la + b| < max{|al, |b]}.

Clearly, |a| =| — a| and the ultrametric d(a,b) := |a — b| makes (G, m) into a homo-
geneous ultrametric measure space as defined above. In particular, for every ball
B we have

m(B) = diam(B).

By choosing the Haar measure m in such a way that m(Go) = 1, we compute m(Gy)
for all [ # 0 as follows:

@) ng-n_q if 1 <0,
m =
: (nl,1~-~n0)_1 if 1>0.

Recall that in the classical setting X = Q, we have Gy = Z,,, G, = p'Z,, and
la| = p~™@),  where n(a) = max{l: a € G}}.
The quantity |a| becomes a pseudo-norm, that is,
|ab| < |a][b].

It is a norm (|ab| = |a||b]) if p is a prime. This property plays a basic role in p-adic
analysis and its applications.

We recall that with every ultrametric space (X, d) there is a canonically associ-
ated tree 7 (X) (see Fig.1). Its vertices are metric balls, that is, in our case the cosets
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{a+Gi: a€G, 1 €Z}. The ascending sequence of subgroups {G;: 1=0,-1,-2,...}
identifies a special boundary point to be denoted by w. We consider the horocycles
of the tree with respect to this point. In this case, a horocycle is the set of all vertices
that are balls of a given diameter or, in other words, cosets with respect to a given
subgroup G;. Thus for every | we have a horocycle H; = {a + G;: a € G}. The
boundary 97 (G) can be identified with the one-point compactification G U {w}
of G. We refer to [24], [25] and [15] for a complete treatment of the connection
between an ultrametric space and the tree of its metric balls. The most complete
source of the basic definitions related to the geometry of trees is [26]; see also [27].

w

Figure 1. Tree of balls 7 (X) with forward degree n; = 2

Let Lo be the homogeneous hierarchical Laplacian (determined by a choice func-
tion C'(B)) on an ultrametric measure space (G, d, m), that is,

Lef()=— > C(B)(Psf— f(x)).
BeB: z€B

By the homogeneity property we have C'(A) = C'(B) for any two balls belonging to
the same horocycle H. Of course, the same holds for the eigenvalues A\(A) and A(B).
We put ¢y = C(B) and Ay = A\(B) for every ball B € H. When H = Hj, we will
also write ¢ = cp, and Ay = Ag,. In this notation,

)\k: E Cy.
<k

Each ball B € Hj has n; nearest neighbours B; C B. The eigenfunctions fp, 5
corresponding to A\(B) are of the form

f Y2 1p
PP T m(B)  m(B)
The system of functions {fp, g: 4 = 1,...,n,} is not orthogonal. Its linear span

H(B) C L? has dimension nj — 1. Setting

fi=fp,.B, m:=m(B;), i=1,...,np — 1,
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and using the Gram—Schmidt procedure, we obtain an orthonormal basis {u;: i =
1,...,n, — 1} C H(B) such that u; = f; and, for i > 2,

H2 _ (ng —z)(nk -1+ 1).

w=fi+ -+ ficir+ (e —i+1)f;, [|lwi

For different balls S and T, the eigenspaces H(S) and H(T') are orthogonal. It
follows that the eigenspace Hj, corresponding to a horocycle Hy, (or, equivalently,
to the eigenvalue \y) is of the form

He = €D H(B).
BeHy
Since the system of eigenfunctions {fs, 5} Bes is complete, we have
P = L2(G,m).
kEZ

Among the variety of homogeneous hierarchical Laplacians Lo on (G, d,m) we
would like to mention a one-parameter family {8°},s9. The hierarchical Laplacian
B is defined by the choice function

Cu(B) = (diam(B))~® — (diam(B'))~°, (2.2)

where the B C B’ are nearest neighbouring balls. Hence, for every ball B € B, the
eigenvalue \,(B) of B corresponding to B is

Aa(B) = (diam(B))~°.

The eigenvalue A\, (k) of B corresponding to a horocycle Hy is then computed as

follows:
ceen_ ) if
Aa0) =1, Aak) = ) AL RSO
(nk_l"'no)a if k> 0.

We recall (see [13]) that the set D of compactly supported locally constant functions
is in the domain of 8. The following remarkable properties can easily be proved:

B7: D — Dom(B“)
and, on D,
B> o B =potl (B =B

Moreover, when G = Q,,, the operator D% = p*B* coincides with the operator of
the fractional derivative of order o, which was defined and studied by means of the
Fourier transform in [28], [16], [18] and [29]. In this case, for f € D,

:Daf(l') _ pa -1 f(x) — f(y) dm(y) (23)

T—p T Jo fo—yle
and, therefore,

1—p@ f(@) = fy)

T=p= Jg Ta =y

Bf(x) = dm(y).
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We finally notice that similar identifications (based on the cyclic groups Z(n)
as building blocks) can be carried out in the two remaining cases: when (X,d) is
infinite and discrete, and when (X,d) is compact and perfect. For example, the
infinite (non-Abelian) symmetric group S, whose canonical ultrametric structure
is defined by the family {S,,} of its finite symmetric subgroups S, can be identified
(as an ultrametric measure space) with the discrete Abelian group G' = @, ; Z(1).
The canonical ultrametric structure of G is defined by the family {G,,} of its finite
subgroups G, =[], <n Z(1). As a second example, we consider a compact perfect
ultrametric space X = Z, C Q,, (the ring of p-adic integers). It can be identified (as
an ultrametric measure space) with the compact Abelian group G' =[], Z(lx),
where all [;; are equal to p. The ultrametric structure is then given by the descending
family of small subgroups G; =[]+, Z(lx) C G.

§ 3. Random perturbations

Let (X,d, m) be a non-compact homogeneous ultrametric space, Lo the homo-
geneous hierarchical Laplacian on X defined by a choice function C(B), and
{e(B)}pep a family of symmetric independent identically distributed random vari-
ables defined on a probability space (£2,P) and taking values in some small interval
[—€e,e] € (—=1,1). We define the perturbed choice function C(B,w) and the per-
turbed hierarchical Laplacian as follows:

C(B,w) =C(B)(1+¢(B,w))

and
Lf(x) = Lowf@) == Y, CB.w)(Psf~ f(2).
BeB: xeB
Clearly, the operator L* may be inhomogeneous for some w € Q. It has a pure
point spectrum for all w, but the structure of the closed set Spec(L“) can be quite
complicated (see [15] for various examples).

Two stationary families. We fix a horocycle H = H; for some | € Z and write
Ag = A for the eigenvalue of the homogeneous Laplacian Lo corresponding to H.
Take B € H and let {By}r<; be the unique geodesic path in 7(X) from w to B.
We compute the eigenvalue A\(B,w) of L¥ = L¢.):

AB,w) =Y C(By,w) =Y _cp(1+£(Bg,w))

k<l k<l
=\ (1 +y ake(Bk,w)> = \(14 U(B,w)),
k<l
where aj, = ¢/ and
U(B,w) =Y aye(By,w). (3.1)
k<l

Notice that >, o; a, = 1 and the family {U(B)}pen consists of (dependent) identi-
cally distributed symmetric random variables with values in some symmetric inter-
val TG (—1,1).
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We want to study the families {A\(B,w)}pen and {U(B)}pen of random vari-
ables. Since the horocycle H = H; is fixed, it is useful to identify the balls B € H
with elements g € G of the (discrete!) Abelian group G = @, Z(nx). Hav-
ing this identification in mind, we verify in a straightforward way that the family
{U(B)}Ben = {U(9)}¢ecq is stationary, that is, for all g,g1,...,9s in G we have

(Ug+ 1) Ulg +95)} £ {U(g1),. -, Ulgs)}-

See [30] and [20] for the general theory of stationary processes.
One can easily compute the correlation functions Ky (g,9') = EU(9)U(g').
Namely, we have

Ku(g.9') =Ku(0,9—9¢') = Kvu(g—g')

and

Kul(g)= Y ai, (3.2)

k=gl

where

g9l = min{n: ge{0}x P Zm)c G}.

—n<k<l

Since the function Ky(g) is positive definite, Bochner’s theorem yields a finite

measure F; (the spectral measure) on the compact group G = [1<; Z(ng) such
that

Ku(g) = /é<g,v> dFy ().

We have

Ku(g)dg = a% + m_1a12_1 + ’I’Ll_1nl_2al2_2 4+
G

In particular, if the function Ky is integrable, then the spectral measure Fy is abso-
lutely continuous with respect to the Haar measure on G and admits a continuous
density Fy(7y), which can be computed as the inverse Fourier transform of Ky (g):

Fu(y) = af + ni—1ai_yLagg, o (y) + m—1mi—2ai_olae o)1) + -+

Here A(G)—;) C G is the annihilator of the subgroup G;_;, that is,

AGr) = {0} x [ ZOw).

k<l—i
Since A(B,w) = Ay (1 4+ U(B,w)) for B € H, the family of random variables
AMg,w) =Ag(14+U(g,w))
is also stationary. In particular, its correlation function KCy(g) satisfies
Kalg) = \uKu(g),  g€G.

We will use this property in our further calculations.
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The law of large numbers. Choose a reference point o € X (for example, the
neutral element 0 in our identification X = G of X and G) and consider the family O
of all balls O with centre 0. We fix a horocycle H and study the limiting behaviour
(as O — w along O) of the family of arithmetic means

< 1
Ag(O,w) = —— A(B,w),

where By (O) is the set of all balls B in O that lie in the horocycle H, and |By (O)|
stands for the cardinality of the finite set B (O).

We recall that the eigenvalues A(A) and A\(B) of the homogeneous Laplacian L¢
coincide for any two balls A and B belonging to the same horocycle H. Their
common value is denoted by Ap.

Theorem 3.1. For any given horocycle H, as O — w we have

Ag(O,w) = Ag a.e

Proof. Let B € H; for some [ € Z, and let { By }r<; be the unique infinite geodesic
path from @ to B in 7(X). We have already computed the eigenvalue \(B,w)
of Le () corresponding to the ball B:

A(B,w) = (14 U(B,w)),

where aj, = ¢/ and

U(B,w) =Y are(By,w). (3.3)
k<l

We now compute the arithmetic mean A, (O,w) assuming that O € Hy and L < I.
To simplify the notation, we put Ar(w) := Ay, (O,w). Then

S 1
Ar(w) = 1B (0)] BEBXH:(O) AB,w)
- Z (14+U(B,w)) = M1+ UL(w)), (3.4)

n_ ...n
=1 L BeBy,(0)

where

UL(W):% Y UBw). (3.5)

n
L peBu,(0)
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Hence, to prove the theorem it remains to establish that Up(w) — 0 a.s. as

L — —oo. Let {Ok}r<i be the unique geodesic path from w to O. Substitut-
ing (3.3) into (3.5), we obtain

Uy ﬁ Z Zaks(Bk) = % Zak Z e(Br)

_ _ .. «n
1 BeH,: BCO k<l =1 Ly<  BeH: Bco
1
- (o Y eBrama Y (B
ni_i-:-ny, B - -
€H,: BCO BeH,_1: BCO

taigmoamy Y e(B)+---+apm_in o "nL5(OL)>
BeH;_5: BCO

+ap—16(0Op-1) +ar—2e(Op—2) +--- .

We introduce two random variables:

ay aj—1
Up=—-—— Y  eB)+—— > B+ +are(0y)
M=1""""L gy BCO M=2"""NL gy Bco
(3.6)
and
Vi = aL,ls(OL,l) + CLL72€(OL72) + - (37)
Then Uy, and Vy, are independent, have zero mean and
U =UL+ VL. (3.8)

Moreover V;, — 0 uniformly as L — —oo. Hence we are left with showing that,
as L — —oo,

U, — 0 a.s.

Put 0 = \/Varle] and o[Ur] = \/Varlly]. We calculate o[Uy] using (3.6):

a? ai_
(oUs])? = o? <Tll—1 .l. . + nl_;. 1 - +- a%). (3.9

Since all the ny are greater than or equal to 2, it follows that

Z(a[uL1>202a%(1+ L, ! +>

np— ni—1n;—
<l -1 1—17—2

9 9 1 1
+o%aj_4 1+ + 4+ 4+
nj—2 nyp—2n;—3

<20%(al +a? y+---) <20%(ap + a4+ ) =207

Now the desired result follows from Chebyshev’s inequality and the Borel-Cantelli
lemma. O
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The central limit theorem. We now study the limiting behaviour (as O — w)
of the normalized arithmetic means

Ag (_O) — Ay
o[Au(0)]
Recall that for every random variable Y we denote its mean-square deviation

\/Var[Y] by o[Y]. In the course of our study we shall assume that the following
condition holds:

Ap(0) =

% < C(B)(diam(B))*/? < & (3.10)

for all balls B € B and some 4, k > 0.
It is easy to see that (3.10) is equivalent to the following condition:
1
2k
Clearly, conditions (3.10) and (3.11) hold with § = 2« for the operator B intro-

duced in the previous section (see (2.2)). Indeed, in this case we have

A\(B)(diam(B))%/? = 1.

< A(B)(diam(B))%/? < 2k. (3.11)

Let N(0,1) be the standard normal random variable. The main result of this
subsection is the following theorem.

Theorem 3.2. Assume that 6 > 1. Then, as O — w, we have
Ag(0) — N(0,1) in distribution.
Proof. Let H = H; and O = O, € Hy, for some L < [. As in the proof of Theo-

rem 3.1, we fix [ and let L tend to —oo. To simplify the notation, we set Ay (O)=:Ap.
By (3.4) we have

Ay = B
o[UL]
Hence it remains to show that, as L — —oo,
UL e
—— — N(0,1) in distribution. (3.12)
o[UL]

As in (3.8), we write Uz, = Ur, + Vr. Since Uz, and V;, are independent, we have
(0[UL])? = (olUr))® + (a[Vi])*.

Claim 3.3. For | fixed and L — —oo0,

(cVL])? = o*(ng—1ng -+ -no) ™ (3.13)
and
o%(ng - ng) 1 if 6>1,
(olUL])? = { —2Lng, - -ng)~! if 6 =1, (3.14)
o?(ng -+ ng)~° if 6 <1,

where x < y means that the ratio x/y is uniformly bounded above and below.
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To prove (3.13), we use (3.7). Since the random variables {e(B)}pep are inde-
pendent and identically distributed, we have

2
(oVi])? =0(a]_1+ai _o+---) = )\2(CL Lt ot ),

and (3.10) yields that

(oc[VL])? = o®((np—1np---no) % + (np_onp_1ng ---ng) 2 +--+)

:O'Q(HL_lTLL“'TL())i&(l#‘(TLL_Q)76+(TLL ony,— 3) 5+ )

for every fixed . Since all nj are greater than or equal to 2, we obtain (3.13).
To prove (3.14), we use (3.9) and (3.10). Since [ is fixed, we have

CL2
Ur)? = o2 L et a2
ol =0 (o= g

9N,

_ o 2 2 2
= (a’l +al,1nl71+"‘+aLnlfl"'nL)
nl—l --.nL

0'2 Qa, 2 a 2
<1_|_<l_1> nl_1_|_..._|_<L) nl—l"'”L)
No---Ng, ay a;

o2

= — (1 _ 1-4 e 176'

X

The desired relation (3.14) follows.
Now let 6 > 1. By Claim 3.3,

olUL) ~olUy] as L — —oo.

Hence, to prove (3.12) it remains to show that

Ur,
o]

— N(0,1) in distribution.

Claim 3.4. Assume that 0 > 1 and that [ is fixzed. Then

oag

lim

0 3.15
L—— ooL<k<l olUr] HL<z<k 17 ( )

(with the agreement that [],cz bi := 1).

Indeed, define e = min{1,d — 1} and consider k such that L < k < [. Since [
is fixed, we can assume that k < 0. We denote the fraction on the right-hand side
of (3.15) by A(6). By Claim 3.3, when § > 1,

0—2(nk .. .n0)76
0‘2(nL .. .no)_l(nL .. .nk71)2

1 1
= <
(nk...no)(s*l(nL...nkil) = (nL...nO)C

9
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and when § = 1,

o%(ng -+ -mp) 1 1

C02L(ng - mo)L(np - ngp_1)? L(ng -+ ng_1) L

(A())* =

The result follows.
Observe that when § < 1, we obtain

oay, oay, co(ng -+ no)_‘s/2

max >
L<k<t olUL) [T pcicpami o] ~ o(ng---ng)=%/2

=C

for some ¢ > 0. In particular, (3.15) does not hold in this case.
Let ¢ and ® be the characteristic functions of the random variables ¢ = ¢(B)
and Uy, /oUL] respectively. By (3.6),

v I oG )

L<k<]

(with the agreement that ny, ---ng_1 = 1 when k = L).
Since the random variable ¢ has two moments, we can write

6(z) =1 %(Uz)Q(l + B(02)), (3.16)

where (z) — 0 as z — 0. We put

oayg
Ap=— %
k O’[Z/{L]’ILL e N1

Observe that ZLgkgl ng -+ -ng—1A% = 1. Now, applying (3.16), we obtain

72
log ®(z) = nL-~-nk_1log[1— 2Ai(1—|—ﬁ(Akx))]
L<k<l

x? 9

~ —? nL~-~nk,1Ak(1+ﬁ(Aka:))

L<k<l

x? 9

=3 1+ Z ng - np_1ALB(ARz)|.

L<k<]

Finally, the desired result follows from Claim 3.4 and the inequality

Z np - n 1 AFB(Arz) < L@%ﬁlﬂ(Akx)- B

L<k<l SR

The operator B*. As an example we consider the space X = Q,, with its stan-
dard ultrametric structure, which is defined by the descending sequence of compact
subgroups G; = plZp. Let B be the homogeneous Laplacian determined by the
choice function (2.2), and let B%(w) be its random perturbation by the symmetric
independent identically distributed random variables {e(B)}pep, which is defined
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and studied above. We have already noticed that B satisfies the condition (3.11)
with o = §/2. In particular, for every a > 1/2 the normalized arithmetic means
A% (O) of eigenvalues of B*(w) converge in distribution to the standard normal
random variable N(0,1) as O — w. In this subsection we study the issue of con-
vergence of the normalized arithmetic means A% (O) assuming that 0 < a < 1/2.

Theorem 3.5. For every a, 0 < a < 1/2, there is a random variable A% such
that as O — w we have

A% (O) =AY in distribution.

The random variable A is not Gaussian. It has a C*°-distribution function fA%
belonging to D(2) (the domain of attraction of the normal law). The function
Fag, 1s unimodal whenever the common distribution function F. of the independent
identically distributed random variables {e(B)}pep is unimodal.

Proof. We follow verbatim the proof of Theorem 3.2. There is no loss of generality
in assuming that H = Hy and O = O, € H, for some L < —1. To simplify the
notation, we set Az, := A%(O). Since A, = U /o[UL], where Uy, is the random
variable defined in (3.5), we can write Uy = Uy, + V, and

(@[UL)? = (eltL])” + (a[VL])*.

Since A\, = p®* and ¢, = (p® — 1)p®*~1) | we obtain
a =% =)D, k<.
Ao

The data above enable us to estimate o[/ ] and o[V] at —oo. We have

a? a%, N e
(O’[UL])2 = g2 (pOL 4 prfl 4. +a2L> — 0_2(p _ 1)2 Z pL+l 2a(l+1)
0<I<—L
O.Z(pcx _ 1)2 ) 0_2
v —+) 2a(L-1) _ ©“ 2
1 — p2a-—1 T 1 p2a-i ar (3.17)
and
(oVL])? =c%(at_  +a%_5+---) = (p* —1)? Z p2e+1)
I>—L+1
0.2(pa _ 1)2 ) 0_2
~ o N T ) 2a(L-2) Y 2
1—p2 “ T1_p ar,_1- (3.18)

Let {e;}i>0 be independent identically distributed random variables that are inde-
pendent of {e(B)}pep and have the same common distribution as {¢(B)}ges. By
(3.7) and (3.18), the random variable Vr,/o[Vy] converges in distribution to the
random variable

& g g
V= /1_p—2a(0[€0]+p—(¥ 1 _~_...+p—kak+...>.
0

oles]

By Cramér’s theorem, V is not Gaussian.
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Let {€;;}: >0 be independent identically distributed random variables that are
independent of both {¢;};>0 and {e(B)}pep and have the same common distribu-
tion as {e(B)}pep. Define the random variables

Se= > ek k=012,....

0<j<ph—1

By (3.6) and (3.17) the random variable Uy, /o[Uy] converges in distribution to the

random variable
U= Tty plevz S

= o[Sk]

By Cramér’s theorem, U is not Gaussian.
Finally, the random variable

_ UL :U[UL] Z/[L +(T[VL] VL
P o[0T olUL) o] T o[TL) o[Vi]

converges in distribution to the random variable

1_p—2(x p—Za_p—l
AzwiU \|————— V.
1*]771 + 1*]771

Since U and V are independent and non-Gaussian, A is also non-Gaussian.

Given an arbitrary random variable X, we write ®x(§) = Eexp{i(X} for its
characteristic function. Since the random variables {ey;} are independent and
identically distributed, the function ®., . is independent of i, j. We put ® = &
By (3.16), for every €, 0 < € < 1, there is a § > 0 such that

Ekyj*

pl2a=1)k/2 )\ <p(2a—1)k/2 )p’“
ou(6) = [Tles, (e )| = TT|o( Z—
| U(é)‘ kl;[o Sk,( O'[Sk} 6 kl;[o O'[Sk] 6
p(2a—1)k/2 p"
s 11 (")

ki pRemDR/2¢ [o5,] <5
k

TG S e

k: p2a—Dk/2¢ /5[S)]<S

N

Since (o[Sk])? = o?p*, we obtain
¢ (2a—1)k 8
[P (&) < expq =7 (1—¢) ooop < exp{—A¢"}
k: pla—Dke/o<§

for some A > 0, 8= (1 —a)~! € (1,2) and for all £ > do. When & < do, we get

P ()] < exp{-B¢&?}
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for some B > (0. Thus, for all £ we have

@ ()] < exp{~Cmin{¢?, 7} }

for some C' > 0.

Since the random variables U and V are independent and A = A\U + AV, we

have

A () = Pu (M) Py (A28).
In particular, ®, satisfies an inequality similar to that for ®;. This proves that
the distribution function F, of A belongs to C'°. Since A has a second moment,
Fa belongs to D(2), that is, to the domain of attraction of the normal law.

We finally assume that the common distribution function F. of the independent
identically distributed random variables {¢;;} is unimodal. Since a convolution of
the symmetric unimodal distribution functions Fy (resp. Fy) is symmetric and
unimodal, so is Fy. O

8§ 4. The integrated density of states

Let Lc be the homogeneous hierarchical Laplacian, and let L¢(.) be a random
perturbation of L¢ as defined and studied in the previous section. Given an ultra-
metric ball O € B and a horocycle H € T, we write By (O) for the set of all balls
B C O belonging to H.

Let §, be the probability distribution concentrated at a € R. We fix a horo-
cycle H and study the limiting behaviour of the normalized empirical process

Mo = Z OA(B.w) (4.1)
|3H | 5
eBu(0)
as O tends to w.

Theorem 4.1. There is a probability measure M such that, as O tends to w, we
have for almost all w € Q

o — M in the Bernoulli topology. (4.2)

Proof. As in the proof of Theorem 3.1, for every B € H we write
A(B,w) = Ag(1+U(B,w)),

where U(B,w) is defined in (3.3). The random variables {U(B)} pecp are identically

distributed (and dependent). We denote their common distribution by A/. Since the

horocycle H is fixed, we are left with the study of the normalized empirical process
1

NLU = 6 w)*
¢ [Bu(0)] B%@ i

We claim that, as O tends to w, we have for almost all w € Q2

Ng — N in the Bernoulli topology. (4.3)
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Indeed, there is no loss of generality in assuming that H = Hy and O € Hp.
Then we write Np = N7. Let ®4 be the characteristic function of the probability
measure N¥:

@‘f(a):; > exp{ifU(B,w)}. (4.4)

PLNLAL N1 p g0y
We denote the characteristic function of the measure A by ®. Then
E®Y(0) = ©(0).
Let us show that, for all 6,
D7 (0) — ®(0) a.s. (4.5)

Since all the probability measures N, w € ), are supported by some finite interval
[—a,a], the family of functions {®{} is equicontinuous. Hence the exceptional
null-set in (4.5) can be chosen to be the same for all §. Thus, given that (4.5)
holds, the claim (4.3) follows by the Lévy continuity theorem.

For every B € By (O) let {Bj}r<o be the unique infinite geodesic path from w
to B in the tree 7 of balls. We write

U(B,w) = ( Sy Z)akewm L UL(B.w) + Vi(Bw).

L<k<O k<L
Since for any balls B and B’ in By (O),
VL(B’W) = VL(B/vw) =: VL(w)v

we have
exp{i0Vr(w)}

PY(0) =
L( ) nrnrL4+1---N—-1

> exp{ifUL(B,w)}.

BeB (0O)

As L — —o0, uniformly in w € Q,
exp{i0V(w)} — 1 for all 6.

Hence we are left with the study of the limiting behaviour of the random variables

1
R ) exp{ifUL(B,w)}.
O = s SPB )

Note that the random variables {UL(B,w)} pep, (o) are dependent and identically
distributed. We denote their common characteristic function by ¥ (#). We have

EUY(0) = UL(0).
Let us show that, for every fixed 6,

> (ol¥5(0)])° < oo (4.6)

L<0
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As soon as (4.6) is established, the Chebyshev inequality and the Borel-Cantelli
lemma yield that
U5 (0) — V(@) -0 a.s.

Since the random variables ®4(6) — U4 (6) and the functions ®() — ¥ (6) tend to
zero pointwise as L — —oo, we will finally get (4.5).

We now prove (4.6). If X, Y are independent random variables with |X| =1
and |Y| < 1, then

(e[XY])? < (o[Y])? +2(1 — [EX]). (4.7)
Let ¢ be the common characteristic function of the independent identically dis-
tributed random variables {e(B)}pep. Substituting the data
; 1 )
X = exp{ifare(BL)}, Y= ——— Z exp{i0Ur+1(B)},

nLn ceem_
LNL+1 U BB (0)

into (4.7), we obtain
(@@L O)])* < (eY]D)? +2(1 — [p(arh)]) < (o[Y])* +aZ6?.

Let {O;: 0 > | > —oo} be an infinite geodesic path in 7 with Oy € H, Or, = O and
O_so = w. We write {0} : 1 <i<ng,}, where O}, = O, for the sequence
of those ny, ultrametric balls that belong to the horocycle Hy 1 and are subballs of

the ball O = Oy,. Put
1 &
Y =— Y;W

where

y—— L > exp{ifUp(B)}.

n ceen_ )
L+1 1 BB (O},,)

The random variables {Y;: 1 < i < np} are independent and identically distributed,
and Y1 = ¥y ;1(0). As a result, we obtain the following inequality:

([T (O))? < %wwm(w 1 a36?,

which evidently proves (4.6). O

Definition 4.2. The measure M defined in (4.2) is called the integrated density
of states corresponding to the horocycle H. If M is absolutely continuous with
respect to the Lebesgue measure, that is,

M(I) = /I m(r) dr,

then the function m(7) is called the density of states corresponding to the horo-
cycle H.

The issues of existence, uniqueness, C'°°-smoothness and so on for the density
of states m(7) related to (C,€) are basic in various applications (see Theorem 5.1
in §5).
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Remark 4.3. We recall that the measures M and N (defined in (4.2) and (4.3)
respectively) are related by the equation

M=Novd 1

where ¥: x — ax + b with a = b = Ag. In particular, M is absolutely continuous
with respect to the Lebesgue measure if and only if A is.

The measure N has a remarkable feature: it belongs to the class J of probability
measures that can be represented as the distribution of a random variable U of the
form

U= Z brek, (4.8)

k>0

where {ex}x>0 are symmetric independent identically distributed random variables
with values in some finite interval I C R', and the numbers by, > 0 satisfy > by = 1.

Various properties of J-distributions (infinite convolutions) have been studied by
many authors since the 1930s (see, for example, [19]-[23], [31] and the references
therein). We mention two remarkable properties of J-distributions. The first was
found by Lévy (1937), and the second by Jessen and Wintner (1935) (see, for
example, [19], Theorems 3.7.6 and 3.7.7 respectively).

(a) The Lebesgue decomposition of any J-distribution A contains no discrete
component.

(b) If {e } in (4.8) are discrete, then N is either singular or absolutely continuous
(with respect to the Lebesgue measure).

Examples of singular J-distributions will be given below (infinite Bernoulli con-
volutions). We first consider a simple class of absolutely continuous J-distributions.
Let N be an J-distribution of the form (4.8). Suppose that the common charac-
teristic function ¢ of independent identically distributed random variables {ex}
satisfies

lp(z)| <zP at oo

for some D > 0. Then, clearly, the characteristic function ®(z) of the measure N,
being an infinite product of characteristic functions, satisfies

|®(z)| <78 at oo

for all B > 0 and, therefore, N admits a C'°°-density with respect to the Lebesgue
measure. This observation can be refined as follows.

Proposition 4.4. Let N be an J-distribution. Assume that the common char-
acteristic function ¢ of independent identically distributed random variables {ey}
tends to zero at infinity and

by, > Cexp{—Dk}

for some C,D > 0. Then N admits a C*°-density with respect to the Lebesgue
measure.
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Proof. Let ® be the characteristic function of A. For a given € > 0 choose N =
N(e) > 1 in such a way that |¢(z)| < € for all z > N and write

|D(x)] < H d(bpx) < exp{—#{k:: brx = N} logi}.

k: bk:CZN

By hypothesis,

whence

with L1
N\ D 6« 1 1
A= —= B = —log-~-.
( > ’ DOge

Since € > 0 can be chosen arbitrarily small, the result follows. O

Various examples of characteristic functions ¢ of singular distributions satisfying
the hypotheses of Proposition 4.4 are given in [19], Ch.3, and [20], Chs.6 and 7.
Here is an example due to Kerschner (1936): if a is a rational number, 0 < a < 1/2
and a is not equal to 1/n for an integer n > 3, then the function

o(x) = H cos(zak)
k=1

is the characteristic function of a singular symmetric J-distribution and we have

1
96 < foraTe

at + oo (4.9)

for some v > 0.

Certain applications of Proposition 4.4 which we have in mind concern homoge-
neous ultrametric spaces X such that the sequence {ny} of forward degrees (defined
by the tree 7 (X) of balls) is bounded and the homogeneous hierarchical Laplacian
L on X satisfies the condition (3.11). For example, take Q, for X and let Lo be
the operator of the factional derivative introduced in (2.2).

By modifying the proof of Proposition 4.4, one can obtain results that are appli-
cable to unbounded sequences {ny}, for example, when X is the infinite symmetric
group Seo = ,,eny Sn- In this case ny is equal to I for the horocycle H consisting
of the symmetric group S; and its cosets aS;.

Proposition 4.5. Assume that the common characteristic function ¢ of indepen-
dent identically distributed random wvariables {ey} satisfies (4.9) and by > C/k!
for some C > 0. Then the characteristic function ®(x) of the corresponding
J-distribution N satisfies

®(z)] <2779 at +o0

for any €, 0 < € < . In particular, if v > 1, then the distribution N admits
a Ck-density with k <y — 1.
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Proof. By hypothesis,

n(t) == #{k: by >t} > #{k ¢ S t} log(1/t)

"B 7 T loglog(1/%)
For & > 1 we put ®(x) = (logx)” and choose r(x) in such a way that

log x
logr(x) ~ @ at +oo.

For sufficiently large = we define

A(z) = n<7"(‘”)> log 3(r(x)).

T

By hypothesis,

A
lmint A0 S g (4.10)
z—+00 ’ylogar

We now estimate the characteristic function ®(z) of the J-distribution N

@) =[[lotn) < [ lobewl< [ @)
k k: byz>r(z) k: bgz>r(x)

r

< (@(r(2)) ") = exp{—A(z)}.

Using (4.10), we obtain the desired result. O

Infinite Bernoulli convolutions. Let {ex}xr>0 be independent identically dis-
tributed random variables taking the values 1 with equal probability 1/2. We
define a one-parameter family of random variables

U= Me, 0<i<L (4.11)
k>0

Let NV be the distribution of Uy. The measure Ay is an infinite convolution product
of the discrete measures (0_yx+0dyx)/2. It is called an infinite Bernoulli convolution.
The characteristic function ®, of A can be represented as a convergent infinite
product,

D, (0) = ﬁ cos(\F9).
k=0

We describe the results of some papers on infinite Bernoulli convolutions (see the
survey [21] of Solomyak for a complete bibliography).

Jessen and Wintner (1935) showed that N, is either absolutely continuous, or
purely singular, depending on .

Kerschner and Wintner (1935) observed that N\, is singular for A € (0,271) since
it is supported on a Cantor set of zero Lebesgue measure.

Wintner (1935) noted that A is uniform on [—2, 2] for A = 271. Moreover, if A =
2-1/F for an integer k > 1, then N is absolutely continuous with a C*~!-density.
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Erdés (1939) showed that Ny with A € (271, 1) is singular if 1/) is a PV number
(an algebraic integer whose Galois conjugates are strictly less than one in modu-
lus, the golden ratio (1 + v/5)/2 being an example). No other A € (271,1) with
singular N are known.

Solomyak (1995) proved a conjecture of Garsia (1962) that N is absolutely
continuous for almost all A\ € (271,1). A stronger conjecture (saying that this
holds for all but countably many A € (271, 1)) is still very much open.

Bernoulli perturbations of 28%. As an example, we consider the homogeneous
Laplacian B¢ introduced in (2.2). The operator B* acts on L?*(Q,, m), where Q, is
the ring of p-adic numbers (p is not necessarily a prime) and m is the Haar measure:

%af(l') 1 _p—a f(l’) — f(y) dm(y)

= 1—]970‘71 Q, |1._y|1+a

Let B%(w) be the perturbation of B by the symmetric independent identically
distributed Bernoulli random variables {0z(B)}ges, 0 < 6 < 1. Let N, be the
infinite Bernoulli convolution with A = p~®. Set

a=0(1-p~ g, b=Amg, 9(x)=ax+b.

Since the eigenvalue Ay of B corresponding to the horocycle H = H; is equal
to p*, the following result is obtained using Theorem 4.1 and the properties of
infinite Bernoulli convolutions listed above.

Theorem 4.6. Let M, be the integrated density of states associated with the oper-
ator B*(w) by Theorem 4.1 and Definition 4.2. Let N be the infinite Bernoulli
convolution with X = p~*. Then

M., :N)\Oﬁil.

In particular, with respect to the Lebesgue measure, M, is

- singular for all a > (log2)/(logp);

— uniform for a = (log2)/(logp);

— absolutely continuous with an L?-density for almost all o in the interval
0 < a< (log2)/(logp).

Moreover, when o = (log2)/(klogp), k € N, it admits a C*~'-density.

§ 5. Poisson convergence
We fix a horocycle H. The eigenvalues A(B,w), B € By (0), may themselves be

represented by the following empirical process:

Ns() = > d\pwd), I€BR).
BeBy(0)

Here the intensity measure po(I) (the expected number of points A(B,w), B €
By (O), occurring in the set I) is calculated by the formula

po(I) =ENo(I) = |Bu(O)[P(w € Q: A(B,w) € I).
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Recall that the right-hand side is independent of B € By (0). We fix numbers
¢, 7o > 0 and consider a small interval

I{T;|TTO|<2|BHC<O)I}. (5.1)

Assume that the density of states m(7) (see Definition 4.2) exists and is continuous
at 7 = 79 and that m(79) > 0. Then

Olim /.Lo(l) = 0111(7'0) =: A > 0. (52)

In particular, if the random variables A\(B,w), B € By (O), were independent and
identically distributed, then (5.2) would yield the classical convergence of No =
Ng(I) to the Poisson random variable Py with intensity A = A.. More precisely,
in the case of independent identically distributed random variables we would have
(see [32]-[34]) that

min{\, A%}
21Bu(0)]

Recall that £(X) stands for the law of a random variable X and ||y — v||Tv is the
distance between p and v in total variation.

However, in our case the random variables A(B,w), B € By (O), are dependent,
whence the classical theory is not directly applicable and needs some justifications
and complements. The basic ingredients in our study are the stationarity property
of the family {A\(B,w)} ey and certain bounds for its correlation functions (see § 3).
We will prove the following theorem.

[L(No) — L(Px)lTv <

Theorem 5.1. Assume that condition (3.11) holds with 6 > 2 and the common law
of the independent identically distributed random variables {e(B)} admits a bounded
density. Then, in the notation introduced above, as O — w we have

L(No) — L(Py) in the Bernoulli topology.

Before proving this, we note that under these hypotheses the density of states
m(7) exists and belongs to C*° (see Proposition 4.4). In particular, the number
A = A is well defined by the formula (5.2) for every ¢ > 0. Furthermore, for every
B € H the eigenvalue \(B,w) may be written in the form

A(va) = )‘H(l +U(Baw))a (53)
where

C(Bk)
g

U(Baw) = Z akg(Bkvw)v ay =

BCBy

(5.4)

Since Y ap =1 and |e(B,w)| < € for all B, w and for some €, 0 < € < 1, we have

|U(B,w)| < sup |e(Bg,w)| =e.
k,w
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The common distribution function N (t) of the family {U(B,w)}pecn is absolutely
continuous and its density n(t) is related to the integrated density of states m(r)
by the formula
n(t) = Agm(Agt + Ag).

In particular, the function n(t) with support in [—e, €] is continuous and strictly
positive at tog = 79/ g — 1.

Let Ng be the empirical process defined by the family {U(B,w)}gep,0). We
choose an interval

T {t It — to| < ¢ } g=
=9t t=tl < 52—~ [ c= -
'S 2IBy (0))]

and put No := Ng(I). It follows from (5.3) that
P{No =k} = P{No = k}

and, therefore, B
Olim P{No =k} = Olim P{No = k}.

Having all these observations in mind, we will prove the evident U-version of The-
orem 5.1.

Fix a horocycle H and let O tend to w. Clearly, when studying the family
U(B,w)pen, we can replace the original ultrametric space X by a certain discrete
ultrametric space. For example, X may be replaced by the discrete Abelian group

G = @Z(nk)

k>1

whose canonical ultrametric structure is defined by the family {G;};>0 of finite
subgroups

Go = {0}, Gi= ][] Z0w).

1<k<I

With this agreement in mind, we see that H = H is the set of all singletons, H; is
the set of all ultrametric balls of the form g+ G and so on. When B = {g}, we shall
write Uy(w) instead of U(B,w). For every B; D B we set ¢(B;,w) =:€;4(w). Thus
we define a stationary family {Ug}ec:

(oo}
Ug(w) = aigig(w).
i=0
Let Z7(w) be the number of elements Uy(w), g € Gy, lying in the interval

Ilc:{t:|t—t0<0}, ™ ="n1--N.
27Tl

We set A. = en(tg) and prove that

k
lim P(Zf = k) = (Akc!) exp{—A.). (5.5)
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Writing Z; in the form

W)= bu,w ),

geG
we have
lim EZf = lim mP(U, € I}) = A..
l—o0 l—o0

It follows that the family of measures {L£(Zf)}ien is tight. Hence it is relatively
compact in the weak topology. Let £(Z) be an accumulation point of {£(Z]) }ien.
We claim that the random variable Z is infinitely divisible. Indeed, using the
ultrametric structure of G, we can write

Zr = Z (ZIC/T)7

gEL(ny)

c/nl — Z 6Ug+a cf/nl .

a€G_1

where

The random variables Tg(ZC/ "), g € Z(ny), are identically distributed and depen-
dent, but their dependence becomes weaker as [ tends to infinity. Namely, for every
g€ Gl we can write

-1

U, —Zaszg—i—ZaEzg— U + K. (5.6)
1=0 i=l

The common part K; of the random variables U, is independent of the family { ﬁg}
and may be estimated as

| K (w eZal =O0(a;) =O(m 76/2)

In particular, assuming that § > 2, we obtain

ki 1= sup [ Ky(w)] = o(m ). (5.7)

Let us compute the characteristic function
®z(y) =Eexp{—Z}, 120,

of the random variable Z = Z7. We have

zi= Y Y du,p= Y mZh.

a€Z(ny) 9€Gi-1 a€Z(ny)

whence
®z; () = E[E(exp{—Z{} | Ki)] = E[(E(exp{—7Z/}'} | Ki)™]

/dm E(exp{—Z;\'} | Ki = k)",
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where py is the law of K;. Using (5.6), we compute
E(exp{—Z/""} | K, = k) = Eexp{—v > 5@(1;[7111 _ k)}.
g€G11

It follows from (5.7) that €, := mk; = o(1). Hence for all g € G;_1 and k € [—k;, k]
we have

{Uy € L=y € {Uy € I/} — Ky € {U, € L7 ™)

and
(@ ccr2epy/m (7)™ < Pze () <P c—2ep)/m (7)™ (5.8)
Zi24 ! Zi4

Case 1: n; = n for some infinite sequence {lx}. Then, along this sequence, we have

C. € n C € n >\C
EZ{E 0 = m 1 P(Uy(w) € 15 — =%

)

whence the family {E(Zl(ijlﬂel)/n)} is tight. We recall that {£(Zf)} is also tight.
Choose a sequence {l} } C {l} along which we have

Z¢ — 7, ZF0/ 7% iy distribution.

Since

7570 @) < 217 w)

for all w € Q, with strict inequality if and only if w belongs to the event

Q = {Uy(w) € Il(f';%l)/" \ Il(ffq)/" for some g € Gy}

whose probability is estimated by the formula
4
P() < 2/G1-1|— (n(to) + 0(1) = O(er) — 0 as | — oo,
m

we must have Zt = Z~ a.s. Put Z’ = Z*. Passing to the limit in the inequali-
ties (5.8), we obtain

Pz(y) = (P2 (7)™ (5.9)
Using the same procedure as before, we have
Dz(y) = (22 (7))"

and so on. Hence Z is infinitely divisible, as required.
Case 2: n; — oo. We partition G, into disjoint subsets A;, i = 1,2, 3, consisting
of Gj_1-cosets such that |A;| = |Az| = [m;/2]. Put

Zf = du,wIf),  i=1,2,3,
gEA;
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whence
ZlC:ZlC71+ZlC72+ZlC,3.

Note that, as [ — oo,

Ac

1
BZfs < BZf =0, BZj;— 5, i=12

In particular, Z7; — 0 in probability. Clearly, Zyy and Zf, have the same distri-
butions. The families of laws {£(Z},;)} are tight. Arguing as in Case 1, we find
a subsequence along which Zf — Z, Zf| — Z' and Z{, — Z" in distribution, with
L(Z") = L(Z"). The equation (5.9) holds for n = 2, whence Z is infinitely divisible,
as desired.

Since the random variable Z is non-negative and integer-valued, its characteristic
function takes the form

020 =en{ -0y~ [0 man} az00 G

where m is a finite measure on N and @ € N U {0}. Since the range of Z is the
whole of NU {0}, we must have a = 0. Note that

EZ:/:z:m(dx), (5.11)

EZ% = /a:?m(d:c) + (/xm(dz)>2. (5.12)

We claim that the measure m is concentrated at x = 1. Indeed, suppose that the
following inequality holds:

limsup E(Zf)? < e + (Ao)% (5.13)

l—o0

Then the family {Z} is uniformly integrable, so that along some subsequence (Ix)
we have

EZ = limEZ¢ = \.. (5.14)
Furthermore, by Fatou’s lemma and (5.13),

EZ? <limsupE(Z)? < Ae + (A\o)?,

l—o0

whence by (5.12) and (5.14) we obtain

/ 22 m(dz) < Ae = / @ m(dz).

Since m is concentrated on N, it follows that m = A.0;1y. Hence Z is Poisson with
parameter A.. This proves (5.5). It remains to prove (5.13).
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There is no loss of generality in assuming that n; = n. Let gA g’ be the confluent
of g and ¢/, that is, the smallest ball in G which contains both g and ¢g’. We have

E(Zlc)2: Z P(Uy € I, Uy € I}) = Z Z P(Ug € I}, Uy € If)
g,9'€G o<yl g/\g’GBH.(Gl)
= > " > PU, €I, Uy € I}) + n'P(U € I}).
1< gNg'=G;

For any two pairs (g,¢") and (f, f') with g A g’ = f A f we have
P(Ug € I}, Uy € I7) =P(Uy € If, Uy € I).
Therefore we obtain

Z P(Uy € I}, Uy € I}) = ! (n? — nj_l)P(Ugj € IleUg} € I),
gNg' =G,

where g;, g are chosen in such a way that g; A g; = G;. It follows that
E(Zf)? =J+ J,
where

(n—1) > n!PU, € If.Uy €If),  J =n'P(Us € I}).
1<5<!

Choosing {e;} and {e}} to be two independent families of independent identically
distributed random variables having the same distribution as {¢(B)}pecp, we write

7j—1 [e%s)
UgJ = Zaisi + Zaisi = Uj + Kj
i=0 i=j
and, similarly,
j—1 [e%s) "
Ug; = Zai&';— + Zaiai =: Uj/ -‘rKj.
i=0 i=j

We already know that
Jim n'P(Uy € If) = A, (5.15)
— 00

whence we are left with showing that

limsup J < (A\.)2 (5.16)

l—o00

To simplify the notation, we put

Pi_i =P(Uy,_, € I}, Uy € I}).



On a class of random perturbations of the Laplacian 889

Choose m, 0 < m <[, and split the sum in J into two parts:

_ (n o 1) Z nQZfiferl_i

0<gi<l

=(n—1)”21< Yoo+ )”_(iH)Pl—i = o+ J™

0<i<m  m<i<l
Write
Ug,_, = apeo + A+ K-
and, similarly,

Ugifz = a056 + A;—i + K_;.

Since €9, €, Ai—i, A]_;, Ki—; are independent, we can write P;_; in the form
/]P’(aoso € If —a—k)P(apey € If —a’ — k) du(a) du(a’) dv(k), (5.17)

where p is the common distribution of the independent identically distributed ran-
dom variables A;_1, A]_;, and v is the distribution of K;_;.

We now assume that the common distribution function of {e(B)}pgep admits
a bounded density ¢(z). Then the representation (5.17) for P;_; yields that

2
_ c

Prs <n”ellze—
4o

and, therefore,

Jm < n—l Z n—(z+1) —2l|| H

m<i<l

2 2
<|ellZ = (n-1) Z n~ D = n_(m"’l)HsH2 — —0 as m — oo.
ag

i>m 0

To estimate J,,, we choose 6, 0 < 6 < 1, and apply the same procedure of decou-
pling as before:

~ ~ 0
Pri= /(P(Ul_i cIf —k))?dv(k) < sup (P(U_; € If —k))*+ ]P’<|Kl_i| > nl>

|k|<8/nt

0
< (PU, € IFH9))? + P<K1_1v| > nl)

Hence,

Jm ( (U EIC+49) Z n—(z-‘,—l)

oi<m

- 0
21 —(i+1
+(n—1)n E n~ )]P’<Kli| > nl)

0<i<m
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Furthermore, as [ — oo with fixed m and 6, we have
(B, € [0 — ) 32 0 = (ag) (1 =),
oi<m
Fix p > 1, m < [ and apply Chebyshev’s inequality with i < m:

0 B p
IP’(|KZ_¢| > nl) <0 pnpl||e||go< > ak) .

k>l-m

We now assume that condition (3.11) holds with §/2 =1+, v > 0. By (3.11),
as | — oo with fixed m, we have

1

a_
l=m S m

ar = 0(1).

By choosing p sufficiently large (so that py > 2), we get

. 0 0
(n —1)n* Z n(”l)]}”(Kl_ﬂ > nl) < n? max IP<|K1_¢| > nl>

ois<m
0<i<m U

< CTLQlerl(L;)_ < C/’I’L_lﬁ,
where C,C’, 3 > 0 are independent of [. Finally, all the above yields that

limsup J < (Aeja0)?(1 —n™™).

l—o0
Letting 6 tend to zero and m to infinity, we get the desired inequality (5.16). O

Binomial perturbations of 8%. Let ¢ be the common distribution of the inde-
pendent identically distributed random variables {(B)}pep. In Theorem 5.1 one
cannot completely omit the hypothesis that € has bounded density. More precisely,
we will show that if € contains a discrete component while the other hypotheses of
Theorem 5.1 hold, then the Poisson convergence may fail.

As an example, we choose the operator B of fractional derivative and consider
its perturbation B (w) defined by independent identically distributed symmetrized
binomial random variables. In other words, we take e = By + - - - + B,,, where {B;}
are independent identically distributed symmetric Bernoulli random variables, that
is, each B; takes the values +1 with probability 1/2.

The condition (3.11) holds with 6 > 2 if @« = §/2 > 1. By our choice, the
common distribution function N (¢) of the random variables Uy (w), g € G, is equal
to the n-fold convolution of the distribution function N (t), A = p~¢, of the infinite
Bernoulli convolution defined in (4.11). Since a > 1, we have 0 < A < 1/2.
Therefore Ny (t) is purely singular. On the other hand, by Proposition 6.1 in [23],
the Fourier transform ®,(z) of the function Ny (t) satisfies

C
L+ [z

[@a(2)] <
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for some C' = C(\) > 0 and 7 = y(\) > 0 and for almost all A\, 0 < A < 1. By
choosing o > 1 in such a way that the number A = p~* does not belong to the
exceptional set and taking a sufficiently large n = n(«), we see that the Fourier
transform ®(z) of the function N (¢) satisfies

O/

B(z)| = |By(2)|" < ———
2(@)] = 13" < 1 o

for some C’ > 0. In particular, according to our choice, A/ (t) is absolutely con-
tinuous and has a continuous density. This shows that the density of states exists
and is a continuous function, whereas ¢ is discrete. Thus B%(w) with appropriately
chosen a > 1 and ¢(w) is as desired.

We now return to our general setting and prove that the Poisson convergence
fails. There is no loss of generality in assuming that £({0}) =: po > 0. We also
assume that all forward degrees n; are the same and are equal to n. Using the
notation in the proof of Theorem 5.1, we write

o0
Ug = E G;€ig = Qp€og + Ug
=0

and
Z0 = Z Lo,erpy 2 Z 1{ﬁge1;}1{sog=0} = Z 1{U961;1;L Zl{aoa=0}~
geG 9eG, geG /G a€g

(5.18)
For every g € G;/G;1 we define a random variable

Bg = Z 1{50(1:0}'
acg

Then {By}seq,/a, are independent identically distributed binomial random vari-
ables with parameters (pg,n). Furthermore, setting

Ze/n _ —
5= 2 Verny  EH= X Yuenn 2 Heon
gEGl/Gl gEGl/G1 acg
we obtain .
Zlc = ZBja
Jj=20
where {B;}72, are independent identically distributed binomial random variables

(with parameters (pg,n)) which are independent of T = Z; / T

Assume that the Poisson convergence holds. Then, as in the proof of The-
orem 5.1, we can choose a subsequence {l;} such that along this subsequence

Zy — Z¢ and Zﬂ? — ZC/”, where Z¢ and Z¢/™ are Poisson random variables
with intensities A. and A/, respectively. In particular, by (5.18) we have

P(Z¢ > 2) > P(Z" > 1)P(By > 2).

We obtain a contradiction since the left-hand side of this inequality has order c?
as ¢ — 0 and the right-hand side has order c.
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