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N3BECTUA BLCHINUX VYUYEPPLIX 3ABEIOEPUNU
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U.B. OJIEMCKOW

KOPCTPYNPOBAPUE ABPbBIX METOIOB THPA PYPI'E-KVYTTA
NP TEI'PUPOBAPINA CUCTEM CPEILIMAJIBP OI'O BUIIA

1. BBenenue

Ppu pemenun 3anaau Koun

yi = filx,yr, .o yn), i=1,...,m, (1.1)
vi(Xo) =0, i=1,...,m,
z€[Xg, Xi]CR, y;:[Xo,Xi] — R, i=1,...,n,
fii|Xe, X)X R" — R, i=1,...,n,

obuwas cxema sBaoro metona Pyure-Kyrra ([1], r1. 6, § 3, ¢. 82) uncsieHHOro MHTEIrPUPOBAHU A CUCTEMBI
(1.1) umeer Bug

=1

rae dynkuun k;;j(h) Boraucagorcs 0o ciaenyomeit cxeme:

j—1 j—1
kij(h) = hf; (fE + cijh, yi(z) + Z @ijipkip, - Yn(T) + Z aijnpknp)a (1.3)
p=1 p=1
Cﬂ:O, aﬂsO:O, s:l,...,n.

3aech m; — 9MCIIO ITAIOB M ¢; — HOPSA0K 110 i-ii KOMIIOHEHTe MCKOMOM (pyHKIMU B 001EM Cirydae
MOTYT OBbITH PA3IMYHBI 110 KAXKA0i 13 KOMIOHEHT. P 03TOMy PpHM MOCTPOEHUY PACUYETHBIX CXEM METOIA
MX XaPAaKTEPUCTUKOM MOTYT BBICTYNATh KaK BEKTOPBI YMCJ1a 31arnoB M = (my, ..., m,) n nopsaaka @) =
(q1,---,qn), €cau x0T OBI OJIHA M3 KOMIIOHEHT COOTBETCTBYIONIMX BEKTOPOB OTJIMYHA OT OCTAJIbHBIX
(1 TOrma MeToI HA3BIBAECTCI PA3HOIMANHOIM U PA3ZHONOPAJKOEHLM COOTBETCTBEHHO), TaK W CKAJIAPBI
™M ¥ ¢, eCJIM KOMIIOHEHTHI COOTBETCTBYIOIIUX BEKTOPOB PaBHBI MEXy COGOi: m; = ... = m, = m,
G= = =q

Pom nopadkom memoda (1.2), (1.3) npu BekTope mopsanka @@ = (qi,...,q,) OyaeM moHAMATH ¢ =
min{q,...,q,}

BeejieMm elne oiHO MOHATHE, HEOOXOMMMOE IJIs CPABHEHM A METONOB HHTEIPUPOBAHMS CUCTEM ODBIK-
HOBEHHBIX mudpepeHnnaIbHbIX YPaBHEHHTIA.

Omnpenenenne. PycTh [j11 HEKOTOPOTO BEKTOpPA YUCJIA HTAIOB B paMKaX OMHOUIATOBOTO METO[IA

CYIIECTBYeT pacyeTHas CXeMa ¢ BEKTOpOM mopsanka Q = (qi, ..., q,). Pynem HasbiBaTh Takoil BEKTOD
9HCJIa HTANOB MUHUMAJBHBIM U o6o3Hadarh M(Q) = (mi(q1),...,m,(¢,)), ecau nmsa moboit M =
(my,...,m,)-5TalHONi pPACIETHOU CXEMBI C BEKTOpOM mopsaAnka Q = (q,...,q,) 9TOTO Xe MEeToma
CIIpaBeyIUBBI HEpaBeHcTBa m; > m;(q;), i =1,...,n.
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B ckajApHOM C/ly4ae MUHMMAJIBHOE YMCJIO HTANOB METONa Mopsiaka ¢ Oynem obo3HaUarh vepes
m(q).

P pu nocrpoennu pacuernsix cxem ([1], . 6, § 3, c. 84) B pamkax merona (1.2), (1.3) rpaguunonno B
CHJ1y PaBHOIIPABHOCTU ypaBHeHI/Iﬁ CHUCTEMBbI TapaMeTPbl ME€TOAa II0JIaral0T HE3aBUCAIIMMU OT HOMEPOB
KOMIIOHEHTHI ¢ U §: b; = b;j, ¢; = ¢;j, Qjp = Qjjsp, M =M.

Takoit ciocob pacupocrpanenus meroga (gopmanvuot) (1.2), (1.3) narerpupoBanus ypasHeHuii
HA CHCTEMBI CyKaeT ero BO3MOXKHOCTHU, OJHAKO 3HAYUTEJHLHO YIIPOUAET 3a[4ady KOHCTPYHUPOBAHUS
METO0B MHTEIPUPOBAHUA CUCTEM. B 3TOM CJlydae MEeTOIbI CTPOATCH IJis CKAJSAPHBIX ypaBHEHUIA,
a pacIpOCTpaHeHHe Ha CHCTEMBI OCYIIECTBJIAETCA IIPOCTOIl 3aMeHOU cKanApHbIX (yHKIWMi y, f, k;
Ha COOTBETCTBYIOIIME BEKTOPHBIE. P pu 3TOM BCe yTBEPXKIEHUsA O COOTHOUIEHUU TOPAIKA METONA ¢ U
9HCJIa STAIOB 1M, CIPABEIJIUBbBIE 1151 CKAJIAPHOTO CJIydas, BEPHBI U JJ1s BeKTOpHOTo: m(q) = ¢, ¢ < 4.
Pru paBencTBa cripaBemyIMBbBI HE TOJIBKO AJiA (DOPMAJIBHOTO METOIa MHTEerpupoBanus cuctems (1.1),
HO U 1y obmeil cxemsl Meroma (1.2), (1.3).

B ([2], 1. 2, § 14, c. 294; [3]) upemyioxkeH METOM U IOCTPOEHA TEOPHs YCIIOBU TOPAIKA [AJIA Pa3ie-
JAomuxcsA qudepeHnuaIbHbIX ypaBHeHui. P apaMeTpsl MeTo1a MHTErPUPOBAHUS PABIEIIAIONIIXC I
CHCTEM 3aBHCAT OT HOMEpa KOMIIOHEHTHI PEIeHUs S, HO BCE OHU OJMHAKOBBI JJIs BCEX KOMIOHEHT %
upaBoil uactu: b; = bij, ¢; = ¢ij, Gjsp = Qijsp, M = M;. A 9T0 3HAIAT, YTO B METONE JJIA PA3IEJIAIO-
muxcsA cucreM (Kak u B (bOPMaJIbHOM) HOPANOK BbIdnciIeHnit bynkuuii k;; Ha j-M 3Tale IPOU3BOJIEH
(0OBITHO B MOPAIKE BO3PACTAHUA UHIEKCA 7). MeTom HHTerpupoBaHus PA3IESIAIONMXCA CACTEM 1 (DOp-
MaJIbHBIA METOJI MACCUBHO MCIOJIb3YIOT CTPYKTYPHBbIE 0COOEHHOCTH MHTEIPUPYEMBIX CHUCTEM TOJIBLKO
HA yPOBHE UCCJIEIOBAHU yCJIOBUIA TIOPAIKA.

B orsimume ot yka3aHHbBIX BbIle MOAX0I0B B JAHHON paboTe paccMarpuBaeTCs HOBBIA ABHBIN OMHO-
marosbiit meron tuna Pyare-Kyrra pemenus 3amaan Komu myis CTpyKTyPHO PA3IEIIAIONIUXCA CUCTEM
00BIKHOBEHHBIX (DD EPEHITUAIBHBIX yPABHEHUH BAIIA,

yi = f1($7’yn)7

y}:fj(x7yj*1)7 j:27"'7n7 TLZ2,
¥s(Xo) =0, s=1,...,n, z€[X,,X1]CR,

(1.4)

rae ys, fs — dyHkumu pasmepHocTd 1. s ux uHTErpupoBanus [4] HOCTPOEHBI S5KOHOMUIHBIE JIBYX-
U TpexdTallHble MeTOJIbl TPEThero U 4eTBEPTOro IOPAIKOB COOTBETCTBEHHO.

2. Merono, nHTETPUPOBAHU S

Cuuraem, 9410 M3BECTHO TOYHOE pemenue y,(x), s = 1,...,n, 3amgaau (1.4) B rouke z € [ X, X;].
Ppubaunxenne z;, s = 1,...,n, K Tounomy peuenuio y;(z + h) B rouke = + h € [X,, X;| nwem B Buge
ys(x + h) = z, = yo(x) + Z bowksw(h), s=1,...,n, (2.1)

w=1

rne dyskmun kg, = ki, (h) BeIAUCIAEM IO CXEME

hfi(z,yn(z)), w=1;

kiw = w1 (2.2)
hfi (x + crwh, yn () + 3 alwgknw), w > 1,
g=1

w
kiw = hfl ((II + Ciwha yi_l(x) + Z a/iwgki—l g)) Ci1 # 0, 1 = 2, NS (23)

g=1
B CTPOTOHM MOCEIOBATEILHOCTH ki, ko1 y . ..y Ky, k1o, koo, . . .5 My — amcsio 5TanoB (KOJIMIECTBO BBITH-

cJieHuil s-ii KOMIOHEHTHI IpaBoil Yactu cucreMbl (1.4) HA MIAre MHTErPUPOBAHUA):

mlz"':mszms+1:"':mn7 ms_ms+1gly (24)

bsws Csw, Gswy — MapamMerpsl Merona (2.1)—(2.4); h — mar merona.
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Huist komnakTHOrO npegcrasiaenuns meroga (2.1)—(2.4) MoKHO ncnoJb30BaTh TAbJAMYHOE IPEICTA-
Bienue (tabs. 1), cocrosmee us n mograbui.

Tabauua 1. Meron (2.1)—(2.4) unrerpupoBanus cucrem (1.4)

cln | a/lnu | bln cZn a2771/ | b277
C11 b1 C21 a211 ba1
C12 Q121 by> &) Q221 by
Cimy | G1ma1 @lmymy—1 | b1m, Camy | G2may1 @2 mymy | D2m,
Cn1 ani1 b1
Cn2 21 br2
Cn My (27% My 1 (42% My, Moy bn My
Bmecw uccaenyorca Bosmoxuoctu M = (3,...,3,2)-sranaoro merona (2.1)-(2.4) maTErpMpoOBaHUA
cucrem (1.4) Ipu MOCTPOEHUN BBIYUCIUTEIIHHBIX CXEM I€TBEPTOrO MOPAIKA.
w
Ppu orpanmaeHuax ) asuy = Cop, 11 = 0, w = 1,...,m,, yCJIOBUA HOPAIKA METOIA, KOTOPLIM
g=1
JIOJIZKHBI YIOBJIETBOPATH mapamMeTpsl Metona (2.1)—(2.4) upu ¢, = 4, s = 1,...,n, obpasyor cucremy

8n HeMMHERHBIX anrebpanmdecKux ypapHeHnit ¢ 12n — 9 Heu3BECTHBIMU by, Cyj, Qgjy:

Mg 1
bywct, = ——, =0,1,2,3; 2.5
u; Q=37 P (2.5)
ms w 1
£ * = — 1),(1,1 2)} 2.
;bswcsw;aswgcsflg 2(§+3)%7 (57%) € {(07 )7( ) )7(07 )}7 ( 6)

mg w g 1
Z bsw Z Aswg Z Qs—1gtCs—2¢t = - (27)
w=1 g=1 t=1 24

Takas KOMIAKTHA 3aMUCH IPEINoJiaraeT (31ech U B TaJbHERIIEM ), 9T0, BO-IEPBBIX, HHTEPBAJIBI U3-
MeHeHus WHAEKCOB (ukcupoBansl (s = 1,...,n, v = 2,...,n—1,d = 3,...,n — 1), u, BO-BTOPBIX,
¢dopMaIbHO BBOMATCA U CIMTAIOTCA HYJIEBHIMHU IIapaMeTPhl, sBHO HE MPHUCYTCTBYIONUIME B BHIYUCIIN-
resbHOI cxeme MeToma (2.1)-(2.4) (by; = byj, Coj = Cnj, Gojg = Gnjg, C-15 = Cn1j, 0155 = 0, ¢17 =0,
Cnz = byz = a,3; = 0).

Teopema 1. B pamrar M = (3,2)-amannozo memoda (2.1)~(2.4) wucaennoezo unmeepuposarus
cucmemus (1.4) ne cywecmeyem pacwemmnoti cremo, ¢ nopadrom Q = (4,3).

LokazaresbCcTBO CBOMUTCS K yCTAHOBJIEHUIO HECOBMECTHOCTH yCJI0BuUil mopanka (2.5)—(2.7), koro-
pblé B 9THUX IMPEJIOJIOKEHUAX 00pasyor cucremy 16 HesmHERHbIX asrebpamvyeckux ypaBHeHuit ¢ 15
HEU3BECTHBIMHA Dy, Csyy Gswy- 1A cuCTEM OBYyX ypasrenuii (1.4) ¢ HepaBHOTDYIOeMKUMU (IO GUCITY
apuMeTHIECKUX OIePAIii) MPABLIMKU YACTAMHI IOCTPOCHA BEIYACTUTEBHASA CXEMa TPETHEr0 MOPAI-
Ka (TabJ1.2) ¢ MUHUMAJIHHBIM KOJIMIECTBOM CJIAraeMbIX B [VIABHOM HUJI€HE MMOIPEIIHOCTH [0 MEPBOii
KOMIIOHEHTE.
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Tabauua 2. Meron (2.1)—(2.4) tperbero nopsaka unrerpuposanus cucrem (1.4) npu n = 2

cln a/lnu bln 6277 a2771/ b277
0 9—3 3—V3 | 3—V3 1
52 6 6 2
3+v8 | 5+v3  944vB L
3—/3 3—V3 134+7V3 6 22 33 2
3 3 1z
9+v3 | 5+2v3  21-2V3 | 76—20V3
12 16 48 143
Teopema 2. B pamxar M = (3,...,3,2)-amannoeo memoda (2.1)-(2.4) wucaennozo unmezpupo-

sanus cucmemuv, (1.4) npu n > 3 cywecmeyem pacuemmnas crema 4emseepmozo nopsoka.
Ppu nokasaresnberse Teopembl Halimeno yactoe penrenue (tabs. 3) cucremsr (2.5)(2.7).

Tabauna 3. Merorn (2.1)-(2.4) gerBeproro nopsaaxa uaTerpupoBanust cucreM (1.4) mpu n > 3

cln alnl/ bln 0217 a2171/ b277
0 9—3 3—V3 3—V3 76—203
52 12 12 143
3—vV/3 | 3-V3 13473 V3 11v/3-15 5—/3 13473
3 3 44 3 24 8 44
9+v3 | 542v3  21-2v/3 | 76—20V3 1 V3-1 734633 28—12/3 9—3
12 16 48 143 8 264 33 52
Cdn adnu bdn Cnn annu bnn
3—V3 -3 76—20/3 3—V3 | 3—V3 1
12 12 143 6 6 2
3+v3 | 5+v3  9+4V3 1
V3 V31 3-V3 13473 6 22 33 2
3 2 6 44
1 35—15v/3 314153 0 9—3
66 66 52

ms
P pu ero moucke UCHOJIb30BAJIACH YIIPOUIAIONIAE IPEAIOIOKEHUA », Dyglygy = bs_14(1 — Cs_14), w =
g=w

p=1n.

w—1
1,2,3; gzl UpuwgCp—ig = 3Coys W = 2,3,

B cuity amropuTMudeckoil HecuMMeTpUIHOCTH MeTona (2.1)—(2.4) moKOMIOHEHTHOE MpUMEHEHUe
YIPOUIAOMIUX IPEIIIOJIONKEHUN PA3ITMIHO.

P e06x01umM0 0TMETHTD, 9TO B paMKax pacCMOTPEHHOrO MeTona (2.1)—(2.4) mesb3s nocTpouTh pac-
YEeTHYI0 CXeMy 4YeTBEPTOrO HOPsAKA YMCIAEHHOr0 MHTerpupoBanus cucremsbl (1.4) ¢ BekTOpom uuciia
sraioB M = (3,...,3,2,2). Posromy nabop uucsaa sranos M(4) = (3,...,3,2) ABjsercs MUHUMAIIb-
HbIM 1y Merona (2.1)—(2.4) gyerseproro nopsaka.

P o cBoum xapakrepucTukam 1oJ1ydeHHble pacueTHbie cxeMbl (Tabil. 2 u 3) 06J1a/1a10T ABHBIMU LIPE-
MMYIIECTBAMU lepel] pacueTHbiMu cxemamu dopmasbaoro Merona Pynare-Kyrra. Cuenyer obparurs
BHUMAaHME HA ABA CyLUIECTBEHHBIX MOMEHTA, XaPaKTePU3YIOLIMX PacCMarpuBaeMblii Meros. Bo-1iepsbix,
JIOKA3aHHbIE yTBEpKAeHUs (TeopeMbl 1 u 2) 1€MOHCTPUPYIOT 3aBUCHMOCTB mOpsiaka meroma (2.1)—
(2.4) or pasmepnocru cucrembl (1.4). Bo-Bropeix, meron (2.1)—(2.4) unrerpuposanus cucrem (1.4)
upu uHTerpupoBannu 1uddepeHIuaIbHbIX yPaBHEHU

y D (z) =uy), i=0,1,...
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CTOJIb 2K€ 3(i)(i)eKTI/IBeH, KaK 1 CliequaJiIbHbIC IIPpAMbIC ME€TOAbI €0 MHTEIrPUPOBAHM A
n—1 i i—1
(Cih)] ] -1
Jj=0 ) Jj=1

n—1—v 1 m
|
yzo+h) = Y j—'ygﬁ "IN Bk, v=0,...,m -1, (2.9)
i=0 J°

i=1
C, = 0. (2.10)
Kaxnomy npsamomy meromy (2.9), (2.10) coorsercrByer tabaumunoe npeacrasiaenue (tadi. 4).

Tabnuna 4. m-sTanHblii METO/L IPAMOr0 MHTErPUPOBaHUsA ypaBHeHus (2.8)

Ci | Aij | BOi Bli s anli
Cl 0 BOl Bll e anl 1
02 A21 BOZ B12 s Bn—l 2
Om Aml Amz s Am,m—l 0 BOm Blm s Bn—l m

P ampumep, npuBeeHre BEIYACTUTEbHBIX cxeM (Tabir. 2 u 3) mpu n = 2,3 pa3HO’TAIIHOTO METOIA
(2.1)—(2.4) x KOHOMUYIHOMY ¥ AJCOPUTMUIECKU MPOCTOMY BHIY [1aeT pacdeTHble cxembl (Tabir. b
u 6) mpAMOro mHTErpupoBaHuA TudOdHEPEeHITATBHOrO ypaBHeHus (2.8) BTOPOro U TPETHEro MOPAIKOB
COOTBETCTBEHHO.

Tabanma 5. Meron TpeTbero mopsamaka Tabauma 6. MeTom 4eTBepTOro MOPAIKA

1 V3 1 V3 1 1 V3 1 3 1 V3 1
2% | 0 iTh > 2% | 0 ntw itThn 3
1 V3 1 1 V3 1 1 V3 1 1 V3ol V3 1
sT% |3 0]l:i—% 3 T % | V|- 11— 2

Ormerum, 4T0 ABHAA IBYyXITANHAA PACIETHAA CXEMa TPEThEro mopsaka (Tabs. 5) 4ucaeHHoro uH-
rerpupoBanus y’ = f(z,y) comiacHo knaccudukanum, ucnoibzyemoit B ([2], . 2, §13, c.276; [5],
ot 1, §3.2, c. 33), npunatexxur tuny PriocTpéma, HO He MOKeT OBITH IMOJIyUeHA B PAMKAX JIBYX3Tall-
HOoro mMerona (2.9) B cuty orpanndenus (2.10).

P o cBouM xapakTepucTHKaM ABYX3TAIHAA PACUETHAA CXEMa 9eTBepTOro mopsaaka (tabs. 6) mare-
rpupoBanusa ypasHenuit y"' = f(z,y) npeBocxomur cunenmasbubiii meron Llypmiosns ([5], . 1, §3.4,
c.37), T.K. IpDH TOM Ke TOPAIKe OH TpeOyeT TPeX BBIYMCIICHWI TPABOi YaCTU Ha [Iare WHTErPUPOBa-
HUS.

Bce Bbleckaszanmoe, BO-IEPBBIX, 3aCTABJIAET IO-HOBOMY B3IVIAHYTH HA 06IIy0 cxemy MeToma (2.9),
(2.10) uarerpupoBanus nudpepeHuaIbHbIX YPABHEHNH BBICIIETO TOPAIKA, T. K. 30€Ch IOKA3aHO, ITO
orpanudenune C; = 0 nmpu n = 2,3 CyMWECTBEHHO CY¥XKAaeT €ro BO3MOXKHOCTH; BO—BTOPBIX, [IO3BOJIAET
YyCTAHOBUTDH CBA3b MEXKIY METOJAMU WHTErpupoBaHu:A cucreM auddepeHnuaabubix ypasaenuii (1.4)
u auddepeHnuaabHbIX ypaBHeHU BbICHero mopsanka (2.8) (moCTpoeHbI 5KOHOMUIHBIE PACUETHBIE
cxeMbl Tabi1. 5 u 6, ABJIAIUECH eAUHBIMUA JIid cucTeM ¥ udpepeHuaabHbIX YPaBHEHUIA Tpu 1 =

2,3).
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