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Conditions for solubility of difference inclusions

M. S. Bichegkuev

Abstract. Necessary and sufficient conditions are found for the solubil-
ity of difference inclusions in the space of vector sequences determined by
a linear relation (a multi-valued linear operator) on a Banach space.

8 1. Introduction

Let X be a complex Banach space and let A be a closed linear subspace (a linear
relation) in X x X. We denote by Ax, where x € D(A) (see §2), the set of vectors
{y € X: (z,y) € A}. We consider the Banach spaces I, = [,(Z, X), p € [1, 0], of
sequences z: Z; = NU{0} — X of vectors in X with the norms

el = (X et up) . pelioo)

n=0

|z |loo —supHx H p =00

The main results in this paper are related to questions of solubility and repre-
sentability of solutions of difference inclusions of the form

z(n) € Az(n — 1) + f(n), n€Z:\{0} =N, (1)

in the space I, p € [1,00], where f is a sequence belonging to [,,.
These difference inclusions arise naturally in the study of solutions in [, of the
difference equation

Bz(n) = Cz(n — 1) + g(n), g € lyp, neN. (2)

Here C,B: X — Y are operators in the Banach space B(X,Y") of bounded linear
operators on X with range in the Banach space Y, where B has a non-zero ker-
nel Ker B. In Theorem 6, the problem of the existence of solutions of equation (2)
is reduced to the same problem for a suitable linear relation of the form (1) (where
A = CB7! is a linear relation). (For the main notions in the theory of linear
inclusions, see §2.)

The two theorems below are the main results in this paper.
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Theorem 1. For the difference inclusion (1) to have a unique solution for every
sequence [ € lp, it is necessary and sufficient that the relation A is continuously
invertible and the spectral radius of the operator A~™' € B(X) = B(X, X) satisfies
the condition r(A~Y) < 1 or, equivalently, the condition

o(A)c {NeC: ) >1} (3)

holds (that is, the spectrum of the relation A lies outside the disc B(0,1) = {\ € C:
A< 1)),

Theorem 2. The difference inclusion (1) has at least one solution in 1, for every
sequence f €, if the spectrum o(A) of the relation A possesses the property

o(A)NT =g, (4)

where T = {\ € C: |\| = 1} is the unit circle in C.

Some applications of our results to the difference equation (2) are obtained (The-
orem 6), along with the formulae (28) for solutions of the difference inclusion (1).

8 2. Some facts from the theory of linear relations

In this section, we describe some notions and results that belong to the theory
of linear relations (multi-valued linear operators) and are used in this paper. They
can be found in the monographs [1] and [2] and the paper [3].

By a closed linear relation between Banach spaces X and ), we mean an arbitrary
closed subspace A C X x Y. If X = Y, then we call A a linear relation on X. The
set of all closed linear relations between X and ) will be denoted by LR(X,)),
and by LR(X) if X = ).

The subspace

D(A) ={z € X: 3y € Y such that (z,y) € A}
is called the domain of the relation A € LR(X,Y). The subspaces

Ker A= {z € D(A): (2,0) € A}, ImA = U Ax
z€D(A)

are called the kernel and image of the linear relation A € LR(X,Y) (the word
‘linear’ will sometimes be omitted). We note that Az = yo + A0 for every yo € Ax,
where A0 = {y eY: (0,y) € A} is a linear subspace in ).
If A € LR(X,)), then the inverse relation A~! € LR(),X) is given by the
formula
A ={(y,x) €Y x X: (2,y) € A}.

The sum of two relations A, B € LR(X,)) is defined as the linear subspace
A+B={(z,y) e X xY:x€ D(A)ND(B), y€ Az + Ba}

of X x ), where Ax + Bz is the algebraic sum of the two sets Az and Bz in ).
Therefore we have D(A + B) = D(A) N D(B).
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The product of the relations A € LR(X,)Y) and B € LR(Y, Z), where Z is
a Banach space, is the linear subspace

BA = {(x,2z) € X x Z: 3y € D(B) such that (z,y) € 4, (y,2) € B}

of X x Z. We note that (BA)~t = A=1B~1L.

Every relation A € LR(X,)) is the graph of a multi-valued map A:
D(A) ¢ X — 2Y, where D(A) = D(A) and Az = Az for all z € D(A): in
what follows, they are identified and denoted by A. Thus, the set LO(X,Y) of
closed linear operators, which contains B(X, ), can be regarded as being included
in LR(X,)).

Definition 1. A relation A € LR(X) is said to be continuously invertible if A~! €
B(X), that is, Ker A = {0} (A is injective) and Im A = X’ (A is surjective). By the
resolvent set of a relation A € LR(X), we mean the set p(A) of all A € C such that
(A—XI)~! € B(X). The spectrum of an A € LR(X) is the set o(A4) = C\ p(A).

We note that the set o(A) is open and that the spectrum p(A4) of an A € LR(X)
is closed.

Definition 2. The map
R, A): p(A) — B(X), RO\ A)=(A—AD)7L, Xep(A),

is called the resolvent of the relation A € LR(X).

The resolvent of a relation A is a pseudo-resolvent in the generally accepted sense
(for example, see [4], §4.8), and we have

A0 = Ker R(Xo, 4), D(A) =Im R(\g, A), Ao € p(4).

A linear subspace Xy in X' is said to be invariant with respect to a relation
A€ LR(X) if
Al’oﬂXo#@, J?oGD(A)ﬂXo.

The restriction of a relation A € LR(X') to an invariant subspace Aj is a linear
relation of the form Ay = AN (Xy x Xy) € LR(Xp), and we shall denote it by A|Xj.

If X = &y @ Ay is the direct sum of two subspaces invariant with respect to
a relation A and Ay = A|Xp and A; = A|AX, then we say that A is the direct sum
of the relations Ay and A; and write A = Ag @ A;. The relations Ag and A, are
called parts of the relation A.

We note that if p(A) # @ and the subspaces Xy and &} in the decomposition
X = Xy @ X are invariant with respect to all operators R(\, A), A\ € p(A), then
these subspaces are also invariant with respect to A and, in this case, o(A) =
o(Ap) Uo(Ay), and we have R(\, 4;) = R(\, A)| X, i =0, 1.

We shall need the following theorem.

Theorem 3 [3]. Let the spectrum o(A) of a relation A € LR(X) be representable
in the form
o(A) =09 Uoy,



650 M. S. Bichegkuev

where oy is a compact set in C, o1 is a closed set and o9 Noy = &. Then there is

a decomposition
X=X, X (5)

of X into a direct sum of two closed subspaces Xy and X1 invariant with respect
to A such that the restrictions A; = A|X;, i = 0,1, possess the following properties:

1) Ap € B(Xo), (T(Ao) = 0y,

2) A0 = A0 = KerR(~, A) = KerR(-, A1) C A, D(A) = Xy X D(Al),
O'(Al) =01,

3) the Riesz projector Py € B(X) realizing the decomposition (5) (so that
Im Py = Xy, Ker Py = X)) is given by the formula

1
Py = 5l VR()\,A) dA, (6)

where 7y is a closed Jordan contour (or a finite set of such curves) lying in p(A)
such that oy is inside v and oy is outside.

Definition 3. Two linear relations A, Ay € LR(X) are said to be similar if there
is a continuously invertible operator U € B(X) such that U(D(Az)) = D(A;) and
AU = UAs or, equivalently, Ay = {(Uac, Uy): (z,y) € Al}.

We note that o(A;) = 0(Asg) in this case.

Definition 4. A linear relation A € LR(X) is said to be permutable with an
operator T' € B(X) if (Tx,Ty) € A for all (z,y) € A.

8§ 3. Proof of Theorems 1 and 2

Starting with the relation A € LR(X), we construct a relation A € LR(l,) on
the Banach space of sequences I, = I,(Z+,X), p € [1,], as follows. It consists
of the ordered pairs (x,y) € [, x [, such that the formulae

(z(k —1),y(k)) € A, kE>1, (7)

hold and, consequently, we have A0 D {(yo, 0,...):yo€X } The resulting linear
relation A will be called a weighted-shift difference relation.

It is important to note that if A € LO(X), then the relation A C I, x [, has the
form

A={(z,y) €1, x l: z(n) € D(A), y(n) = Az(n — 1), n > 1}.

Therefore, under the condition X # {0} (which is assumed to hold), A is not
a linear operator (since A0 = {y € I,: y(k) =0, k > 1} # {0}).

In the lemmas below, we list some properties of the linear relation A C I, x [,,.

Lemma 1. IfA € LR(X) (that is, A is a closed relation on X)), then the relation A
1s closed.

Proof. Let (zn,yn), n = 1, be a sequence in A convergent to (zo,yo) € lp X .
Then, according to (7), we have

(zn(k —1),yn(k)) € A, E>1. (8)
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Since A is closed, passage to the limit in (8) is possible for every fixed k > 1, and
therefore we obtain
(Io(kfl),yo(k‘)) GA, k>1

Consequently, formulae (7) hold for the pair (z¢,y0), and therefore we have
(z0,v0) € A. The lemma is proved.

We consider a family of isometric invertible operators V(v), v € T, in the space
lp, p€[l,00]:
(V(z)(n) =+"z(n), ne€Zy, €T, z€l,.

Along with the relation A, we consider the relation D = I — A € LR(l,), which
will play an important role in our investigations. It follows from Lemma 1 that it
is closed.

Lemma 2. The spectrum o(A) of the weighted shift relation A € LR(l,) is invari-
ant with respect to rotation about zero in the complex number field C. If 1 ¢ o(A),
then o(A)N'T = &, and we have the formulae

Viy D W (y) =v(yI — A7  =9R(v, A),  yE€T, 9)
V(YR AV () =yR(YAA),  Aep(A), €T (10)

Proof. The definition of the relation .4 implies that if (x,y) € A, that is, the inclu-
sions (7) hold, then we have the formulae

{(V)z,V(7)y): (x,y) € A} = {(z,7"y): (z,y) € A}, ~€T.
These formulae imply that
VO HAV(y) =77"4, ~€ET, (11)

and we have V(7)(D(A)) = D(A). Thus, the relation A is similar to the relations
A, 0 € T. Consequently, the spectrum of the relation A is invariant with respect
to rotations of the complex plane about zero. It follows from (11) that

VA=AV () =7 A=), A€ p(A).
We now pass to inverse operators and obtain (10). The lemma is proved.

Remark 1. The definitions of the relations A and D imply that difference inclu-
sion (1) can be written in the form

f €Dz, (12)

that is, an = € [, is a solution of inclusion (1) if and only if (12) holds. Thus, the
conditions for the solubility of the inclusion (1) for every sequence f are equivalent
to the surjectivity of D, that is, to the condition ImD = [,, and the condition
for the unique solubility of the inclusion (1) with an arbitrary f is equivalent to
the continuous invertibility of the relation D € LR(l,). Therefore, when proving
Theorems 1 and 2, one must consider conditions for the invertibility (Theorem 1)
and surjectivity (Theorem 2) of the relation D.
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The hypotheses of the lemma below involve operators in B(l,) of the form
(Vip)z)(k) = p(k)z(k),  ke€Zy,  zEly

where ¢ € lo(Z+) = lso(Z4,C), as well as a sequence ¢,,: Zy — R, n > 1, in [, of
the form

and the corresponding sequence V (v,,), n > 1, of operators in the algebra B(l,).
We note that the operator V (), v € T, can also be written in the form V(¢5),
where ¢ (n) =~", n € Z.

Lemma 3 [6]. Assume that an operator B € B(l,) is permutable with all the oper-
ators V(v), v € T, and that one of the following conditions holds:

1) pel,00),

2) p=o0, limn_,ooHV tn)B — BV (y,) H =0.

Then B 1is the operator of multiplication by a bounded functwn B: Z, — B(X)
(that is, (Bx)(n) = B(n)z(n), n € Zy), and we have ||B|| = || B|s.

Lemma 4. The resolvent R(-,A): p(A) — B(l,) of the weighted shift relation
A € LR(l,) possesses the property

lim sup||V Un)R(A, A) = RO\, AV ()] =0, (13)

n—0o0 )\

where K is an arbitrary compact set in p(A).

Proof. The relation AV (¢) — V(¢).A consists of the pairs (z,y) € [, X [, such that
((gp(n -1) - @(n))x(n — 1),y(n)) €A, n>1.

If f €1o(Z4) has the form f(n) = ¢(n) — p(n+1), n > 0, then

AV(0) =V(p)A=AV(f), (A=AV(p) = V(p)(A=A) = AV(f), A€ p(A).

Using the left and right actions of the operator R(\,.A) on both the sides of the
second of the above formulae, we obtain

V(e)R(A,A) = RN AV (@) = (I + AR\ A) V(R A), A€ p(A). (14)

Here we have used the formula Ker R(\, A) = A0 obtained in §2. If © = Yn,
fu(k) = (k) — ¥p(k+ 1), k > 0, then, using the formula || f,|lcc = =, we derive
the limit expression (13) from (14) The lemma is proved.

Civen arelation A€ LR(X), consider the following linear relation A on l,(Z,X):

A= {(z,y) €l x 1,: (z(n),y(n)) € A,n € Zy}.
It is clearly closed and, according to the definition of A, it follows that
A= AS(1), (15)
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where S(1) € B(l,) is the operator of shifting sequences one to the left, that is,
(S(1)z)(n) =z(n+1), neZy, x € lp.
Thus, we have }
A= AS(-1), (16)
where S(—1) = S(1)~! is the linear relation

S(=1)={(z,y) €lp xlp: y(n) =x(n—1),n > 1}
on l,.

Proof of Theorem 1. Necessity. The proof uses Remark 1. Let D € LR(l,) be
continuously invertible. This means that 1 ¢ o(A), and therefore, by Lemma 2,
the spectrum o(A) of A can be represented as

0(A) = Oint U oout, (17)

where o = {A € 0(A): [A] < 1} and ooy = {A € o(A): [A| > 1}. Proceeding
from the set oy, we construct the Riesz projector P € B(l,) using the formula
1
P=—— [ R(\A)d\, (18)
21 T

where the integration extends over the (positively oriented) circle T. Applying the
operators V(y~!) and V(v), v € T, to the left-hand and right-hand sides of (18)
and using (10), we obtain

1
VTPV () = -5 : V(y )R, AV (y) dA
1 1
=3 TVR(’YAyA)d/\:*Tm. TR(u,A)du:P, veT.

Thus, we have the formulae
PV(y)=V(H)P, ~veT,

that is, the projector P € B(l,) is permutable with the operators V (), v € T.
If p € [1,00), then it follows from Lemma 3 that P can represented in the form

(Px)(n) = P(n)x(n), nez,, x €y, (19)

where P: Z; — B(X) is a bounded projector-valued function, and we have ||P|| =
sup,,>o||P(n)||. To obtain the representation of P in the form (19) for p = oo, it
suffices to verify condition 2) of Lemma 3. This condition follows from Lemma 4
and formula (18), namely, the following estimate holds:

[V ()P = PV ()| = ;ﬂH /T(V(wn)R()\, A) = RO, AV (v)) dAH

<sup[[V(¥a) R, A) = RO, AV ()| = 0
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as n — oo. It follows from (15) and (16) that AS(1) = S(1).A, that is, A is
permutable with the operator S(1). Consequently, the conditions S(1)R(},.A) =
R(\, A)S(1) and A € p(A) hold, and therefore formula (18) implies that the pro-
jector P is permutable with the operator S(1). This means that the formulae

P(k)x(k+1) = P(k+1)z(k+ 1), k>0, x € lp,

hold, whence we conclude that P(k) = P(0) = Py, € B(X) for all k € Z,, that is,
P does not depend on k € Z.

It follows from (15) that 7 is permutable with the relation A € LR(l,), and the
definition of A and the expression for the projector P imply that P, is permutable
with A.

The projector Py realizes the decomposition

X = Xint ©® Xout (20)

of the Banach space X into the direct sum of the spaces Xj,y = Im P, and
Xouw = Ker P,¢ invariant with respect to A, and the projector P determines the
decomposition
=1 &l (21)

where the subspaces [, = [,(Z, Xin) and l;f = 1,(Z4+, Xous) are invariant with
respect to A (and, consequently, with respect to D). According to Theorem 3, the
restrictions Ay, = A|l; and Aoy = A|l1‘," possess the following properties:

]-) Aint S B(Z;), 0<Aint) = Oint,

2) o(Aout) = Tout, Agult € B(l;_% Aout0 = AO0.

Since we have r(Ai) < 1 and

Aingz(n) = Aipgz(n — 1), n>1,

where Ay € B(Xint) is the restriction of A to Xin (see formula (17)), every
sequence x € [, belongs to Ker D, that is, [, = {0}. Consequently, oj, = &, and
therefore A = Aout, X = Xout, and r(A~!) < 1. Since the relation S(—1) € LR(l,)

is continuously invertible and S(—1)71'=S(1), we conclude from (15) that A is
continuously invertible and the condition r([l_l) < 1 holds, and therefore A is con-
tinuously invertible and r(A~1!) < 1. The necessity of the desired condition is
proved.

Sufficiency. It follows from the continuous invertibility of the relation A, the con-

dition 7(A7!) < 1 and formula (15) that D is representable in the form
D=1-AS(-1)=AS(-1)(A7*S(1) - I)

and is continuously invertible, and we have

D =) ATS(n+ 1),
n=0
that is, the formula
(D 'a)(k) =Y A" lz(k+n+1), xzel, (22)
n=0

holds for every k € Z,. The theorem is proved.
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Theorem 1 implies the theorem below.

Theorem 4. If the relation A is continuously invertible and the condition
r(A7Y) < 1 holds, then the relation D is continuously invertible, and the opera-
tor D1 is given by formula (22).

Corollary 1. If D is a continuously invertible relation, then

{AeoA): N <1} =2.

Theorem 5. The spectrum o(A) of the relation A coincides with one of the fol-
lowing subsets:

1) o(A) = C (this formula holds if and only if 0 € o(A) and o(A) contains
at least one non-zero number),

2) o(A) = C\B(0,r), where B(0,r) = {\ € C: |\ < r}, r > 0 (this rep-
resentation is possible if and only if A € LR(X) is continuously invertible and
r(A~1) = 1),

3) o(A) = @ (this condition is equivalent to o(A) = & or, in other words, to the
condition that A=' € B(X)) be a quasi-nilpotent operator).

Proof. By Lemma 2, we may assume that the circle T(a) = {A € C: |A\| = a},
where o > 0, lies in p(A) and that the set {A € o(A): [\| < a} is non-empty.
Consider the relation A, = o~ ' A, for which D, = I — A, is continuously invertible,
0(Do) NT = @ and, by Corollary 1, the set {\ € o(As) = a to(A): [N <1} =
{)\ co(A): [N < a} is empty. We have arrived at a contradiction. What has been
proved implies that o(A) can only be one of the subsets described in the theorem.
It then follows from Theorem 1 that we have the representation 2) if and only if
0 € p(A) and r(A~') = r. Consequently, the condition o(A) = C can hold only
if 0 € 0(A) and o(A) contains at least one non-zero number. Furthermore, the
representation 2) implies that the condition o(A) = @ can hold only if A~! belongs
to B(X) and r(A~!) = r. The theorem is proved.

Corollary 2. The spectrum of a continuously invertible relation A satisfies the
formula

o(A) = {/\ €C: A > T(All)}

Proof of Theorem 2. By Remark 1, we must prove the surjectivity of the relation D.
Assume that the spectrum of A has the property (4). Then

o(A)=0_Uoy, (23)

where o = {A € g(A): [A| <1}, op ={A€C: [\ > 1}
Consider the Riesz projector
1
P_=—— [ R(\A)dA. (24)
211 T
Then we have the decomposition

X=X_a&X,
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realized by the projector P_ (that is, X4 =Im Py, P, =1 — P_). It follows from
Theorem 3 that

1) the restriction A_ = A|X_ of A to X_ belongs to the algebra B(X_), and
the condition r(A_) < 1 holds,

2) A7' € B(X4) and r(A7Y) < 1.

The Banach space [, = 1,(Z4+, X) admits the decomposition

lp = lp(Zp, X_) ® 1p(Zy, X1 ) = I, ® l;,
and we consider the restrictions A_ and A, of A € LR(l,) tol, and L} respectively.

The first is the bounded operator in B(l, ) given by

A_xz(n—1) for n>1,

25
0 for n=20 (25)

(A_2)(n) = {

and the other is the linear relation on l; determined by the condition
{(@y) el xLF: (x(n—1),2(n) € Ay, n>1}.
Therefore A, € LR(L}) is continuously invertible and we have
(A7'2)(n) = AT z(n + 1), nez, zell. (26)

Formulae (25) and (26) determining the operator A_ and the relation A, imply
that r(A_) =r(A_) < 1 and r(A7") =r(A7") < 1.

It follows from what has been said that the inclusion f € Dx has a solution
x € D(A) = D(D) C I, of the following form for every f €1, (see Remark 1):

T = i Alw_ — i A7y = iA’lP,x - i AT Py (27)
n=0 n=0 n=0 n=0

The theorem is proved.

We have the following consequence of formula (27) and the expression Ker D =
{yely:yn)=P.z(n),n>0,zel,}

Corollary 3. If the condition (4) holds, then every solution x € 1, of the difference
inclusion (1) has the form

x(n) = Z G(n —k)f(k) + P_xz(n), ne’;. (28)
k=0

Here the function G: Z4 — B(X) is given by the formula

A™P_y  for m >0,

e X,
—ATPry  for m <0, Y

G(m)y = {

where P_ is the Riesz projector (see (24)).
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8 4. Some applications of Theorems 1 and 2

In this section we consider a difference equation of the form (2), where the
operator B € B(X,Y) has a non-zero kernel. Our results are stated in terms of
the following definition.

Definition 5. The resolvent set p(B,C) of an ordered pair (B,C) in B(X,Y)
consists of those complex numbers A for which the operator B—AC' is (continuously)
invertible. The set o(B,C) = C\ p(B, C) is called the spectrum of the pair (B, C).

An important role in the study of the spectral properties of an ordered pair (B, C')
belonging to B(X,Y) is played by the two linear relations 4, = B~1C € LR(X)
and A, = CB~! € LR(Y). The relations A4; and A, are called the left and right
linear relations, respectively (B~! is a linear relation between the spaces Y and X).

The change of variables y(n) = Bxz(n), n € Z4, x € l,, in equation (2) leads to
the problem of the solubility of the difference inclusion

y(n) € (CB Ny(n—1) + f(n) = Ay(n — 1) + f(n), neN.  (29)

It is clear that « € [, is a solution of equation (2) if and only if y(n) = Bz(n),
n > 0, is a solution of the difference inclusion (29). It follows from Theorem 6.1
in [3] that

o(B,C)\{0} = o (A,) \ {0}.

Therefore we have the theorem below, which corresponds to Theorem 1.

Theorem 6. For the inclusion (29) to have a unique solution for every sequence
f €1y, it is necessary and sufficient that the following conditions hold:

1) A7 = BC™! € B(Y), which is equivalent to the simultaneous fulfillment of
the conditions ImC =Y and Ker C C Ker B,

2) r(BC™1) < 1.

Proof. Tt follows from Theorem 1 that for the existence and uniqueness of a solution
of the inclusion (29) with an arbitrary f € l,,, it is necessary and sufficient that the
relation A, = CB~! is continuously invertible and the condition r(A; ') < 1 holds.
Since A, = {(Bz,Cxz): x € X}, we have A ! = {(Cz, Bz): z € X}. Clearly, the
relation A7 is a bounded operator if and only if InC =Y and Ker C' C Ker B.
The theorem is proved.

Corollary 4. If the operator C is invertible and the condition r(BC~1) < 1 and
the conditions of Theorem 6 hold, then the solution x of equation (2) is given
by the formula

x(n) = i(BC_l)kHC_lf(n—&-kz—i-l), nez;.
k=0

Remark 2. We note that the uniqueness problem for solutions of linear differential
inclusions was considered in [7].

The author is sincerely grateful to the referees for some valuable remarks.
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