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['padur-pacimupuresn u UX IPUMEHEHUSI
B TEOPHUU KOJUPOBAHUSI

C. B. l'amkos

1. BBEAEHUE

I'padsi-pacimpuresn (10 aHITIMACKE SKCIAHEPHI) — 9TO OYeHb UHTEPEC-
HBII KJ1acc rpadoB, N3ydeHre KOTOPBIX IEePBLIMU HAYAJA MOCKOBCKIE MaTEMa-
tuku M. C. [Tunckep, JI. A. Baccanpiro u I'. A. Maprysuc B ceMuiecsiTbie TOTbI
[IPOIIJIONO BeKa. 3a IPOIeiiee BpeMst 3TU I'padbl HAIIX MHOTO HEOXKHUIAH-
HBIX NPUMEHEHWi, HAIIPUMEP B TEOPUM CJIOKHOCTU BBIYUCJIEHUI U B TEOPUU
KOJIMPOBAHMSA. 3araJI09HBIM 00pa30M OHM OKa3aJIMCh TAKKe CBSI3AHBI C JaJIe-
KUMH OT KJIACCHIECKON Teoprnu IpadoB pasaesaMu COBPEMEHHON MaTeMaTUKMI,
HaIIpUMep, C TeopUell I'PYIII U TeOPUE Yuces1, U sBJISIOTCA B HACTOLAIIee Bpe-
MsI [IPEIMETOM aKTUBHBIX UCCJIEIOBAHMIA, Beynuxcs (yBbl!) B OCHOBHOM 3apy-
Oe’KHBIMI MaTeMaTuKaMu. bubmmorpadust mo 3Toit TeMe HACUUTHIBAET COTHU
nyoaukamnuii. Yuraresaio npejjiaraercss 0030p HEKOTOPBIX U3 HUX, B OCHOBHOM
CBSI3aHHBIX C Teopueil KogupoBanus. Hajeemcs, 4To ol Oymer criocobcTBOBAThH
AKTUBU3AIMHN TOJ00HBIX UCCICIOBAHUN B HAIIEH CTpaHe.

YacTb 10Ka3aTeJbCTB YIPOIIeHa IO CPABHEHWIO C OPUTHHAJLHBIMHU
CTaTbAMU.

1.1. YTO TAKOE I'PA®BI-PACHIVNPUTEJIN

I'padsr-pacimupuresnn 6puin Bruepsbie Beejerbl M. C. Iunckepom [1] (em.
Takxke [2,3]).

OnpenennTs UX MOXKHO CjeayionmM obpas3oM. PaccMoTpuM HeopueHTHPO-
Banublii rpad G (BO3MOXKHO € HETIAME U HAPAJICTbHBIMA PeOPaMu ), OOBITHBII
WM JIBYJIOJIbHBII (BCe HEOOXO/MMBbIE OIIPEJICJICHUs] 13 TeOpUU rpacoB MOXKHO
HaiiTu, Hanpumep, B [4]). st npousBobHOrO MHOXKeCTBa S ero BepiinH (B3si-
TOrO U3 OJHOM JIOJIH, €CJIA OH JIBY/IOIBHBII) 0603HadnM 0.5 MHOXKECTBO pebep,
BBIXOJSINIMX U3 S B €ro JIONOJHEHNE, ¥ HA30BEM ero pebeproti eparuyeti. Muo-
JKECTBO KOHIIOB 9THX pebep obosznaunM I'(S) u HazoBeM sepuuurhotl eparuyel.

Hazosem pebeprovim (6epuunnvim) ommowernuem pacwupenus rpada G

MaTtemaTtuueckoe npoceeweHue, cep. 3, sbin. 13, 2009(104-126)
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YHCJIO

—  min 195l
he(G) = min, o

{5151<5}

1 COOTBETCTBEHHO YMCJIO

h(G) = min @
(sis1<y 19

Tocaeosaresbuocts G d-perymspibix rpacdost) ¢ pacryimm auciom Bep-
IIMH HA3bIBACTCS CeMelicmeom epados-pacwupumened, ecii cymecryer € > 0
TaKoe, 9TO JIsi J1000ro ¢ crupaseymBo HepaBeHCTBO h(G;) = € (he(Gi) > e,
€CJIn paccMaTPUBAETCsT peOEPHOe PACIINPEHIE).

D10 camoe 0bIIee onpeJiejicHIe, HO B Pa3HBIX CTATBhsIX C PAa3HBIMU IeJIsi-
MH JIAIOTCS Pa3HBIE €ro BApUAHTHI, MHOIJIA JIJIs IPOU3BOJIBHBIX, HO Yalle JIst
JIBYJIOJIBHBIX T'padOB, PEryJIsiPHBIX ¢ OJHOMN MJIK C JBYX CTOPOH (He 0bsi3areib-
HO PaBHOI MOIHOCTH) M KaK [IPABHUJIO JIsi CJIydasl BEPIIMHHOIO PACIIINPEHHUST;
4aCcTO TaKKe CIENUAJU3UPYIOTC YIACTBYIONIUE B ONPEIEICHUN apaMeTphl.

1.2. YTO TAKOE JIMHEMHBIE KO/

Bbunaphvim aunetinoim Ko0om JJIMHBL 1 HA3BIBAETCS JII0O0E MHOXKECTBO JBO-
UYHBIX BEKTOPOB JIJIMHBI 7 TAKOE, 9TO PE3YJIbTAT MTOKOMIIOHEHTHOI'O CJIOXKEHUST
10 MOJLYJIIO JBa JIIOOBIX ABYX €r0 BEKTOPOB BCETIa IPUHAIJIEKUT KOILy. JHCII0
eJIMHUIL B CYMMe JIBYX BEKTODPOB II0 MOJIYJIIO JIBa HA3BIBAETCS PACCMOAHUEM
ME2K/1y 9TUMU BEKTOPpaMMU. MI/IHI/IM&JII)HOG pacCTossHUEe MEeXKAYy Pa3HbBIMH BEK-
TOpaMu KoJia (K0006bMU CA06aMU) HABBIBAETCS paccmosnuem koda. JInHeiHbit
KOJI MOXKHO PacCMaTpUBaTh KakK JIMHEIHOe IIPOCTPAHCTBO HAJ, IMOJIEM U3 JABYX
9JIEMEHTOB. Pa3MepHOCTb 9TOT0 MPOCTPAHCTBA €CTh PA3MEPHOCTG K00d.

Jlunelinble KOOLI MOXKHO OIPEAEJHUTL U Hal, JIOOLIM KOHEUHLIM IIOJIEM.
[Tycrs GF(q) — KOHe4YHOE TOJIe U3 siementos?). HazoBeM ¢-MdHbIM JiiHedi-
HbIM KOoztoM C' JUIMHBL 1 1 pasMepHocTH k (COKpAaIeHHo [n, k]-Kogom) sroboe
JHefiHoe k-mepHoe nojpocrpanctBo C npocrpanctBa GF(q)™ Bcex n-mep-
HBIX BekTOopoB HaJs mosieM GF(q). Yucno R = k/n HasbiBaeTcst nponycknot
cnocobrocmvlo Kofa (st TOro, 9ToObI BOCIIOJIB30BATHCSA KOJOM, HAJO IIPO-
HU3BOJIbHOE @-NUYIHOE CJIOBO JIMHBI k IpeBpaTUuTb B KOJA0OBO€ CJIOBO IJIMHBI T
¢ IOMOIIBIO HOAXOJSIIEro Koaupyiomero orobpaxenns GF(q)* — C.) Pac-
cmoanuem Xemmunea Mexky BekTopamu =,y € GF(q)" HaspiBaeTcs 9nCiIo

YUT.e. rpadoB, y KOTOPBIX 9rCI0 pebep, BBIXOAAIMX U3 KayKI0H BEpIIMHBI PAaBHO d.

2)HukaKux CyIIeCTBEHHBIX CBEJEHUIl N3 TEOPHH KOHEUHBIX IOJIEH aJiee He MOHALOGHTCSL.
Tosie3H0, 0ZIHAKO, 3HATH, YTO HOPSIAOK 110JIs (IMCII0 HIEMEHTOB B HEM) €CTh CTEIIEHb IIPOCTOIO
qUCIA, W KAXKJIOE TIOJIE ONPEMENSIeTCS MO CBOEMY MOPSIKY OJHO3HATHO (C TOYHOCTBIO O
n3omopdusmMa), bsaromapss UeMy Iojie Hopsiaka ¢ obbraHo obosuadaercs GF(q) (mepsas
GyKBa HAIIOMHHAET O IIEPBOOTKPBIBATEJIE KOHEIHBIX TTosIeil DBapucre Lamya).
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p(z,y) KoOpMHAT, B KOTOPBIX 3TH BEKTOPA He COBIAIAIOT. JIerKo BUIETH, ITO
TaK OPEJIEJEHHOEe PACCTOSIHIE COBIAJIAET B CJlydae ¢ = 2 ¢ BBEJICHHBIM BBIIIIE,
U JIJIs1 HETO BBITIOJTHEHO HEPABEHCTBO Tpeyrosnbauka p(x,y) < p(z, z) + p(y, 2).
KO,I[OBI)HVI PacCCTOdAHUEM Ha3bIBa€TCd, KaK " 6I/IHapHOM ClIydae, MUHUMAJIbHOE
paccTosiHue MeXKJly Pa3HBIMU KOJOBBIMHU BEKTOpaMu. JIerko BUJIETH, YTO KO-
JIOBOE PACCTOSIHYE JIMHETHOrO KOJ[a PABHO MHHMMAJIbHOMY BECY, KOTOPBIi MO-
JKeT UMeTb HEHYJICBOM KOJOBBIII BEKTOD <6€COM 6EKMOPa HA3BIBACTCS YIUCJIIO
ero HeHyJIeBbIX KoopjuHar). OTHOIIEHNE KOJOBOIO PACCTOSHUS K JITIMHE KO/
HA3BIBACTCS OMHOCUMEADHBM KOOOBHIM DACCTNOANUEM.

Eciu [n, k]-xox nmeer kojioBoe paccrosinue d = 2t + 1 (Takue KOJbl 9acTo
Ha3bIBAIOTCsL [N, k, d]-KoJjaMn), TO OH MOXKeT HCHPABJSATH BIUIOTH J0 { OIIN-
6ok. [eiicTBUTEIbHO, €CIM IIPH [Iepe/iade KOJOBOrO CJI0Ba & B HEM IPOU3OIILIO
t omuboK, TO MbI HOJIYIMM HCKasKeHHOEe CJI0BO ', Jyist Koroporo p(z’,x) = t.
ITo nckazkKeHHOMY CJIOBY MOYKHO OJIHO3HAYHO BOCCTAHOBHUTD KOJIOBOE CJIOBO, TaK
KaK, €CJIM U3 JIBYX PA3HBIX KOJOBBIX CJIOB T, Y IIOJIyYEHO OJIHO U TO XKe NCKAKEeH-
Hoe He Gostee ueM ¢ omubKkamu cjioBo ' = y' = z, TO, COITIACHO HEPABEHCTBY
TPEYroJIbHUKA,

2t+1=d < p(z,y) < plz,2) +ply, 2) < 2,

a 9TO HEBO3MOXKHO. BoccTaHOBJIEHHE KOTOBOIO CJIOBA 10 MCKAYKEHHOMY CJIOBY
HasbIBaeTcs dexoduposaruem. OUEBUIHBIA aJICOPUTM JIEKOJIUPOBAHUS 3aKJII0-
JaeTcd B 1epebope BCex CJIOB, VIAJEHHLIX OT MCKAXKEHHOrO CJIOBa Ha PacCTo-
siHpe He OoJiee t, U IPOBEpKe UX Ha IPUHAIIE’KHOCTH JaHHOMY KOIy. Bmecro
9TOr0 MOYKHO TIepebupaTh BCe KOJOBBIE CJIOBA M UCKATL CPEJIU HUX OJmzKaii-
mee K JAHHOMY HUCKaXKEHHOMY CJIOBY. JIJis MPOM3BOJIBLHOIO JIMHEHHOTO KOja
9TH aJrOPUTMBI MOTYT PabOTaTh CJIMIIKOM MeIJIeHHO. B Teopuum kKomuposa-
HUS pa3pabOTaHbl MHOYKECTBO METO/I0B 3P HEKTUBHOIO IOCTPOCHUS JTUHEHHBIX
(1 HE TOJIBKO JINHEHHBIX) KOJIOB € JIOCTATOYHO OBICTPBIME aJIFOPUTMAMU KOJIU-
POBaHMS U JeKOAUpOBaHus. V3-3a OrpaHMYeHHOCTH MECTA, JIJjIs O3HAKOMJICHUS
C HUME MbI BBIHYKJIEHbI OTOC/IATH YUTaTesls K ClelnaibHOll juTeparype (Ha-
upumep, [5]).

O tHaKO TIPUMED OJIHOTO BaYKHOTO B TEOPETUYECKOM U MPUKJIATHOM OTHOIIIE-
HUM KOJa MOXKHO OIIMCATH B HECKOJBKHMX CTpOYKaxX. IT0 Kox Puna-Coomona
nayt nosieM GF(q) (cokpamenno RS-kon). IIpocreiimuii BapuanT ero mocrpo-
enus ciaepyonmit. Ilycrs k < n < ¢. ComocraBuM KaxKJIOMy BEKTOPY a €
GF(q)* muorousen

a(z) =ap+ a1z + ...+ ap_12"' € GF(q)[X]

crenerun k — 1 wag momem GF(q). Ilycrs x1,...,x, € GF(q) pasaudnbie
9JIEMEHTBI 9TOro MoJjst. PaccMorpuM JinHeiiHOe oTrobpaxkenue [ : GF (q)k —
GF(q)", oupenensiemoe pasencrsoM [(a) = (a(z1),...,a(z,)) € GF(q)". O6-
pas [(GF(q)*) ¢ GF(q)" aroro orobpaskenus — Jmmeiinbiii ko C, HazbiBae-
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mblit RS-kozom. B cuiy mepasencrBa m > k muOorodieH a(x) crenenu k — 1
OJIHO3HAYHO BOCCTAHABJIMBAETCS 110 CBOMM 3HAYEHHUSIM B 7, TOUYKAX, HOITOMY
orobpazkenne | : GF (q)k — (' B3aMMHO OJHO3HAYHO, 3HAYUT, MOIITHOCTDH KO-
na C pasra ¢F, mostomy ero pasmeprocTh pasHa k. Kogosoe paccrosue
d(C) = n—k+1, Tak Kak j1st J1I060r0 HEHYJICBOI'O MHOTOIEHA a(X) BEKTOP €ro
snadennit (a(z1),...,a(ry)) € C C GF(q)" nmeer Bec, He MeHbIHA 1 — k + 1,
IIOTOMY YTO HEHYJIeBOil MHOTOUJIeH cTernenu k — 1 umeer ue 6ostee k — 1 KopHeii.
Ha camowm sieste d(C') = n— k+ 1, moroMy 4T0 COIVIACHO TaK Ha3bIBAEMON Ipa-
aune Cuarrona’) st 1060ro [n, k]-xoma d(C) < n— k+ 1. Kogpr, nexarue
HA 9TOH TPaHUIE, HA3BIBAIOTCI K00aMU ¢ MAKCUMAALHBM paccmosruem. Kax
BUM, TakuMu siBisiorest RS-konpid) . Jlokasarennerso rpamnips CHHIITOHA
JIOBOJIBHO IIPOCTO U TO3TOMY OCTABJISETCS YUTATEIAM (€CTh BO3MOXKHOCTH €ro
npounTtarh, Hapumep, B [5]). Ho nmocrpoenne GbICTPhIX aJropuTMOB KOIUPO-
BaHUsI U JIEKOIMPOBAHUSI COBCEM HEIIPOCTO U MbI BBIHYKJIEHBI OISITH OTOCIATH
quTaTess, HApUMep, K [5).

Henocrarkom xomoB Puma — CostoMoHa siBJIsIeTCsT OTPAHUIEHHOCTD UX 0J10-
KoBOH bl N < ¢. [asee OyaeT onucaHo MOCTPOEHUE HEKOTOPBIX KJIACCOB
JIMHEHHBIX KOJOB C IPOM3BOJIBLHON OJIOKOBOH JJIMHOMN, Yy KOTOPBIX M KOIOBOE
paCCTOsTHIE, W CJIOXKHOCTH AJTOPUTMA JIEKOJIMPOBAHNSI, W YHCJIO UCIIPABJIsEe-
MBIX UM OINMUOOK PACTyT JIMHEHHO ¢ pocToM OJIOKOBOU bl HekoTopble u3
9TUX KOJOB Osim3Ku K rpanutie CHHTITOHA.

MeTobl TIOCTPOEHMST STUX KOJIOB OCHOBaHBI Ha IMPUMEHEHHH I'padOB-pac-
HIUpUTESIENl U HEKOTOPBIX IIPOCTHIX PE3y/ILTATOB JUHEWHON aJiredphl 1 He Tpe-
OyIOT 3HAHUS TEOPUU KOJMPOBAHUS.

2. CIIEKTP I'PA®A U I'PA®BI-PACHINPUTEJIN

Nsydenne pebepHOro pacimpenns OOBITHBIX d-Pery/sipHbIX IpadoB MOXK-
HO CBECTHU BEPIIUHHOMY PACIIUPEHUIO JIBYIO0JBHBIX IIPABO-d-PETYJISAPHBIX U JIe-
BO-2-peryJisipHbIX rpados, eciau 3amennTb o0branblii rpad G = (V, E) na jasy-
JOJIBHBIN rpad ¢ mossamu V', E, B kotopom v € V u e € E COeauHsIIOTCS
pebpoM, ecim U TOJILKO eciii B o0braHoM rpacde G v u e mHimaenTtHol. Jlasee
JJ1s1 OOBITHBIX Ipad OB pacCcMaTPUBACTCS pebepHOe PaCIIupPEHNE.

2.1. CIEKTP I'PA®A

ConocraBuM npou3BOJIbHOMY d-peryiaspHoMmy rpady G ero mMarpuily
CME’KHOCTHU BEPIIHUH, T.€. MaTPHILY, d1eMeHTbl KoTopoit A(G); j paBHBI dHCILy
pebep, COeIMHSIIONINX § U j. DTa MATPHUIA JefCTBUTEIbHAS 1 CUMMETPUIecKas,

D910 pamumms, a me Tepmun!
4) Bunapubie KOIBI He TOCTHTAIOT STOM TDAHIIIBL.
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[TO3TOMY BCe ee COOCTBEHHBIE 3HAaUeHUs! JeficTBuTeIbHBL. OO03HAYNM UX B yObI-
BAIOIIEM MOPSIJIKE A\ > ... > A\p. 3ameruMm, uro Ae = de, tie e = (1,...,1),
MOTOMY 9TO B KarKJOW CTPOKE MaTPHUIBI CyMMa UHCes] paBHA d, W OYEBUJIHO
JJIsT JTII000r0 v

|(Av)i| = | Y Agjoj| < dmax |v;| = dJo],
1=1

nosromy gyist jmoboro A; u AV = A\;V; umeem |AV;| = |);]|V;] < d|Vj], orky-
na |Aj| < d = A. Kparnocrs dncia A paBHa 9HCIy KOMIIOHEHT CBSI3HOCTH
rpada. ITosromy rpad cBsizeH TOrja U TOJBKO TOTJIA, KOTTa A1 > Ag.

I'pad sBisterca ABYHOJBHBIM TOTA W TOJBKO TOT/A, KOTIA A, = —Aj.
B sTom cirydae Bce ero cobcTBeHHBIE 3HAYECHUS PA30UBAIOTCS HA MAaPbLI IPOTH-
BOIIOJIO?KHBIX 110 3HAKY.

JlefiCTBATE/ILHO, PACCMATPUBAs JIIOOYIO €r0 KOMIIOHEHTY CBSI3HOCTH W IIpeJIojiarasi, YTo
Av = —dv, nmeem

dlvi| = |(Av)i| = > Ay | <D Ayl
j=1 j=1

BbIOUpas ¢ Tak, 4ToOkl |v;| = |v| = max; |v;|, moaygaem, aro

n n
dlv| = dlvi| < Aglvg] <Y Aiglo] = du],
i=1 i=1

OTKyJIa " N
dloil =Y Aglvs| = Y Aglvs| > Aiglol,
j=1 JED(4) j=1

3HAYUT, BO BCEX BEpIIMHAX Ipada, COCEIHUX C BEPIINHONW B KOTOPOH ¥ MAKCUMAJIBLHO IO MO-
AYJIIO0, MOJYJIb ¥ UMeeT TO 2Ke 3HadeHUe. ,HBHF&HC]) 110 BepImuHaM KOMIIOHEHTbI CBA3HOCTH,
HO.Hy‘IaeM, 9TO Ha HHUX Be3e MO,ZLyJIb vV OJWHAKOB. PaCCManI/IBaﬂ MHO2KECTBa BEPIIWH, B
KOTOPBIX 3HaAYCHUA U PaBHBI, II0JIy9aeM JIBa HEIIEPECEKAIoNNXCdA ITOIMHO2KECTBa paCcCMaTpu-
BaeMoii KoMIoHeHTbl. OHU sABJIAIOTCS JIOJISME JIBYAO0JIBHOTO rpada, Tak KaK BHYTPH HUX He
ObIBaeT pebep, MHAYE JJIsi OJHOM W3 BEPIIUH MOJIYIUI0Ch ObI HEPABEHCTBO

id|'[}| = *d’Ui = (AU)Z = ZAijUj = Z Aij + |’U‘ > *dvi.

Jj=1 JET(3)
Tak KaK KOMIIOHEHTHI JIBYJIOJIBHBI, TO U Bech rpad aByaoseH. Eciu ke 0oH IBY/I0€H, TO €ro

MaTpUIa UMEET BU]T
0 B
A= ( o B )

n

AU,‘ = (AU), = ZAU’UJ',

j=1

Ecim

TO, MEHAS 3HAK y ¥ Ha BCEX BEPIIMHAX OLHOM IOJIH, IIOJIydaeM, ITO
n
7AU¢ = (Av)l = E Aij’Uj,
Jj=1

T.€. —\ — TOXKe COOCTBEHHOE 3HAYEHHE.
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Paznocts d — Ay = A1 — A9 Ha3BIBAETCST CNEXMPANLHLIM 3a30pom. Bce
rpadbl, UMEIOIIHE MOJIOXKUTEIbHBIN CIEKTPATBLHBIN 3a30D, SIBJSIIOTCS PACIIU-
purensymu. Obo3HAUNM (1 MOYITH CIEAYIONEro mo abCoMOTHON BeTndmHe cob-
CTBEHHOI'O 3HAYEHWUsI T10CJIe MAKCUMAJILHOTO 3HaueHust d (10 Olpe/IeJIeHHIO ([t =
= max{|\2|, |\n|}, eciiu rpad HE ABYHONBHBINA, U 1 = A2, €CJIU OH JIBYIOJIb-
HBII1).

B [6,7] nokaszano®’, uro jyisi 06010 d-peryssipHoro n-BepiimHHOro rpada
CIIPABEITUBO HEPABEHCTBO 1 > v/2d — 1 — €y, TOe €, — 1.

JokazareabcTBO 9TOrO JI0CTATOYHO caoxkHOe. B [8] mpusesena 6osee cia-

5)

Gast orenka (1 > \Vd(1 — €,) cO CIeIYIONIM IPOCTHIM JTOKA3ZATETHCTBOM.

IIycts A — MaTpuIa CMEKHOCTH BEPIIUH rpada. SICHO, 9TO AMaroHabHBIE JIEMEHTHI
marpuipl A¥ ecrb umcsno myreit mHbL k, HAUMHAIONMXCS ¥ 3aKAHIUBAIOIAXCA B COOTBET-
cTByOMIEl BepirHe rpada. B 4acTHOCTH, UArOHAIBHBIE 3JIeMEHTHI MaTpuIbl A% He MeHbIIe
d, TaK KaK BCErJa €CTh d TPUBUAJIBHBIX ITUKJIOB JJINHBI 2, TPOXOISIINX depe3 JTIOOYI0 BEPIITH-
ny. ostomy ciex tr(A?) > nd. C apyroii croponsl, Marpuma A? mmeer cobCTBEHHBIE THCTIA
A\?, mosTomy

tr(A%) = znjxf =d +zn:)\? <d? 4 pP(n - 1),
oryma p? > dn—d)/(n—1)=d(1 - (d—1)/(n —1)) = d(1 — €,).

B [6,7,9] d-perynsipubie rpadbl, it KOTOPBIX (= v/2d — 1, n ABy10/1b-
HBIE JIBYyCTOPOHHE d-peryJisipHble rpadbl, /IJist KOTOPBIX Ay = v/2d — 1, Ha3BaHbI
epagpamu Pamanydorcana. dpyrumu cioBamu, rpadamn Pamanymkana Ha3bl-
BarOTCsI rpadbl ¢ HAUOOJIBITUM CIEKTPAJIBHBIM 3a30POM. DTHU Tpadbl JOCTUATA-
0T HAUMEHbIel rpanunbl 4 = v/2d — 1 1y d-peryasprbix rpados. [locTpo-
eHbl OHN ObLIN He3aBucuMo B |6, 13| mis caygas d = p + 1, tae p — mpocroe.
B [14] 511 pe3ynabrarsl OblaK I€peHeCceHbl Ha caydail d = p* + 1. Jlnst mpyrux
d rpacdbl PamanymkaHa HEM3BECTHBI.

IIpumepsl 3Tux rpadoB CTPOSITCS HE OYEHB CJIOKHO, HO CJIOKHO JIOKA3BIBAETCS] UX MPa-
BUIbHOCTE. B [7] 910 3anmMaer nouru Beio Kaury®.

Cormnacno [6,13] rpadom Pamanymxana asaserca rpad Komn mua rpynmer PGL(2, Zy),
T. €. IPOEKTUBHOM JIMHEHHOHN IPYIIILI MATPUL] BTOPOTO MOPSIIKA HaJ I0JIeM Zg CO CIIEIUAIBLHO
BBIOpaHHBIM (p + 1)-9JIEMEHTHBIM MHOXKECTBOM S, TJIe P — MPOCTOE, HE PABHOE (.

ITycrs G — rpynmna u S — ee nogmuoxectso. I'pap Koau C(G,S) — aro opueHTHpO-
BaHHBIN rpad, nmeomuil G MHOXKECTBOM BEDIIWMH, B KOTOPOM yIOpsodeHHas napa (g, h)
aABJyIseTCsS pebpoM, ecian g = hs, s € S. Ecim S 3aMKHYTO OTHOCHTEILHO MHBEPTHPOBAHUS,
Te s €S = s ' €S, 1o rpad C(G,S) MOKHO paccMaTpHBaTh KaK OBBIYHBLIH HEOPH-
earupoBanubiii rpad. OdeBnano, on Gyner |S|-perynapubim. Ecom S — mopoxgpatomee G
MHOKECTBO, TO OH OyJIeT CBSI3HBIM, TaK KaK JyIsi JIOObIX ¢, h HaliayTcsa s; € S, Takue 9To
g = hsi...Sm, U 9T BEPINUHBI CBsI3aHbI myTeM h, hsi, hs1S2,...,hs1...8m = g. OueBun-
HO, BepHO 1 obparHoe. OueBUIHO TakXKe, 4To rpadbl K3/u BEPIINHHO TPAH3WUTUBHLI, T. €.

RUSTT TeopeMa npuHaIeRknT Asony u Bommnane.

9TIpo rpadbl TaM TONBKO TPEThs IVIaBA, HO JOKA3ATEIBCTBO OIMMPAETCS HA Pe3y/IbTaThI
IIEPBBIX JIBYX IVIaB O MOAYJISPHBIX (hOopMax, B KOTOPBIX pelaercda npodieMa Pamanymxana,
OTKY/Ia BUJIMMO W IPOU3OIIJIO HA3BaHME IPAdOB.
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JIIO0YI0 BEPIITIMHY MOXKHO TIEPEBECTHU B JIFOOYIO JPYTYIO MOAXOISIIAM aBTOMOPdu3MOM rpada
(T. €. mEpECTAHOBKOM BepINUH, IIePeBOAIIeil pEGpa B pEGpa).

Ipymna PGL(2,Zq) oupenensierca Tak: 6epem rpymy GL(2,Z4) HEBBIPOXKIECHHBIX MAT-
PUIL BTOPOTO MOPSIJIKA W BBIYUCJAEM €€ (PaKTOP-IPYIITy MO MOATPYIINe CKAJAPHBIX MATPHIIL,
T. €. MaTPUIl, KPATHBIX €JUHUIHON (9TH MATPUIBI 0OPA3yIOT HEHTP TPYIIbI, TAK KAK KOM-
MYTHPYIOT CO BCEMU MATPHIIAMH, a IEHTP OYEBUHO SABJSETCA HOPMAJBHBIM JIEJATEIEM U
daxrop-rpynna JedcTBUTENBLHO CymecTByeT). Jpyrumm cioBaMu, MaTpUNBl Pa3OGUBAIOTCH
HA KJIACCHI KBUBAJEHTHOCTH IO OTHOIIEHWIO MTPOMOPIUOHAJIBHOCTH MATPHIL JIPYT APYTY B
OBLIYHOM €CTECTBEHHOM CMBICTIe. UnTaTe b MOXKET IPoBepHuTDh, uto |PGL(2, Z)| = q(¢* —1).
Ioapo6uoctu cm. [6,7,9].

Yepes BTOpPOE 10 BEJIHMUMHE COOCTBEHHOE HUUCO (4 Tpada MOXKHO OIEHUTH
CPEJIHIOI0 CTEleHb ero TmoArpada, MOPOXKIEHHOTO JAHHBIM TOAMHOXKECTBOM
BepmuH S.

B [8] 0606mienHbIiT BapuanT coorBercTByfomeii ieMMbl u3 [10] 1aH B Takom
BuUje: 0as d-peeyaaprozo epaga G u moboix nodmmroocecms S, T ezo sepuiun

_ i)
n

[E(S, T < pV/ISIITY,

2de |E(S,T)| — wucao pebep, udywux us S e T. IIpu srom pebpa, coenutsito-
mue Beprnabl S UT, yauThBaroTCs JABazKibl, Tak Kak B [8] F(S,T') oupeses-
eTcst KAaK MHOYKECTBO OPUEHTUPOBAHHBIX pebep, uaymux u3z S B T (HeopueHTH-
poBaHHbIe pebpa MOHUMAIOTCS KaK Mapbl pebep, OPUEeHTUPOBAHHBIX B PA3HBIX
HAIIPABJICHUSIX ).

Ora seMMma B |8] HasBaHa cMemmaHHON JieMMoil o pacmupnTensax. B [11]
JIOKA3aHO CJIe/lyIoNIee ee obpalieHue.

Ecau G — d-pezyaaprnoiti epad, 0rn Komopozo ece20a 8bNOAHEHO HEPABEH-

cmeo
d|S||T
(5,7 - | < /18]I
d
p

npu Hexomopoti noaoscumenvhot konemanme p, mo u(G) = O(p(1+log(-))),
NpUMEM OUEHKA TROYHA.

U3 j1leMMbl O PACIIUPUTEINSIX CJIEJYET, UTO 0AA M-8EPUUHHO20 d-pe2yanp-
noz2o pacwupumens ¢ < d/2 u 06020 mmoocecmasa sepuiun S, |S| < n/2,
Cmenens 6ePUURHO20 PACULUPEHUS

NINC)] _n_ 18
h(S) = El R

m. e. wucao cocedeti |I'(S)| y mroorcecmsa S ne menvwe |S|(1— p/d—1|S|/n).

Heiicteuresnbro, uucio pebep |E (S, S)| = 2|E(S)| yaonerBopsier HepaBeHCTBY

|E(S, 5)] <

dIs)*
AT+ uisl,

OTKyJa
d|S|
+

|E(S, 9)I/1S] < o T
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3HAYWUT, YUCJIO pebep, uaymux u3 S BOBHE €ro, paBHO

B35 a(1- ) -
tak kax F(S,S5) + E(S,5) = E(S,V) = d|S| B cuny peryasproctn rpada. Ho ouesmmno
IT(S)| = E(S,S)/d, moromy 9T0 M3 KayKJ0ro cocelia BBIXOIUT He Gostee d pebep, HLyLIuX
B S. IlosTomy

TS > B(s.5)/d = IS 5)/@s) > 1] (1- - 1)

B [12] nokazan cieyromnuii BApHAHT JIEMMBI O PACHIAPUTEJISIX.

Hycme G — deycmoponne d-peeyaaproi 08ydosvHuitl epad ¢ n sepuLuHa-
MU 6 Kaotcdoti done. Ilycmo S, T — nodmmoocecmsa sepwur pasHur donet.
Cpeduasn cmenenv dg nodepaga ¢ doaamu S, T pasna |2E(S,T)|/(|S|+ |T).
Toz0a

d 2|S||T| ISP AT
TS s+ n IS|+1]
IKBUBAAEHMHAA POPMYAUPOSKE MAKOBG:
< dS|IT| |, p(SI+1T)  w(SP+IT%)
n

T 2 N omn ‘

ds

E(S,T)

Hmxe 6ymer mokazano ee 000OIIEHHE.

3. 'PA®BI-PACHIUPUTE/IN U KO/bI

Hasee noiiger peusb 0 npuMeHeHnN IpadOB-PACIIIPUTE/IEH B TEOPUN KO-
pOBaHMusl, TOUHEE B IIOCTPOCHUY JTMHEHHBIX KOJOB € OOJIBIINM OTHOCHTEIbHBIM
paccrosinueM, GOJIbIION IPOIYCKHON CHOCOOHOCTHIO U JIMHEHHON CJIOKHOCTHIO
JIEKOJINPOBAHUsI. DTa TeMaTHKa TeCHO CBsi3aHa C TaK Ha3bIBAEMBIMU KOJAMU
¢ HU3KOI IUIOTHOCTBIO IPOBEPOK Ha YETHOCTH M KACKAHBIMH KOJAMU, IIOJIy-
YUBIIAMU BaXKHbIE [TPOMBINIJIEHHbIE IIPUMEHEHUsSI B caMoe HOCJIeHee BPeMsl.
CyIecTBeHHbI BKJIQJ[ B 9TY TEOPUIO €Ille B CEMUIECATHIX TOJIaX BHECTH MOC-
KOBCKHE KOAMPOBIMKY (CM., Harpumep, [15,16]).

3.1. PEIVIAPHBIE (c,d) I'PA®DI

Tak Ha3bIBAIOTCS JABY/10/bHBIE Tpadsbl ¢ pouasmu M, N, |M| = m,|N| = n
Yy KOTOPBIX M3 JIeBOii o M BBIXOJUT 1O ¢ pebep M3 KarxKJIOH BEPIIUHBI, a
u3 npasoit jou N — 1o d pebep. Oueugao cm = dn. B [19] upn usyuenun
Kos10B TaHnHepa, 0 KOTOPLIX OyJeT pedb JaJblie, ObLIa IOJTydeHa CJIeLyoast
JeMMa.
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ITyemv G yrasannwit eviwe epag uw S C M, N C N. Obosnavwum E(S,T')
mroocecmeo pebep uz S 6 T. Tozda

d|s||T ISP TP
(s, - 220 < & (1514 - B - EE)).

n

IIpu ¢ = d oveBuIHO ™M = N U U3 FTOrO HEPABEHCTBA OJIYIaeTCsl HEPABEHCTBO,
IIPUBEJIEHHOE B KOHIIE pazjena 2.1.
Ha camom mese MOXKHO J0Ka3aTh 0oJiee CHIbHOE HEPABEHCTBO.

s 1= 21 < (191157 (- 1))

U3 nero ¢ nomornpio Hepasencrsa vV ab < (a+b)/2 Borrekaer chopMyIMpoBaH-
HO€ BBIIIe HepaBeHCTBO [19].

JHokaxkem ero. Marpura rpada nMmeer BUI

acr=( 4y ).

rae A ectb (m,n)-Marpuiia, Takasi, 9T0 a;,; = 1 €cm U TOJIBKO ecsu BepuuHa i € M coeu-
usiercs pebpom ¢ Bepinuuoit j € N. CHadasia IpOBEPUM, UTO y ITON MATPHUIILI MAKCUMAJIHHOE
COBCTBEHHOE 3HAYEHUE PABHO V cd M COOCTBEHHBIN BEKTOP (HEHOPMUPOBAHHBIN) DABEH

(Ve,...,\e,Vd, ... V),

rjie BHaJaJje UJIYT M PaBHBIX YHCes, a IMOTOM M PaBHBIX uuces. s joboro BeKTOpa v
JUIMHBL N+ M U I ¢ < M OYE€BUITHO

[(AG))i| = | Aijvmes| < C1ax [Vm 451,

TaK KaK

AwnajoruaHo 11 i > m

TaK KaK

Tlosromy myist moboro A\, u AVy = A\ Vi umeem
[ Ak maX|Vk il = max [(AVi)s| < cmax|Vk mil

1 aHAJOTUIHO

[Ae| max |Vi,;| = max |(AVy);| < dmax |Vi;—m|
1>m 1>m >m



I'pacppr-pacuiupuresn u ux NpUMEHEHUST B TEOPHH KOAUPOBAHUST 113

OTKy &
cmax;<n |V m+il

[A] <

)

" aHAJIOTUYIHO
|>\k| < dmax;>m, |Vk,i7m|

max;sm Vi il

IlepemmuoXkast 9TM HEPABEHCTBA U BBIMOJIHSSA OYEBUIHOE COKPAIEHUE IPODOEii, TOTyIaeM ITO
|)\k|2 < cd. Beraucsist qjist BeKTOpa

= (ve,....Ve V... Vi)

m

s 4

BeKTOp Av, paccMarpuBasi 0 OTIAEJIBHOCTU CIIYyYau ¢ < M U § > m, HOJy9aeM, YTO B IEPBOM
ciydae

[(A(G)v)| = z": Ai jomyj| = eVd = Vedye = Vedos,

M aHAJOTMYHO BO BTOpPOM ciydae. [loaromy v — coOGCTBEHHBIH BEKTOpP JJjIsi 3HAYEHUs V cd.
AHAJIOTMYHO TIPOBEPSIETCSI, UTO MPOTUBOITOJIOKHOMY COOCTBEHHOMY 3HAYEeHWIO —V/ cd OTBe-

qaeT BEKTOD
= (ﬁ,...,ﬁ,f\/g,...,f\/g).

m n

IIycTs 15 — xapakrepucTudeckuii BEKTOp MHOXKECTBA S, T. €. OH paBeH 1 Ha BepIIMHAX U3 S
U HYJIIO BHE UX. AHAJOIMYHO BBOAUTCS BEKTOD l7.

IIycTh v; — BeKTOpa OPTOHOPMUPOBAHHOIO Ha3mca, COCTOSIIEr0 U3 COOCTBEHHBIX BEKTO-
poB Matpuisl rpada A. Bekrop, coorBercTByIonmit yuciay A; = Ved, mocie HOPMHPOBKH
OyJ/ieT paBeH

1
v = ——(V6, ...,/ Vd, ..., Vd),
! \/2cm(‘\[ ~- \[“ ~- ’)

TaK KaK HOPMa MCXOJHOI'O0 BEKTOpa paBHa cm + dn = 2c¢m. AHAJOTUYHO, BEKTOP, COOTBET-
CTBYIOIIUN YUCTY Ap4+m = —V cd, paBeH

(Ve Ve, =Vd,..., —Vd).

m n

m n

1
v = —
mm V2em

PaCCMOTpI/Il\l BEKTOpa

]-S' — X1V1 — On4+mUn+m, ]-T - ﬁlvl - /Bn+mvn+m-
Y mepBoro u3 HUX KOOPIAWHATHI HPHU ¢ € S PaBHBI

_ 8l
m?

npu i € S,i < m paBHBI

_1sl
m?

npu ¢ > m pasubl 0. [losTomy ero eBkanmoBa HOpMa paBHA

S Sz 1/2
15 = axos = @il = ( (1 ") st -5 B ) = (151 B5)
m
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AHaIOruIHO, €BKINI0Ba HOpMa BeKTopa 17 — B1v1 — BrntmUn+m PaBHA

(Fl‘ﬂj

O4eBUIHO X KOOPAWHATHI B basuce {’Ul, ey v,Ler} PaBHBI

(0,0{2,.. y Antm—1, ) ( /827~~~7ﬂn+m7170)7

II03TOMY, HCIOJIb3Ys HepaBeHcTBO Kormmm-Bynsakosckoro, nmeem

nt+m—1 n+m—1 /2 /ptm—1 1/2
> Iaiﬁi<( > Iai2> (Z IBiIQ) =

i=2 =2 =2

= ||1S — 11 — an+m”n+m”2“1T - ﬁlvl - /8n+mvn+m||2 -

(-5 (m-15))

n+m— 1/2 n+m—1 1/2
d|S||T ot g
‘EWJW—'A!\<M<§jkmﬂ (}j@ﬁ =

=2 =2

Orcrona

= pl|lls — @1v1 — @ngmVntml|2]|17 — B1v1 — BrntmUntmll2 =
1/2
S|? T|2
~u((1s1-B5) (m-EE))

3.2. Koabl TAHHEPA

Oun 6bun BBeseHbl Tannepom B [17], HO HMOJyYNIIM TOMYJISIPHOCTD MOCJIE
crareu [18]. Pesynbrarst [18] yyumensr B [12], u ganee B [20,21]. Pesyasra-
ThI [12] epenecensl Ha ciyuaii (¢, d)-perysisipHbIX JIBYI0JIbHBIX I'pados B [19].

Hamum onpenenenue koja TanHepa. DTo Oymer JUHEHHBIA KO HAJ IPOU3-
BostbHbIM nosteM G F(q). Ilycts G ecrtb (¢, d)-perymsipHblit 1By10/1bHBL rpad ¢
nossimu M, N mormHocTedi m, n 1 MHOXKecTBOM pebep E MmormHocTn € = ¢m =
= dn. C kax/oii BepmmHoit v € M acconuupyem JUHEHHBIA [c,T1¢,d) =
= d1c]-xox C, rye ¢ — ero 6GoKoBast JUIMHA (JJIMHA KOJOBBIX CJIOB), T'1C —
ero pasMepHOCTh KaK JIMHEHHOrO MPOCTPaHCTBa (17 — ITO IPOIYCKHAsI CIIO-
cOOHOCTD), a di — ero paccrosinue (0] — OTHOCHTEJbHOE MUHUMAJBLHOE pac-
crostaue). AHAJIOrMYHO ¢ KaxK/oii BepimHoii v € N acconuupyem JIMHEeHHbII
[d, rod, do=01d]-ko Co. 3anymepyeMm pebpa M KayK/IOMy M3 HHX COIOCTABUM
cuMBOI X3, 1 < i < e. CUMBOJIBI, COOTBETCTBYIOIINE pedpaM, BBIXOSAIIIM
u3 BepmmHBl U € M ODOHATUM Ty(1),. .., Ty(e)- I3 HEX COCTABIM BEKTOD
E(v) = (Ty(1)s - - - » To(c))- ABATOTHIHO Jis J1I0060# u € M onpenesmv BeKTop
E(u) = (Ty(1), - - -+ Tu(a))-
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Kod Tannepa C(G,C1,C2), accoyuuposanmnviti ¢ epagom G u wodamu Cj,
OTIpeJIeJIsieTCsl KaK JIMHEWHBIN Koi, ¢ OJIOKOBO# JymmHON € = mc = nd, orpe-
nensemsrit yeaosusmu Vv € M E(v) € Cp, Yu € N E(u) € Cy. dpyrumu
CJIOBaMU, OH COCTOUT U3 BCEX BEKTOPOB, Y KOTOPBIX MMPOEKIIUU Ha MHOXKECTBA
koopauaar E(v), v € M, E(u), w € N (T.e. COOTBETCTBYIOIIHE O/BEKTOPA )
npuHaexaT KogaM C; COOTBETCTBYIONIEH JUHbI. Tak Kak MpOeKIs JTHHEH-
HOI KOMOMHAIINU BEKTOPOB paBHA JIMHEHHOW KOMOWHAIMHU MPOEKIINI, TO KO/I
TanHepa JiuHeeH.

OrermM ero pa3mMepHOCTh. Kt B ero onpejieieHnn 0CTaBUTH TOJIBLKO Orpa-
HUYEHNS, COOTBETCTBYIOIINE BepmuHaM 101 M, T.e. paccMOTPETh KOJ, OIpe-
JesisieMblii yesiopusivu Yo € M E(v) € Cp, T0 ero pasMepHoCTb OyJeT paBHa
r1mc = rie, Tak Kak nojBekropa F(v) nonapHo He MMEIOT 0OIUX KOOPIUHAT U
YKa3aHHDbI HAOOP YCJIOBUIT ONpeIesseT KO, KOTOPbI MOXKHO PACCMaTPUBATH
KaK TPIMOE IIPOM3BEIECHUE M SK3EMILIAPOB Kojua Cf.

Awnasiornuno, Ko, onpejessiemblii yeaosusimu Yu € N E(u) € Ca, umeer
Pa3MEpHOCTD Te.

Kon C(G, C1, Cs) paBen nepeceveHnio 3TUX KOJIOB. VI3BecTHA JieMMa O TOM,
YTO TepecedeHne Mo npocTpancTs L; paszmepnocru D; npocrpancrBa L pas-
MepHOCTH [ mMeeT pasMepHOCTh He MeHbIe D + Dy — D.

[Tpumensist 31y jemMMy, nostydaem, 4ro pasmeproctsb kojpa C(G, Ch,Ca) He
MeHblIe rie + ree — e = (11 + 19 — 1)e.

Yo KacaeTcs paccrosHus Koia TanHepa, To oneHkn [18] yurydmenst B [12] n
06061enst B [19]. IToceauuii pesysnbrar takos: ecau d; > u(G)/2, 2de p(G) —
8Mopoe no seaudume cobcmsennoe wucao epapa G, mo

A(C(G,C1,C2)) = 2 (dady — D (dy + o) ),
a ECAU 68 MEPMUHALT OMHOCUMENDHBLL PACCTNOAHUT, O

d(C(G,Cy, C G
LD ) (i 2P 05) -

6(C(G,Cr, () =

3.3. HM»KHAA TPAHULIA /151 MUHUMAJIBHOI'O PACCTOSIHUS KOJIA
TAHHEPA

CrayaJia TIOJIyIUM CJIEJICTBUE TPAHUIIBI JIJIs INIOTHOCTU pebep B JIBYI0JIb-
HOM T'pade

B D= B < (151 28) (- lTnF))”
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B Gostee yJI06HOM ¥ KOMIIAKTHOM BHJIe. BBenem obosnavenust s = |S|/m, t =
= |T'|/n musa orHOCHTEMBHOTO uncia BepuH B S, T, e = mc = nd = vVmned
ntst ancita pebep B rpade G, ¥(G) = u(G)/Ved a1s HOPMATIZ0BAHHOIO BTO-
poro cobcrsennoro 3uadenus (odesnaao 0 < y(G) < 1). Torma mna ornocn-
TEJILHOTO 1nc/Ia pebep ClpaBeyInBo HEPABEHCTBO

‘\E(&T ’ ’|E (5,7 |E(S,T)| |5|\T|’ <

e

()65
= G A P) =/ A P

Tak xak oueBuano npu 0 < s,t < 1

V(s = 2)(t —12) = Vst /(1 — s)(1 — t) < Vst(1 — Vst) = Vst — st,

IIOTOMY 4YTO

st’ =

VA=) (1 —1t)+ Vst < S+1*t+3;t:1,

TO U3 NIPEJbIAYIIEI0 HEPABEHCTBA CJIe/IyeT, YTO

)M ‘<’y\/3—32 t —12) < y(Vst — st),
B 9aCTHOCTH
|[E(S,T)|
e

< st+y(Vst — st) = (1 — 7)st + yV/st.
B komre pazzena 3.2 6110 06enaHo 10Ka3aTh, YTO ecau d; > fi/2, TO
d(C(G,C1,Cr)) = % <d1d2 - g(dl + d2)> :

JokazkeMm 6ojiee CUIbHOE HEPABEHCTBO

d(C(G, C1,C2)) >D= 1 dido — p/dido
e cd 1—7

)

rie e = mc = nd — 4ducio pebep B G.

O6osnauas oraocurensHoe paccrosinue d(C(G,Ch,C2))/e depes § u ucnosnb3ys 0603Ha-
YEeHUsI JIJIsl OTHOCUTEJILHBIX paccTostHuit 01 = di/c, 02 = d2/d, MOXKHO mepernucaThb 9TO Hepa-

BEHCTBO KaK
018 %Wla
1 —_

rre 0 < 7 = p/vVed < 1. B gactHOM ciiydae ¢ = d 9T0 HepaBeHCTBO moJiydeHo B [21].
Samerum, aro mpu vy — 0

5> 51521_jv51‘5 = 6516, (1= 7(0:52) 72 1)~ 0(%))

Tax kak kox TaHHepa JIMHeeH, TO [IOCTATOYHO B3Th HEHYJEBOE KOJOBOE CJIOBO X €
C(G, C1,C>), paccMOTPETh COOTBETCTBYIOIIEE eMy MHOXKecTBO pebep X = {e; € F : z; # 0}
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u JJoKaz3aTh, 910 |X|/e > D. PaccMoTpuM MUHUMAIBHBLHA noArpad, CoaepKalinii MHOXKECTBO
X, T.e. BOBbMEM MHOXKECTBa BEPIINH

S={ueM:IveN (u,v)e X} M,T={veN:JueN (v,u) € X} CN,

U PacCMOTPHUM IOPOXK/eHHbIH MHOxkecTBoM Bepruud S U T moarpad ¢ MHOXKecTBOM pebep
E(S,T), X C E(S,T). Ouesnzno | X| < |E(S,T)|. Tak Kak X — KOZOBBILil BEKTOD, TO II0 OIIpe-
JlesieHnio Koja TaHHepa ero MojBeKTopa, 06pa30BaHHbIE KOODAUHATAMY U3 MHOXKeCTB F(v),
v € S, npunaaexar kogy C1, a IOABEKTOPa, 0OPA30BAHHBIE KOOPMHATAMU U3 MHOXKECTB
E(u), v € T, npunamnexar xoxy Csz, IpUIeM OHU HE PABHBI HYJIIO B CHTy onpezenenus S, T'.
IMosromy nojBekTOpa, 06pa3oBaHHbIE KOOpAMHATAME U3 MHOXecTB E(v), v € S, comepxkar
He MeHee di = 01C HEHYJIEBBIX KOODJHMHAT, 3HATHT, OOINEE IMCIIO HEHYJIEBBIX KOODIWHAT B
x, T.e. | X|, He menbie d1|S| = dicms = d1es. Ananornuno |X| > dzet. Orcroga oueBuaHO
nMeeM

> V102st.

B magase sToro paszpena ObLIO JOKA3aHO, YTO

X
€

1X] _ [E(S,T)|

< < (L y)st Vst

IToaTomy
X

V1025t < % < (1 —~)st + yV/st,

orkyna v/st(v/8162 —v) < (1 — 7)st, sHauUT
2 Vst
'y

CJIEI0BATEIILHO

3.4. JIEKOIVMPOBAHUE KOIA TAHHEPA

Cormacuo omnpenenennio koga Taunepa C(G,Ch,C2) B (¢, d)-perynspHom
rpacde G MHOXKeCTBO pebep F pasdbuTo JByMsi criocobaMu Ha IIOIMHOYKECTBA

m n
E=|JE, =] By
i=1 j=1

Tak Kax KO JIMHEHHBIN, TO JOCTATOYHO PACCMOTPETDH C/Iydail, KOrJaa B HYy-
JIEBOM KOJIOBOM CJIOBE MPOM3OILIN ONUOKN W IOJYyYHJIOCh HEHYJIEBOE CJIOBO
y € GF(q)¢, e = mc = nd. UreparuBHblii aaropuT™M yCTPaAHEHUsI OMIMOOK
BBITJISIIUT CJIEJYIOIIMM OOPA30M.

Jst xaxioit sepmutet v € M Gepem mopBeKTOP E(v) = (Ty(1), - -+ 5 To(c))
U, TaK KaK OH NPHHAJJIEXKUT [¢,T1¢,01c]-Koay C1, TO IPUMEHsIEM aJIrOPUTM
JIEKOJIUPOBAHUS JJIST 9TOrO KOJA. DTU IIPOLEAYPhI JCKOIUPOBAHUS I BCEX
v € M MoXHO JieiaTh napaJjuiesibHo. B ciaydae, ecim Bec nojsekTopa E(v)
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MeHblle dp/2, To B pe3yibrare JeKOMPOBAHUS [OJIyYaeTCsl IPABUIILHOE CJIO-
BO, T. €. HyJIeBOE, B IIPOTUBHOM CJIydae MOYXKET HOJIYYUThCSA HEIPABUILHOE CJI0-
BO, T. €. HeHy/eBoe. V3 mosryaeHHbIX TOIC/IOB cocTaBsieM cioBo z € GF(q)¢ —
PE3yJIbTAT TIEPBOro IIara aJropuTMa JAeKoupoBanus Koma Tamaepa. K mosry-
YEHHOMY CJIOBY IIPUMEHSIEM aHAJOTUIHYIO HapasuleIbHyI0 IPOIELYPY, JeKOI1-
pytomyio nogacyioBa E(u), u € N, cOOTBETCTBYIOIIE BEPIIMHAM ITPABON JI0JIN
N rpada G. B pesyubrare noiyuaum cioso w € GF(q)¢. Ecim w = z, 10 an-
FOPUTM 3aKAHYUBAET PabOTy M BBIJAET OTBET w = z. Eciau HeT, TO K CJIOBY w
[PUMEHSIEM OIISATH IPOIELYPY HapasIe/IbHOIO JIEKOJNPOBAHUsS BHAYAJE BCEX
nojcios E(v),v € M, a morom — Beex nozacioB E(u),u € N u 1. 1.

MokHO oKa3aTh, 4To 1npu jiobom «, 0 < a < 1, Takom, 9to /0102 > 27/,
9TOT aJITOPUTM 3aKaHYMBaeT paboTy 3a

logy (mn)

1

+ OC,a(1)7 C = C<G7 Clv 02)
210g2 a

e

[IaroB U [IPABUJIbHO JeKoaupyer Joboe ciioBo y € GF(q)¢ ¢ uuciom HenyJe-

BBIX CHMBOJIOB He boJiee
b1y — 271/6102
41—y
MyJ'HDTI/IH.HI/IKaTI/IBHbIe KOHCTAQHTBI B 3TUX OIICHKaX 3aBUCAT OT aJITOPUTMOB J1€-
konupoBanus kKonoB C1, Cy U onpene/siiorcs BeaudnHaMu d;, ¢, d. Yuciaa m, n
MOXKHO BBIOUPATH IIPU 9TOM CKOJIb YIOIHO OOJIBIIIMU.
Bamernm, aro npu y — 0

ady102 — 27/9102 a 2 —-1/2 2
—:7(5(5<1— <7(5(5 —1)—0 )
) 10102 v (5 (6162) ()
Orpannuenne Ha Bec BeKTOpa Y (UHCIIO UCHPABISIEMBIX ONIMOOK) HMeeT

BUJT

ad103 — 27/ 102 S Y|

e VAR >

41 —+) e

,HJIH PacCCTOAHUA KOAa TaHHepa BBbIIIIE 6bIJIa, IIOJIy4d€eHa OII€HKa

d(C(G,C,Cs)) S 0102 — vy/0102
e = 11— ’

VKazaHHOE BBIIIE OTPAHNYEHne 9yTh Oojiee, 9eM B UeThIpe pa3a Xyxke. Ecin
B3aTH B KauectBe G rpad ¢ y(G) — 0 (manpumep, npu ¢ = d — rpad Pama-
HyJI?KaHa), TO aCHMITOTHYECKH OTHOIIIEHHE PACCTOSIHUS KOJIA K IUCITY UCIIPAB-
JISIEMBIX 9TUM AJITOPUTMOM OIMHOOK OyieT paBHOo deTbipeM. OTeHKa [Tt IucIa
UTEepaluili UMeeT BUJ,
10g2< 2|Y]| ) logy (Woc 0102 —2’y>

k= \/dlsz < 21(1 -7) _ logg(mrll) + OC,a(l)-

log, P log, o 2log, -
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3.5. KOHKPETHBI TPUMEP KOJIA TAHHEPA

B [12] npemyioxken ciexyromuii npumep kona Tanuepa. B kauectse G Gepem rpad Pa-
MaHymKaHa (IIoCTpoeHHBI MeTonoM [6,7]). ¥V sToro rpada m = n = ¢ — IpocToe YuCIIo,
c=d=p+1, p= 223, cormacuo [7] ¢ cienyer BEIGpaTh TaK, 9YTOOBI P HE GBLIO KBAJAPATOM
o Mozymio . Coorsercrayiomuii rpad uMeer ¢(¢? — 1) BEPIINH U ABJIACTCA IBYIOTLHBIM 1

@) = @)/ (p+1) =2v/p/(p+1) = V223/112 < 15/112.
B kauecrse konos C; Gepem [224,115, 30]-BCH-KO,IL7). Torga oraocuresbHOE pacCTOSTHIE

— /8185 224 —
d(C(G701702)) =5 > 5152 Y 5162 _ (30/224) 30/ Y >9. 1075’
e 1—7 1—7
a TPOIYyCKHAsI CIIOCOOHOCTH (T. €. pa3MepHOCTb, JeJeHHasl Ha JJINHY 6J10Ka) HE MEHbIIIe
2-115/224 — 1 = 6/224. Baokosast mmuma (p 4+ 1)q(¢> — 1) > 2.5 -10°. Yemosue /3102 > 2y

JJId HET'O BBIITOJIHACTCA.

4. DKCHAHAEPHBIE KO/Ibl C TTOYTU MUHUMAJIbHBIM
PACCTOAHUEM

B [20] nokazano, uro das ar0boti nponycknotl cnocobnocmu R € (0,1] u
€ < €9 MOAHCHO NOCMPOUMD BECKOHEUHOE cCemeticmBo k0008 ¢ NponyckHot cno-
cobrocmuio He mernee R wad asdasumom pasmepa QO(IOg(l/G)/(RE4)), U OMHOCU-
MENOHBM MUHUMAADHBIM DacCmosnuem He menvuwe 1 — R — €. Koduposanue
ocywecmensemca 6 aunelinoe epemsa co crovcnocmvio (1/€)°M wa cumeon.
Jlexoduposamuv mootcho doato owubork, ne menvwyro (1 — R — €)/2 om daunw
koda, 6 aunetinoe epema co caoocnocmvio (1/€)°M) na cumeon.

Por u Ckauex B [21] nokazasu, 910 B 9TOM pPe3yJIbTaTe MOYKHO YJIyUIIUThH
CPAHUILY JJIsT MOIITHOCTH aJIaBUTa, J10 90(log(1/€)/€%)

OrnumeM X KOHCTPYKIMIO 9yTh B Oojiee 00ImIeM Buje. BCrioMHUM KOH-
crpykuuto koga Taunuepa C(G, Ch,Cs)) wan andasurom F = GF(q). 3aecn
C mumeiinblii [¢,r1¢,d; = d1c|-Kom, e ¢ — ero GJOKOBasl JJINHA, ACCOIUI-
POBaHHBIN C KaxK/I0i Bepruuoit v € M, n ¢ Kax10# BepmuHOi u € N acco-
uupyeM JuHelHslit [d, rod, da = 61d]-xox Cy. 3anymepyem pebpa n KazxKJIoMy
U3 HUX COTIOCTaBUM 3jieMeHT x; € F) 1 < i < e. DIeMeHTBI, COOTBETCTBYIONTHE

pebpaM, BBIXOAAIMM U3 BePIMHBL U € M 0003HAMAM Ty (1), - - - Ty(c)- VI3 HUX
cocTaBuM BeKTOp E(v) = (Ty(1y, - -+, Ty(e)). AHamOrmIHO Jyist moboit u € N
onpesiesuM BeKTOp E(u) = (Ty(1), - - -, Ty(q))- Kox Tannepa C(G,C1, Ca) nan

nosem GF'(q), acconnupoBannblii ¢ rpadom G u kogamu Cj, OlIpe/IesisieTcst Kak
JIMHEHHBIN KOJT ¢ OJIOKOBOH JJIMHOW e = mc = nd, OIpee/igeMblil yCJIOBUSIMU
Vv e M E(v) € Cp,Vu e N E(u) € Cs.

IIycre @ = F™ — noswiit andapur. PurcupyeM OMEKTHBHOE JUHEHHOE
oTobpakeHue KojupoBaHusi £ U3 r{-MepHOro mnpocrpancrea ® = F'' Haz 10-
jieM F' B KojioBoe mipocTpancTBo C] TOit 2Ke pa3MepHOCTH HAJl TEM K€ MOJIEM U

D0 komax Boysa-Uoyaxypu-XOKBUHIeMa, CM., HAIPUMED, [5].
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paccMoTpuM OHEKTHUBHOE JImHeHoe oTobpaxkenue g : C — P onpeessemoe
PaBEHCTBOM

ve(c) = (ETHEW)) :v e M) e ™.

O6pasz koga C mpu 3TOM OTOOparKeHHe SIBJISETCS JUHEHHBIM KoaoM Cg HaJl
andasurom P ¢ Gsokosoil gummHON M. Pasmepnocts koma C(G, Cy, Cs), Kak
ObIIO TIOKA3aHO B pasnese 3.2, He Menbite (11 + 172 — 1)e = (r1 +r2 — 1)cm.
Pasmepuocts koua Ce Hax anpasurom F rakas »Ke. BiiokoBast jjmHa HaJl
aspasurom F' paBHa r1¢m, MO3TOMY IMIPOITYCKHAsT CIIOCOOHOCTD HAJT aipaBUTOM
F' me mennIme

(ri+roy—1e/(riem) =(ri+roe—1)/r1=1—=1/r1 +12/71.

ITosty uM HUZKHIOIO OLIEHKY JJIsi OTHOCUTEJILHOTO paccTosiHus koja Cop HaJy
andasurom . OueBniHo oTHOCHTENIBLHOE paccrosiaue pasHo d(Ce)/m. Joka-
JKEM, 9TO

d(Cs) S d2 —v4/s/t
m 11— ’
Tak kKak KO, Cq:. JIMHECH, TO JOCTATOYHO B34ATH IIPOU3BOJIbHOE HEHYJIEBOE KO0~
BO€ CJIOBO

c=(EYE®W):veM)elsc ™,

1 OIEHUTH CHHU3Y €ro BeC, T.€. YUCJIO HEHYJIEBbIX CUMBOJIOB U3 ® B mem. Pac-
CMOTPHUM COOTBETCTBYIOIIIEE eMy KOJIO0BOE CJIOBO

x=(E(w):veM)eC(G,C1,Cy) C F°,

U BO3bMEM COOTBETCTBYyIOIIee eMy MHOXKecTBO pebep X = {e; € E : z; # 0}.
Bec csioBa ¢ € ™ 04eBUIHO COBIIAJAET C YUCJIOM HEHYJIEBBIX BEKTOPOB E(v),
v € M, cocrasisitomux BekTop X € C(G, Cy, Cy). PacemorpuM MUHUMAJIBHBII
nojrpad, comepkaiuii MHOKEeCTBO X, T. €. BO3bMEM MHOXKECTBA BEPIITHH

S={ueM:JveN (u,v) e X} C M,
T={veN:3ueN (v,u) € X} CN,

U PACCMOTPHM HOPOXKICHHBIH MHOKecTBOM Bepruus S U T noarpad ¢ MHOXKe-
crsoM pebep E(S,T), X C E(S,T). Ouesuguo | X| < |E(S,T)|. Tak xak x —
KO/IOBBIIl BEKTOD, TO 110 OIIpe/iesieHnio Kojia Cp ero mojiBeKTopa, 00pasoBaHHbIe
KOOp/MHATaMK U3 MHOkecTB F(v), v € S, npunajexar xkoay Ci, a MOJBEK-
Topa, 0bpazoBaHHbIe KoopauHaTaMu u3 MHokecTB E(u), u € T, npunajiexkar
kojy Co, TIpUYeM OHM He PaBHBI HYJIIO B CuJly ompejesenust S, T, K ToMy ke
YHCJIO HEHyJeBbIX BekTopoB E(v), v € M, B Tounocru pasuo |S|, m 4ucio
HeHy/IeBbIX BeKTopoB E(u), u € N, B rounocru pasHo |T'|. ITosromy Bec coBa
c € O™ pagen |5|, orkyzna juist onenku causy d(Ce)/m JOCTATOYHO OIEHUTH
cumzy |S|/m = s.
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Tak Kak IOJBEKTOpa, 06pa30BaHHbIE KOODJMHATAMU M3 MHOXKecTB F(v),
v € S, comepxkar He MeHee dj = §1¢ HEHYJIEBBIX KOODJHMHAT (9TO KOJOBBIE
cioBa koma ('), 3HAIUT 00Iee YUCI0 HEHYJIEBBIX KOODJIMHAT B X, T.e. |X|,
ue menbite dp|S| = dijems = dres. Ananormuano |X| > dqget, tae t = |T|/n.
Orcrona nmeeM
X1 > max{d1s,dat}.

e

B paznese 3.3 6pu10 M0Ka3aHO, YTO
X E(S,T 0102 —
%<|(6 )|<(1 )3t+7\FV1277 Vs,
cJIeZIoBATENIbHO TIpH S/t > d2/d1

09 —

2
K o1 Vo102 —y |02
e — < ey
T T 5, S Vsty/s/t = s,

a pu s/t < d2/01 0UeBUIHO

X
5ot < X

(&

< (1 —7)st 4+ vV/st,

oTKyIa 0ot — ’y\/§ < (1 — 7y)st, 3HAYMT, ¥ B 9TOM CIydae

62_7\/7 52—7\/7

1—~ < 1—

Tenmepb MOXKHO TOKa3aTh, KaK JJIs JTIOOOTO JOCTATOTHO MAJIOTO € BHIOpATEH KO/I
Co € JaHHON TPOITYCKHON CIHOCOOHOCTHIO R 1 MUHUMAJIBHBIM OTHOCHTEEHBIM
paccrosmueM 1 — R — e. Ina mannoro € > 0, Boibepem 8/€3 > ¢ = d > 4/€3,
2¢ > q > ¢, Tak 9T06BI ¢ = p + 1, p — mpocroe uucao, npocroe p; = O(p)
BeIOMpaeM Tak, 9TOObI p He ObLIO KBaJIpaTOM IO MOIYJIO pi. Torma coryacHo
[7] coorsercTBytomuit rpad Pamanymxana umeer n = pi(p? — 1) = O(p}) =
= O(1/€°) Bepumm u ABIsIETCA ABYAOMBHBIM U I HETO

=G = u(@)/(p+1) =2yp/(p+1) < .

[Iycts 01 = €, 09 = 0, BozbMeM Jii0boe R =719 > 1—0,r=7r1 >1—-01=1—¢.
Koawr C; ¢ aTumu mapamMerpaMu MOXKHO BbIGparh cpeiu RS-kozos. Torma ko
Co MMeeT MPOIYCKHYIO CIIOCOOHOCTH HE MEHBIIE

1 1 R R—
1-—+2>1- + ="">R-q
1 1 1—¢ 1—e¢ 1—e€

1 OTHOCHUTEJIbHOE PaCCTOAHNE HE MEHBIIIEe

0— fy\/>
>0 — 'y\/>>5 3/2\/> —e>1—-—R—e
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Taxum obpazom, koi Co 6J131/I3OK k rpanune Cunrirona mpu € — 0. Kpome
TOTO, |(I)| =q"° < ¢ = 90(e " log1/e)

Opnaxo y»xe npu € = 1/10 Bce OLEHKHU BBIXOAAT 3a IIPeJIeJibl pa3yMHbIX. KaKkoi-To cMbICIT
nMeer, HanpumMep, Beibop ¢ = d = 114, ¢ = 27, Torua coorBercrByommii rpad PamamymKkana
npu Beibope p = 113, p1 = 137 umeer n = 137(1372 — 1) = 2571218 BepiuH u sBIAsETCS
JBYZOJILHBIM U JIJIsT HETO

v=7G) = @) /(p+1)=2yp/(p+1) = V113/57 = 0.186 ...

B kauectBe koma Ci BosbMeM [114,57,58]-RS-kon, mus mero r1 = 57/114 = 1/2, §; =
=58/114 = 0.508. .., a B kauecrBe C3 BozbMeM [114, 75, 40]-RS-kon, mns nero ro = 75/114,
02 = 40/114 = 20/57, Torma yciosue /0102 > 2, ZOCTATOUHOE /ISl XOPOILIEil OLEHKH CKO-
pOCTH JIEKOJMPOBaHus, BbiosiHeHO. Torja Koz Ce umeer juinHy n = 2571218, npomyckuyio
CIIOCOOHOCTD HE MEHDIIe

1- L "y 7557 = 18/57 = 6/19,
T1 T1
U OTHOCHUTEJIbHOE PACCTOAHUE HE MEHbIIIEe

5y — dg 20 +/113-20

e 5T 51va9
11— V113

57

c _ 27-57 — 2399

=024....

Momgocts andasura mist sroro koga |®| = ¢! , T. €. OYKBBI UMEIOT JJINHY

399 6ur.
IIpuBenennplit puMep MOKA3BIBAET, YTO OMUCAHHBIE BBIMIE KOHCTPYKIINW, BEChbMa -
(dEKTHBIE TEOPETUYECKHU, K COXKAJEHUIO, ITOKA HE IPUMEHUMBI HA ITPAKTHKE.

4.1. JIEKOJIUPOBAHUE KOJIA POTA-CKAYEKA

Ono noxoxke Ha JexkogupobaHue kKoja Tannepa. CorjaacHo onpeje/IeHuIo
kona Tannepa C(G, C1,Cs) B (¢, d)- perynsipaom rpade G MHOKECTBO pebep
E paszbuto IByMs CIOCOOAMU Ha IIOIMHOMKECTBA,

m n
E=|JE, =JEy.
i=1 j=1

Tak Kak Koj JIMHEHHBIN, TO JIOCTATOYHO PACCMOTPETh Ciydail, Korja B Hy-
JIEBOM KOJIOBOM CJIOBE IPOM3OILIM OMHMOKU ¥ MOJIYYHJI0Ch HEHYJIEBOE CJIOBO
y € O, TepaTUBHBII aIropuTM YCTPAHEHUS OMMUOOK BBITJISINAT CJI6Ly FOIIM
0Opa3oM.

s axmoit Bepmmabl v € M 6epem £ 1(E(v)) € ® — 6yKBY KOIOBOTO
CJI0Ba, MO Heil BBITHCIAM TOIBEKTOP E (V) = (Ty(1), .- Ty(c)), M TAK KaK OH
HIPUHAJJIEKUT [¢, r1¢, 01¢] Koay Ch, TO IPUMEHSIEM aJIlOPUTM JEKO[MPOBAHMUSI
JIJISE TOTO KOJIa. DTH IIPOLELy Pl JEKOINPOBAHMS I BeexX v € M MOXKHO Jie-
JIaTh TapasuesibHo. B ciyuae, ecau Bec nojpekropa E(v) menbine dy /2 = dic,
TO B pe3ysbTaTe IeKOIANPOBAHUS IOy IaeTCsl IIPABIILHOE CJI0BO, T. €. HYJIEBOE,
B [IPOTHBHOM CJIydae MOXKET IMOJIyIUThCs HeHyseBoe. V3 MoJydeHHBIX CJIOB
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cocrasiisieM ¢ioBo z € GF(q)® — pesynbrar nepsoro mara ajropurma. K 1o-
JIYYEHHOMY CJIOBY IPHUMEHsIEM AHAJOTMUYHYIO IapasliesIbHYyIO IPOLELypPy, le-
Koqupytomtyio noacyiosa E(u), u € N, cOOTBETCTBYIOIINE BEPIIUHAM MTPABOI
o N rpada G. B pesynbrare nosyunm cioso w € GF(q)¢. Ecim w = z, 10
AJICOPUTM 3aKaHIMBAET PabOTy U BLIAAET OTBET W = z. KC/Iu HeT, TO K CIIOBY W
[IpUMEHSIEM OISITh MPOIEAYPY HapasjieIbHONO JeKOAUPOBAHUS BHAYAJE BCEX
nozcios E(v), v € M, a morom — Beex nogcsos E(u), u € N u . 1. [Tokaxkem,
9TO TPHU /0109 > 2 3TOT aJTOPUTM 3aKaHIUBAET paboTy 3a

(log v/mn)/log(8182/47%)) + Os, 6,,(1)

urepanuii, Boimosiasier O(y/mn) pas nporeaypsl jieKouposanus kojgos C; u
[IPaBUJILHO JEKOaUpyeT Jiroboe cjioBo y € ™ ¢ yucioM HeHyJIEBBIX CHMBOJIOB
He boJsiee
02/2 — v4/02/01
LN 2y
Yucaa m,n, ¢, d MOXKHO BBIOUPATh IIPU 3TOM CKOJIb YIrOIHO O0JbImuMu. Torma
MOKHO BBIOpaTh rpad Tax, aro v — 0, mpu 3Tom

82/2 — y4/02/51 )2

1

ecan 02/01 OrpaHUIEHO.

Paccmorpum muokecTBO Y pebep rpada (G, COOTBETCTBYIOMIMX HEHYJIEBBIM KOOD/IUHA~
TaM Jekogupyemoro BekTopa y € . BribepeM MuHUMAJIbHBIE MHOXKeCTBa Bepmud S C M,
T C N, rakue, aro Y C E(S,T). Ilo yciosuio

s=Isi/m < g = 220V

Hastee, kak u B cirydae KoJa TaHHepa, pacCMOTPUM MHOXKecTBO S1 C S, cocrosiiee u3
BepumH crenean > dq/2 B moarpade (S,7T,Y) n muoxkecrBo W pebep, COOTBETCTBYIONIHAX
HeHyJIeBBIM KoopauHaraMm Bekropa w. Torma W C E(S1,T), rak kak W C Y C E(S,T), a
BCe pébpa, BBIXOJAIIME U3 BEPIINH CO CTEIEHSIMHU, MEHbIIUMU di/2, He BXOAAT BO MHOXKe-
cTBo W, Tak Kak IMoCJje JIEKOJUPOBAHUS CTAHOBATCS HYyJIEBBIME (TIPU JEKOMPOBAHUY CJIOBA
¢ BecoM MeHbIMM d1/2 u3 Koxa C1 ¢ paccTosiHueM di HOJIy9aeTcs HyJIeBOe CJIOBO, TaK KaK
OHO ecTb GuMrKalilee KOJOBOE CJIOBO U yJAJIEHO Ha paccrosinue Menblie dy /2). Paccmorpum
B rpade E(S1,T) muoxkecrso Th C T', cocrosiiee u3 Bepiud crenenu < di /2. Torga o ana-
JIOTUYHBIM COODPaYKEHUsIM UMEEM, 9TO MHOXKECTBO Z pebep, COOTBETCTBYIONIUX HEHYJIEBLIM
KOOpAMHATAM BEKTOpa z, comepxkurcs B E(S1,T1).

[Mostomy d151 < 2((1 — v)s1t + vv/s1t), tme s1 = |S1|/m,t = |T|/n, u amanorudno
dat1 < 2((1 —v)s1t1 + yV/s1t1), e 1 = [T1]/n, a Takxke

V102v/s1t1 < 2((1 — 'y)st + ’y\/g)

Us dot1 < 2((1 — y)s1t1 + yv/s1t1) caemyet, ato y/s1t1 = t1(62/2 — (1 — 7)s1), oTKyma

/51 ]t > (62/2) —7(1 —)s1 g (02/2) —7(1 -8B _ /5275
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Buaut, 1 < \/511/01/02 < /Bv/61/52, nostomy
Sltl \/7\/>\/61/52 \/61/52:%.

Berimostasist Bropoii mar ureparuun, mo MEOXKecTBaM S1, 11 mocTpouM MHOXKecTBa S2, T U T. 1.
3 nokazaHHOrO BBIIIE CIEYET, YTO

——— _ 2((1 —)siti +V/siti)
57,+1t7,+1 < .
0102

Ilonaras njst KparkocTu x; = +/Sit;, UMeeM

20—v) , _ 2y

zip1 < f(x:), f(z) = az® +bx, a =

Tak Kak IIOJIO’KUTEJIbHBI KOpeHb ypaBHeHus f(r) = x paseH

1—b_ V/E102/2-

a 1—7 ’
n0<zx=+s1t1 <(1-0b)/a, 0
Tit1 < f(z) <z <x1 < ab, m;“ ar; +b<qg=ax1 +b<1,

3

OTKYJIA Ti+1 < T1¢', T.€. MOC/e KaXKJIOH UTEPaIUd aJrOPUTMa BEJUIUHA

_ VISIT]
Vst = S

yObIBaeT He MeJJIeHHeil, 9eM B TeOMeTPUYECKOil TPOrPecCHH.

Ecsn st > 0, To ogeBunno st = |S||T|/(mn) > 1/(mn), nosromy npu st < 1/mn na
camoM geste st = 0, sHaunt, |S| = 0 wiu |T| = 0, nosromy |Y| = 0 u anropurM 3akaHIMBaET
paboTy, IIOCTPOMB U3 HEHYJIEBOTO BEKTOPa (COep KaIero ommobKn) HyseBoii Bekrop. OTcrona
BBITEKAeT JUIA “HMC/Ia nrepanuii onenka log, . v/mn + 1, tne 1/¢ = 1/(az1 + b) > 1. Yrobsr
Tit1

4

ee yJIYUIIUTh, IPOJIOrapudMUPyeM HEPABEHCTBO <azx;, +b<ar;+b<1, Trorma

log % < log(ax; +b) =logb + log (1 + ami) < afi < logb + %qiil,
1
OTKYZa, CYMMUDPYS, IMEEM log ? < ilogb + m, 3HAYNT,
_1=b
Tit1 < 1= beb(1*4) bz7

HO3TOMY [IJIs1 YUCJIa UTEPAIUil CIpaBeJINBa OIEHKA

B ay/mn 1-b
v =log; 1-b +b(1—q)10g(1/b) o

Jlnst ancia IpUMeHeHnH aJropuTMoB JekoanpoBanus C; OYEBHIHO CIIpABEJINBA OIEHKA

m(1+z) M(Hgti).



I'pacppr-pacuiupuresn u ux NpUMEHEHUST B TEOPHH KOAUPOBAHUST 125

Ipumensia mepaBencTBa 018i+1 < 2((1 — 7)sit; + yv/siti), d2tiv1 < 2((1 — v)sits + yV/siti),
UMeeM OIEHKY

m(1+5+ Z s,t+~y\/§)>+n(1+5 Z ((1—~ szt+%/ﬁ)>

= 0s,,65,8(n +m) ((1 -7) ng +’VZ$¢) =
=1 =1

oAby 222
= 05, ,65,8(n +m) <aeb(1—11) + ol +b)eb(1_q)> )

Tak kak cymMMapHasi CJIOX(KHOCTb IIPUMEHEHHUsI KarXKJI0r0 U3 AJITOPUTMOB JIEKOJUPOBAHUS KO-
nos C; paBHa 051,52,T17T2,C,d(1), TO CJIOYKHOCTB JeKoaupoBanusi kojga Pora-Ckaueka paBHa

N A=b 1—y 2°2
Oél,éz,rl,rg,c,d,ﬁ(m) (aeb(l_Q) + meb(l_q)> .

Aprop 6iraromaper M. H. Bsitomy 3a KOHCTPYKTUBHYIO KPUTHKY, B 3HAUHU-

TEeJILHOI Mepe CIIOCOOCTBOBABIIYIO YIIYUIIEHUIO TEKCTa CTATHU.
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