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Abstract. We consider a differential linear-quadratic noncooperative positional game, in
which one of the players has a small influence on the rate of change of the state vector. For
this game, the coefficient criteria for the existence of Berge and Nash equilibria are established
and a design procedure for such equilibria is suggested, on the basis of dynamic programming

combined with the small parameter method.
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INTRODUCTION

Those readers who studied Lyapunov’s stability theory surely remember algebraic
coefficient criteria. The whole idea of such criteria is to establish the stability of an
unperturbed motion without solving a system of differential equations using the signs
of coefficients and/or relations among them. In this paper we will suggest a similar
approach to equilibrium design in noncooperative linear-quadratic two-player games. More
specifically, based on the sign definiteness of the quadratic forms appearing in the payoff
functions of players, we will answer two questions as follows.

1. Do Berge and/or Nash equilibria exist?

2. How can they be calculated?

In fact, the answers to both questions are concealed in the possibility of judging the
existence of a solution for a system of two matrix ordinary differential equations of the

Riccati type that is extendable on the time interval of a game. For solving this problem,
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we will employ dynamic programming, the small parameter method and also Poincaré’s
theorem on analyticity (conditions under which a solution of a differential equation is

analytic with respect to a parameter).

1. PRELIMINARIES

Consider a noncooperative differential positional linear-quadratic two-player game
described by

[y = <{17 2} )2, {Ui}z‘:m J {Ji (U, to, x0>}i:1,2>'

Here {1,2} is the set of players; the n-dimensional state vector x € R" of a controlled
dynamic system . evolves over time ¢ in accordance with the vector ordinary differential

equation
() =A{t)r+w +eug, x(to) = o, (1)

where ¢ € [ty, 9] and a terminal time instant 9 > ¢y > 0 is fixed; the position of the game
[y at a time instant ¢ is represented by a pair (¢,x) € [ty, ] x R", where (to, z) denotes
an initial position; the elements of a system matrix A(¢) of dimensions n x n are assumed
to be continuous on [0, 9], and this fact will be indicated by A(-) € C™™[0,9]; u; € R"
gives the control of player i; € > 0 is a small parameter, and hence I'y belongs to the class
of differential positional games with a small influence of player 2 on the rate of change
#(t) of the state vector z(t).

A strategy U; of player i is identified with an n-dimensional vector function w;(t, x)
of the form @Q;(t)x, where Q;(-) € C™*"[0,9], and this fact will be indicated by
U; +ui(t,z) = Q;(t)x. The set of all such strategies is

The strategy profile of the game I'y is a pair U = (U, U,) € U = U; x U,. Therefore, as
his strategy player i has to choose a matrix Q;(¢) that is continuous on [0,9] (i = 1, 2).

A play of the game T'y is organized as follows. Based on his individual considerations
(see the payoff function J; (U,ty,zo) defined below), each player chooses and uses his
strategy U =+ uf = Qf(t)x (i = 1,2). As a result, the system (1) takes the form

#(t) = [A(t) + Q1(1) +eQ5(D)] =, x(to) = 0.

Such a homogeneous and linear (in variable ) system with continuous (in the variable t)
coefficients has a unique continuous solution z*(t) that is extendable to [ty, 9] Vto € [0,9).
Using z*(t) we constructed the realizations uf[t] = ul(t,z*(t)) = Q3(t)z*(t) of the
strategies U’ + QI (t)x (¢ = 1,2) chosen by the players. On such a continuous triplet

{z*(t), ui[t], us[t] | to < t < U}, the payoff function of the player i is a priori defined as a
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quadratic functional (i = 1,2):
9
(U3, U o) = " (@) " (9) + [ {(316) Dusuile + (a3l Dl dt. (2

the value of (2) is called the payoff of player i. In (2), the prime means transposition, and
the matrices C; and D;; of dimensions n x n are assumed to be symmetric without loss
of generality. Other notations involved include the following: 0,, as a null n-dimensional
column vector; u; = (ugl), o ,uE’”) eR"(i=1,2);V = (W, V3); E, and O,,«, as identity
and null matrices, respectively, of dimensions n X n; det B as the determinant of a matrix
B of dimensions n x n. In addition, the gradient of a scalar function W (t, z,uq, us, V')

with respect to u; is given by

oW
ow [
gradui W(t, X, Ui, Us, V) = B = (3)
Ui ow
8u,<b-n)

The Hessian of W (t, x, uy, ug, V') with respect to the components u; € R™ under fixed
values of all other variables is a matrix of dimensions n x n of the form

_oew__ . _0PW
—2 pr— .« . . LR DY
du; _ew L _PW

auﬁ”)auf) 6u§">au§")

For a constant and symmetric matrix D of dimensions n X n, the inequality
D > 0 (< 0, < 0) means that the quadratic form «;Du; is positive definite (negative
definite, nonnegative definite, respectively). A direct componentwise verification shows

that, for a constant vector a € R",

2 (u,Du;) = (D + D')u,

,(u/Du;) = D+ D' = {ift D= D'} = 2D.

7

For a scalar function W (t, z, u;),

max W (t, z,u;) = Idem{u; — u;(t,z)}

Us
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means that

max W (t, z,u;) = W(t,x,u;(t,z)) Vt € [0,9], v € R", (5)

Us

and the identity (5) holds if

OW (t, x, u;)
3ui

2. EXPLICIT SOLUTION OF RICCATI MATRIX DIFFERENTIAL EQUATION
Proposition 1. Let a matrix A of dimensions n x n and also constant and symmetric
matrices C' and D of dimensions n x n be such that A(-) € C™*"[0, 4] and

C<0, D<O.
Then the solution ©(t) of the Riccati matrix differential equation
O+ OA(t)+ A1) —OD'O = O,yp, O(Y) =C, (7)

has the form
-1

0
O(t) = X (1)] C_l+/X_1(T)D_1[X_1(T)]'d7 X7, (8)

where X (t), 0 <t < 9, satisfies the matrix system
X =At)X, X(¥) = E,. (9)

Proof. The matrix linear homogeneous system (9) with continuous in ¢ coefficients has a
solution X (-) € C™*™[0, V] that is extendable to [0, J]; moreover, det X (¢) # 0 Vt € [0, 9],
because this matrix of dimensions n x n represents the fundamental system of solutions
for the ordinary differential vector equation & = A(t)z. Then two implications are true,

[det X (t) # 0Vt € [0,9]] = [3X ' (t) Vt € [0,9]]

and
[X(9) = Ea] = [X7'(V) = E,].
From (8) it follows that, at t = 9,

O(W) = E,{C™" + Opyn) "B, = C.
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Once again, due to det X (t) # 0 V¢ € [0,9] we may write

XTOX() = B = [ X OX () + X (OX () = Onsa| =

= [0 = —X T (OAOXOX (1) = —X ' (0AW)] >
N [d dt(t)] = —AMXO), [XTW) =X (0) = E]
As a result,
d[X(:(t)] = —X"11A(t), X '(¥) = E,, (10)
LG = A @), (X)) =

Denote by {---} the parenthesized expression in (8). In view of (10), (8) and
(X71)]) = [X'(t)]7" (see [1, p. 33]), differentiating both sides of (8) with respect to
t gives

[t s ooy | Gt o

ao(t) _ [d[x—%t)]'
dt dt

o7 P - v gy X 0D X W)X ) -
—O()A(t) = —A'(1)O(t) + O(t)D~'O(t) — O (1) A(t).
The proof of Proposition 2.1 is concluded by the two chains of implications

[D<0]=[D"<0]= [X"'(r)D'X (1)) <0Vr€[0,9] =

9
/ XHn)DHX T (r))dr <0 Vi e [0’19]] ,

Cl<OA /Xl(T)Dl[Xl(T)]/dT <0 Vte [0,19]] =

9
C'+ /X_l(T)D_l[X_l(T)]/dT < O] :

0
Remark 1. Equation (7) appears if a saddle point U° = (U, UY) € U is designed using

dynamic programming:
J(U17U207t07x0) J(U?JUgat(]?a:O) J<U17U27t07'r0)

V(to, o) € [0,9) x R™, U; € U; (i = 1,2), in the zero-sum two-player modification of the
game FQ (i.e., the gale FQ with C = Cl = —Cg, D = D11 = —DQQ, D12 = D21 = Oan
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and J = J; = —J,). There exist several different types of the solution O(t), t € [0, 9], of
equation (7), that are reducible to each other. (Recall that the solution ©(t) is nonunique.)

We have selected (8) due to its convenience for the small parameter method.

Proposition 2. Let A(-), B(-) € C"*"[0,4)]. Then the solution of the matrix differential
equation

O + OA(t) + A1) + B(t) = Opun, O0) = C, (11)
has the form
o) =[x ¢+ / X'(F)B()X (r)dr b X-1(0), (12)

where X (t) is the fundamental matrix of solutions for the system

X =At)X, X(¥) = E,.
Proof. The matrix system (11) is linear in x, inhomogeneous and also consists of
continuous in ¢t € [0,9] coefficients. For any ¢, € [0,7), such a system has a unique

continuous differentiable solution ©(t), that is extendable to the interval [0, ].
Finally, we will demonstrate that O(t) is given by (12). Really,

X (0) = B,] = [det X(£) £0Vt € [0,9)] = [AX(t) ¥ € [0,9]] .

In view of (10), differentiating both sides of (12) yields

O | o e | 6 a0
s ore 2 - _amen - B - oA,
From (12) it follows that, at t =9, ©(V) = E,CE,, = C. O

3. NO MAXIMA IN [

The next result can be used to eliminate the linear-quadratic differential games I’y
without any Berge and/or Nash equilibrium, depending on the sign definiteness of the
quadratic forms appearing in the integrand of the payoff functions (2) of the players.

Lemma 1. Let the quadratic form u}Dyiuy in (2) be positive definite. For any strategy
profile U* = (Uf,Uy) € U, where U +~ Qf(t)x (i = 1,2) and Qi (-) € C™"[0,V], any

)

initial position (tg,zo) € [0,9) x R™, xg # 0,,, and any constant and symmetric matrices

«Taspuuecruli secmHur unopmamuru u mamemamurus, €M 3 (64)’ 202/



24

C1 and D15 there exists a strateqy 171 e Uy, [71 = él(t)a:, of player 1 such that
J(U, U3) > J(UF, U3). (13)
Proof. Consider some frozen strategy profile from U,
U™ = (U5, Us) = (Qi(t)z, Q5(t)x) , Q7 () € ™[0, 9] (i = 1,2),

and also some frozen initial position (tg,zg) € [0,%¢) x [R™\{0,}].
The proof of Lemma 3.1 includes two stages as follows. In the first stage, we will
establish the existence of a quadratic form V (¢, z) = 2’O(t)z for which

J1(UY, Us o, 20) = V (to, o).
In the second stage, we will find a strategy (71 € U; of player 1 that satisfies (13).
First stage. We construct the scalar function
oV n oV
ot ox
For w; = Qf(t)x (i = 1,2),

)

/
W(t, T, Uy, U, V) :| (A(t)x + ui + 8U2) + u’lDHul + U/2D12U2. (14)

Wit,z, V] = W(t,z,u; = Qi (t)z,us = Q5(t)x, V) =

ox
Next, we solve the partial differential equation

-G+ {a—v} (A1) + Qi(t)w +£Q3(H)2) + Q5 (1)) DuQi(H)z + [Q3(1)a) DiQ3(t)a.

Wt,z,V] =0, V(9,z) = 2'Cyx. (15)
The solution V= V/(t,z) is constructed in the class of the quadratic forms
V(t,z) = 2’O(t)z with a matrix O(-) € C™*"[0, 4] of dimensions n x n.
Substituting V (¢, x) = 2'©(t)z into (15) and collecting like terms at the n-dimensional
vector x € R" give

W(t,z,V(t,z) = 2'O(t)x] = x’{%}@ + [O®)]'TA(t) + Q1 (1) + Q5 (1)]+

HA' () + (Q1(1) +e(Qx(1))10(t) + [Q1(1)] DnQi(t) + [Qé(t)]'DleZ(t)}x =0,
r'O(W)x = 2'Cx.

Both of these identities will hold if, for all (¢,z) € [0,9] x [R"\{0,}] the matrix ©(t) of
dimensions n x n is the solution of the linear inhomogeneous matrix differential equation

O + O[A(t) + Q1(1) +eQ5(t)] + [A'(t) + (1 (1) +£(Q5(1))10 + B(t) = O (16)
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with continuous in ¢ elements and the boundary-value condition
o) =, (17)
where the matrix

B(t) = [Qi()]' DnQi(t) + [Q3(1)] D12@5(1) (18)

is continuous and symmetric.

By Proposition 2.2, the system (16), (17) has a unique continuously differentiable
solution © = ©*(¢) that is extendable to any interval [to, 9] C [0, ¥]. Due to the symmetric
property of the matrices C' and B(t) from (18) and the explicit form (12) of ©*(¢) the
matrix ©*(t) will be symmetric for all ¢ € [t, V).

Now, we will construct the realizations of the frozen strategies U + u}(t,x) = QI (t)x
along the solution z*(¢) to the vector equation (1), i.e., we will construct u}[t] = QF(t)x*(¢),
t € [to, V] (i =1,2), where

dz*(t
dt( ) = A(t)x"(t) + Qi (t)x™(t) + eQ3(t)x™(t), x*(to) = xo.
In view of (15), it follows that
W1t z*(t), V(¢ 2" (t)) = [z"()]'©7 ()" (t)] = W*[t] = 0 (19)

for all ¢ € [ty,Y] along the solution of (16), (17) and (1). Due to (17), we have
V (9, x*(¥)) = [x*(9)] C12*(¥); then integrating both sides of (19) from ¢y to ¥ gives

0— /w* 1 dt — / {Wg x>+[ng"’”]/vl(wx+@;<t>x+ecz;<t>x]+

LI DI + [@;a)m@;(ﬂ}

dt =

r=x*(t)

_ / W) gy / {3 ) Duvus 1) + (us[8)) Daguzlt]} dt =

to to

= V(0,2"(0)) = V(to, x0) + /{(UT [t]) Duvui[t] + (us[t]) Dagus[t]} di =

= [z ()] Cra™ (V) + / {(Wi ) Dyuift] + (w3[t]) Dagus[t]} dt — V(to, o) =

to

= Jl(Uf, U;,to,fbo) — V(to,[L‘()).
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This directly leads to the equality
V(to, SL’O) = l’i)@*<t0)x0 = Jl(U*, to, Q?()).

Second stage. Consider the strategy Uy + (t,x) = Bel,x of player 1, where e, is
the column vector from R"™ consisting of 1’s and a numerical parameter § > 0 will be

determined below. Due to the symmetry of the matrix D;; and the condition Dy; > 0,
u'lDHul 2 )\1”’&1”2 = )\1U,1U1 ‘v’ul e R™. (20)

Here || - || denotes the Euclidean norm and A; > 0 is the smallest root of the characteristic
equation det[Dy; — AE,] =0 [1, pp. 88, 109].

We will adopt the matrix ©*(¢), ¢ € [0,9], of dimensions n X n obtained in the first
stage of solving the problem (16), (17). (Note that the elements ©*(t) are continuously
differentiable with respect to t). Taking inequality (20) into account, also we will use the
strategy Us + Q3(t)z of player 2 chosen in the first stage.

In view of (20), following (14) we construct the function

—~

Wt,z] = W(t,z,ui(t, z) = Bx,us(t,x) = Qs(t)x, V(t,x) = 2'O*(t)x) =
_ IV (t,x) N {GV(t,x

ot ox
[y (t, 2)] Dt (t, ) 4 [us(t, ©)] Drgus(t, x) >

x + 20'0* (1) [A(t) + BE, +cQs(t)]x + 2’ A1 5%, Epenz + 2'[Q5(1)) D12Q5 () =

)] [A(t)x + uy(t, x) + eus(t, )]+

,dO° (1)
dt

- x{ di(t) + O (O[A(t) + BE, + £Q5(1)] + [A'() + BE, +€[Q5(1)]] 07 (1) +

=

+\1 5% en By + [Q;(t)]'Dngz(t)}x =x'M(t,5)x.
The parenthesized matrix M (¢, 5) of dimensions n X n is symmetric and has the form
M(t, B) = M B*nE, +2B0*(t) + K(t),
with the matrix
K(t) = 07(t) + 207 (1)[A(t) + Q3 ()] + [Q5(1)] D12Q3(t)

of dimensions n x n. (Recall that e,e/, = n.)

The elements of the matrix M (¢, 3) are continuous in ¢ € [0,9)] and hence uniformly
bounded on the compact set [0,9]. The factor 5% appears in the diagonal elements of the
matrix M (t, 3) only. As before, \; > 0 is the smallest root of the characteristic equation
det[Dy; — AE,] = 0 and E,, denotes an identity matrix of dimensions n x n.
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Therefore, the constant § = F(Uf) > 0 can be chosen sufficiently large so that
all leading minors of the matrix M (t, ) become positive for all ¢t € [0,4] and for all
B > B(UT). By Silvester’s criterion [1, p. 88|, the quadratic form a'M(t, 5)z is positive
definite for all ¢ € [0,49] and constants 5 > B(Uf) because the sign of 2’M(t,3)x is
determined by the sign of the quadratic form S2\;na'z.

We fix some constant 5* > G(UT); then

Wit,x] = 2’ M(t, 8*)x > 0Vt € [0,9] Vo € R"\ {0, }. (21)
Denote by z(t), t € [0,9], the solution of the vector equation
= A(t)x + 8z + Q5 (t)x, x(to) = wo.
Since [xg # 0,] = [2(t) # 0,, Vt € [to, Y]], according to (21) we have

WILE)] >0Vt € [t, ).

Integrating both sides of this inequality from t; to ¥ and using the boundary-value
condition ©*(¥) = C from (17) and also uj[t] = SZ(t) we obtain
0

0< /ﬁfi[t,&’(t)] dt = /{(W(t’x) + [8‘/“’&7)]/[/1@)1: + 8Bz + ecg;(t)x]} dt+

ot Ox o=3 (1)

9
—i—/{x’ﬁ*Dnﬂ*x + [Q;(t)]’DuQ;(t)x}z:i(t) dt =

to
9

- / {w}d“r / {(@; ) D[] + (us[t]) Digust]} dt =

— T W) CFWD) + / (@ [0) Dyt 1] + (wa[t]) Disudff]} dt — V(to, x0) =

== Jl(ﬁla U2*7 th :BO) - V(t07 Jf()).
In combination with Jy (Us, Uy, to, zo) = V (Lo, zo) this result finally proves Lemma 3.1. O

Remark 2. Consider the inner optimization problem in the game I'5: find

nax J1(Uy, U3, tg, xo) subject to the constraint (1) with a fixed strategy Us € Us of player
1€U1

2 and any (t, o) € [0,9] x [R™\{0,}]. In fact, Lemma 3.1 states that this maximization
problem has no solution for Dy; > 0 and zy # 0,,. Indeed, whatever the strategy U; € U,
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of player 1 is, there always exists a strategy U, € U, such that
N(U1,U3) > LU, U03)

for all (tg,zo) € [0,9) x [R™\{0,}]. This result can be used for eliminating the solution
concepts of the games I'y that maximize the payoff function of player 1 (e.g., avoiding
Nash equilibrium in the game I'y with D;; > 0). By analogy with Lemma 3.1, we may
demonstrate that the game I'; with D5 > 0 has no Berge equilibrium and hence the
players should not choose this solution principle for the game I'y with D15 > 0.

4. FORMALIZATION OF EQUILIBRIA AND SUFFICIENT CONDITIONS

Definition 1. A strategy profile U¢ = (Uf,Us5) € U is a Nash equilibrium in the game I'y
if, for any initial position (to,xo) € [0,9) x [R"\{0,}],
[Hlea[}Jiljl(Ul,UQ,to,.To) = J1(U ,to,ibo), (22)
max JQ(Ule, Ug, to, Io) = JQ(U67 to, Io).

U2€Us

Definition 2. A strategy profile U? = (UP,UP) € U is a Berge equilibrium in the
game I'y if, for any initial position (to, zo) € [0,7) x [R™\{0,}],

B _ B
[}?eaé(f]l(Ul ,Ug,to,.ff()) - Jl(U 7t0ax0)7 (23>
max JQ(U17U2B,t0,$0) = JQ(UB,to,Io).

U,€U;

Remark 3. Despite the seeming similarity of these two types of equilibria, they have a
deep distinction as follows. Unlike Definition 4.1 expressing the selfish character of each
player (maximization of his own payoff), Definition 4.2 postulates altruism, guiding each
player towards the Golden Rule of ethics — “behave unto the opponent as you would like
him to behave unto you.”

The sufficient conditions that guarantee the existence of a Nash equilibrium and a
Berge equilibrium in the linear-quadratic game under study (see below) are the result of
applying dynamic programming to Definitions 4.1 and 4.2 respectively. They were derived
in the book [2, pp. 112, 124].

First, we introduce the two scalar functions

aV; oV;
Wi(t,x,ul,UQ,V) == 8t + [ax

!
:| [A(t)l' + (51 + €U2] + u'lDﬁul + u'zDigug (2 = 1, 2),
(24)
where V = (V},15) € R%
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Nash equilibrium

Proposition 3. Let V(t,z) (i = 1,2) be unique continuously differentiable scalar
functions such that

19)
Ve, x) =2'Cix Ve e R” (25)

20) Let uf(t,z, V) (i = 1,2) be vector functions such that
H}L?X{Wl(t, zyuy, us(t, x, V), V) = Idem {uy — ui(t,z,V°)},

26
max{Was(t, z,ui(t,z,V°),us, V) } = Idem {ug — us(t,z,V°)} (26)

for all (t,z) € [0,9] x [R"\{0,}] and V¢ = (V£ Vy) € R?.
3%) Let the functions Vi(t,z) (i = 1,2) be the solution for the system of two partial
differential equations

Wit z,uS(t, z, V), us(t,x, V), V) =0 (i=1,2) (27)

with the boundary value conditions (25) for all (¢,z) € [0,9] x [R"\{0,}].
49) Let strategies Uf = u$(t,x, VE(t,x)) = uglt, x| be such that Uf € U; (i = 1,2).

Then

a) the strategy profile U¢ = (Uf, US) is a Nash equilibrium in the game I'y (in terms
of Definition 4.1)
b) the Nash equilibrium payoffs are

Ji(U® to, z0) = Vi (to, o) (i =1,2). (28)

Remark 4. In practice, a Nash equilibrium should be designed by constructing the scalar
functions W;(t, x, u1,uz, V¢) (24) and proceeding with items 1°)-4%) of Proposition 4.1.
More specifically, letting Vi(t,z) = 2'Of(t)x, [O(t)] = ©%(t) (i = 1,2), we have to
perform the following steps.

Step 1. Using (25), find O5(J) = C; (i = 1,2).

Step 2. Based on (26) and (4)—(6), construct uf(¢,z,V®) (i = 1,2).

Step 3. Find the solution Vi (¢, z) (i = 1,2) for the system of two partial differential
equations (27) with the boundary-value conditions (25).

Step 4. Check that u§[t,z] = u;(t,z,Ve(t,z)) = Q5(t)x and QS(-) € C™™[0,]
(i=1,2).

The resulting pair U¢ = (Uf,Us) is a Nash equilibrium in the game I'; and the
corresponding payoffs of the players are J;(U¢, to, z9) = V(to, x0) (1 = 1,2).

«Taspuuecruli secmHur unpopmamuru u mamemamurus, €M 3 (64)’ 202/



30

Berge equilibrium

Proposition 4. Let V;2(t,z) (i = 1,2) be unique continuously differentiable scalar
functions such that

1)
VB, x) = 2'Cix VY € R™. (29)

20) Let uP(t,z,VP) (i = 1,2) be vector functions such that
qugx{Wl(t,w, ul(t, 2, VE), uy, VE)} = Idem {uy — u (t,z,V?)},

30
max{Ws(t, z,ur,ud (t, 2, V?), VE)} = Idem {u; — uP (t, 2, VF)} (30)
ui

for all (t,x) € [0,9] x [R"\{0,}] and VB = (VP V,B) € R2.
3%) Let the functions V;2(¢,z) (i = 1,2) be the solution for the system of two partial
differential equations

Wit up (2, VP),uy (8,2, VE), VF) =0 (i=1,2) (31)

with the boundary-value conditions (29) for all (¢,z) € [0,9] x [R"\{0,}].
49) Let the strategies UP +uP(t,z, VE(t,x)) = uP[t, x] be such that UP € U; (i = 1, 2).

Then

a) the strategy profile UP = (UB, UP) is a Berge equilibrium in the game T'; (in terms
of Definition 4.2);
b) the Berge equilibrium payoffs are

Ji(UB,t(),ﬁo) = ‘/;B(to,ﬂfo) (l = 1, 2) (32)
Remark 5. Like in the case of Nash equilibrium, a Berge equilibrium should be
designed in four steps corresponding to the items 1°) — 4°) of Proposition 4.2. As the

functions V;2(¢,z) we should choose the quadratic form V2(t,z) = 2/©Z(t)z, where
[©B(t)) = 6B(t) for all t € [0,9] (i = 1,2).

5. EXPLICIT FORM OF EQUILIBRIA

Nash equilibrium

Proposition 5. Consider the game I'; with the matrices

D1 <0, Dy < 0, Ci <0. (33)
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If the system of Riccati matrix equations

Of + O5A(t) + A'(1)05 — ©5Dy,05 — £2[05 Dy 05 + 05 D5, 65—
—£205D5,) D15 D5,/ 05 = Opp, O5(0,¢) = C4,

&5+ O5[A(1) — D6 + [A(1) - 05 D;/ 165 + e
+0$D1;' D13 D1'05 — 205D5,' 05 = Oy, O5(0, ) = Cs,
has a solution (©f(t),05(t)) that is extendable to [0,9], then in the game I'y
a) the Nash equilibrium is given by
U = (U, US) + (=D O54(t, e)x, —e Dy O5(t, €)); (35)
b) the Nash equilibrium payoffs of the players are
Ji(U® to, mg) = 2505 (tg, €)xg (i =1,2). (36)

Proof. Following Remark 4.2 we construct the functions

WEt, o, ur,ug, V) = aa‘f [2‘;]/[14(15)33 + uy + eug| + vy Dijjug + ubDigus (i = 1,2).
(37)
Step 1. In view of (25) and V4(t,z) = 2'O¢(t)x,
Ve, x) = 2'05(0, e)x = 2'Cix Vo € R™\ {0,}, (38)
which gives
O{(W,e) =C; (i =1,2). (39)

Step 2. Due to (26),
max{Wi(t, z,uy,us(t,x,V°),V)} = Idem {u; — ui(t,x,V°)}.
ul

This equality holds if, according to (4)—(6),

OW4(t, x, uy, us(t, z, V), Ve) _ oV oDt V) = 0,
Oy wtayve 0T o ’

OPWi(t, z, uy, us(t, x, Ve),Ve) 9D, <0
duj ui (t,2,V¢) 7

for any (t,z) € [0,9] x [R"\{0,}] and V¢ = (V{, V¥) € R2. By analogy,

OWs(t, x,u§(t, z, V), ug, V) _ 88‘/; 2Dt V) = 0,
Ous (V) ox T ’

PWa(t, z, us(t, z,Ve), uy, V°) 9D, < 0
Ous us(t,2,Ve) 7
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for all (t,z) € [0,9] x [R"\{0,}] and V¢ = (V£ V) € R?.
The second and fourth relations are true by (33). Using the first and third relations,
we find
aal;, us(t,x, V) = —%DQ_QI af)‘f :
Step 3. We write the two partial differential equations (27), with the boundary-value
conditions (39) to find the two scalar functions V<(t,z) (i = 1,2):

€ € 1 —
ui(t,z,Ve) = _§D111 (40)

0 =Wt x, Ve] Wi (t, z,u§(t, z, V), us(t, x, Ve) Ve) =

=%+ [8‘; [A(W)r — 500 FE] - [a{;;} Dy GE+

/ €
+1 [BBV] D%t 2 [68%] Dy Dyy Dy 25 =

i

v, Y 2 [ov, Ve
= a§+[ 1] A(t)x—g[ 1} Dy 55—

€ , €
1 [‘%} Dy 5+ 5 [5E] Dyl DDy GE,
Welt, x, Ve] = Wg(t,x u§(t, x Ve) uQ(t x Ve) Ve) =

(=2 E/
B NS S

(41)

oz ox

!/
1| 9Vy¢ 1 —1 9V ﬁ vy —1%_
+4 [dw} DH D21D x4 ox D22 ox

In view of (4) and VE(t,x) = 2'O%(t)x, we obtain the gradlents x = 20¢(t)x and
ave ,dO¢

- = 2'=ztz. Substituting aie and Btf into (41) and collecting like terms with the

pairwise products of the components of the n-dimensional vector x, we arrive at the

equations

de®
y tl + O%A(t) + A' ()0 — O DO+

Wilt,z, V] = :U’{

[~ ©1D565 — O5D561 + 65D DaDR 03] o 0,

05
dt

Wilt,e, V] = { SA(E) + A'(1)0% — €5 Dyt Doy Dy 05—

—05D; 'S — 62@§D2_21@§}x =0
with the boundary-value conditions

Vi, x) = 2'05(0,e)x = 2'Cix (i =1,2).

Y
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The identities WE[t, z, Ve(t, x)] = 0 for all (¢, x) € [0,9] x [R"\{0,}] (i = 1,2) hold if the
system of Riccati matrix equations
Of + O A(t) + A' ()05 — 6 D1105 + £2[—65 Doy 05 — 5Dy 05+
+05D5,' D15D3,' 03] = Oy, O5(V, ) = C1,
O3 + O5A(t) + A'(1)05 — ©5D1' 05 — 5D 05+
+0$D1' Doy D1'05 — £205D5, 05 = Oy, O5(0, ) = Cs
has a solution (Of(¢,¢),©5(t,)) that is extendable to the interval [0, 9].
Step 4. Using the obtained solutions (©5(¢,¢), ©5(t,¢)) and (40) we find the two
n-dimensional vector functions
uslt, x] = uy(t,z,Ve(t,x)) = —D'O5(t, e)x,

43
WSft, 2] — ualts, Ve(t,2)) — —e D3l OS (1, ). (43)

Since D;'O5(-,¢), €Dy O5(-,€) € C™™[0,9], the Nash equilibrium in the game I'y will
have the form (35), and the Nash equilibrium payoffs of the players will be given by
(36). O

Remark 6. In the case Dy; > 0 and/or Dyy > 0, by Lemma 3.1 at least one of the
two maxima from Definition 4.1 is not achieved for any xq # 0,. Really, assume on the
contrary that, e.g., in the case Dy > 0 there exists a strategy U, € Uy of player 1 such
that, for xg # 0,,

max J, (U, US, to, zo) = J1(Uy, US, to, o).

U.:€U,
Then, according to Lemma 3.1, for the initial position (to,z¢) € [0,7) x [R"\{0,}] there
also exists a strategy U; € U; for which

J(Uy,U3) > J(UF, Us),

which contradicts the whole essence of the operator nax. Thus, we have established the
1€Uy

following result: if Dy; > 0 and/or Dy > 0, then there exists no Nash equilibrium in the
game 'y for any initial position (¢y,zo) € [0,7) x [R™\{0,}]).
Berge equilibrium

We will utilize Remark 4.3, repeating Steps 1 — 4 from Remark 4.2, with appropriate
modifications dictated by Proposition 4.2.

Proposition 6. Consider the game I's with the matrices

Do < 0, Dy < O, CQ < 0. (44)
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If the system of Riccati matriz equations
OF + OF[A(t) — Dy'0F] + [A'(t) — 07 D107 +
+08 D' Dy D' 08 — 208D 08 = 0,4, 08(9,¢) = (4,

OF + OFA(t) + A'(1)0F — 05Dy 0F + e[-05 Dy of — 0P Dol + ()
+O0FP D1 Dy D, OF] = Opr, ©F(0,6) = Cs,
has a solution (©2(t, €),08(t, )) that is extendable to [0,9], then in the game Ty
a) the Berge equilibrium is given by
UP = (UF,U7) + (—D3' 0% (t,e)z, —e D1 ©F (£, €)x); (46)
b) the Berge equilibrium payoffs of the players are
Ji(UP to,m0) = 2,07 (to,€)z0 (i =1,2). (47)
Proof. Following Remark 4.3, we construct the two scalar functions (37).
Step 1. In view of (29) and V;2(t,z) = 2/08(t)z,
OFW,e)=C; (i=1,2). (48)

Step 2. Due to (30), using (4)—(6) we write
OWa(t, 2, uf (82, VE), up, V) Vi

:€_+2D UB taa’;?VB = 0”’
Ous ug(t,z,VB) Oz el !
Wi (t, z, ul (t, 2, VE), u, VB
1t @, up ( ,32:, )2, V) = 2D <0 and
8u2 uz(t,z,VB)
OW, (¢ y(tz, VE) VP V.
o(t, x, up, uy (t,x, V7)), V7) :_2+2D21u13(t,x,VB):Om
ouy uy (ta,V B) Ox
82 Wi (t B(t,z, VP) VP
2(,x,u1,u22(,x, ), V?) = 2Dy < 0,
ous wy (t,z,VB)

for any(t,z) € [0,9] x [R"\{0,}] and V& = (VB V,B) € R%

The second and fourth relations are true by (44). Using the first and third relations,
we find
ovP ovP
Ox Ox
Step 3. Substituting (49) into (31), we obtain the system of two partial differential

1 € _
ulB(tvxu VB) = _51)211 ) Ug(t,l‘, VB) = _519121 (49)

equations with boundary conditions (29):

0= WlB[t,x, VB] = Wl(t,x,u?(t,a:, VB),ugB(t,x, VB), VB) =

“Taurida Journal of Computer Science Theory and Mathematics”, 2024, 3



35

aV OVE &2 ovP
=5 l } [ 2D211 o~ 7P a;;]+
IV, OVE e [ovP] . oV
[ﬂJ%WE*ﬂﬁﬂﬁﬁ:
avl VP L1 ovEY L OV
} 4 { ox D3y DDy ox
% 8V2 _ e [P o
Ox or 4 | ox 1297

0=WwF [t,x,VB] = Wa(t, z,u? (t z, VE) uf (t, 2, VE), VB =
_ vy N [aVQB ' IVE 2 | avﬂ+

1 —_—— —— —
ot Ox ] {A( )z 2D21 Ox 2 Dro Ox

L[avPY o ovP e faviPY o o avP
+é_l{8x} A 0r 4| oz Dio DDy, or

1
o | 0w ] Al = 7 [ 9 o ©
e2 fovB] LovB 2 TavBl . ovB
o5 58] a5 2] o 9

__Mf+{m?’ an} OV
- 21

ox

Letting VB(t,2) = #/©B(t)x and 2 = 205(¢)x, we demonstrate that due to (48) the
previous equalities hold if ©Z(¢, ¢) (z = 1,2) are the solutions of the system (45). Using the
resulting solution (©F(t, ), ©F(t,)) of the system (45), the explicit form of the functions

VEB(t,z) = 2/©Pz and gradients 8; = 2082 as well as the inclusions D,'O5(- ¢),
eD; OB(.,e) € C™"[0,9] we finally prove (49). Note that the relations (47) are true
according to (32). O

Remark 7. By analogy with Remark 5.1, we can establish the following result: if D15 > 0
and/or Dy > 0, then there are no Berge equilibria in the game I's for any initial position

(to, z0) € [0,9) x [R™\{0,}].

6. APPLICATION OF SMALL PARAMETER METHOD

Poincare’s theorem

Thus, Propositions 5.1 and 5.2 have showed that the presence of Berge and/or Nash
equilibria is connected with the existence of a solution for the corresponding systems of
two matrix ordinary differential equations of the Riccati type that can be extended to the
entire interval [0, 9] of the game. As a matter of fact, the existence of solutions in a small
left neighborhood (¢ — 0, ¥] of the point ¢ = 1 is guaranteed by general existence theorems
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from the theory of ordinary differential equations. The question of the extendability of
such solutions to the entire interval [0,9] of the game remains open. In this section, we
will try to answer it using the small parameter method. This method arose in connection
with the three-body problem in celestial mechanics; it dates back to J. D’Alembert and
was intensively developed starting from the end of the 19 th century. Further, from the
numerous theoretical results on the small parameter method [3, 4], we will use Poincaré’s
theorem on the analyticity of solutions with respect to the parameter. It will be formulated

for the matrix system of ordinary differential equations
0 =Z(t,0,¢), O(0,¢e)=C. (50)

The notations are the following: © as a matrix of dimensions n x n; =Z(¢, 9, €) as a matrix
of dimensions n X n whose elements are functions of the variables ¢, ©, and ¢; € as a small
parameter such that 0 < € < gy, where £; is a small number; C' as a constant matrix of
dimensions n x n, t € [0,9] as continuous time. The elements of the matrix =Z(¢, 0, ¢) are
assumed to be defined and continuous on domain G, € € [0, go]. Denote by © = O(t,¢)
a solution of (50) that satisfies the boundary value conditions O(v,¢) = C, (d,¢) € G.
Together with the system (50), consider the system

0 =Z=(t,0,0), 00,0 =C, (51)

which is obtained from (50) for ¢ = 0. Let © = ©(¥)(#) be a solution of (51) defined on
t € [0, Y] with the same boundary-value condition ©(d) = C'. For a small value ¢, the right-
hand sides of these systems are close to each other. Then a natural question is: how do the
solution of the systems (50) and (51) differ on the entire interval [0, 9]? By the theorem on
the continuous dependence of solutions of combined ordinary differential equations on the
parameter, generally these solutions are close to each other too. Moreover, if there exists
a unique solution ©()(¢) of the system (51) and the elements of Z(¢, ©, £) are holomorphic
(analytic) for 0 < & < g9, © = OO(#), t € [0,9)], then for a sufficiently small value ¢ the
solution of (50) can be written as the series

O(t,e) =00 (1) + ism@(m) (t), (52)

which has uniform convergence on the entire interval [0,7]. This fact is the core of
Poincaré’s theorem.

Among general theorems from the theory of differential equations, also we will employ
the theorem on the continuous dependence of solutions on the parameter; see below.

Theorem 1. Let the right-hand side of system (50) be continuously differentiable with
respect to the elements of the matrix © and also continuous in & on the domain G. Then
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for a sufficiently small value € > 0, the solution O(t,e) of system (50) is well-defined on
the same interval [0,7] as the solution of system (51).

Nash equlubrium

We will demonstrate that the existence of a solution (©5(t, ), ©5(¢,¢)) of the system
(34) that is extendable to [0, 9] is a superfluous requirement of Proposition 5.1 in the case
of a small value ¢ > 0. In other words, it can be neglected for sufficiently small values
e > 0. More specifically, we will establish the following result.

Proposition 7. Consider the game I'; with the matrices
D < 0, Dy < O, Cl < 0.

Then for sufficiently small values € > 0 the game I'; has the Nash equilibrium (35) and
the corresponding payoffs of the players are given by (36).

Proof. Proposition 6.1 can be proved by demonstrating that the system (34) with
sufficiently small values ¢ > 0 has a solution (©%(t,e),05(t,¢)), t € [0,9], that is
extendable to [0, ).

To this end, we will utilize Theorem 6.1. For (34), we construct the null approximation
by letting ¢ = 0. In this case, the system (34) is decomposed into two subsystems of matrix
ordinary differential equations. One of them belongs to the Riccati class whereas the other

is linear in @S”:
o + 0" A1) + A6y’ — el D' = 0., W) =0y,
of +6f [A(t) - Dilel”] + [4(t) - el Di} | 60+ (53)
+01"' D' D1 DO = Opn, 047(9) = C

For Di; < 0, C; < 0 and A(-) € C™™[0, 9] the solution ©'”(¢) of the first part the system
(53) exists, is continuous and extendable to [0,?)], symmetric ([@ﬁo) ()] = @50) (t)) and
negative (0" (t) < 0) for all ¢ € [0,9] and has the form

-1

9
o’ (t) = (X' Crt + /X‘l(ﬂDﬁl[X‘l(T)]’dT X7'), (54)

where X (t) denotes the fundamental system of solutions for & = A(t)z, X[¥] = E,;
see Proposition 2.1. Incorporating this matrix @ﬁ") = @§°) (t) into the second part of the
system, we obtain the following matrix linear inhomogeneous differential equation in @éo):

of + e [ - piel )] + |4 - e’ (1)Dit] of +

(55)
+00 ) D D1 DOV (1) = Opn, O (0) = Cs.
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Since ©”(.), A() € C™"[0,9], for any constant matrix Cy of dimensions n x n

equation (55) has a continuous and extendable to [0, ¥] solution of the form
9
OV (1) = (X)) { Cs + / X'(7)By(r)X (7) dr § X71(1), (56)
¢

with the continuous and symmetric matrix
Bu(1) = 01" (1) Dy Di2 D101 (1).

of dimensions n x n; see Proposition 2.2. From (56) and the symmetry of Cy and B(t),
it follows that (56) holds for any ¢ € [0,9] (like in (54), X (¢) denotes the fundamental
matrix). Consequently, the system (34) with ¢ = 0 has a continuous and extendable to
[0, 9] solution (01" (¢), ©(¢)). Therefore, by Theorem 6.1 the system (34) with sufficiently
small values ¢ > 0 also has an extendable to [0,9] solution (O5(¢,¢),05(t,¢)). And
Proposition 6.1 directly follows from Proposition 5.1. U

Berge equilibrium

Like for Nash equilibrium, we will demonstrate that the existence of a solution
(©B(t,),08(t,)) of the system (45) that is extendable to [0,9] is a superfluous

requirement of Proposition 5.2, which can be replaced by the smallness of € > 0.

Proposition 8. Consider the game I'y with the matrices
Dis < 0, Dsyy < O, 02 < 0.

Then for sufficient small values € > 0, the game I'y has the Berge equilibrium (46) and
the corresponding payoffs of the players are given by (47).

Proof. As before, using Theorem 6.1 we will prove that the solution of the system (45) is
extendable to [0, J]. By analogy with Proposition 6.1 we construct the null approximation
(@ﬁo) (1), @éo) (t)) by letting € = 0 in (45). As a result, the system (45) is decomposed into
the two subsystems of matrix nonlinear differential equations

= (0) - - - -

6, +6" A1) - D8] + |4 - 8Dy | 8+

+6y" Dy D D5'05” = O 617 (9) = 1, (57)

~(0) ~ ~ ~ -

0, +OYA®t)+ A0y — 0V Dy = Opun, 03(9) = Cs.
For Dy; < 0 and Cy < 0 the solution ég’) (t) for the matrix system of Riccati differential

equations (the second equation in (57)) exists, is continuous and extendable to [0, ],
symmetric ([0 ()] = O (t)) and negative (O (¢) < 0) for all t € [0,9] and has the
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form
—1

0 (t) = (X)) Gt + / XD X () drp XT(). (58)

Incorporating the solution (:jéo) = (:jgo) (t) into the first part of (57) we obtain the following

matrix linear inhomogeneous ordinary differential equation in éﬁo) :
- (0) - - - -
6, +6" [A(t) - D8 ()] + [4() - 8 (1) D3] &+
+03) (1) D3 D11 D303 (t) = Opns 0 (9) = Ci.
In view of the inclusion ég‘”(-), A(-) € C™™[0,9] and Proposition 2.2, the explicit solution

is given by

Y
o) =[x {c + /X'(T)BQ(T)X(T)dT Xt), (59)

with the continuous and symmetric matrix
By(t) = 03" (1) D3 D D305 (1)

of dimensions n x n.

Clearly, the continuous matrix ©!” (t) of dimensions n x n well-defined for all ¢ € [0, V]
and symmetric. Hence, for £ = 0 the null approximation (6" (t),(:)éo)(t)}t € [0,9]) of
the solution (©F(t,¢), ©F(t,e)|t € [0,9]) of the system (45) is extendable to [0,9]. By
Theorem 6.1 the system (45) with sufficiently small values ¢ > 0 has an extendable to [0, 9]
solution (©F(t, ), 05 (¢, €)). And Proposition 6.2 directly follows from Proposition 5.2. [

7. COEFFICIENT CRITERIA OF EXISTENCE

This section is devoted to the coefficient criteria of the existence (and nonexistence!)
of Nash and/or Berge equilibria (in terms of Definitions 4.1 and 4.2 respectively) in the
differential positional linear-quadratic game I'y with a small influence of one player on
the rate of change #(t) of the state vector x(¢). In the game I'y the state vector evolves in
accordance with the vector linear differential equation

T =A(t)r +u + eu, x(ty) = o,

and the payoff function of player i is described by the quadratic functional
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where x, u; € R". As before, the prime indicates transposition. The strategy set of player
1 has the form

U, = {U; +ui(t, 2) | ui(t,2) = Qi(t)x VQ(-) € C™"[0, 9]} ;

the game ends at a fixed time instant ¥ > tq > 0; the symmetric constant matrices C;
and D;; of dimensions n x n are given; the notation D > 0 (< 0) means that a quadratic
form z’Dz is positive definite (negative definite, respectively); e > 0 is a small scalar
parameter. The players choose their strategies U; + Q;(t)z, find the solution x(t) of the
system equation
T=At)xr + Q1(t)r + eQ2(t)x, x(ty) = zo,

construct the realizations w;[t] = Q;(t)x(t) of the chosen strategies U; and then calculate
their payoffs J;(Uy, Ua, to, o) using x(t) and u;[t]. In the noncooperative statement of the
game [’y the players have to answer two questions as follows.

1. Which of the solution concepts (Nash or Berge equilibrium) should they adhere to?

2. How can these equilibria be constructed?

Table 1. Coefficient criteria of equilibrium

D1y Dqs Dy, Do Ch Cy NE | BE
1| D1 <0 W W Dy <0 Cl<0 A 3
2 W Dy <0]| Dy <0 W A 02<0 3
31 D11 <0 Dia<0| Dy <0]Dyy<O Cl<0 CQ<0 3 =
1Dy >0 v v v v | A
5 W Dy >0 \ W A i /H
6 v Y D21 >0 v Y v /H
A v vV [ Dp>0| ¥ V| A

The answer to the first question is provided by Table 7.1. Here NE and BE denote
Nash and Berge equilibrium, respectively; 3, A and V are the existential, non-existential
and universal quantifiers, respectively. Proposition 6.1 and 6.2 as well as Remarks 5.1
and 5.2 are combined in Table 7.1, which presents the coefficient criteria of choosing (or
rejecting) Nash and/or Berge equilibrium in the game I's.

For example, if D15 < 0, Dy < 0, Cy < 0 then there exists a Berge equilibrium;
if simultaneously Dy > 0, then there does not exist a Nash equilibrium (see columns 2
and 7 of the table below).

The answer to the second question is based on Poincaré’s theorem; see the beginning
of Section 6. More specifically, we have to consider not only the null term (¢ = 0) of the
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matrix expansion

O(t,e) =00 (t) + Y emo (1),
m=1

but also the subsequent ones O (t), @) (¢),.... This approach will be illustrated by an
example of Berge equilibrium design for the game I'y: we will find the solution of (45)

and then construct the strategies (46) and the corresponding payoffs (47). In view of
OB(t,e) =00 1) + 101 (1) + 20 (#) + ... and (45) we have

O L 10l 4 20 + )+ (0 410l 4 2200 + ) A®)-
~D3 (0P + 0y + 208 + . )+
+[A@t) - (0P + 10l + 2208 + .. )0y (0 + ol 4 20 4 )+
+(0" 1 etoll) + 220 + .. Dy Dy D3 (O + 10l + 209 1 )—
209 +cto 4 2200 1+ D MO + oM + 220 + ) = Onun,
O W) + 101 (W) + 202 (W) +...) = ¢y,
O 410V + 220 + )+ (0 + 10l 4 20 + . )AL+
+A' (O 410 + 20Q) + .. )—
—(0 1+ e1olV + 2200 + .. Dy (0 + etV + 20 + .. )+
+e2[—(03) + 0l + 207 + .. )DL (O + el + 20 1 )—
—0" 1 eto® 4220 4+ DO + ol +20P) + .. )+
+(09 42101 4220 4 ) DDy DR (O + 220 + 200 4+ . )] = Onyn,
OV W) + oM (@) + 202 (9) +...) = Cb.

(60)

According to the proof of Proposition 6.2, the null approximations @(0)(15) (1 = 1,2)

)

satisfy the system (57) and have the explicit forms (58) and (59) respectively, where
0(t) = (1) vt € [0,9], (i = 1,2). Equalizing the terms with the factor ¢ in (60), we
obtain the following system of two matrix linear homogeneous differential equations with
time-continuous coefficients to calculate the first approximations:
(o + 6" [a@) - D' ()] + [aw) - o (1D o+
+65" Dy (D D31 03" (1) = 01" (1)] + (65" (1) Dy Duy — 01 (1) D303 = O,
01"(9) = O
6%+l [a(t) - Do ()] + [4(t) - 6 (1)D3!] 08 = Opn,
O (9) = Opxn.

Obviously, it has the trivial solution

0 (t) = OL(t) = Opxn Yt € [0,). (61)

\
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Now, equalizing the terms with the factor €2 in (60) and using (61), we derive the following
system of two matrix linear inhomogeneous differential equations with time-continuous

coefficients to calculate the second approximations @52’(t) and @f) (t):
O + o |Ar) — Do (n)] + A1) — e (D;!| o+
+0% Dy Dy D50y (1) — 0P ()] + [0 (t) Dy Dy — 6 ()| Dy'ey —  (62)
~67 () DO (1) = Onn, O (9) = O,

O + 0 |A() — Dy'ey <t>l + |40 - 6y (D' O+
+01" Dy D Dy O (t) = 017 (1) D 01" (1) = 61 () D3 0 (1) = O, (63)
(2) 9} —
O3 (V) = Onxn.

We find the explicit-form solution of (62)—(63). First, using Proposition 2.2 we construct
the solution @f) (t) of the second matrix equation from (62)—(63). For this purpose,
we write the fundamental system of solutions Y'(¢) for the vector differential equation
(y € R™):
§=[A(t) = DO D]y, Y (V) = En.

According to Proposition 2.2 the solution of (63) takes the form

)

o (1) = [y (0] { [Y/r)LY(r)dr Vi)
t

where
L(t) = 0 D} Dy D0 (1) — 09 (1) Do (1) — 7 (1) Do ().

Substituting @g) = 6)22) (t) into (62) we obtain a matrix linear inhomogeneous differential
equation with the null boundary-value condition. Its explicit solution @52) (t), like the
solution of the second equation from (62) is found using Proposition 2.2. Finally, with the
resulting approximations @Ej)(t) (7=0,1,2; i =1,2), (15) and (16) the Berge equilibrium
in the game I'; can be written as

UP = (UE,UP) + (—Dy [0 (t) + 205 (1)]x, —eD1n[0 (1) + 207 (1)]).

(The accuracy is up to the second approximation.) The corresponding payoffs of the
players are given by

25[01” (to) + 201 (ty)] o,

75[05) (to) + €205 (to)]xo.

JI(U37 th i[)o)

Jo(UP o, o)

“Taurida Journal of Computer Science Theory and Mathematics”, 2024, 3



43

Concluding this paper, we suggest that the solution of any game (in particular, I'y) should
be described by a pair

(US = (U7, U3), J° = (Ji(U®, to, z0), J2(U®  tg, 0))) -

In this case, a strategy profile U® determines the behavioral rules of the players, and J°

their payoffs gained.
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