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Ham CEMHHaApP: MaT€EMAaTHNIECKHE
CIOXEThI

XapaKTepuCTUIeCKe KIACCHI I HaTTHAIOITIIX

/1. PemmoBur* A. B. Cxonenkos!

‘You mean ... ’ he would say, and then he would rephrase
what I had said in some completely simple and concrete
way, which sometimes illuminated it enormously, and
sometimes made nonsense of it completely.

I. Murdoch. Under the Net!)

§1. BBEIEHUE

Teopus NpPenATCTBUMN ABIAETCA (DPYHIAMEHTAILHON IaCTbi0 alrebpamtde-
CKOM TOIIOJOTMM ¥ MMEEeT MHOTOYUCICHHBIE NPUMEHEHWS 33 ee IMpeIeTaMu.
K coxanenuto, B CyeCTBYIOUUX UBMOKECHUAX U3YICHUE TEOPUN MIPEISATCTBUN
HAYMHAETCA C [IATEILHOrO OCBOEHUsA HEMOTUBUPOBAHHBIX A0CTPAKTHBIX IO-
HATUA U Teopuin. OMHAKO OCHOBHBIE HEW DTOU TEOPUM MOXKHO TJOCTYITHO
U3JOXUTH YCJI0BEKY, HE MMCIOIICMY FJIy6OKI/IX CIIEIIUAJIBHBIX HOBHaHHﬁ B TO-
nosoruu. TakOMy WM3JI0KEHWIO W MOCBANICHA HACTOANIAA 3aMETKA, A€ UIEH

*E-mail: dusan.repos@uni-1j.si
Pa6ora wacTuiHO nOgAEepKAHA HCCIELOBATEILCKUM IPAHTOM MuHuCcTepcTBa 06pa3oBaHms,
Hayku u cnopra pecuybauku Craoserms Ne101-509.

"E-mail: skopenko@mccme .ru
Pabora wactmano noxaepxana rpaarom PDDU Ne99-01-00009.

U(Ber xoTHTE CKA3aTH ... » — HAYMHAL OH M NEPECKASHIBAI MOM CIOBA KOHKDETHO I
IIPOCTO, IIOCIE Yer0 MOS MBICIb Ju0O0 OKA3bIBaJaCh MHOI'O IOHATHEE U riy0xe, mubo o60opa-
gmBaxachk noaueumen enyxou. (A. Mepaok. «Iloxg cersio», mep. ¢ aura. M. Jlopme.)

MaTemaTnyeckoe npoceewenue, cep. 3, Buin. 6, 2002(60-77)
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TEOpUM MPENATCTBANA IIPOJEMOHCTPAPOBAHBI HA MPOCTEUIIAX TACTHHIX CIy-
4asx. B HemW cymecTBeHHO yupoweH u gopaboran marepuan ud [RS00, §3].
OcuoBubiM npeumymecrsom nepes [RS00, §3] aBiasercs BO3MOXHOCTD HALLA -
HO u306DaHamb TIPEmATCTBUS.

Teopusa HOpemATCTBMU OCHOBAHA Ha CISAYIOUEH OPOCTOU HIee, IACTO
BCTPEYAIOMENCA IPU PENICHUH IIKOJIBHBIX (B YaCTHOCTH, OIUMIIMAJHBIX) 3a-
AT HEBO3MONCHOCTG HEKOTOPOU KOHCTPYKIMYM MOXHO MOKA3aTh IMyTEM IIO-
CTPOEHUs AIreGpamaecKoOro npenamcmeud, WA uHeapuarma (HAIPUMep, U3
coobpaxenun 9eTHOCTH). TOMHO TAK XKe HEIKEUBAAEHMHOCTL KOHCTPY KN
9aCTO JOKA3BIBACTCA IIYyTEM MOCTPOCHUS ANreOPAMTIecKoro uH8apuarma, ux
Pa3IMYIANEro (3TOT UHBADUAHT ABIACTCA NPENAMCMEUEM K DKBUBAJICHTHO-
crm). MHOrme HEMmOXOXue APYr Ha APYra 33Ja<dd TOHOJOTME AHAIOIUIHBIM
06pa3oM €CTECTBEHHO IPHUBOAAT K MIOXOXKUM [IPYr HA APYra NPenamcmeu-
am. B HacTOSAmEN 3aMeTKe 3TOT IIPOLECC IMPOAEeMOHCTPUPOBAH HA MPUMEPE
HaMbOMee HATVIAIHBIX TOMOJOTHUIECKUX 3a,1a.

Hacrosamas 3aMeTka OCHOBaHA HA IUKJE JEKIUU, TPOYATAHHBIX BTOPHIM
aBTOpoM B JeTHed mmKoae «COBpEMEHHAs MATEMATHUKA», OPraHU30BAHHOU
Poccunckon Axanemmen Hayk m Mockosckum IlenTpom Hempeprisroro Ma-
TemaTuieckoro Ob6pasosanus mon y6uou B miose 2001 r. Bripaxaem 6ia-
roxapaocts M. H. Bsatomy 3a mHOrO4UmcaeHuse 06Cy Xk qeHus, CltocOO6CTBOBAB-
Ve yJIydlieHnio U3JI0KEHUs, 8 TaKXKe 33 MOATOTOBKY PUCYHKOB.

§2. COBETbI YATATEJIIO

Hacrosamas 3amMeTka npeqHa3sHAYeHa, B IEPBYIO OYEPelb M IUTATEICH, HE
BJIAICIOIIUX TOMOJOTMER, HO MBI CMEeM HaAeATbCA, 9TO OHa OyJeT MHTEPEeCHA
U CIenuaamcTaM. B 5ToM maparpade MBI OIPUBEIEM HECKOABKO COBETOB /A
YUTATENEN-HETOIOJIOTOB (IUTATEN0, YKE 3HAKOMOMY C aareO6pamdecKon To-
HOMOTUEN, JOCTATOYHO NPOYUTATH ABA NOCAeAHUX a03ana). [lasa noHmManus
§3 —§6 MOCTATOIHO OOBITHOM MeOMETPUIECKOUN MHTYWIIUH, 4 [NJIA HOHUMAHUA
OOMBIIEN IACTH §7 AOCTATOYHO MHTYUTUBHOTO MIPEACTABICHAA O TPEXMEPHBIX
muHOr006pasuax. B gacTrHOCTH, BCe HEOOXOAMMEBIE anrebpamdeckue 00bEKTHI
(CO CTpaIHBIME HA3BAHWAMU (TPYIILL TOMOJOTUI U (XaPAKTEPUCTUIECKUE
KJACCH)) eCTECTBEHHO BOZHUKAIOT U CTPOrO 0npededsiomcs B MPOHecce no-
KazaTeabCTBa TeopeM. Mbl He TpefyeM OT JuTaTens 3HAKOMCTBA, ¢ aaredpa-
MYECKAM TOHATUEM TPYIIBI, B TEKCTE MOXHO BOCIPUHMMATH DTO CIOBO KaK
CHMHOHMM CJIOBA (MHOXECTBOY.

HamomuuMm mnomsaTme aByMepHOro MHOrooGpasus. Jlo6oe (komMmaxTHOE
CBA3HOE) ABYMEPHOE MHOroobOpasue (2-muoroobpasme) N moxer ObITH IIO-
JAy9eHO u3 c¢hepbl, TPOEKTUBHON mIocKocTu miu Oyrbuiku Kaenna (puc. 1)
IPUKJICUBAHUEM ¢ PydeK ¥ BhIpesanueM h AuIpok (puc. 2). 3xecs g = g(N)
(pod mmoroobpasus N) mu h = h(N) — HEKOTOpBIE ¥MCIA, OTHO3HATHO
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5.0 .0 A0

cdepa 52 MIPOEKTUBHAA INIOCKOCTH OyToLiKa Kirenna
Puc. 1.
BBIPDE3aHUE [BIPKA IIPDUKJICUBAHUE PyIKHA
Puc. 2.

onpeneasembie o nosepxuoctu N. /IBymeproe (koMmakTHOE) MHOrOOGpa3ue
HA3bIBAETCA 3AMKHYMbIM, ECIU B HEM HET NBIPOK.

Pasbuenuem dsymeprozo muozo06pasus N Ha3BIBAETCA TaKOe ero pasbu-
€HUE Ha MHOT'OYT'OJIbHUKW, ITO JIIO6bIe ABa U3 HUX MOTI'yT II€pECEKATHCA JUIIb
mo oObenuaeHuto mx pebep u BepmuH. [Ipm 5>TOM BHYTPEHHOCTH KaXIOT'0
7“3 MHOTOYT'OJbLHUKOB [OMXHA OBITH TOIOJO-
IUMYIeCKN DKBUBAJICHTHA [ABYMEDHOMY [JUCKY,
T.e. MOMXKHA pa3buBaTBHCA Ha YacTu JHOO0U
3aMKHYTON HECAMOIIEPECEKAIOMENCA KPUBOU.
Hanpuwmep, npeacrasieHHas HA puC. 3 CUTya-
s He sABasgeTcsa pasbumenuem. [Ipumepsr pas-
OueHN M300paXeHsl Ha, puc. 1.

KoauuecrBa Bepmuu, pebep u rpanen
BuIOpaHHOrO pa3bmenus obo3umagaiorcsa V, F

Puc. 3. u F, coorBercTBenHO. Jtaeposol rapaxme-

pucmurotl pa3bueHus HA3bIBAETCA YUCIO Y =

=V — E+ F. OT0 4uCIO HE 3aBUCAT OT pa3OUeHUs NJAHHOIO MHOTr00Opa3us

u paBHO 2 — 2g9, 1 — 29 U —2¢ COOTBETCTBEHHO NI C(EpH, MPOEKTUBHOU
miockocTy win OyTeuiky KienHa ¢ g pydIkamu.

Herpynao npoBepuTs, uT0 11060€ 1ByMepHOE MHOrooOpa3ue nmeer pa3ou-
eHue (IpU OPUHATOM HAMMU ONpPEEICHUU ABYMEpHOro MHOroot6pasus). OgHO
7 TO Xe€ IBYMEPHOE MHOr000pa3ue MOXeT UMeTh pasHbie pasbuenusa. O gHAKO
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MHOT'H€ BCTPEYAIOUIAECS B TEKCTe OOBEKTHl (KaK, HAIPUMED, SWIEPOBa Xa-
PAKTEPUCTUKA) HE 3ABUCAT OT BHIOOpA pasbmenus 1 1aHHOrO MHOr00OpA3WA
N. B rmakux ciaydasx MBI MOIYAIMBO YKAa3bIBA€M B MX OOO3HAYEHUAX MHO-
roo6pasue N BMecTo pasbuenus T (mampumep, numem x(N) smecro x(T)),
OCTABJAA YIUTATENO JubO JO0KA3aTh HE3ABUCUMOCTH OT BHIOOpa pa3bueHusd,
aub0o 3amenuTs Bciogy N Ha T

Boabmasa wacTs MaTepmana (HaIpumep, O CBA3M XaPAKTEPUCTUICCKUX
KIaCcCcoB ¢ (OpMOU mepecedenuit) choOpMyaupoBaHa B BUAE 3agad, 0003HA-
Ta€MBbIX XKWPHBIMU YUCIAMU. BOCHOJIHeHI/Ie rZIeTa,JIeI‘/,I IOIPpUBOAMMBIX B TEKCTE
Habpockos d0KaA3aMeEAbCNE MOXET TAKXKe CIYyXUTh MAaTEPUAIOM [AJII CaMO-
crogrensHon paborel. CreqyeT NOAYEPKHYTH, YTO 3344494 HE UCIOAb3YIOTCA
B OCTaJBHOM TEKCTE. pr}KO“IKOM OTMEYICHBI 3a a9, O/ IIOHUMAaHWUI U Pe-
IIEHUS KOTOPBIX JOCTATOYHO 3HAKOMCTBA C DTOU 3aMeTKOU. B HEKOTOPHIX
APYTZX 33Ja9aX MOT'YT BCTPETUTHCS HE3HAKOMbIE BaM TEPMUHBL; TaKde 3a-
Ja4qy CIeqyeT MPOCTO UrHOPUPOBaTh. OTMETHM TaKXKe, YTO [N PeleHUs
3a4a9 JOCTATOYHO MOHUMAHUA UX (HOPMYIUPOBOK U He Mpebyemcs HAKAKAX
JTOIOMHUTEIbHBIX HOHATUY U Teopui. Ecau ycroBue 3anatu asiagercsa Gopmy-
JUPOBKOU YTBEPXK JEHUsA, TO MOAPA3YyMEBACTCS, 9TO dTO yTBEPXK AeHue Tpedy-
ercs gokaszarb. Marepuan us [RS00, §§1,2,3.D] u sagaau us [RS00, §3.A,B,C]
[OYTHU HE IOBTOPSIOTCA 31€Ch, HO MBI DEKOMEHIYeM 3auHTePeCOBAaBIIEMYC
INTATEIIO O6pa,TI/ITbCf{ K 9TOMY MaT€puaJIy U IIOPEUIATh YKa3dHHBIEC 3a0d"TU.
[Tocae sToro unrarens cMoxeT pasobpars 6olee IPOABUHY THIN MATEPUAATL U3
[FF89, §18, §19, MST74].

st auraTens, yxke 3HAKOMOTO € aarebpanvecKon TOMOJIOTUEN, OTMETUM,
9TO MBI HE UCHOJIb3YEM CTAHAAPTHYI0 TEPMUHOJOTUI0 TEOPUU MPEIsaTCTBUN
TaM, e MbI CIMTaeM, 9TO OHa HeynoOHa A1 HadmHawomero. Kpome Toro,
B DTOU 3aMETKe MPEIATCTBUA JeKAT B I'PYIIAX 20MO0402Ull, 4 HE B IPyIIAX
Ko2omoao2uli (130MOpPMHBIX rOMOIOrHAM BBUAY ABOUCTBeHHOCTH [Iyankape).
VmenHO 5Ta TOUKA 3peHus (JABOMCTBEHHAS CTAHAAPTHON ) IO3BOIACT HA2AAOHO
u306paHcaMb MPENATCTBUA.

§3. OPUEHTUPYEMOCTb

Opuenmayus TByMEPHOTO ILIOCKOIO MHOI'O-
yFOJIBHHKa 3agaeTca JIe}Ka,IHefI B HEM Opr}KHO—
CTBIO €O cTpeakon. [IBymepHOE MHOroo6pasme
HABBIBACTCA OPUCHIMUPYEMbIM, €CIA MOXKHO TaK
BBECTH OPUEHTAIUUA Ha BCEX I'PAHAX HEKOTOPO-
ro ero pa3OueHwus, 9TO OHU CO2AGCOEAHbL A
COCeHUX CPaHeH, T. €. 3a4al0T Ha UX O0MeM pe-
Ope npomusonosoxcrvie Hanpasieaus (puc. 4). Puc. 4.
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Takoir HAOOpP OPUEHTAIWN HA T'PAHAX Pa3OMEHMA HABBLIBAETCA OPUEHIMAYUET
MHOT'000pa3usi.

B sTux oupenereHmax BMECTO CIOB «HEKOTOPOI'O pa3OueHWs» MOXKHO IIO-
CTAaBUTH «IIOO0TO pa3bmeHms» (KTO HE XOUET DTOr0 MOKA3BIBATEH, MOXET CU-
TaTh, 9TO HUXE BE3 /€ PACCMATPUBAIOTCA 2-MHOr000pa3ua ¢ (PUKCAPOBAHHBEIM
pasbuenuem). Hanpumep, Top (puc. 5) opuentupyewm, a muct Mébuyca (puc. 5)
HeopueHnTupyeM (gokaxwure!).

1
1

u/\w

TOp auct Mébuyca

Puc. 5.

TEOPEMA OPUEHTUPYEMOCTH. Kascdoe uz caedyrowus yciosul wa 3a-
mrnymoe deymeproe muozoobpasue N PaBHOCUALHO €20 OPUEHINUDYEMOCTIU:

(W) nepseiit knace Hltuders - Yaran wi(N) € Hi(N) nyaesot.

(M) N wne codepacum aucma Mébuyca.

Kpurepun (W) sBagercsa mo cyTu Jauiib mepedOpMyIupOBKON OLpefene-
HUA OPUEHTUPYEMOCTH Ha ajarebpamvdecKoM a3biKe. Ho OH BaXXeH He TOIBKO
cam 1o cebe, HO M KaK WLTIOCTPAIUA METOAA TEOPUM NPEnATCTBUU (CM., B
YaCTHOCTH, HUXKeCIeAyIomyo 3anady 1). Kpome Toro, u3 Hero merko momy4a-
ercsa 6omee mpocrou kpurepuu (M) (yopaxaerue).

ONPEAENEHUE H(N), wi(N) 1 JOKABATEJILCTBO KPUTEPUS (W). Pe-
KOMEHyeM YUTATEeN0 pa300paTh 3TO AOKA3aTEJbCTBO CHAYAJNA, A CIydasd,

- korga N — Oyrsuika Kienna (puc. 6). Bosbmem nekoropoe
O pasbuenne MHOrooOpasus N u 3amaguM HAOOP O OPpUEHTAIUN
Ha I'paHax pas3buenus. Pe6po pa3bueHns MOKPACUM B KPACHBIN

O OBET, €CJIU OPUCHTAIWUY HA IPUMBIKAIOIMINX K HEMY I'DAHAX pPac-

. coeaacosanv (T.e. 334a0T HA 5TOM pebpe 0dunaKoebie HAIIPA-
Puc. 6 BreHus). OObeAuHEHNE KPACHBIX pebep HA3BIBACTCS NpenAm-

cmsywum Yyukaom w(o). JanaB HAGOP 0 OPUEHTANME TpDa-
HEW OIpefeiseT OPUEHTANNI0O MHOTOOOPAa3usa TOrAA W TOJIBKO TOrAA, KOraa
w(o) = @. Ha puc. 1, 5 u 6 XUPHBIMU JIAHUAME A300PAKEHBI HEKOTOPHIE
npeacraBurean w nepsoro kaacca [ltudens — Yurau (T. e. npenarcTByiomme
nukibl). Jlerko nposeputs, 9T0 B rpade w(0) 13 Kax 40U BEPUIMHBL BBIXOJUT
qeTHOE YMCI0 KpacHBIX pebep. [Toarpadsl BHIOpAaHHOrO pa3OueHUA ¢ TaKUM
YCJIOBHEM HA3BIBAIOTCA YUKAGMU. 1TOOBI HE MyTaTh WX C IUKIAMUA B CMbI-
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cie Teopuu rpadOB, UX MOKHO HA3BIBATH IOMOJOTMIECKAMY IIUKJIAMU, HO MBI
9TOro feraTsb He OymeMm.

Ecan w(o) # @, TO 0 He onpepenseT OPUEHTAIMYE MHOT000Pa3Usa, HO eIe
HE BCE HOTEPSHO: MOXHO HONBITATHCA U3MEHUTb 0, TAK ITOOBI HPEISTCTBY-
IOIWI KA CTaX nyCThiM. s 5Toro BeusicEnM, Kak w(0) 3asucut ot 0. [lpun
M3MEHEHUY OPUEHTAIY OJHOU rpaHu K w(o) mpubasiasgercs (oo Moy 2)
rpaHuna >Tou rpanu. [Ipu u3MeHeHN OPUEHTAIUY HECKOABKIX IpaHel K w(0)
npurOABAAETCA CAMMETPUIECKAA PA3HOCTD (CyMMa, IO MOAYJIIO 2) TPAHUL, DTUX
rpamer. ByneMm HA3BIBATHL TakXke epanuyeli CyMMy TPAHUI] HECKOILKUX TPa-
HEW.

PaccmMoTpuM omeparnuio CAMMETPUYIECKOM DPA3HOCTH (MHBIME CIOBAMU,
CYMMEBI II0 MOZYJIIO 2) HA MHOXECTBE BCeX IUKIOB. HazoBeM nukiasr wy 1 wy 20-
MOAORUYHBLMU, ECTA W] — Wy €CTHh rpaHuna. HeTpyaHo noHaTs, 9To ecau w(o)
ABJIAETCA TPAHMIEN, TO MOXHO H3MEHUTH 0 Ha 0, TaK ITOOBI MOIYTHAIOCH
w(0') = @. HeTpyaHo TakXke MOHATH, 9TO IPU U3MEHEHUN HAOOpa 0 OPUEHTA~
U PENATCTBYOIMUA TUKT W(0) 3aMEHAETCA HA TOMOJOTMIHBIA UK.

AcHO, ITO FOMOJOTUIHOCTD ABIAETCA OTHOIICHUEM DKBUBAJEHTHOCTH HA
mMHOXecTBe nuk/IoB. ['pynna Hi(N) K1accoB S5KBABAIEHTHOCTH (T.€. HUKJIOB C
TOYHOCTBIO [0 TOMOJOTMMHOCTH) HA3BIBAETCA 00HOMEPHOT 2pYnnot 20moao-
euti nosepzrocmu N (¢ kKosdduyuenmanmu 6 Zsg). MOKHO JOKA3ATH, ITO OHA
3aBUCUT UMEHHO OT N, a He 0T BBIOpaHHOrO pasbuenus. Kiace romonoruyaso-
¢ty npenaTcTByomero mukaa w(o) B Hi(N) aBIseTcsa noanbim IpemnsTcTBIEM
K opueHTHpyeMocTr MHOroo6pasua N. OH ¥ HA3BLIBAETCA MEPBHIM KJIACCOM
MTudens — Yutuu. U

[Ipu paccyxkmeHmMAX ¢ TOMOJOTHIECKAMU KJIACCAMU OOBITHO CHAYAJIA Pa-
60TaOT ¢ IPENCTABIAIIINMY UX MUKIAMU, & IIOTOM [OKA3BIBAIOT HE3ABUCH-
MOCTBb OT BHIOOPA IUKJIA B JAHHOM KJIACCE MOMOJIOTUH.

B srux 3amadax gepe3 [N o603HaUYaeTCA 2-MHOT000pas3ue.

1°. Muoroo6pasume N — w OpHEHTHPYEMO AILA T060r0 IPEICTABATELA W KIACCA, wi(N).

2°. CpopmytupyiiTe U JOKAKUTE AHAIOT TEOPEMbI OPHEHTHPYEMOCTH [JIfA MHOI006pa-
3un ¢ kpaem (o6o3nadenue: wi(N) € Hi(N,0N)). Hapucynre npeacraBures mepBOro Kiac-
ca Ultupens — Yurau (T. €. IPENATCTBYIOUMI IUKI) Ha ducTe Mébmyca.

3%, a) Hy(N) = 22>,

b) Hecamomepecekaommecs qukisl mopoxgaior Hi(N).

4. Iepecevenuem a Nb IBYX rOMOIOTAIECKUX KIACCOB a,b € Hi(IN) Ha3spBa€TCA IMCIO
TOYEK [EePECeYeHus I0 MOAYII0 2 IPEACTABIAIIINX UX LHUKJIOB OOIIEr0 IIONOKEHUA. 3aMe-
THM, 9TO JaXe eCId JAHHbIE MOMOJOIMYECKHE KIACCHI COBIALAIOT, NIPEICTABIAIOLINE KX
IUKIBI MOT'YT OBITH PAa3JIMIHBL.

a) /lokaxuTe KOPPEKTHOCTH DTOTO OIPEICICHNA.

b) wi(N)Na = aNa gz moboro a € Hy(N). [l11 rOMOIOrIIeCKOr0 MUKIA @, IPEACTa-
BIAEMOT0 3aMKHYTOU HECAMOIIEDECEKAIOWENCA KPUBOU, 3TO BBIPAKEHUE PABHO 1, ecau npu
00X0€ BIOIb HTOU KPUBOU MEHAETCA OPUEHTAUWsA, U paBHO 0, eCIu He MEHAETCA.

¢) wi(N)Nwi(N) =x(N) mod 2.

d) Ilepeceuenne onpeneaser 6mmuenayio ¢dopmy Hi(N)x Hi(N) — Z, parra 2—x(N).
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e) ITo maanere Tomomora, nmeomen ¢opmy Topa, TexyT pekr Mepuauan u Ilapamiens.
[lBa MaTeHBKUX MPUHIIA IPOILIY 110 [IJIAHETE ¥ BEPHY/INCH B UCXOHYIO TOYKY, IPUIEM OJUH
n3 Hux nepexogur Mepuaman 10 pas, a [Tapamwreas 17 pa3 (TparcBepcaabHO), a APyrox —
9 pa3 m 12 pas, cooTBeTCTBeHHO. [JOKaXWTEe, ITO OOUH MAJEHbLKUU IIPUHI[ BUIET CJICABI

OPYTOTO.

f)* Vcnoassyure ¢opmy mepecedeHud A HOCTPOEHU AArOPUTMA HAXOXKNEHWSI POaa
rpada.

5. ChpopmymupyuTe U JOKAXUTE aHAJIOTU TEOPEM M 33aJa4d dTOro maparpada mIi MHO-
roo0pa3uil MPOU3BOILHON PAa3MEPHOCTH.

§4. KIIACCUDPUKALIMA PACCJIOEHUN

Wcmoassyembie B 5TOM maparpade OCHOBHBIE HOHATHUA Teopuu I'padoB
kpaTko HanomueHsl B [RS00]. Ilycrs manm rpad K. Packpacum ero pebpa B
Pa3HBIC LIBETA. BOBbMeM JICHTOYKMN TEX XK€ IBETOB U IIOCTaBUM B COOTBETCTBUE
KOHIIAM KaXJOUW JEHTOYKM BEPIIUHBI, WHIWIEHTHBIE COOTBETCTBYIOIIEMY Pe-
6py. CkiIenM KOHIIBI JEHTOYEK, COOTBETCTBYIOIINE OMHON M TOU XK€ BEpIIUHE.
3aMeTuMm, 9TO MIA KaxAou k — BaaeHTHOCTH BepummHbL (puc. 7). [oxyven-
HBIA PACKPAIICHHBIA IBYMEDHBIN OOBEKT HA3BIBAETCA PGCCAOEHUEM CO CAOEM
ompesor (uau [-paccaoenuem) nad epagom K. IlpuMmepsr: Muansp wia 1ucT
Mébuyca HaL OKPYRHOCTBIO (pHC. 5).

/

Puc. 7.

Eciau paccraBuTh CTPENOYKE HA OTPE3KAX CKICHKM, TO KX Jasd JEHTOYKA
b0 nepekpyuena (CTPEIKY Ha ee KOHIIAX IPOTUBOHAIPABICHEL), 1ub0 He ne-
pekpyuena (CTPEIKU Ha KOHIIAX COHAIIPABICHH!). /[Ba pacCIOeHU HA3BIBAIOTCA
IKEUBAAECHMHLMU, €CIU TTPU MOAXOAANIEN PACCTAHOBKE CTPEJIOYEK JIO0bIE 1Be
JEHTOYKW ONHOI'0 IBeTa OJHOBPEMEHHO IIepeKpPYUIeHbl WIK OLHOBPEMEHHO He
IepeKpyIeHbI.

3aMeTuM, 9TO eCIi PACCMATPUBATE PACCIOCHUS HA I HEKOTOPBIM I€PEBOM,
TO BCe OHM OKA3LIBAIOTCS SKBUBAJCHTHHIMU. HedKBuBaTeHTHBIE pACCIOEHUS
MOABJIAIOTCA TOJIBKO IIPU HAIMYINYN IUKINIeCKUX 00X00B B rpade.

TEOPEMA KJACCUDUKAIIUA PACCJIOEHUIN HAJL TPADOM. Mmnoxcecmso
Kaaccos sxsusasenmmuocmy I-paccaoenuti nad K nazodumces 60 63aummo 00-
nosuaunom coomsememseuu ¢ Hy(K).

HABPOCOK MTOKA3ATEJLCTBA. PaccmoTpum pacciaoernue N Han rpadpom
K. Bribepem HAOOp 0 CTpeJOYEK Ha OTpe3kax ckieuku. [locraBum mHa pedpe
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rpada K enwmHHMIly, €CIM COOTBETCTBYIOIAA JEHTOIKA OKA3AIACH MEPEKpPY-
YEHHOW, U HOJb, €CIU HEeMepeKpyIeHHou. Ha30BeM IOIyYeHHY 0 PACCTAHOBKY
npensmemeyowet m 0603aaUM w(0) (MOACHEHWE K HA3BAHWIO, HE MCIIOIB3Y-
eMO€e B TaJbHEUIIEM: 2Ta PACCTAHOBKA MPEMATCTBYET OPHEHTUPYEMOCTH Pac-
CJIOEHUS, ONPEIEIeHAe KOTOPOr0 YMTATENb MOXET AaTh caM). ' pynia nukiIoB
B rpade K onpeneaserca anamormauo §3, obosuagaerca Hy(K) u maszbiBaeT-
ca oodnomeproti 2pynnoti 2omoaozuti rpada K. [1a moboro mukma g cymma
w(0) - g 3HadeHUN w(0) WO BceM pebpaM moarpada g He 3aBUCUT OT HAGOPA 0
crpenouek. [Tosromy dopmyna wi (N, K)[g] = w(o) - g koppekTHO 3agaer 1u-
Hennyo ¢ysxnuio wi(N): Hi(K) — Zo. OHa HA3BIBAETCA NEPBbIM KALCCOM
HImugean — Yumnu paccaoernus. [JokaszaTeabCTBO TOr0, 9TO COOTBETCTBUE
[N] — wi(N) aBaserca Gueknuer, ocTaBisgeM B Ka4eCTBe yupaxHeHus. [

[IycTs Tenmeps nana Tpuanryaanua 1 moBepxuoctu N. Packpacum ee rpa-
HE, peOpa 1 BEPIIMHBL B PA3HBIE BETAa. BO3bMEM HPU3MOYKHU TEX XK€ I[BETOB,
410 u rpanu Tpuanrymanuu 1. Packpacum 60koBbie rpanu u 60KOBBIE pebpa
KaXJOU MPU3MOYKHU B T€ XKe [[BETA, UTO COOTBETCTBYIOIINE UM pebpa U Bep-
IIVHBI COOTBETCTBYIOmEN rpann. OTOXIeCTBUM GOKOBbIE I'PAHU MPU3MOUEK,
OKDAIIIEHHBIE B OJIMH U TOT XK€ NBET (IPU 3TOM OTOX JECTBIAIOTCA GOKOBBIE Pe-
6pa, OKpAIlIeHHbIE B OJUH U TOT XK€ [IBeT). 3aMEeTUM, ITO I KaXK JOU 60KOBOM
IDaHy IPU3MOYKA 5TO MOXHO CIelaTh aByMs cmocobamu (puc. 8). Iloxyqen-
HBI PACKPAIIEHHBIA TPEXMEPHBIA 00BEKT HABBIBACTCA PACCAOEHUEM CO CAOEM
ompesor (uau I-paccaoenuem) nad noseprrnocmuio N. Hanpumep, perynsap-
Hasg OKPECTHOCTH (T.e. MaJeHbKasg OKPECTHOCTH 6€3 WIMLIHUX» IBIP) ABYMeEp-
HOT'O MHOr00O0pPa3us B TPEXMEPHOM SABIAETCA MPOCTPAHCTBOM [-pacciaoeHus
(T.e. aBasercsa [-paccaoeHueM Ipu HEKOTOPOU PACKPACKe).

[lBa paccioeHWs HA3BIBAIOTCA IKBUBAACHINHbIMU, E€CIU HA MIPU3MOIKAX
MOXHO TaK PaCCTaBUTh CTPEIOIKH, COHAIIPABICHHBIC NPYT C APYT'OM U IIapaJl-
JeabHBIE O0KOBBIM pebpaM, YTO CTPENIOYKM B ONHOIBETHBIX OOKOBBIX I'DAHAX

Puc. 8.
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MPU3MOYEK DTUX JBYX PACCIOCHUU OJHOBPEMEHHO COHAIPABICHBI WIU OJHO-
BPEMEHHO IIPOTUBOHAIIPABICHHI.

TEOPEMA KJIACCUDUKAIIAN PACCJIOEHU HAJ IOBEPXHOCTBIO. Mno-
scecmeo I-paccaoenuti nad samrnymuvim 2-mroz2000pasuem N ¢ mounocmuio
0 IKEUBAACHMHOCTNUY HATOOUTNCSA B0 B3AUMHO 00HOSHAUHOM COOMBEEMCMEUL

C Hl(N)

JloKa3aTEeIBLCTBO TEOPEMBI U KIACCUDUKAIAIO PACCIOCHUN HAJ HE3AMKHY-
TBHIMA 2-MHOTOOOPA3UAMEA OCTABIAEM TUTATENI0 B KadecTBe ympaxuenusa. O
OJIM3KOM MOHATHUHU YTOJIIEHAN, UX OPUEHTUPYEMOCTH U KIACCU(DUKAIAA CM.
[RS00, 3agaau k §3].

§0. IIOCTPOEHME HEHYJIEBBIX BEKTOPHBIX IIOJIEN

HanomunM HE(pOpMAIHHO MOHATHE KACATEIHLHOI'O BEKTOPHOrO mous. [lycTs
AByMepHO€e MHOr0o0o6pasue N JIeXWUT B eBKINJ0BOM IIPOCTPAHCTBE (I0601 pas-
MEPHOCTH) TaK, 9TO B JIOOOU TOYKE MHOrOO0Pa3MA MOXKHO IIPOBECTU K HEMY
KaCaTeIbHYIO IIOCKOCTH (TaKOe BIOXEHWE HA3BIBACTCA 2aadkum). Kacamean-
HbLM 6EKMOPHLIM Nodem HA TonMHOXecTBe K C N Ha3BIBAETCA CEMEUCTBO Ka-
caTenbHBIX K N BeKTOpOB v(x) B ToukKax ¢ € K, HEIPEPBIBHO 3aBUCALIMX OT
Touky £ € K. Ecain maOoroobpasme N 3agaH0 aOCTPAKTHO, a HE KaK IV JTKOE
BJIOXEHHOE MHOT'0006pa3ue B eBKINIOBO IPOCTPAHCTBO, TO BMECTO CEMEUCTBA
KaCcaTeIbHBIX BEKTOPOB HYXHO 6paTh ceMencTBO ToueK y(z), € K, Haxo-
OAIIAXCS HA, MAJOM PACCTOAHUU OT TOUYKU ¥. KacaTeasbHOE BEKTODHOE ITOJE
HA3BIBAETCA HEHYAELBbIM, €CITU BCE €r0 BEKTOPHI HEHYJEBbIE (WIM, 9TO TO Ke
camoe, y(x) # x nus moboro x € K).

UccnenoBanme BekTOpHBbIX mosen Obuio HadaTo Aupum Ilyamkape B kade-
CTBEHHOU Teopuu aud@epeHnualbHbLX ypaBHeHnn. B sTom maparpade, cie-
oys upeaMm XauwHia Xomda, Mbl MOCTPOUM MPEMATCTBUE K CYIIECTBOBAHUIO
HEHYJIEBOI'0 KACATEJbHOI'O BEKTOPHOI'O MOJIA HA JAaHHOM IVIATKOM MHOTr000pa-
3uu. AHATOTWYHBIE PE3YIAbTATHI AT HOPMALLHLIL TTOJEA TPUBEICHBI B BUIE
3agad. llpuBoammoe HUXe paccyXJeHue WHTEPECHO TeM, ITO OHO JAeT SIB-
HBIA CIIOCO0 NOCMPOEHUs BEKTOPHOTO TOJA A CIydas, KOTQa IPEenaTCTBUE
PaBHO HY.JIIO.

1. BopoueM, moJe3HO JOKA3aTh HE3ABHCUMO OT OOLIEr0 PACCyXJeHHdA, ITO HA TOpe U
Ha q060M CBA3HOM ABYMEDPHOM MHOIOOODA3mM C HEIyCTHIM KpaeM (He 0013aTeIbHO OPUEH-
THpPyeMOM) CYIIECTBYET HEHYJIEBOE KaCATEIbHOE BEKTODHOE MOJE.

TEOPEMA DWJIEPA — IIYAHKAPE. Kaocdoe u3 caedyowus ycaosuti Ha
cepy ¢ pyuxamu N pPaABHOCUABHO CYWECTNBOBAHUIO €OUHUUHOZO KACAMEND-
HO20 8eKMOPHO20 Noas Ha N:

(E) 1umcio (xmace) Dunepa e(N) € Ho(N,Z) pasro wyawo;

(T) N ecmv mop.
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Kpurepun (E) Baxen He Toibko cam mo cebe, HO U KAK MILTIOCTDAIAIL
METO/a TEOPUK IPENATCTBUN (CM., B 9I4CTHOCTY, HUXKECJACAYIOULy IO 3a1ady 2).
Kpowme Toro, u3 mero moxygaercsa 6onee npocronn kpurepun (T).

Posb Teopum mpenATCTBAUA COCTOUT B €6edenuy TOMOJIOTUICCKAX 3a,1a<
HA NPOU3804bHOM MHOIOOODA3UA K HMOXOKUM 334a9aM I NPOCMeuwus, Mo-
deavrbiz MEOT00Opasuu. Hampumep, Teopemy duepa — [lyarnkape Mbl cBegem
K 3aJa%e O MPOIOIKEHNN BEKTOPHOT'O IO, 33 JaHHOIO HA TPAHUIE AUCKA, HA,
BeChb MUCK. BaXHO, ITO MJIA IPUMEHEHUA TEOPUU MPEIATCTBAU MOXHO BOC-
HOJB30BATHCA PE3YAbMAMOM PEIICHNAs DTUX IPOCTENIINX 33424, He BHUKASI B
€ro JMOKa3aTeIbCTBO. YKA3AHHLIE MPOCTEUIINE 3a0a9A MOT'YT PEIIATHCA KAK
crenuduIeCKIMI METOIAMY, TAK U CPEICTBAMU TEOPUHU IPEIATCTBUR. B sTon
3aMETKEe MbI IPUBOAUM HPOCTEUIINE 3a4a49U ¥ UX PelleHus 0e3 NoKa3aTelb-
CTBa.

ONnPEAENEHUE Hy(N,Z), e(N) M LTOKABATEJIBCTBO TEOPEMBI DMJIE-
PA — IIYAHKAPE. Pekomerngyem umTaTenaio pa3obpaTh dTO [OKA3ATEIBCTBO
cHavana aaa caydad, korga N — cdepa (cm. puc. 9). Caoso «momer Gyager
O3HAYATD (CIMHUIHOE KACATEIHLHOE BEKTOPHOE MMoJey. Bo3bMeM HEKOTOpoe
pasbuenne MHOroo6pasua [N. BoibepeM B KaxX 10U IPaHM TOYKY U 0003HATUM
[OJIy YeHHOE MHOXeCTBO To4Uek 4epe3 Up. O4ueBraHO, 9TO MOXHO MOCTPOUTH
noxe Ha Uy (puc. 10). fcro, 9To 9T0 mocTpoeHne 0JHO3HAYHO (C TOYHOCTHIO
[0 HEIPEPBIBHON e OPMANNY B KIACCE eIUHUTHBIX KACATEIbHBIX BEKTOPHBIX
nonen). [losromy cymecrBoBanue mouas Ha N PABHOCUIBHO IIPOIOIKUMOCTA
nocTpoernoro noss ¢ Uy va N.

[TocTpoum mogmuoxecTBo Uy C N pobasrenueMm kK Uy OTpPe3KOB-IIEPEMBI-
9eK MeXJy TOYKaMu, nepecekawomux pebpa (puc. 10). Manas okpecTHOCTH
KaXIOM MEPEMbIYKU DKBUBAJCHTHA, (MBI HE yTOYHAEM, B KAKOM CMBICIE) Ha-
CTH TWIOCKOCTU. Ecam Ha IIOCKOCTH JEXUT OTPE30K, U HA ero KOHIAX 33/1a-
HO TIOJIe, TO DTO MOJE MOXHO IMPOAOIXKUTH HA BeCh OoTpe3ok (pumc. 11). Io-
9TOMY MOCTpPOeHHOEe Ha, Uy mose MOXHO HNpoxomxuTh Ha Up. 3amerum, 9T0
TaKoe MPONOIKEeHNe HeOMHO3HATHO. O603HAMUM mony<ueHHOe Ha U moae |e-
pes v.

S s e

Puc. 9. Puc. 10. Puc. 11.
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[Tonpobyem Teneps IpoOgOMXUTE IOJE v, 3aganHoe HA Uy, HA Bce N. Duk-
cupyeM HEeKOTOPYIO OPHeHTAnmio mwIockocTr R? m muOroo6pasmsa N. 3aMbr-
karue A a060ro u3 auckoB B N — U] DKBUBAJIEHTHO 4acTH WIOcKocTu. «Pas-
BepHeM» AucK A (BMecTe ¢ mojeM Ha HeM) Ha IIOCKOCTb COIVIACOBAHHO C OpH-
earanuamu. OprenTanusa gucka A (KOTOPBIM MBI YK€ CIATAEM JIEXKAIMM Ha,
IIIOCKOCTY) MOPOXAAET HAMPABIEHUE HA €r0 TPAHWYHOU OKPYyXHOCTH. Ilpm
06X0/ie 3TOU OKPYXHOCTH BJOJbL 3TOr0 HAMPABICHUA BEKTOP HAILIETO IOJA
IOBEPHETCA HA HEKOTOpoe Ieaoe yucao o6oporos. lloctaBum sT0 wmciao B
BEPIINHY UCXOMAHOrO pasbuenus, gexamyio B gucke A. [Ipogomxkerue moss ¢
OA Ha A BO3MOXHO TOTZa M TOIBKO TOT/A, KOTAA DTO YUCIO PABHO HYIIO
(moxaxure!). [lomyuennas paccraHoBka €(v) meIBIX 9YHMCET B BEpIIXHAX Ha-
3BIBAETCI Npenamcmeyoueti. PaccTaHOBKU MOXHO CKIAIBIBATH: [JIS DTOCO
OPOCTO CKAAABIBAIOTCA IMCAA, CTOALIME HA KaXA0M pebpe (Takoe CaIoxeHue
HA3BIBACTCA NOKOMNOHEHMHbIM). I'DYIIy BCEX PACCTAHOBOK IEIBIX “IHCEN B
BEPIIMHAX C ONEPAZell MOKOMIIOHEHTHOIO CIOXKEHHA 00603HaduM depes 7,
rae V — gucio BepumH BEIOPAHHOTO pa3OueHwus.

Pazmuaue mexay momavu v u v’ ma Uy, coBnanatommm Ha Uy, MOXHO 13-
MepATh (u 3agaBaTh) Tak. Ha kaxaom pebpe HOCTABUM 9HCIO MOBOPOTOB
BEKTOpPa IIpy NOCJAEeA0BATCJABHOM ABUXECHUM BECKTOPA IEPBOro 1moJasa OT HpaBOﬁ
Touky 13 Uy OTHOCUTEILHO (OPUEeHTHPOBAHHOIO) pebpa € BIOIb MePEeMbIIKY
K JIEBOM TOYKE, U BEKTOPA BTOPOTO MOJAA OOPATHO. 37€Ch MBI BHOBb MOIb3Y-
eMCA TEM, 9TO MAJIAsA OKPECTHOCTh KX [OU MEPEMBIYKY DKBUBAJCHTHA, TaCTHU
mwiockoctu. [lony<aennyio paccTaHOBKY HA30BEM pa3qauuaiou,et m 0003HATAM
d(v,v"): ecim d(v,v") = 0, To mone v Ha U] MOXKHO HENPEPHIBHO NpoaedopMu-
posarhk B nose v’ (06paTHOE TakXke CIpaseaauBo). I'pynmy Bcex pacCTaHOBOK
LEeIbIX IUCe] Ha pebpax BhIOPAHHOrO pa3OueHus C Onepanred IOKOMIIOHEHT-
HOrO cloxeHna obo3ma<mM uepes ZY rne F — kommdecTBo pebep BHIOpaH-
HOrO pa3bueHns.

Ecam e(v) # 0, To v me npogonxkaerca Ha N, HO eme HE BCe IMOTEPIHO:
MOXHO IMOIBITATHCA TAK U3MEHUTH mose v Ha U], 9TO6B NpenAaTCTBYIOMAA
pPacCTaHOBKA CTANA PABHOUW Hy/o. [lJs 5TOrO BBIACHUM, KaK £(V) 3aBUCAT
ot v. [lpu uaMeHeHnU moJAA Ha OMHOU IEPEMBIYKE, IEpecekalomen pebpo e,
«Ha 0guH 060pOT» K £(v) mpmbaBaseTCs pacCcTaHOBKA +1 B Hagane peGpa e u
—1 B ero koume (u 0 Ha BCeX OCTAIBHBIX BEPUIMHAX). DTa PACCTAHOBKA Ha-
3BIBACTCA 2panuyet pebpa e u obo3uadaercsa de. Kaxnomy pebpy e orBedaeT
(XapPAKTEPUCTUIECKAT PACCTAHOBKA e € ZF enmuuner ma pebpe e u myas ma
OCTAJBbHBIX pebpax.

HasoBem paccTaHOBKU €1, €9 € zv 20MOA02UYHBIMU, ECITH €1 —E9 = N10a1+
4+ --+ 4+ ngdas A HEKOTOPHIX pebep ai,...,0s W UEIBIX GUCET Ti{,..., 7.
Ipynna Hy(N,Z) paccTaHOBOK ¢ TOYHOCTBIO 0 TOMOJOTMIHOCTY HA3BIBACTCA
HYAbMEPHOU 2pynnot 2omosozut noseprrnocmu N ¢ koapduyuenmamu 6 Z.
Ecma d(v,v") = niay + -+ + nsas, 1o €(v) — e(v') = n1day + - -+ + ngdag,
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OTKyAa crefyer, 910 kaacc Juaepa e(N) = [e(v)] € Ho(N,Z) me 3aBucut oT
v. 3uaunt, e(N) ABIAETCA NPENATCTBAEM K CyIECTBOBAHUIO oA Ha N.
JloKa3aTeIbCTBO HE3ABUCUMOCTHY T'PYIIIBI PTOMOJOTUU U KIACCa, DWIepa, OT
pa30ueHns MBI OCTABIAEM YATATENI0 B KadecTBe 3agaqdu. Tak kak d(v,v’)
MOXET IPUHUMATD 41000¢ 3HATCHNE BUAA 111 ++ - - +Nsas, TO B cydae £(v) =

=n10a1 + - - - +ns0as MOXHO M3MEHUTH v Ha v, 9T06BI HOTyIMaoCcH £(v') = 0.
3uaunt, npemarcreue e(N) asriaerca nomasim u kpurepunt (E) nokazam.
PasuocmisrocTs yeaosun (E) u (T) Berrekaer us 3agaam 2. O

2. Ha muoroo6pasum N — supp e ecrs noxae g ao6oro npeancrasurens € kracca e(N).

3. Hy(N,Z) =2 Zue(N) = x(N) =2 —2g(N) (yxkazanue: g1 noas v, n306pakeHHOIO
Ha puc. 5, e(v) = 1+ 1 = 2; pazbepurecs, nozemy me 1 — 1 = 0).

4. Onpegemnre x1acc Dmrepa e(N) Kak TOIHOE IPENATCTBAE K IOCTPOCHUIO HEHYIEBOTO
KaCcaTeIbHOI'0 BEKTOPHOIO IO Ha 3aMKHYTOM HEOPUEHMUPYEMOM FBYMEPHOM MHOI00Gpa-
sun N. Ha KakuxX 3aMKHYTBIX HEOPUEHTHUDPYEMBIX IBYMEDHBIX MHOIOOOPA3UAX CYIIECTBYET
eUHIIHOE KaCATeIbHOE BEKTOPHOE moae?

5. S'-paccroenns Hal IByMEPHBIME MHOIOOODA3MAME U UX DKBHBAJICHTHOCTEH OMpee-
JAIOTCA AHAJIOIWIHO [-DACCIOCHUAM C 3aMEHOU NIPH3MOYEK HA IOJHOTOPWS, SABILAIOLECST
IPAMBIMHI TTPOM3BELEHUAME OKpyXHOCTH S' Ha rpann pasbmenns. Hampumep, rpanmma pe-
CyIAPHON OKPECTHOCTH ABYMEPHOr0 MHOr006pasua B R* asrmerca mpocrpamcrsom Sl-pac-
cmoenns. Joxaxure, aro S° aBrserca mpocrpamcrBoM S'-paccmoenns man S2. loxaxure,
9T0 MHOKECTBO S'-pacCIoeHni Ha 3AMKHY THIM OPHEHTHPYEMBIM CBA3HBIM 2-MHOr000pasn-
em N ¢ TOYHOCTBIO [0 SKBUBAJCHTHOCTH HAXO JUTCS BO B3AUMHO OJHO3HATHOM COOTBETCTBUM
¢ Z (yxasaHue: OIpEeAeInTe TUCIO Win Kaace Jutepa I-paccaoenmnsa). Kak uameHnTCA OTBET
LA IPOU3BOJIBHBIX 2-MHOr006pasui?

6. JTro60e 2-MHOroo6pasye rIagko BIoKuMO B RY.

7. IIycTe GUKCHPOBAHO IIaJKOE BIOXKEHIE OPHEHTHAPYEMOr0 AByMEPHOIO MHOI000pasms
N B R*. Hopmasvnoim sexmoproim nosem Ha mogmuoxectse K C N C R* maswBaercs
HENPEePEIBHOE CeMENCTBO HOpMaIbHBIX K [N BekTopoB v(z) B Toukax ¥ € K, HEenmpepeIBHO
sapucamux oT Touku ¢ € K. Onpenenenue mepecedenus naHo B 3agade 4 §3; HE0OXO JUMBIT
HIDKEe aHAJOT [JIA IEeJbIX KO3((PUINEeHTOB YuTaTelb Jer'Ko ChOPMYyInpyeT CaM.

a) [locrpoure npemarcreue €(N) € Ho(N,Z) (hopmaavroe wucao Jisepa) K CymecTBoO-
BAHUIO HEHYJIEBOI'0 HOPMAIBHOIO BEKTOPHOI'O IIOJL.

b) Hopmaasroe wmcro durepa paseo N N N.

¢) Hopmaaproe 1mcao Ourepa paBHO HyIO.

d) CymecTByeT mapa OpTOTOHAIBHBIX BEKTODHBIX IIOJEH, HOPMAIBHBIX K MHOI00OGpa-
3uio IN.

8. [uaa neopuenmupyemozo 2-MHOT00Opa3ua N

a) Pemmmre amanor 3aga«m 5 (qmcao Dunepa Oy A€T HEJIBIM, & HE BBITETOM 110 MOAY.TO 2!).

b) &(N) = e(N) mod 2.

9. a) (Teopema Xonda.) Ha 3amxuyTOM OpmerTHpyeMOM n-MHOroo6pasuu N Cymect-
ByeT €IMHNTHOE KaCATEIbHOE BEKTOPHOE HOJXE TOrAA M TOJIBKO TOrAA, KOrga Kaacce Jiaepa
e(N) € Ho(N,Z) nyneson.

b) Ecazr N cBszuo, 1o Ho(N,Z) = Zu e(N) = x(N). Taree, e(N* 1) = 0 u e(S**) = 2.

¢) Ecmu N ¢BA3HO m mMeeT HEmyCTOU Kpail, TO Ki1acc Juiepa aexut B Ho(N,ON,Z) = 0
u, 3na4ur, e(N) = 0.

d) Onpegemnre Kaacc Idaepa e(N) Kak MOIHOE MPENATCTBAE K MOCTPOECHUIO €IMHIT-
HOI'0 KaCaTeJIbHOIO BEKTOPHOIO IO/ HA HEOPHMEHTHPYEMOM N-MHOroo6pasmu N,

10. e(N) = diag N diag, rae diag C N X N ecTb AuaroHAIb.
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§6. KUIACCU®UKAIINA HEHYJEBBIX BEKTOPHBIX IIOJIEN

[IycTb Ha aByMepHOM MHOTOOOpasuu N CyIIECTBYET HEHYJIEBOE KACATelb-
HOE BEKTOPHOE MOoJe. B HEKOTOPBIX MPUWIOKEHUAX BCTPEUAETCA CICAYIOUIAN
BOIIPOC: CKOAbKO CYIECTBYET TAKWUX MOJIEHN (C TOYHOCTHIO A0 DKBUBAJCHTHO-
cTu) Ha >TOM MHOroo6pasuu?! IIpm 5TOM ABa BEKTOPHBIX IMOJA HA3LIBAIOT-
CA 9KBUBAACHMHbIMY (AT 20MOMONHBIMY), €CIA OJHO MOXKHO HOLYYATH U3
IPYTrOro HENpPEPBIBHOU AedOpMaliel, B MPOLIECcCe KOTOPOU BEKTOPHOE MOJEe
OCTaeTCA KAaCaTCIBbHBIM U HCHYJICBBIM.

TEOPEMA XON®A — YUTHU. Muoxcecmso V(N) nenyiesuiz wacamenb-
HUIZ B8eKMOPHBIT noaeti na mope N ¢ mounocmpio do 20MOMONKOCMU HG-
rodumes 60 83aUMHO 00HO3HAUKOM coomeemcmeuu c epynnot Hi(N,7Z) =
=2 7@ 7 odnomepnviz 2omoqoeuti mopa N ¢ yeavimu xoddduyuenmanu. bo-
aee mozo, cywecmsyem maroe omobpasxcenue d: V(N)xV(N) — Hy{(N,Z),
umo d(u,-) asasemes ouexyued u d(u,v) + d(v,w) = d(u,w) das arobvix
u,v,w € V(N).

Yacte «Gonee Toroy (o3Hadaomee, 4ro coorsercrsue V(N) — Hi(N,Z)
B HEKOTOPOM CMBICIE (ECTECTBEHHOE)) menaeT Teopemy Xomda — YUTHU WH-
TepecHou. Benp ecau 651 5TOr0 CBOMCTBA HE OBLIO, TEOPEMa YyTBEDPXKAAIa OB
7B TO, ITO MHOXecTBO V (NN) cueTHO.

OnPEAENEHUE H;(N,7Z) u HABPOCOK TOKA3ATEJIbCTBA. Paccmorpum
HekoTOpOoe pa3buenme MHOr006pasusa N. Bocmomssyemcsa maOoXecTBamu Uy u
U,, oupenerenHbiMu B IpeabiAyineM naparpade. PukcupyeMm HEKOTOPOE IO
v Ha, MHOroobpasuu N. [locTpoeHHOe B maibHEUIIEM COOTBETCTBHUE MEX Iy
V(N) u H(N,Z) 6yzer 3aBuceTb oT BbIGOpa mouas v. Jloboe apyroe mose
1 TOMOTOIIHO TaKOMy, KoTopoe coBmagaeT ¢ v Ha Uy. [losTomy mocrarouno
KJIaCCU(DUIIMPOBATE BEKTOPHBIE [I0JA, coBIagaoume ¢ v Ha Uy, ¢ TOIHOCTHIO
10 romoTonuu (mpaBaa, dTa TOMOTONUSA MOXET MEHATH mojte aaxe Ha Up).
Urak, 6ygeM cauTaTh, ITO © coBmagaeT ¢ v Ha Uy.

Durcrpyem nIpOU3BOJILHO HAIIPABICHUE HA KaxXA0M pebpe pa3buenwus. [lo-
CKOJIBKY TOpP OPUEHTHUPYEM, TO T€M CAMBIM I Kaxkaou seatouku us U — Uy,
coequuAONEen nBa Aucka u3 Uy, MOXKHO BHIOPATH HAUGAbHbIY U KOHEUHbIT U3
2TUX AUCKOB. IlycTh TOYKA X ABUXKETCS 1O MEPEMBIYKE, MEPECEKAONIEn pe-
6po e, OT ee HAYAIHLHOU TOYKK K €€ KOHEIHOU TOYKe, & TOTOM 00paTHO. [Ipu
ABYKEHUH «TyAa» OyIeM OTKIAIBBATH OT TOUKU T BEKTOD u(Z), a IpU ABH-
xKeHun «00paTHO» — BeKTOp v(x). ITOCKOIBbKY mepeMbluKa TONONOrMYEeCKY
SKBUBAJEHTHA YACTH IIOCKOCTH, TO KODPEKTHO OIPENETeHO IUCI0 060POTOB
oTkaaabiBaeMoro BekTopa. lloctaBum mHa pebpe e »To umcino. [loaydernyro
paccTaHoBKy 00603HaqmM 7 (u).

[Tockoabky mosne u mpogoaxaerca Ha N — Uy, TO U3 OpeabIgyIiero napa-
rpada BBITEKAET, YTO A JOOOU BEPIIMHBI TPUAHTYIANUA CYMMa, IUCET HA
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BXOANIMX B Hee peOpax paBHA CyMMe 9UUCe] Ha BBIXOIAIIAX U3 Hee pebpax.
Takwe paCCTAHOBKU HA3BIBAIOTCA YUKAGMU (IPUIYMANTE, KAK MX MOXHO Ha-
rusa gHO m300paxaTs!). MHOXECTBO BCex PacCTAHOBOK HEABIX YUCET Ha peOpax
pa3bueHns ¢ oIepamuel IOKOMIOHEHTHOTO CIOXKEHHA 0603HaqmM 1epes Z%.
Ecau u coBmagaer ¢ v ma Uy m y(u) = 0, To nons v u v romoronnst. O6paTHOE
HEBEPHO, KaK MOKA3BIBAET NPUMED caenyiomen romoronuu. [ljis rpanu a pas-
OueHVs M3MEHUM ToJe U TaK, YTOOBI BEKTOP B a CAexaa OAuH 000pOT IPOTUB
YACOBOU CTPEIKHU, BEKTOPA B MAJEHBKOU OKPECTHOCTH I'PAHU ( (IIOTAHYIUCH)
34 BEKTOPOM B @, a BHE DTOU MAJICHBKOU OKPECTHOCTH IIOJE OCTAIOCH MPEX-
HuM. B pesyabrare moxyuum mosme v. [loraTHOo, 9TO Y(4) €CTh paccTaHOBKA
+1 (B 3aBUCEMOCTH OT OpHeHTanuu) HA pebpax, OrPpAaHMYUBAIOIMX I'PAHD @,
U HyJed Ha BCEX OCTAJIbHBIX pebpax. DTa PACCTAHOBKA HA3BIBACTCA 2PaAHUYET
epanu a u obozHagaercs Ja.

B OKpecTHOCTAX TpaHeN a1, . . . , s CAEIAEM OMUCAHHYIO BBIIIE FOMOTOIUIO
HOJA U, HOBOPAMMBAA BEKTOPA B DTUX IPAHAX HA N, ...,MNs 060POTOB, COOT-
BETCTBEHHO. DTy IOMOTONUI0 MOXHO 330aTh PACCTAHOBKOU YUCENT N1, . .., kg
HA I'PAHAX G, ..., 05, COOTBETCTBEHHO (M HyJIe! Ha OCTAJIBHBEIX rpaHax). O6o-
3HAYUM IIOJLY9IEHHYI0 DACCTAHOBKY [epe3 [, a MmOLydeHHOEe Tonxe [epes uj.
Torma y(u) — y(ur) = n1day + - - - + ngdas. Hazosem mmkant y1,v9 € Z 20-
MOAO2UYHBLMU, €CT] Y] — Y2 = n10a) + -+ + ngdag AI4 HEKOTOPLIX IPaHen
aj,...,as A TEIbIX TUCEIX N, ...,Ns. Lpynna Hy(N,Z) QUKIOB ¢ TOYHOCTHIO
O TOMOJOTUYHOCTHU HA3BIBAETCA 00HOMEPHOT 2pynnot Koz2omoao2ul 2pagda
K ¢ wosagduyuenmanu 6 Z. Obozuaum d(u) = [y(u)] € Hi(N,Z).

Teneps pacCMOTPUM TOMOTOIUIO Uy MEXAY IOJAMH Uy U U], COBIATAIO-
mumu Ha, Up. [locTaBuM Ha KaX OV IPAHU ¢ 9ACIO0 OO0OPOTOB IPU U3MEHEHUU
t or 0 go 1 BekTopa ui(x), rge £ — HeKOoTOpas TOYKA B @ (IUCIO 060POTOB
HE 3aBUCUT OT BBIOOpa TOUKHU & € a). [lonydeHHyI0 paccTaHOBKY 0603HAIUM
I'({wt}). Jlerko nposepurs, aro y(ug) — y(u1) = n1da; + - -+ + nsdas. 3Ha-
qut, d(ug) = d(uy). Hosromy orobpaxenue d: V(N) — H(N,Z) koppekTHO
OIIPEIETEHO.

Ecau d(up) = d(u1) gnsa HeKOTOPBIX mONEN Uy ¥ U1, coBuagaomux Ha Up,
0o Y(ug) — y(u1) =n1dag + - -+ + nyday AIA HEKOTOPBIX TUCET N, ..., Ny €
€ Z. O6osmatas wepes ' € ZY paccraHOBKY “mcel ni,...,n} B BEPIIMHAX
ai,...,ay, aMeeM ug =~ ug,r =~ ui. lloaromy orobpaxenne d MHBEKTUBHO.

Yrobbl [0KA3aTh CIOPBEKTUBHOCTH OTOOpaXeHusa d, BO3bMEM IIPOU3BOJIb-
HBIN UK Y. BosbMmeM mose v paBabiM v Ha Uy. Ha aenTotke, nepecekatornen
pebpo e, BozbMeM ¥(e)-KpaTHYI MOAKPYTKY IOJAA U (CM. OmpeneJeHue -
kia y(u)). [Jas mocrpoensoro nous u umeeM y(u) = vy, moaromy d(u) = [v].
[loKa3aTeIbCTBO HHBEKTUBHOCTH OCTABIAEM IMTATEN0 B KAIECTBE YIIPAXKHE-
HUA. U

1. Kraccupunupynre HeHyJeBbIe KaCATEIbHBIE BEKTOPHBIE IOMA ¢ TOIHOCTBIO 40 TOMO-
TOMHOCTY HA APYTUX 2-MHOr000pa3UAX.
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§7. IIOCTPOEHUE OPTOHOPMUPOBAHHBIX CUCTEM BEKTOPHBIX
[IOJIEN

[pyrue xapakTepUCTUIECKUE KIACCHI MOXHO «yBHIETHY» TOJIHKO HA, MHO-
roo6pas3uax pa3sMepHOCTH TPHU U BhIIIE. 1 permepHbim Mu02000pa3uem HA3bIBa-
ercsa (xopomee) IpPOCTPAHCTBO, JOKATLHO OMEOMOP(HOE TPEXMEPHOMY HIA-
py. llpumepamu 3-MHOT00OpA3UYA ABIAIOTCA TPOUBEACHUSI 2-MHOT000pa3un
HA OTPE30K WIN OKPYXHOCTH (cM. Takxke §4 u 3a7ady b K §5).

Yuenuk Xonda Iayapa lltudenrs paccMoTpern 3aa<dy O MOCTPOEHUN M-
pol, MPOUKY ¥ M. 0. OPMOHOPMUPOBAHHBIL KACATEALHBIX BEKTOPHBIX ITOJEN HA,
JaHHOM MHOI000pas3uu (BBUIY KaHOHUIHOCTH npornecca ['pama — HImuara op-
TOTOHAJIU3AIUA OP TOHOPMUAPOBAHHOCTEH MOXHO 3aMEHUTD HA JUHEUHYIO HE3a-
BUCHMOCTS). PasBusas ngen Xonda, okoao 1934 r. on npumen K onpeneneHnio
XapPaKTEePUCTUIECKAX KIACCOB (OKOHYATETbHAA (hOpMaam3anus ObLIa, 3aBep-
mena Hopmanom Cruaponom). Jlxo6ousrTao, uro HlTudens Hagar ¢ gacTHO-
O CIydYas OPUEHTUPYEMBIX 3-MHOIOOOPA3UU U MBITAJICA TOCTPOUTH IIPUMED
TAKOrO MHOr000pa3us, HA KOTOPOM He CyWeCTBYET Mmaphbl (< TPOUKM) Op-
TOHOPMUPOBAHHBIX KACATEIbHBIX BEKTOPHBIX MOJEU. 3aTeM, UCIOAb3YA CBOIO
TEOpHUI0, OH [OKA3aJ, ITO Takoro Muoroobpasus uHeT. Ilo3zxe 6bu10 mpoxena-
HO MHOT'O APYTI'MX KOHKDETHBIX BquHCHEHHﬁ, OJAOUINX WHTEPECHBIC CIeaCTBUA
(mampumep, HecymecTBoBaHUe aarebp ¢ gerenueM Ha R s n # 2’“). B sTom
maparpadge Mbl IpuBOAuM 6€3 MOKA3aTEIbCTBA PE3YIbTAT 8bIUUCACHUA TIPe-
HHTCTBHﬁ, l,l(a,IOH_II/II‘/,I YKa3aHHBbIC MHTEPECHBIC CICOCTBUA.

1. Ecan 3-muOroo6pasue N opueHTHPYeMO, TO JIOOYI0 Nnapy OPTOHOPMIPOBAHHBIX BEK-
TOPHBIX MOJEN MOXHO AOIOJIHUTH A0 Mpoliky OPTOHOPMUPOBAHHBIX BEKTOPHBIX IIOJIEH.

TEOPEMA IIITU®ENA (TPEXMEPHAA). Ha 3amknymom 3-muoeoo6pasuy
N cywecmsyem napa opmoHOPMUPOBAHHBIL KACAMEADHBIY BEKMOPHLIT ToAet
mozda u moavko mozda, kozda emopoti xaacc Mmugean — Yumuu wo(N) €
€ Hi(N) nyaesof.

BBIYACIEHUE. wy(N) = 0 das opuenmupyemozo 3-mnozo0bpasus N.

CHIELCTBHUE. Jlwoboe opuenmupyemoe 3-m102000pasue umeem mpoluky op-
MOHOPMUPOBAHHBIT KACGMEADHBIT BEKMOPHLIT NOoAEl.

HABPOCOK ONPENENEHUA H(N), we(N) 1 TOKA3ATEIbLCTBA. Byzgem
HA3bIBATH APy OPTOHOPMUPOBAHHBIX KACATEILHBIX BEKTOPHBIX HOJIEN IIPOCTO
napou mosen. BodeMeM HeKoTOpOe pasbuerune MEOr006pasus N (ompegenenue
pa3bueHus TPEXMEPHOI'0 MHOT000pa3usa YMTaTelbh MOXET AAaTh CaM O aHa-
JOTHU C JBYMEDHBEIM ciaydaeM). BeibepeM IO TOUYKe B KaXJOM TPEXMEPHOM
MHOrOrpaHHuKe pasbuenus. [locTpoum mapy moren B 5Tux To4ukax (puc. 12).
[Ipogonxkum mapy moed HA MEPEMBIYKY, COSIUHAIONYIO ABE TAKUE TOYKU U
OPOTHIKAIILY O ABYMEPHYIO IPaHb TpuaHryaauuu (puc. 12). g aToro 3ame-
TUM, ITO OKPECTHOCTH 3TOU IMEPEMBIUKN 3KBUBAJICHTHA MOJAMHOXECTBY MPO-
crpaucTBa R?. Torga KaxIo# mape BEKTOPOB B TOUKE I HA DTOU HEePEMbIUKe



XapakTepucTuieckue KIacchl Q1A HAITHAIOIIAX 75

F

E

Puc. 12. Muororpanauku pasbuenus: ADEF, ABEF, BCEF, CDEF

COIIOCTABUTCA Mapa BEKTOPOB B K%, a BCel mepeMbIdkKe — OTOOpaXeHue ee B
npocrpancTeo SO3 OPTOHOPMUPOBAHHEIX pernepos B R, DTo mpocTpancTBo
SKBUBAJEHTHO:

IIPOCTPAHCTBY ABUKEHHUI IPOCTPAHCTBA R, 0CTABIAIOMNX HAMAIO KOOD-
MUHAT HEOIBUKHBIM;

IIPOCTPAHCTBY BPAIICHUH IPOCTPAHCTBA R? OTHOCHTEILHO HPAMEIX, IIPO-
XOMIIUX Yepe3 HAYaI0 KOOPAMHAT;

IIPOCTPAHCTBY HpAMBIX B R*, mpoxogsmux Tepe3 (GuKCHPOBAHHYIO TOUKY;

3aMKHYTOMY TPEXMEPHOMY LIAPy, HA CPAHUIE KOTOPOrO CKICECHBI [AAME-
TPAJBbHO ITPOTUBOMOJIOKHBIE TOYKH.

Bce 5Tu 5KBUBATEHTHOCTH MBI OCTABIAEM 0€3 JOKA3aTEIbCTBA, (CM. 3aMe-
gaHue nocae GopMyIupoBKU TeopeMbl Junepa — [lyankape), a B qaapHenmem
HCIONb3yeM MOCICTHION U3 MEepPEeUnCIeHHBIX «MOJeaen» mpocTpancTsa SOs.
[las >TOU MOmEa O9eBUAHO, 9TO HPOCTPaHCTBO SO3 cBia3HOo. OTCIOMa CIeny-
€T, ITO MOCTPOEHHAA aPa BEKTOPHBIX HOJEU IPOAOMKACTCA Ha 00bequHEHNE
EePEMBbITEK.

[IpogomxuM mapy moJed Ha IICHKY, HATAHYTYIO HA TOYKA U MEPEMBIUYKA
U IPOTHIKAEMYIo pebpoM Tpuanryasuua (puc. 12). OTobpaxeHue rpaHUTHON
okpyxHuocTr maesku B SOz coorBercTByeT dnementy w3 rpynnsr 71 (SO3)
HEIPEPBIBHBIX OTOOpa)eHnd OKpyXRHOCTH B S(O3 ¢ TOYHOCTHIO IO HEIpe-
puiBHOU medopMmanuu. BygeM nCmoas30BaTh 6€3 MOKA3ATEILCTBA PABEHCTBO
m1(S03) = Zy. MloacauM ammb, 9TO €IUHWNA STOU T'PYIIIBI MPEACTABIAET-
CA IAAMETPOM TPEXMEPHOrO MIapa, u3 KOToporo S(O3 MOIy9IaeTcs CKICHKOU.
Ecaun nonygennbin siaemenT rpynnst 71 (S03) = Zg HEHYIEBOU, IOKPACUM Pe-
OpO, IPOTHIKAIOIIEE TIEHKY, B KPACHBIN BeT. Takum 06pa3oM, 33 JaHUIO Taphbl
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W OPTOHOPMUPOBAHHBIX BEKTOPHBIX IOJEH HA OOBEJUHEHUU IIEPEMBIUEK CO-
OTBETCTBYeT KpacHbI nogrpad e(w) manHoro paszbuenusa. B mamewm ciaygae
YMCI0 KPACHBIX PE6ep, BHIXO IAIMX 3 KX JOU BEPIIUHBI, 1eTHO (gokaxuTe!).
[Mogrpadbl ¢ TAKUM yCIOBHEM HA3HIBAIOTCA (0dnomepubimu) yukaamu. [aree
QHAJOTWYHO IMPENBLAYIIEMY OIPEAENIIeTCA MOMOJIOIMYHOCTDb IWKJOB, IPYIIIA
H(N) u smopoii kaacc HImugeas — Yumnu we(N) = [e(w)] € Hi(N). Ana-
JIOTUYHO IpeabIAyIeMy IpoBepsaeTcs, 9To wy(N) = 0 Torga u ToIsKo Torga,
KO W MOXHO IPOONXUATEL Ha 00benunaenue Uy mepeMbIdek ¥ ILIEHOK.
[Tapy w OpTOHOPMUPOBAHHBIX BEKTOPHBIX mosen Ha Uy BCerga MOXHO mpo-
IOKUTH Ha BCe MHOroo6pasme N. DTO JOKA3LIBAETCA AHAJOTHIHO IPOIE-
JAHHOMY IIOCTPOEHHUIO C UCIOIb30BAHUEM TOrO (paKTa, 9To A060e 0TO6paxKe-
HUE IBYMEPHOI'O NUCKA, ABIAMOLIETOCI IPAHUIEN TPEXMEPHOro mapa, B SOs
MOXHO IPONOMKWUTE HA BECh WAD. DTOT (HAKT MBI HE NOKA3bIBaeM ([IJs CIie-
IUATICTOB OTMETHM, ITO OH CIeAyeT m3 paseHCTB mo(S03) = mo(RP3) =
= m3(S?) = 0). IlosTomy mpenarcTsue wa(N) ABIACTCA TOMHBIM. O

2. a) Hapucyire kakor-uaulyap npeacrasurens Broporo kiaacca llrudert — Yurau gas
RP? u gux RP? x S' (1 gns Apyrwx m3BeCTHEIX BAM IPUMEPOB 3-MHOr00ODA3MIT).

b) [aa ar060U TPUAHTYIADUM IPOW3BOILHOIO TPEXMEPHOrO MHOroo6pasua N o0benm-
HeHue pebep ee GAPUIEHTPUIECKOrO MOAPA3LEICHUA ABIACTCA LUKJIOM, IPENCTAB/IAIOLIIM
krace wa (V).

3. (Cpasuumre c 3agaten 4 m3 §3.) IIycre N — 3aMKHyTOE CBA3HOE OPHEHTHPYEMOE
JeThIpeXMepHOe MHOroo0Opasue.

a) Onpegemare Ha(N) m w2 (N) € Hz(N) xax OpemaTcTBrE K CYIIECTBOBAHUIO 1MpPOUKy
OPTOHOPMEPOBAHHBIX BEKTOPHBIX IOJAEH (3TO IPENATCTBUE yKe He OyAeT MOLHBIM).

b) To xe Kax no4noe IPEIATCTBHE K CYIIECTBOBAHUIO CIMHOPHOU CTPYKTYpeL HA IV (T. €.
K BO3MOXHOCTH U3BJ€TIb KOPDEHb U3 ai060ro Tenzopa Ha N; asropser 6marogapar FO. II. Co-
JIOBBEBA 33 YKA3aHWE Ha DTy MHTEpIpeTanumio). [oxaxmre, ITO BHE 0600 OWKIA, IPEI-
crasisaromero wz(N), MOXKHO BBECTH CHMHODPHYIO CTPYKTYDY -

¢) Onpegneanre dopmy nepeceaenn N : Hy(N) X Ha(N) — Z2 n goxaxure, 94T0 aNa =
= w2(N) Na gra moboro a € Hz(N) (370 BEIpaxkeHWe PaBHO HYJI TOLAa U TOIBKO TO-
raa, KOrga B OKPECTHOCTH JII000r0 NUKIA, IPENCTABIIIOWErO (, MOXHO BBECTH CIMHOPHYIO
CTPYKTYDY).

d) w2(N) Nw2(N) = x(IN) mod 2.

e) Coopmyampyure u gokaxure anamoru 3agad (a)-(d) a1 HEOPHMEHTHPYEMBIX HIN
HE3aMKHY THIX 4-MHOT000Da3uiL.

f) Onpenemnre wucao Howmpaeuna p1(N) € Ho(N,Z) = 7Z xak mOIHOE MPENATCTBHAE K
CYLIECTBOBAHUIO 1€TBEPKM BEKTOPHBIX MOJEH, IMEIOUIEU PAHD HE MEHee 3 B KaXKJOU TOYKE.

g)* Yucao [lonTpArrHA pAaBHO YTPOEHHOU CUrHATYPE (POPMBI HEPECETIeHIU MHOr000pa-
3ua N.

h)* Eciu N opuentupyemo u raaaxo Broxmmo B R°, 1o wa(N) = 0 u pi(N) = 0.
Hamnpumep, CP? mesroxmvo B RS,

TEOPEMA IITU®ENA (MHOTOMEPHASA). Ecau na 3aMKHymom opuenmu-
pyemom n-muo2006pasuu N cywecmeyem k opmonopmuposannbis Kacamenb-
noir sexmopnviz noset (1 < k < n), mo (n — k + 1)-i xaacc MImudgean —
Yummu Wy 11(N) € Hig 1(N,Z—k)) nyaesoti. depes Z(;y obosnauaemcs
2pynna Z das uemnoz20 t u Lo 04% HEYEMHO20 i.
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[IPUMEP BBIYUCJAEHUA. Obosnavum wepes w;(N) € Hp,_;(N,Zs) npu-
gedenue no modyaro 2 npensmemsus Wi(N) (ono aeeue sviuucasemcs). B
wacmuocmu, w;(RP" 1) = C? mod 2.

CHEACTBUE. Ecau na R" umeemcs cmpyxkmypa aszebpu ¢ deaenuem, mo
n ecmb cmenens 060K,

HABPOCOK OINPE/JEJEHUSA Hk,l(N,Z(n_k)), Whn—k+1(N) M DOKA3A-
TEJLCTBA. Ilycte V,x — mBOroot6pasme IllTudens opTOHOPMUPOBAHHBIX
k-penepos B R". Amanormuno npegsigymemy, u3 coornomenunn m;(Vy, ) =
=0 gna i < n — k, cienyer, 910 k momen GeCHpEenaTCTBEHHO CTPOATCA HA
(n — k)-ocrose. Iockombky (Vi) = Zn—p) ama 1 < k < n, To mpm
npogomxkenun moas Ha (n — k + 1)-ocTos nossasercsa npenarcrsue Wy, g1 €
€ Hy_1(N,Z(n—k))- ITO npenarcrsue yxe He 00A3ATEILHO SABIACTCA IOI-
HBIM. U

4.a) Ecz C% = 0 mod 2 mua mo6oro i = 1,2,...,mn — 1, TO N €CTh CTEIeHb IBOHKM.

b) Bemeaure crencTsue w3 npuMepa BHIMHACACHUA.

5. OnmcaHHOE BBIIE ONIpeeSeHre KIACCa W] PABHOCUIBHO NAHHOMY B §1.

6. [asa m060M TPUAHTYIANUHA IPOU3BOILHOTO 3aMKHYTOT'O N-MEPHOTO MHOT000pa3ns
N o6benuuenue k-MepHBIX CHMILIEKCOB €€ OapUIEeHTPUIECKOTO MOAPA3ACTCHUA ABIACTCA
LUKJIOM II0 MOAYIIO 2, IPENCTABIAIOMIM KIACC Wy—k (V).
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