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CLOSEDNESS OF BASIS SURFACES INVARIANT WITH RESPECT TO THE GROUP Hs.
Ternovskiy, V. A.

Abstract. In the real m-dimensional Euclidean space E™ the group G is generated by
orthogonal reflections with respect to N(G) hyperplanes with common point O. In a rectangular
coordinate system, we assign the algebraic hypersurface of order n to f(x) = 0, where f(x) is a
polynomial degrees n with respect to the coordinates of the vector 7 = (x1,...,2Zm). The set of
all hypersurfaces invariant with respect to the same group G corresponds to the set f(z), which
forms the algebra I¢. The description of the algebra I is a fundamental problem in the theory
of invariants.

Each method for obtaining such polynomials refers to their important properties, but in
practice it is not always possible to explicitly write down all the basic polynomials. In this
connection, it is of interest to find the basis invariants of even degrees that belong to the algebra
6< of polynomials

(@)
bor () = Y 0" (T),
j=1

where nj(?) = 0 are normalized equations of all hyperplanes whose reflections belong to G. For
any natural r, the invariant 62, has a simple geometric interpretation: the surface given by the
equation 6, = c is the set of all such points in the space E™, the sum 27-th degrees of distance
of an arbitrary point of which from the planes nj(?) = 0 is equal to the constant c.

Finding explicitly the basic invariants of finite groups generated by orthogonal reflections
in Euclidean spaces, V. F. Ignatenko set the problem in his work: to obtain the equations of all
basic closed surfaces other than a sphere. For groups Az and Bs this problem is solved by the
author.

In this article, we study the structure of the basis surfaces invariant with respect to finite
groups generated by reflections in real space. Sufficient conditions for the closure of all basis
surfaces of the algebras of invariants for the symmetry group of the icosahedron Hj in three-

dimensional space are obtained.

Keywords: invariant, symmetry groups, basic invariant, algebra of invariants, groups generated

by reflections.
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BBEIEHUE

[Iycts G — HenpuBoiMasi KOHEUHAs IPYIIIA, TOPOXKICHHAST OPTOTOHAJILHBIMEI OTPa-
JKEHUSIME OTHOCUTEIBHO (1 — 1) — MEpPHBIX IJIOCKOCTEH B BEIIECTBEHHOM 7-MEPHOM €BKJIH-
JIOBOM IIPOCTPaHCTBE. MHOKECTBO BCEX MHOIOUYJIEHOB, MHBAPUAHTHBIX OTHOCHTEIHHO (3,
obpazyet anre6py 1, 6a3mc KOTOpoil COCTONT N3 MHOTOU/ICHOB [gt crenenu my (t = 1,n).
Baﬂa‘{a HaXO02KJICHUA 6a3I/ICHbIX MHOT'OYJIEHOB ABJIAETCA O,ZLHOI';‘I N3 OCHOBHBIX B T€OPpUU UH-
BapranTos. OHAKO Ha IPAKTHKe He BCEDJa yAaeTcs sBHO 3ammcaTh Bee IS . B ceasn
C 9TUM IIPEACTABIAET MHTEPEC HAXOXKICHUEe 0A3MCHBIX MHBAPUAHTOB YETHBLIX CTEICHEI,

KOTOpBIe HpHHaIeKaT aaredpe ¢ MHOrowIeHOB

N(G)
b () = Y ().

Fﬂe

n; (7)) =0 (1)
HOPMUPOBAHHBIE YPABHEHUSI BCEX THIIEPILIOCKOCTEl, OTPaskeHnsi OTHOCUTEIBHO KOTOPbIX
npunaiexkar G [1]. Ilpu g06om HATYpasbHOM 7 HHBAPUAHT fy, UMEET IIPOCTYI0 TEeOMET-
PUYECKYIO MHTEPIIPETAINIO: IOBEPXHOCTD, 3a/laBaeMas ypaBHeHueM Oy, = ¢, eCTb MHOXKE-
CTBO BCEX TAKMX TOYEK IpocTpaHcTBa ™, cymma 2r crereneil paccTosHuii IpOU3BOILHOM

TOYKU KOTOPOTO OT ItockocTeit (1) pasra mocrosiauoit . [lomydena Bazkuasi Teopema [2].

Teopema. Mmozounerwi Hgt, 1 <t < n, uemnoir cmenenets my = 2r; AsaaMeA ba-
3UuCHLLMU uHBapuanmamu 2pynno. G npu ecex my, ecau G = A,, Hs, Hy, Fg, E7, s u
moavko npu my = 2, mg = 8, ry # loga(1 + V4n + 1), loga2+/n, ecau G = [N]|, Fy, By,
D,, coomeemcmserno.

[Ipu nokazaresbCTBe TeOpEMBI Hali/IeHbl B Pa3BEPHYTOM BHJIE COOTBETCTBYIOMINE Oa-
sucnble nnBapuanTel. Jlasee B 3Toit pabore B. @. MruareHko moctaBusl 3aJady: MOJIY-
YUTHh ypPaBHEHUS BCEX OA3MCHBIX, OTJIUYIHBIX OT Chepbl, 3aMKHYTBHIX oBepxHOcTei. s
rpynn Az u Bs 9ta 3aja4a pemniena B pabore [3|. B gaHHOI cTaThe MOJIyUeHbI JOCTATOY-
Hble YCJIOBHUS 3aMKHYTOCTH BCeX Oa3WMCHBIX MMOBEPXHOCTEN ajareOp MHBAPUAHTOB T'DYIIIIHI

CUMMEeTPUl nKoca3apa.

1. IIOCTAHOBKA 3AJIAYU 1 OCHOBHOW PE3VJIBTAT

BajaauM B TPEXMEPHOM eBKJIMIOBOM HpocTpaHcTBe B3 mpsaMOyrolbHyIo CHCTeMY KO-

opaunar Ox;, ¢ = 1,2, 3. [lycts G — KOHeUHasT TPYIIA, TOPOXK/IEHHAS OPTOTOHAJIHLHBIMUI
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OTPaXKEHUSIMU OTHOCUTE/IHHO TIJIOCKOCTEH CUMMEeTPHH ¢ 001Iel Toukoit O). Y paBHEHHUE JIBY-

MepHOI 6a3uCHOH aaredpandecKoil MOBEPXHOCTH UMeeT BU/I

o (1;(G) = ¢, a=}, (2)

rae ¢ = const, 1;(G), j = 1,2,3 — obpasyrommue ajgredpsl BceX HHBAPUAHTOB rpymisl G.
[IpemoiozKuM, 9TO MMOBEPXHOCTH (2) HE 3aMKHYyTa, TOTJA CYMIECTBYET JeHCTBUTE b
HBIIl aCUMIITOTHYECKUYA KOHYC 9TOU MOBEPXHOCTH, TO €CTh CYLIECTBYET 110 KpaiHell Mepe

OJIHa JIeHCTBUTE/IbHAST TOUKA, OT/IHIHast OT (), yIOBJIETBOPSIOIIAs YPaBHEHUIO

o (I;(G)) = 0.

OtmernM, 9TO JyIs JTI000i Tpymibl (G TTOBEPXHOCTh, 3a/laHHAs yPABHEHHEM

p1(L(G)) = ¢,

3aMKHYTA.

HpI/IBe,ZLeM JA0CTaTOYHbIC YCJIOBUA 3aMKHYTOCTH 6aBI/ICHbIX aHFe6paI/IquKI/IX IIOBEPXHO-
cTeit KOHEYHOW IpyIbl cuMMerpun Hs.

Hekpucramiorpadudeckas rpymmna cumMerpuit Hy nopsiika 120 gBiigercd rpymnmoit
CUMMETPHIl TIPABUIIBHOIO MKOCasapa (Wi j1o/iekasipa). ['eomerpust nKocasapa 0YeHb T0-

JpobHo onucana B Knaccuueckoit knure Keitna [4]. Ilpasusibubiii ukocasap B E2 zajaanm

Vb —1

Beprmaamu V. (£, +,0), rme r = 1,12, A = — 1 KOOPJ/IMHATHI MEHSIIOTCS MUK/INIe-
CKHU. DTOT UKOCAP UMeeT 15 MI0CKOCTel CUMMETPHUH ¢ YPaBHEHUSIMU
r; =0, @£ A\r; & px, =0,

V541

rJie MHJEKCHI 1, j, k = 1,2, 3 (nukindeckn), g = — 5

®aarro [5| mOKa3as, ITO MHOIOWIEHBI

¥, — Z (O“Z?>2s

T

npu s = 1,3,5 obpasyror 6asuc anre6psr [(H3), KOTOpbIE ¢ TOYHOCTBIO JI0 HOCTOSHHOTO

MHOXKHUTEJIA MMEIOT BHU:

3 3 3 3
122295?, [6:4Z$?+3<5—\/3)Z$?$?+3<5+\/3>Z$?$3,
i=1 i=1

i,j=1 i,j=1

3 3 3
Lo =5 al"+9(5-2v5) > ata? 49 (5+2v5) 3 atai+
=1

i,j=1 i,j=1
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3
6,.4 4.6
+21 (5 )me+21(5+\/_>2xixj.
t,j=1 t,j=1
[Tpuaem Mruarenko [6] mokasas, 9mo HMEIOT MECTO CJIELYIOIIIE COOTHOIICHHS:

0 = 1813 — Is, 01 = —2113 + 211215 — 514.

Paccmorpum 6a3ucHYI0 HOBEPXHOCTD IIECTOIO IOPSAIKA, KOTOpas 33/aeTCA yPaBHEeHH-
eM
3
Is + aly = c,

rae a — IIPOu3BOJIbHad KOHCTaHTa. Nnmeem

.76+a]§:4ix?+3<5— )Z$4$2+3<5+\/_>Zxx +a<ix3>3

i=1 4,j=1 1,j=1 =1

3
=(4+a) Zx +3<5—\/_+a) Zx4x2+3<5+\/_+a> Zm?m?—k

,j=1 1,5=1

+6azirirs = c.

[ooxkum 22 = y;, 1 = 1,2,3 u ¢ = 0, nostyuum
boy; + b1yi + bayr + bs = 0, (3)

i (S
by =4 + a,
b = (15 + 3a)(y2 + y3) — 3v/5(y2 — us),
by = (15 + 3a)(y3 + y3) + 3V/5(y5 — y3) + Gayays,
bs = ((4+a)ys + (15— 3v5+3a) y3) y3 + (4 + a)ys + (15 +3v/5 + 3a) y2) y3.
Haiinem 3naveHus a, mpu KOTOPBIX ypaBHeHHe (3) He MMeeT MOJIOKUTEIbHBIX KOpHeil. K-
moa < =5 (@ > —2,5), To npu JOOBIX HEOTPHUIATENbHBIX Yo U Y3 moiaydaeM b; < 0
(b > 0), i = 0,1,2,3. CienoBaresibro, 10 TpaBuiy 3HaKoB [lekapra ypasrenue (3)
npu a < —5H, a > —2,5 NOJIOKUTETLHBIX KOpHeil He uMmeeT. Ho 3T0 npaBmio He yTBep-
JKJIAaeT, YTO €CThb IOJIOKUTEJIbHbIe KOpHH Ipu —d < a < —2,5. llosromy wnaiijieno
TOJIBKO JIOCTATOYHOE YCJIOBHE: OA3WMCHAasi MOBEPXHOCTH IIECTOrO IMOPSIKA 3aMKHYTa ITPU
a € (—oo; —5) (-2, 5; 00).

Teneps paccmoTpum 0a3UCHYIO MOBEPXHOCTD JIECATOTO TOPSIIKA, KOTOPas 3a/1aeTCs
CJIEJIYIOIIUM YpaBHEHTEM

3
IIO +CL1]6]22 +CL2[25 (5+4a1 +CL2)ZI10+
i=1
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ij=1

+ (9 (5 - 2\/S> +a1(23 — 3V5) + 5a2) i e
(

3
+(9(5+2v5) +a1(23+3V5) + 5a) 3 afalt+

1,j=1

a, (49 — 3\/5) + 10a2> i x?m§+

i,j=1

+

+(21 (5 v5)
(

3
+ (20 (54 V5) +an (49+3V5) +10a:) Y- adal+

ij=1

3 3
+ (68a; + 20as) Z x?x?wi + (90a; + 30asz) Z xfx?xz =c.
ijk=1 ij.k=1

[ostoxkus 2 = y;, i = 1,2,3 u ¢ = 0, nosryanm
boy? + biyi + bayi + bayi + bayy +bs =0,

rae

bo =5 + 4a; + as,

b = (9(5—2v5) + a1 (23 —3V5) 4+ 5az) yo + (9 (54 2V5) + a1 (23 + 3v/5) + 5as) ys,

by = (21 (5= v/5) + a1 (49 — 3v/5) + 10az) y3+(21 (5 + v/5) + a1 (49 + 3v/5) + 10az) y3+
+ (68a1 + 20as) yoys,

bs = (21 (5 — V/5) + a1 (49 — 3v/5) + 10as) y3+(21 (5 + v/5) + a1 (49 + 3v5) + 10as) y3+
+(90a1 + 30a2) (y3ys + y213)

by = (9(5—2V5) + a1 (23 = 3V5) + 5az) y5 + (9 (54 2v5) + a1 (23 + 3V5) + 5az) y3+
(68a1 + 20az) (y3ys + y3y2) + (90a; + 30az) y3y3,

bs = (5 + 4a1 + az) (45 + y5)+(9 (5 — 2V5) + a1 (23 — 3V/5) + 5az) ysys+(9 (5 +2V5) +
+ay (23 +3V5) + Baz) yiye+ (21 (5= V5) + a1 (49 — 3V5) + 10az) y3y3+ (21 (5+ v5) +
+ay (49 4 3v/5) + 10as) y3y3.

Tak kKak Yo, Y3 HEOTPHUIATEJIbHBIE JEHCTBUTEIbHbIE YHC/Ia OJHOBPEMEHHO HE pPaBHBIE
mymo, o b; > 0 (i = 0, 1, 2,3,4,35))), ecin

19 155 55

ay 2 ——a; — —, upu a; < TR

> 83@ 21 355<a _ 11

22 T5pM 1’ p 48 =N 9’

23 11

Qg > _Eal -9, upu a; > ——.

Cucrema nmepasencts b; < 0 (1 =0,1,2,3,4,5) umeer cieiyroliee perieHue
17 9

ag < _Eal 3 npu a; < —20,
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139 21 920 < < 17
A ~ 40 a 8 , IPpH = 3 )
< 23 9 < < g
a ——a;— 9, mpu —— < a -
2 S 5 1 , 1IP 3 = 1 12’
19 155 55
ag < ——a; — ——, Ipu a1 > ——

4 16 12
Takum obpazom, OasmMcHasi MOBEPXHOCTL JIECATOTO TOPSJIKA 3aMKHYTa; €CJIU a1 U dg

YAOBJIETBOPSIOT CJIEIYIONIAM HEPABEHCTBAM
17 9

155
ag < ——a; — 5, A 2 ———a1 — 16 upu a; < —20,
139 21 19 155 90 < < 355
Ao = aj , A2 =2 1 ay 16’ npu > ap 48
< 139 21 S 83 21 —355 < - 17
a —a— —, a ——a — —, Ipu a -
2 S 10 1 g’ 2 2 20 1 1’ p 3 1 3
< 23 9 S 83 21 17 < 11
as = 5 a1 y @2 20611 1’ npu 3 = ay 5
< 23 9 S 9 11 < < 55
a ——a a ——a npu —— < a -
2 S 5 1 , A2 =2 1 , Op = ax B
SAKJIIOUEHUE

B crarbe mpooszkena, Hadarast B [3], paboTa 1Mo M3y4YeHUIO CTPOEHUs GA3UCHBIX MO~
BEPXHOCTe!l MHBaApUAHTHBIX OTHOCUTEJIbHO KOHEYHBIX I'PYIII OTPa’KeHUil B TPEXMEPHOM
€BKJINJIOBOM TIpocTpancTBe. HailjieHbl JocTaTOYHbBIE YCJIOBHUS 3aMKHYTOCTH OA3UCHBIX T10-
BEPXHOCTEN MIEeCTON U JIecATOl cTereHn ajaredpbl MHBAPUAHTOB I'PYIIIBI CUMMETPHH KO-

casjipa.
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