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CLASSICAL QUOTIENT RINGS OF PI-ALGEBRAS

K. I. Beidar

This paper is devoted to a solution of the following problem which was posed by V. N. Latyshev. If a
/Y-algebra has a classical quotient ring, is this a quotient ring of a /"/-algebra? (see [1], p. 14).

We denote by U(R) the group of invertible elements of a ring R, and by rad R, N(R), /(/?) the prime,
upper nil-, and Jacobson radicals of/?, respectively. A near localization of Λ is a triple (φ; S; Q) having the
following properties: (a) φ: R -* Q is a homomorphism of F-algebras; (b) 5 is a multiplicatively closed sub-
set of/?, (c) v(S) С U(Q); (d) each element q e Q is «presentable in the form q = ψ(Γ)ψ(β)~ι for suitable
elements rGR, s GS. The ring Q is the classical quotient ring of ip(R) with respect to the multiplicatively
closed system ^(S).

LEMMA 1. Let Qbea right primitive ring which is a right classical quotient ring of a ringR with
respect to a multiplicatively closed system S, let VQ be a faithful irreducible Q-module,
D = End(Fp), Wi and W2 finite-dimensional subspaces of the left vector space V over D, and
ν G V \ Wt. We suppose that Q us not a simple Artinian ring. Then: 1) there is an element r e R such that
M>xr= 0, игф W2; 2) for any η the ring R contains elements αχ, a2 ansuch that the following con-
ditions are satisfied: (a) va\a2 . . . a^af = bitva\a2 . . . a,·, where Sit is the Kronecker symbol and

t-i
0 <i- 1 < t <n;(b)vaia2 • • -at 4- Σ Dvaia2 . . .aifor 1 < f <n.

i= 0
PROOF. From the density theorem it follows that there is an element as'1 e Q such that

vas'1 Φ 0, Wias'1 = 0 (see [3]). Clearly, υα Φ 0, WYa = 0. We suppose that vaR С W2. Then
W3 = DvaR С W2 • Hence, W-$ is a finite-dimensional vector space over D. Since each element s e S is an
automorphism of V, the dimension of the vector space W3s is equal to that of W3. But H^i С W$. Hence,
W3s = W3 and W3 = W3s~l for all seS.lt is now clear that W3Q С W3. Since К is an irreducible
^-module, V = W3. From the fact that Fis finite-dimensional and from the density theorem it now
follows that Q is a simple Artinian ring, contrary to hypothesis. Hence, vab ф W2 for some б е й . Clearly,
r = ab is the required element. We prove the second assertion by induction on л. We put Wi = 0, W2 = Dv.
By what has been proved, there is an element ai^R such that va\ ф W2. Suppose that we have found
elements a b a2, • • ·, am satisfying the conditions (a) and (b). We put

m-1
W\ = Σ Dva\a2 . . . β,·, W2<= Wi + Dva\a2 . . . am. By what has been proved, there is an element

1 = 0

am+i SR such that W\am+i = 0 and υα\α2 • • -am+i ф W2. Clearly, the elements a 1, a2,. . .,am+i
satisfy the conditions (a) and (b).

THEOREM 1. Let (φ; S; Q) be a near localization of a Pi-algebra R. Then Q is a Pi-algebra.
PROOF. Clearly,/? satisfies a certain multilinear identity f(X\, X2,.. -,Xn) such that the

coefficient of X\X2 • • • Xn in/(^0 is 1. We suppose that Q is a right primitive ring. If β is a single
Artinian ring, then it follows from [4], Theorem 7.2.3, that <p(R) is a prime ring. Since φ(Κ) satisfies the
identity/(Χ), it follows from [5], Theorem 3.3, that f(X) is an identity in Q. We now suppose that Q is
not a simple Artinian ring. We keep the notation of Lemma 1. Then there are elements
a\, a2,. . ., an e !p(R) such that the conditions (a) and (b) of Lemma 1 are satisfied. From these
conditions it follows that for any multilinear monomial X( Xi . . . X. in Χχ, Χ2,. . ., Xn the element

иг,- at . . . a(- is non-zero if and only if if = t for 1 < t < n. Hence, 0 = vf(a\, a2,. . ., an) = υαχα2 . . -αηΦ 0.

This contradiction shows that if Q is a right primitive ring, then it is right Artinian and satisfies the
identity f(X). We turn to the general case. Let Ρ be a right primitive ideal of Q and ψ: Q -• Q/P the
canonical ring homomorphism. Clearly, (ψφ\ S; Q/P) is a near localization of R. By what has been proved,
Q/P satisfies the identity f(X). Hence so does Q/j(Q). Let ξ: Q ->• Q/N(Q) = Qbe the canonical ring homo-
morphism and R [t] the ring of polynomials in t. We extend f ^ t o a ring homomorphism between R [t]
and Q[t] by putting £v>(f) = t. Writing the coefficients of the polynomials as fractions with numerators
in i;̂ (/?2and denominators in ty(S) and bringing them to a common denominator, we find that
(£*>; S; Q[t]) is a near localization of R[t] satisfying the identity f(X). Since f(Q[t]) = 0 (see [3],
Theorem 4), by what has been proved Q[t] satisfies the identity f(X). Let # b e the class of all rings that
are near localizations of algebras with the identity f(X). Clearly, Η is closed with respect to direct

223



224 Communications of the Moscow Mathematical Society

products, and HAeH, then the ring A/N(A) satisfies the identity f(X). From [2] (Proposition A) it now
follows that Η is a class of /'/-algebras. It is now clear that β is a /"/-algebra.

COROLLARY 1. Let Q be a right classical quotient ring of a Pi-algebra R with respect to a
multiplicatively closed system S. Then: 1) rad Q = (rad R)S~l; 2) ifh(X) is an identity in R, then h{X)n

is an identity in Q for some η = n(h).
PROOF. It is obvious that (rad Q) η R с rad R and rad Q = (rad Q π R)S'1. Going over to Q/rad Q,

we reduce the proof to the case rad Q = 0. If rad R Φ0, then R contains an ideal / Φ 0 such that / 2 = 0.
Let С be the centre of Q, and L = QIQ. Then C n i ^ O (see [5 ], Theorem 2 10). Moreover, suppose
that 0 Φ с = Zaiuibi e c n i where at bi e Q, ы; e /. We may suppose that й ; = c ^ " 1 , where
Cj e R, d e S. Then del = cdl = Σβ,-UjC,·/ = 0, therefore cl = 0 and cL = 0, but с е Л; hence, c2 = 0 and
с S rad б = 0, a contradiction. Consequently, rad R = 0 and assertion 1) is proved. If rad 6 = 0, then
each identity in R is an identity in Q (see [6], Theorem 5). The general case is proved in the same way as
Proposition A in [2].
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