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Ñòðîèòñÿ äâóìåðíàÿ äèàãîíàëüíàÿ ñèñòåìà îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâ-

íåíèé, îáëàäàþùàÿ ñëåäóþùèìè ñâîéñòâàìè: ðåøåíèå çàäà÷è Êîøè ñ âû÷èñëèìûì íà-

÷àëüíûì óñëîâèåì åñòü âû÷èñëèìàÿ �óíêöèÿ, ìëàäøèé ïîêàçàòåëü Ëÿïóíîâà íåâû÷èñ-

ëèì, âåðõíèé öåíòðàëüíûé ïîêàçàòåëü ñèñòåìû íå ñîâïàäàåò ñî ñòàðøèì ïîêàçàòåëåì è

íåâû÷èñëèì.

Êëþ÷åâûå ñëîâà: ïîêàçàòåëè Ëÿïóíîâà, âåðõíèé öåíòðàëüíûé ïîêàçàòåëü, âû÷èñëè-

ìîå ÷èñëî, âû÷èñëèìîå ðåøåíèå äè��åðåíöèàëüíîãî óðàâíåíèÿ.

A two-dimensional system of ordinary di�erential equations is 
onstru
ted. The system

possesses the following properties. The solution to a Cau
hy problem with 
omputable initial

values is 
omputable, the lower Lyapunov exponent is non-
omputable, the upper 
entral

exponent does not 
oin
ide with the higher Lyapunov exponent and is non-
omputable.

Key words: Lyapunov exponents, upper 
entral exponent, 
omputable real, 
omputable

solution of di�erential equation.

Íåêîòîðûå ñâåäåíèÿ èç òåîðèè àëãîðèòìîâ. Ïîä àëãîðèòìîì ïîíèìàåòñÿ êàêàÿ-ëèáî �îð-

ìàëèçàöèÿ ýòîãî èíòóèòèâíîãî ïîíÿòèÿ, íàïðèìåð ìàøèíà Òüþðèíãà (ÌÒ). ×åðåç N îáîçíà÷àåòñÿ

ìíîæåñòâî íàòóðàëüíûõ ÷èñåë; 0 ñ÷èòàåòñÿ íàòóðàëüíûì ÷èñëîì.

Îïðåäåëåíèå. Ïîäìíîæåñòâî M ⊂ N íàçûâàåòñÿ ðàçðåøèìûì, åñëè ñóùåñòâóåò àëãîðèòì,

êîòîðûé äëÿ ëþáîãî n ∈ N îïðåäåëÿåò åãî ïðèíàäëåæíîñòü ê M . Èìåííî ñóùåñòâóåò ÌÒ, íà âõîä

êîòîðîé ïîäàåòñÿ n è êîòîðàÿ âñåãäà îñòàíàâëèâàåòñÿ ñ ðåçóëüòàòîì 1, åñëè n ∈M , è 0, åñëè n /∈M .

Îïðåäåëåíèå. Ôóíêöèÿ f íàòóðàëüíîãî àðãóìåíòà íàçûâàåòñÿ âû÷èñëèìîé, åñëè ñóùåñòâóåò

ÌÒ, êîòîðàÿ âû÷èñëÿåò f(n), ò.å. îñòàíàâëèâàåòñÿ òîëüêî íà òåõ n ∈ N, äëÿ êîòîðûõ îïðåäåëåíà

�óíêöèÿ f , è âûäàåò f(n).
Îïðåäåëåíèå. Ïîäìíîæåñòâî M ⊂ N íàçûâàåòñÿ ïåðå÷èñëèìûì, åñëè ñóùåñòâóåò ÌÒ, êîòîðàÿ

âûäàåò âñå ýëåìåíòû M è òîëüêî èõ.

Ñëåäóþùèå äâà �àêòà õîðîøî èçâåñòíû (ñì., íàïðèìåð, [1, ãë. 2, 7℄) .

Òåîðåìà 1. Åñëè ìíîæåñòâî M ðàçðåøèìî, òî îíî ïåðå÷èñëèìî.

Òåîðåìà 2. Ñóùåñòâóåò ïåðå÷èñëèìîå íåðàçðåøèìîå ìíîæåñòâî.

Èìåþòñÿ ðàçëè÷íûå ýêâèâàëåíòíûå îïðåäåëåíèÿ âû÷èñëèìîãî äåéñòâèòåëüíîãî ÷èñëà (ñì., íà-

ïðèìåð, [2, ï. 3℄). Äàëåå ïðèâîäèòñÿ îäíî èç íèõ.

Îïðåäåëåíèå. Ïîñëåäîâàòåëüíîñòü {rk} ðàöèîíàëüíûõ ÷èñåë íàçûâàåòñÿ âû÷èñëèìîé, åñëè

ñóùåñòâóþò âû÷èñëèìûå òîòàëüíûå (ò.å. âñþäó îïðåäåëåííûå) �óíêöèè a, b, s : N → N, òàêèå, ÷òî

∀k ∈ N, b(k) 6= 0 rk = (−1)s(k)a(k)/b(k).

Îïðåäåëåíèå.Äåéñòâèòåëüíîå ÷èñëî x íàçûâàåòñÿ âû÷èñëèìûì, åñëè ñóùåñòâóþò âû÷èñëèìàÿ
ïîñëåäîâàòåëüíîñòü ðàöèîíàëüíûõ ÷èñåë {rk} è âû÷èñëèìàÿ òîòàëüíàÿ �óíêöèÿ β : N → N �

ðåãóëÿòîð ñõîäèìîñòè, òàêèå, ÷òî

∀n ∈ N ∀k > β(n) |rk − x| 6 2−n.
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Çàìå÷àíèå. Ìîæíî ñ÷èòàòü, ÷òî ∀n ∈ N β(n) > n.
Ñóùåñòâîâàíèå íåâû÷èñëèìûõ äåéñòâèòåëüíûõ ÷èñåë ñëåäóåò èç ñîîáðàæåíèé ìîùíîñòè. Îä-

íèì èç ÿâíûõ ïðèìåðîâ ÿâëÿåòñÿ êîíñòðóêöèÿ Øïåêåðà (ñì. [3℄), ñîñòîÿùàÿ â ñëåäóþùåì. Ïóñòü

ïîäìíîæåñòâî A ⊂ N ïåðå÷èñëèìî è íåðàçðåøèìî, α : N → A � (âû÷èñëèìàÿ) �óíêöèÿ, êîòîðàÿ

ïåðå÷èñëÿåò A. �àññìîòðèì

s(k) =

k∑

n=0

2−α(n). (0)

Òåîðåìà 3. Ïîñëåäîâàòåëüíîñòü s(k) ñõîäèòñÿ ê íåâû÷èñëèìîìó ÷èñëó s.
Äîêàçàòåëüñòâî. Ñõîäèìîñòü ñëåäóåò èç ìîíîòîííîñòè è îãðàíè÷åííîñòè. Ïðåäïîëîæèì, ÷òî

ñóùåñòâóåò ðåãóëÿòîð ñõîäèìîñòè β, ò.å.

∀n ∈ N ∀k > β(n) |s− s(k)| =
∞∑

n=k+1

2−α(n)
6 2−n,

òîãäà, â ÷àñòíîñòè,

∀n ∈ N ∀k > β(n) 2−α(k+1)
6 2−n,

îòêóäà ∀n ∈ N α(β(n) + 1) > n. À ýòî ïðîòèâîðå÷èò íåðàçðåøèìîñòè ìíîæåñòâà A, ïîñêîëüêó
äëÿ ëþáîãî m ∈ N ìîæíî îïðåäåëèòü, ïðèíàäëåæèò ëè îíî ìíîæåñòâó A, ñëåäóþùèì îáðàçîì:

âû÷èñëÿåì α(β(j) + 1), j = 0, 1, . . . ,m; åñëè α(β(j) + 1) /∈ A äëÿ âñåõ òàêèõ j, òî m /∈ A, ïîñêîëüêó
∀n > m α(β(n) + 1) > m. Ñëåäîâàòåëüíî, ÷èñëî s íåâû÷èñëèìî. Òåîðåìà äîêàçàíà.

Îïðåäåëåíèå. Ïîñëåäîâàòåëüíîñòü {xn} äåéñòâèòåëüíûõ ÷èñåë íàçûâàåòñÿ âû÷èñëèìîé, åñëè

ñóùåñòâóåò âû÷èñëèìàÿ ïîñëåäîâàòåëüíîñòü ðàöèîíàëüíûõ ÷èñåë {rnk}, òàêàÿ, ÷òî

∀k ∀n ∈ N |rnk − xn| 6 2−k.

Çàìå÷àíèå. ßñíî, ÷òî êàæäîå ÷èñëî xn áóäåò ïðè ýòîì âû÷èñëèìûì.

Çàìå÷àíèå. Ïîíÿòèÿ âû÷èñëèìîãî ÷èñëà, âû÷èñëèìîé ïîñëåäîâàòåëüíîñòè î÷åâèäíûì îáðàçîì

ðàñïðîñòðàíÿþòñÿ íà ñëó÷àé Rq, q > 1.
Ïóñòü I � îòðåçîê ñ âû÷èñëèìûìè ãðàíèöàìè (òàêèå ïðîìåæóòêè íàçûâàþòñÿ âû÷èñëèìûìè).

Îïðåäåëåíèå. Ôóíêöèÿ f : I → R íàçûâàåòñÿ âû÷èñëèìîé, åñëè

1) äëÿ ëþáîé âû÷èñëèìîé ïîñëåäîâàòåëüíîñòè {xn} ⊂ I ïîñëåäîâàòåëüíîñòü {f(xn)} âû÷èñëè-
ìà;

2) f ý��åêòèâíî ðàâíîìåðíî íåïðåðûâíà, ò.å. ñóùåñòâóåò âû÷èñëèìàÿ �óíêöèÿ β : N → N,
òàêàÿ, ÷òî

∀x ∀y ∈ I ∀n ∈ N |x− y| 6 β(n)−1 ⇒ |f(x)− f(y)| 6 2−n.

Ëåãêî äîêàçûâàþòñÿ ñëåäóþùèå ñâîéñòâà âû÷èñëèìûõ �óíêöèé.

Òåîðåìà 4. 1. Åñëè �óíêöèè f : I → R, g : I → R âû÷èñëèìû, òî �óíêöèè

f ± g, f · g, f/g (çäåñü ∀x ∈ I g(x) 6= 0), max{f(x), g(x)}, |f |

âû÷èñëèìû.

2. Åñëè îáëàñòü çíà÷åíèé âû÷èñëèìîé �óíêöèè g âõîäèò â îáëàñòü îïðåäåëåíèÿ âû÷èñëèìîé

�óíêöèè f , òî �óíêöèÿ f(g(·)) âû÷èñëèìà.
3. Åñëè a < b < c � âû÷èñëèìûå ÷èñëà, �óíêöèè f : [a, b] → R, g : [b, c] → R âû÷èñëèìû è

f(b) = g(b), òî �óíêöèÿ
h : [a, c] → R, h

∣∣
[a,b]

= f, h
∣∣
[b,c]

= g

âû÷èñëèìà.

4. Åñëè �óíêöèÿ f âû÷èñëèìà íà âû÷èñëèìîì îòðåçêå [a, b], òî �óíêöèÿ F (x) =
∫ x
a f(t)dt

âû÷èñëèìà íà [a, b].
5. Âñå ýëåìåíòàðíûå �óíêöèè âû÷èñëèìû íà ëþáîì âû÷èñëèìîì ïðîìåæóòêå îáëàñòè îïðå-

äåëåíèÿ.

Çàìå÷àíèå. Îïðåäåëåíèå âû÷èñëèìîé �óíêöèè ìîæåò áûòü ðàñïðîñòðàíåíî íà ïàðàëëåëåïè-

ïåä I ⊂ Rl
(ñì., íàïðèìåð, [4, ãë. 0.3℄).

Äîêàçàòåëüñòâî ñëåäóþùåãî óòâåðæäåíèÿ ìîæíî íàéòè â [4, ãë. 1.1℄.

Òåîðåìà 5. Ïóñòü f ∈ C2[a, b] � âû÷èñëèìàÿ �óíêöèÿ íà âû÷èñëèìîì îòðåçêå [a, b]. Òîãäà
�óíêöèÿ f ′ âû÷èñëèìà íà [a, b].

6 ÂÌÓ, ìàòåìàòèêà, ìåõàíèêà, � 2
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Çàìå÷àíèå. Ñóùåñòâóåò ïðèìåð âû÷èñëèìîé �óíêöèè f ∈ C1[0; 1] ñ íåâû÷èñëèìîé ïðîèçâîä-

íîé (ñì. [4, ãë. 1.1℄).

Åñòåñòâåííî ïîñòàâèòü âîïðîñ î âû÷èñëèìîñòè ðåøåíèé îáûêíîâåííîãî äè��åðåíöèàëüíîãî

óðàâíåíèÿ ñ âû÷èñëèìîé ïðàâîé ÷àñòüþ. Äîêàçàòåëüñòâî ñëåäóþùåãî �àêòà èìååòñÿ â [5, ãë. 1℄ (ñì.

òàêæå [6℄).

Òåîðåìà 6. Ïóñòü f(·, ·) � âû÷èñëèìàÿ �óíêöèÿ â âû÷èñëèìîì ïàðàëëåëåïèïåäå Iq+1 ⊂ R×Rq
,

x0 ∈ Rq
� âû÷èñëèìîå íà÷àëüíîå óñëîâèå.

Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êî-

øè:

ẋ = f(t,x), x(0) = x0.

Òîãäà ðåøåíèå çàäà÷è Êîøè � âû÷èñëèìàÿ �óíêöèÿ.

Çàìå÷àíèå. Åñëè ðåøåíèå çàäà÷è Êîøè íå ÿâëÿåòñÿ åäèíñòâåííûì, òî óòâåðæäåíèå íåâåðíî.

Â [6℄ ïîñòðîåí ïðèìåð óðàâíåíèÿ ñ âû÷èñëèìîé ïðàâîé ÷àñòüþ, ðåøåíèÿ êîòîðîãî íåâû÷èñëèìû â

ëþáîé òî÷êå.

Ïðèìåð ñèñòåìû îáûêíîâåííûõ ëèíåéíûõ äè��åðåíöèàëüíûõ óðàâíåíèé ñ âû÷èñ-

ëèìûì ñòàðøèì, íåâû÷èñëèìûì ìëàäøèì ïîêàçàòåëÿìè è íåâû÷èñëèìûì âåðõíèì

öåíòðàëüíûì ïîêàçàòåëåì. �àññìàòðèâàåòñÿ äâóìåðíàÿ äèàãîíàëüíàÿ ñèñòåìà

{
ẋ = u(t)x;
ẏ = v(t)y, t > 1.

(1)

Äàëåå ñòðîÿòñÿ âû÷èñëèìûå îãðàíè÷åííûå íà [1;+∞) �óíêöèè u, v.
Ïîñòðîåíèå �óíêöèè u. �àçîáüåì ëó÷ [1;+∞) íà îòðåçêè òàê:

I2j−1 = [4j−1; 2 · 4j−1], I2j = [2 · 4j−1; 4j ], j = 1, 2, . . . . (2)

Èõ äëèíû ðàâíû 4j−1, 2 · 4j−1
ñîîòâåòñòâåííî.

Ïóñòü A ⊂ N åñòü ïåðå÷èñëèìîå íåðàçðåøèìîå ìíîæåñòâî, α : N → A � �óíêöèÿ, êîòîðàÿ åãî

ïåðå÷èñëÿåò. Âîçüìåì ñòóïåí÷àòóþ �óíêöèþ

ϕ0(t) =

{
α(0), åñëè 1 6 t 6 1

2 ;∑k
j=0 2

−α(j), åñëè t > 1
2 ,

ãäå k îïðåäåëÿþòñÿ óñëîâèÿìè 4k−1 + 1
2 · 4k−1 < t 6 4k + 1

2 · 4k, ò.å. òî÷êè ðàçðûâà � ñåðåäèíû

îòðåçêîâ I2k−1.

Ïðåâðàòèì �óíêöèþ ϕ0 â íåïðåðûâíóþ �óíêöèþ ϕ1, çàìåíèâ åå ëèíåéíûìè �óíêöèÿìè ξk(t−
s2k−1) + ϕo(s2k−1) íà îòðåçêàõ [s2k−1, t2k−1] ⊂ I2k−1, ãäå

s2k−1 =
(3
2
− 1

8

)
· 4k−1, t2k−1 =

(3
2
+

1

8

)
· 4k−1, óãëîâîé êîý��èöèåíò ξk =

2−α(k)

4k−2
6 4−(k−2).

Ñãëàäèì ϕ1 òàê, ÷òîáû ïîëó÷èëàñü �óíêöèÿ ϕ2 èç C
1[1;+∞). Â ∆-îêðåñòíîñòè s2k−1 âîçüìåì

�óíêöèþ

ξk
4∆

(t− s2k−1 +∆)2 +
k−1∑

j=0

2−α(j),

à â ∆-îêðåñòíîñòè t2k−1 � �óíêöèþ

− ξk
4∆

(t− t2k−1 −∆)2 +

k∑

j=0

2−α(j).

Ïîëîæèì ∆ = 1
16 .

Ôóíêöèÿ ϕ2 íåïðåðûâíî äè��åðåíöèðóåìà, ϕ̇2(t) = 0 ïðè t ∈ I2k è 0 6 ϕ̇2(t) 6 ξk ïðè t ∈ I2k−1.

Ïîëîæèì u(t) = ϕ2(t) + tϕ̇2(t) äëÿ âñåõ t > 1. ßñíî, ÷òî u ∈ C[1;+∞) è

∀t ∈ I2k 0 < u(t) < 2, ∀t ∈ I2k−1 0 < u(t) < 2 + ξk
(
t2k−1 +

1

16

)
< 9.
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Âû÷èñëèìîñòü �óíêöèè u íåïîñðåäñòâåííî ñëåäóåò èç òåîðåìû 4.

Ïîñòðîåíèå �óíêöèè v. �àñøèðèì êàæäûé îòðåçîê I2j−1 (ñì. (2)) íà
1
2 âëåâî è âïðàâî, îòðåçêè

íîâîé ñèñòåìû îáîçíà÷èì

I ′2j−1 =
[
4j−1 − 1

2
; 2 · 4j−1 +

1

2

]
, I ′2j =

[
2 · 4j−1 +

1

2
; 4j−1 − 1

2

]
.

Îïðåäåëèì

v(t) =





0, åñëè t ∈ I ′2k;
9, åñëè t ∈ I2k−1;
9 + 18(t− 4k−1), åñëè 4k−1 − 1

2 6 t 6 4k−1;
9− 18(t− 2 · 4k−1), åñëè 2 · 4k−1 − 1

2 6 t 6 4k−1 + 1
2 .

Ôóíêöèÿ v íåïðåðûâíà, èç òåîðåìû 4 ñëåäóåò åå âû÷èñëèìîñòü.

Ñðåäè ðåøåíèé ñèñòåìû (1) èìåþòñÿ òàêèå:

exp
(∫ t

1
v(τ)dτ

)
, exp

(∫ t

1
u(τ)dτ

)
.

Èõ õàðàêòåðèñòè÷åñêèå ïîêàçàòåëè îáîçíà÷èì ÷åðåç λ1, λ2.
Óòâåðæäåíèå 1. Èìååò ìåñòî ðàâåíñòâî λ1 = 6.

Äîêàçàòåëüñòâî. Ïî îïðåäåëåíèþ λ1 = lim
t→+∞

1
t

∫ t
1 v(τ)dτ . Åñëè çàìåíèòü v ñòóïåí÷àòîé �óíê-

öèåé p̂, ðàâíîé 9 íà I ′2k−1 è 0 íà I ′2k, k = 1, 2, . . . , òî âåðõíèé ïðåäåë íå óìåíüøèòñÿ è áóäåò ðàâåí

lim
k→+∞

9

2 · 4k + 1
2

( k∑

j=0

(
4j +

1

2

)
− 9

4

)
= 6.

Ñ äðóãîé ñòîðîíû, åñëè çàìåíèòü v ñòóïåí÷àòîé �óíêöèåé p̌, ðàâíîé 9 íà âñåõ I2k−1 è 0 âíå

ýòèõ ïðîìåæóòêîâ, âåðõíèé ïðåäåë íå óâåëè÷èòñÿ è áóäåò ðàâåí

lim
k→+∞

9

2 · 4k
k∑

j=0

4j = 6.

Ñëåäîâàòåëüíî, λ1 = 6. Óòâåðæäåíèå 1 äîêàçàíî.
Óòâåðæäåíèå 2. Ñïðàâåäëèâî íåðàâåíñòâî λ2 < 2, ïðè÷åì ÷èñëî λ2 íåâû÷èñëèìî.
Äîêàçàòåëüñòâî. Èìååì

λ2 = lim
t→+∞

1

t

∫ t

1
(ϕ2(τ) + τϕ̇2(τ))dτ = lim

t→+∞

1

t

(
τϕ2(τ)

∣∣∣∣
t

1

)
= lim

t→+∞

(
ϕ2(t)−

ϕ2(1)

t

)
=

+∞∑

n=0

2−α(n),

à ýòî ÷èñëî íåâû÷èñëèìî (ñì. ïðèìåð Øïåêåðà â òåîðåìå 3). Óòâåðæäåíèå 2 äîêàçàíî.

Çàéìåìñÿ âåðõíèì öåíòðàëüíûì ïîêàçàòåëåì (â.ö.ï.) Ω ñèñòåìû (1). Èçâåñòíî, ÷òî îí ñîâïàäàåò

ñ â.ö.ï. ñåìåéñòâà �óíêöèé P = {u, v} (ñì. [7, ãë. III, � 8℄). ×åðåç R(P) îáîçíà÷èì âåðõíèé êëàññ

ñåìåéñòâà P. Îïðåäåëèì �óíêöèþ p : [1;+∞) → R, p(t) = max{u(t), v(t)}. Î÷åâèäíî, p ∈ R(P).
Óòâåðæäåíèå 3. Â êà÷åñòâå R(P) ìîæíî âçÿòü ëèøü �óíêöèþ p.
Äîêàçàòåëüñòâî. Äîñòàòî÷íî äîêàçàòü, ÷òî ∀f ∈ R(P) p̄ 6 f̄ , ãäå

ḡ
def
= lim

t→+∞

1

t

∫ t

1
g(τ)dτ .

Èç îïðåäåëåíèÿ âåðõíåãî êëàññà ñèñòåìû �óíêöèé (ñì. [7, ãë. III, �8℄) ñëåäóåò, ÷òî äëÿ ëþáîãî

ε > 0 íàéäóòñÿ òàêèå D′
ε,D

′′
ε , ÷òî äëÿ âñåõ t, s, òàêèõ, ÷òî t > s > 1, ñïðàâåäëèâû íåðàâåíñòâà

∫ t

s
u(τ)dτ 6

∫ t

s
f(τ)dτ + ε(t− s) +D′

ε,

∫ t

s
v(τ)dτ 6

∫ t

s
f(τ)dτ + ε(t− s) +D′′

ε . (3)
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Îáîçíà÷èì Dε = max{D′
ε, D

′′
ε}. Îáîçíà÷èì ïðîìåæóòêè, íà êîòîðûõ v(t) > u(t), ÷åðåç I ′′2k−1, à òå,

íà êîòîðûõ ýòî íå òàê, � ÷åðåç I ′′2k . �àññìîòðèì

I0
def
=

+∞⋃

j=1

(
(
I ′′2j ∩ [s, t]

)
), I1

def
=

+∞⋃

j=1

(
(
I ′′2j−1 ∩ [s, t]

)
).

Êîëè÷åñòâî îòðåçêîâ âèäà I ′′2j (âèäà I
′′
2j−1), ïåðåñåêàþùèõñÿ ñ [s, t], îáîçíà÷àåòñÿ ÷åðåç n0 (n1). ßñíî,

÷òî [s, t] = I0 ∪ I1,
∣∣I0 ∩ I1

∣∣ = 0. Òîãäà èç (3) ñëåäóåò

∫ t

s
p(τ)dτ =

∫

I0

u(τ)dτ +

∫

I1

v(τ)dτ 6

∫

I0

f(τ)dτ + ε
∣∣I0

∣∣+ n0Dε +

∫

I1

f(τ)dτ + ε
∣∣I1

∣∣+ n1Dε . (4)

Òàê êàê n0 + n1 6 j, åñëè t ∈ I ′j , òî n0 + n1 6 log2 t + 1. Ïîýòîìó èç (4) âûòåêàåò, ÷òî äëÿ ëþáîãî

t > 1 ñïðàâåäëèâî íåðàâåíñòâî

1

t

∫ t

1
p(τ)dτ 6

1

t

∫ t

1
f(τ)dτ +

ε(t− 1)

t
+

log2 t+ 1

t
·Dε,

ñëåäîâàòåëüíî, p̄ 6 f̄ + ε. Â ñèëó ïðîèçâîëüíîñòè ε > 0 ýòî îçíà÷àåò, ÷òî p̄ 6 f̄ . Óòâåðæäåíèå 3

äîêàçàíî. Ñëåäîâàòåëüíî, Ω = p̄.
Äîêàæåì âñïîìîãàòåëüíîå ïðåäëîæåíèå. Ïóñòü ÷èñëà t0, t1, C0, C1 òàêîâû, ÷òî 1 6 t0 6 t1/2, 0 6

C0 6 C1/2. Îïðåäåëèì �óíêöèþ χ : [1;+∞) → R òàê: χ íåïðåðûâíà íà [1; t1], 0 6 χ(t) 6 C1 è

χ(t) =

{
C1, åñëè t ∈ [t0; t1];
C0, åñëè t > t1.

Ëåììà. Ôóíêöèÿ

1
t

∫ t
1 χ(τ)dτ íå óáûâàåò íà [t0; t1] è íå âîçðàñòàåò ïðè t > t1.

Äîêàçàòåëüñòâî. Ïóñòü t ∈ [t0; t1]. Ââåäåì îáîçíà÷åíèÿ

J0 =

∫ t0

1
χ(τ)dτ , θ = t− t0, Φ0(θ) =

1

t0 + θ

∫ t0+θ

1
χ(τ)dτ .

Òîãäà

Φ0(θ) =
1

t0 + θ
(J0 + C1θ), Φ′

0(θ) =
C1t0 − J0
(t0 + θ)2

> 0.

Ïóñòü òåïåðü t > t1. Îáîçíà÷èì

J1 =

∫ t1

1
χ(τ)dτ , θ = t− t1, Φ1(θ) =

1

t1 + θ

∫ t1+θ

1
χ(τ)dτ .

Òîãäà

Φ1(θ) =
1

t1 + θ
(J1+C0θ), Φ′

1(θ) =
C0t1 − J1
(t0 + θ)2

=
C0t1 − J0 − C1t1 + C1t0

(t0 + θ)2
6

C1
2 t1 − J0 − C1t1 +

C1
2 t1

(t0 + θ)2
6 0.

Ëåììà äîêàçàíà.

Îïðåäåëèì �óíêöèè p̂1(t) = max{p̂(t), u(t)}, p̌1(t) = max{p̌(t), u(t)} (ñì. äîêàçàòåëüñòâî óòâåð-

æäåíèÿ 1). Èç èõ îïðåäåëåíèÿ èìååì

lim
t→+∞

1

t

∫ t

1
p̌1(τ)dτ 6 p̄ 6 lim

t→+∞

1

t

∫ t

1
p̂1(τ)dτ .

Äàëåå, äëÿ ëþáûõ ÷èñåë T1 ∈ I2k−1, T2 ∈ I2K ñïðàâåäëèâû íåðàâåíñòâà

1

T1

∫ T1

1
(p̂1(τ)− p̌1(τ))dτ 6

1

4k−1
(9 · (2k − 2)),

1

T2

∫ T2

1
(p̂1(τ)− p̌1(τ))dτ 6

1

2 · 4k−1
(9 · 2k). (5)
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Ïðàâûå ÷àñòè íåðàâåíñòâ (5) ìåíüøå 2−k
ïðè k > 10, ÷òî îáåñïå÷èâàåò ý��åêòèâíóþ ñõîäèìîñòü ê

íóëþ ïðè T1,2 → +∞. Ïîýòîìó

p̄ = lim
t→+∞

1

t

∫ t

1
p̌1(τ)dτ .

Òåîðåìà 7. ×èñëî p̄ íåâû÷èñëèìî.
Äîêàçàòåëüñòâî. Èç ëåììû ñëåäóåò, ÷òî

lim
t→+∞

1

t

∫ t

1
p̌1(τ)dτ = lim

k→+∞

1

2 · 4k
∫ 2·4k

1
p̌1(τ)dτ .

Ïîñëåäíèé èíòåãðàë ðàâåí

9 ·
k∑

j=0

|I2j+1|+
k∑

j=1

ϕ0(4
j)|I2j | = 9 ·

k∑

j=0

4j +

k∑

j=1

j∑

i=0

2−α(i) · 2 · 4j−1 = 3(4k+1 − 1) + 2 ·
k∑

j=1

4j−1 · s(j)

(ñì. (0)). Îòñþäà ïîëó÷àåì

1

2 · 4k
∫ 2·4k

1
p̌1(τ)dτ = 6− 3

2 · 4k +
k∑

j=1

4j−1−k · s(j). (6)

Òàê êàê 6− 3
2·4k

ý��åêòèâíî ñòðåìèòñÿ ê 6, ðàññìîòðèì ïîñëåäíåå ñëàãàåìîå â (6). Îáîçíà÷èì

ck =
∑k

j=1 4
j−k−1s(j). Ïîñëåäîâàòåëüíîñòü {ck} îãðàíè÷åíà ñâåðõó

2
3 . Îöåíèì ðàçíîñòü ñîñåäíèõ

÷ëåíîâ:

ck+1 − ck =
1

4
s(k + 1) +

k∑

j=1

(4j−k−2 − 4j−k−1) · s(j) = 1

4

(
s(k + 1)− 3

4
·

k∑

j=1

s(j)

4k−j+1

)
>

>
s(k + 1)

4
− 3 · s(k)

16
·

k∑

j=1

1

4k−j
=
s(k + 1)

4
− 3 · s(k)

16
·
1− 1

4k

3
4

>
s(k + 1)− s(k)

4
= 2−α(k+1)−2.

Ñëåäîâàòåëüíî, ïîñëåäîâàòåëüíîñòü {ck} ìîíîòîííî âîçðàñòàåò, à ïîòîìó ñõîäèòñÿ ê íåêîòîðîìó äåé-
ñòâèòåëüíîìó ÷èñëó C. Ïðåäïîëîæèì, ÷òî ýòà ñõîäèìîñòü ý��åêòèâíà, ò.å. ñóùåñòâóåò âû÷èñëèìàÿ
�óíêöèÿ β : N → R, β(n) > n, òàêàÿ, ÷òî

∀n ∈ N ∀k > β(n) C − ck 6 2−n.

Òîãäà ïîëó÷èì, â ÷àñòíîñòè,

∀k > β(n) 2−α(k+1)−2
6 ck+1 − ck 6 2−n,

îòêóäà ñëåäóåò, ÷òî 2α(β(n)+1) > 2n−2
, ò.å. α(β(n) + 1) > n − 2, ÷òî ïðîòèâîðå÷èò íåðàçðåøèìîñòè

ìíîæåñòâà A, êîòîðîå ïåðå÷èñëÿåòñÿ �óíêöèåé α (ñì. äîêàçàòåëüñòâî òåîðåìû 3). Çíà÷èò, ïðàâàÿ

÷àñòü (6) ñòðåìèòñÿ ê íåâû÷èñëèìîìó ÷èñëó 6 + C. Òåîðåìà äîêàçàíà.
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