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1. �®áâ ®¢ª  § ¤ ç¨

� à ¡®â¥ áâà®ïâáï ¨â¥à æ¨®ë¥ ¬¥â®¤ë à¥è¥¨ï ¡¥áª® «¨æ¨®®© ¨£àë n «¨æ á à ¢®¢¥á¨¥¬
¯® �íèã

f i(v�1 ; : : : ; v
�
i ; : : : ; v

�
n) � f i(v�1 ; : : : ; vi; : : : ; v

�
n) 8(v�1 ; : : : ; vi; : : : ; v�n) 2 V; (1.1)

£¤¥ ¬®¦¥áâ¢® à¥è¥¨© V � ¥ ¯ãáâ®,   ¤®¯ãáâ¨¬®¥ ¬®¦¥áâ¢® V § ¤ ® ª ª ¯àï¬®¥ ¯à®¨§¢¥¤¥¨¥
¢ë¯ãª«ëå, § ¬ªãâëå ¯®¤¬®¦¥áâ¢

V = fv = (v1; : : : ; vi; : : : ; vn) : vi 2 Vi � Rmi ; i = 1; : : : ; ng:
� â ª®© ¨£à¥ ª ¦¤®¬ã ãç áâ¨ªã ¥¢ë£®¤® ãª«®ïâìáï ®â á¢®¥© ®¯â¨¬ «ì®© áâà â¥£¨¨ v�i , ¥á«¨
¨§¢¥áâ®, çâ® ®áâ «ìë¥ ¨£à®ª¨ ¯à¨¤¥à¦¨¢ îâáï á¢®¨å áâà â¥£¨© v��i = (v�1 ; : : : ; v

�
i�1; v

�
i+1; : : : ; v

�
n).

�ã¤¥¬ áç¨â âì, çâ® ª ¦¤ ï ¨§ äãªæ¨© f i(vi; v�i) ¤¨ää¥à¥æ¨àã¥¬  ¨ ¢ë¯ãª«  ¯® vi ¯à¨
ä¨ªá¨à®¢ ëå v�i. � íâ®¬ á«ãç ¥ ¨£à  (1.1) íª¢¨¢ «¥â  à¥è¥¨î á¨áâ¥¬ë ¢ à¨ æ¨®ëå
¥à ¢¥áâ¢

hrf ii (v�); vi � v�i i � 0 8vi 2 Vi; i = 1; : : : ; n; (1.2)

£¤¥ ç¥à¥§ rf ii (v) ®¡®§ ç¥  ç áâ ï ¯à®¨§¢®¤ ï äãªæ¨¨ f i(v) ¯® ¯¥à¥¬¥®© vi.
�«ï ®¡¥á¯¥ç¥¨ï áå®¤¨¬®áâ¨ £à ¤¨¥â®£® ¬¥â®¤  ª à¥è¥¨î § ¤ ç¨ (1.2) ¢ ¥£® ¢¢®¤ïâ

í«¥¬¥â ¯à®£®§  [1] ¨ ¨á¯®«ì§ãîâ ¨¤¥î ª®á®á¨¬¬¥âà¨ç®áâ¨ [2].

2. �¯¨á ¨¥ ¬¥â®¤®¢

�¥â®¤ 1. �ë¡¨à ¥âáï  ç «ì®¥ ¯à¨¡«¨¦¥¨¥ v0 = (v01 ; : : : ; v
0
n) 2 V ¨ ç¨á«® �0 > 0. �ãáâì

ã¦¥ ¯à®¤¥« ® k ¨â¥à æ¨© ¬¥â®¤ . �  (k + 1)-© ¨â¥à æ¨¨ ¯à®¨§¢®¤ïâáï á«¥¤ãîé¨¥ ¤¥©áâ¢¨ï.
I. �ëç¨á«ï¥âáï ¯à®£®§ ï â®çª 

uki = �Vi
(vki � �krf ii (vki ; vk�i)); i = 1; : : : ; n; (2.1)

£¤¥ �Vi
(v) | ¯à®¥ªæ¨ï í«¥¬¥â  v   ¬®¦¥áâ¢® Vi.

II. �à®¢¥àïîâáï ãá«®¢¨ï

�kjrf ii (vk)�rf ii (uk)j �
p
1� " jvk � ukj; i = 1; : : : ; n; (2.2)

£¤¥ 1� 1=n � " < 1 | ¯à®¨§¢®«ì® ¢ë¡à  ï ª®áâ â . �á«¨ ãá«®¢¨ï (2.2) ¥ ¢¥àë å®âï ¡ë
¤«ï ®¤®£® i, â® �k § ¬¥ï¥âáï   �k=2 ¨ á«¥¤ã¥â ¢®§¢à é¥¨¥ ª ¯. I.

III. �ëç¨á«ï¥âáï ®¢®¥ ¯à¨¡«¨¦¥¨¥

vk+1
i = �Vi

(vki � �krf ii (uki ; uk�i)); i = 1; : : : ; n; (2.3)

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(ª®¤ ¯à®¥ªâ  96-15-96124).
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¯®« £ ¥âáï �k+1 = 2�k.

� ¬¥ç ¨¥. �á«¨ ç áâë¥ ¯à®¨§¢®¤ë¥ rf ii (v) ã¤®¢«¥â¢®àïîâ ¥à ¢¥áâ¢ ¬ �¨¯è¨æ 

jrf ii (v)�rf ii (w)j � Ljv � wj 8v; w 2 V; i = 1; : : : ; n; (2.4)

â® ãá«®¢¨ï (2.2) ¢ë¯®«ïâáï §  ª®¥ç®¥ ç¨á«® è £®¢. �¥©áâ¢¨â¥«ì®, á ãç¥â®¬ (2.4) ¯®«ãç¨¬

�kjrf ii (vk)�rf ii (uk)j � L�kjvk � ukj � p
1� " jvk � ukj;

¥á«¨ ¢§ïâì �k �
p
1� "=L.

�¢¥¤¥¬ á¢¥àâªã äãªæ¨©

�(v; w) =
nX
i=1

f i(wi; v�i); v; w 2 V;

¨ à áá¬®âà¨¬ ãá«®¢¨¥

�(v; v)� �(v; v�) � 0 8v 2 V; (2.5)

£¤¥ v� 2 V �. �â® ãá«®¢¨¥ ®¡®¡é ¥â ãá«®¢¨¥ ª®á®á¨¬¬¥âà¨ç®áâ¨

�(v; v)� �(v; w) � �(w; v) + �(w;w) � 0 8v; w 2 V

¨ ï¢«ï¥âáï ¤®áâ â®çë¬ ¤«ï áå®¤¨¬®áâ¨ ¬¥â®¤  ª à¥è¥¨î.

�¥®à¥¬  1. �á«¨ äãªæ¨¨ f i(v) ¤¨ää¥à¥æ¨àã¥¬ë, ¢ë¯ãª«ë ¯® vi ¯à¨ ä¨ªá¨à®¢ ëå v�i
¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (2:5), â® âà ¥ªâ®à¨ï fvkg ¬¥â®¤  (2:1){(2:3) ¬®®â®® áå®¤¨âáï
ª à¥è¥¨î v� § ¤ ç¨ (1:1).

�®ª § â¥«ìáâ¢®. � ãç¥â®¬ á¢®©áâ¢  ¯à®¥ªæ¨¨ ¯à¥¤áâ ¢¨¬ ãà ¢¥¨¥ (2.1) ¢ ¢¨¤¥ ¢ à¨ æ¨-
®®£® ¥à ¢¥áâ¢ 

huki � vki + �krf ii (vk); wi � uki i � 0 8wi 2 Vi:

�®áª®«ìªã áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ à ¢® à §®áâ¨ ª¢ ¤à â®¢, â®

jwi � vki j2 � juki � vki j2 � jwi � uki j2 + 2�khrf ii (vk); wi � uki i � 0 8wi 2 Vi: (2.6)

� «®£¨ç® ¯à¥®¡à §ã¥¬ ãà ¢¥¨¥ (2.3)

jwi � vki j2 � jvk+1
i � vki j2 � jwi � vk+1

i j2 + 2�khrf ii (uk); wi � vk+1
i i � 0 8wi 2 Vi: (2.7)

�®«®¦¨¬ wi = vk+1
i ¢ (2.6), wi = v�i ¢ (2.7) ¨ á«®¦¨¬ ®¡  ¥à ¢¥áâ¢ 

jvk+1
i �v�i j2�jvki �v�i j2+ juki �vki j2+ jvk+1

i �uki j2 � 2�khrf ii (vk); vk+1
i �uki i+2�khrf ii (uk); v�i �vk+1

i i:
�à¥®¡à §ã¥¬ ¥à ¢¥áâ¢® ¯® ä®à¬ã«¥ �jaj2+2ha; bi � jbj2. �à¨¬¥ïï § â¥¬ ãá«®¢¨¥ (2.2), ¯®«ã-
ç¨¬

jvk+1
i � v�i j2 � jvki � v�i j2 + juki � vki j2 � 2�khrf ii (uk); v�i � uki i � �jvk+1

i � uki j2 +
+ 2�khrf ii (vk)�rf ii (uk); vk+1

i � uki i � �2
kjrf ii (vk)�rf ii (uk)j2 � (1� ")jvk � ukj2:

�®áª®«ìªã f i(vi; v�i) ¢ë¯ãª«  ¯® vi, â®

jvk+1
i � v�i j2 � jvki � v�i j2 + juki � vki j2 � 2�k

�
f i(v�i ; u

k
�i)� f i(uki ; u

k
�i)
� � (1� ")jvk � ukj2:

�à®áã¬¬¨àã¥¬ íâ¨ ¥à ¢¥áâ¢  ¯® i ®â 1 ¤® n. �ç¨âë¢ ï (2.5) ¨ ãá«®¢¨ï 1�1=n � " < 1, ¯®«ãç¨¬

jvk+1 � v�j2 � jvk � v�j2 � 2�k

nX
i=1

�
f i(v�i ; u

k
�i)� f i(uk)

�
+

+ (1� ")
nX
i=1

jvk � ukj2 � jvk � ukj2 � (n(1� ")� 1)jvk � ukj2 � 0:

64



�ë¤¥«¨¬ ¨§ ®£à ¨ç¥®© ¯®á«¥¤®¢ â¥«ì®áâ¨ fvkg áå®¤ïéãîáï ¯®¤¯®á«¥¤®¢ â¥«ì®áâì vkj !
v0 ¯à¨ kj !1. �¥à¥å®¤ï ª ¯à¥¤¥«ã ¯® kj !1 ¢ ¥à ¢¥áâ¢¥ (2.6), ¯®«ãç¨¬

hrf ii (v0); wi � v0ii � 0 8wi 2 Vi; i = 1; : : : ; n:

�®áª®«ìªã íâ¨ ¥à ¢¥áâ¢  á®¢¯ ¤ îâ á (1.2), â® v0 = v� 2 V �, â. ¥. «î¡ ï ¯à¥¤¥«ì ï â®çª 
¯®á«¥¤®¢ â¥«ì®áâ¨ fvkg ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨ (1.1). �®ª ¦¥¬, çâ® fvkg áå®¤¨âáï ª v�.
�à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥, â. ¥. ã ¯®á«¥¤®¢ â¥«ì®áâ¨ fvkg áãé¥áâ¢ã¥â ¨ ¤àã£ ï ¯à¥¤¥«ì ï â®çª 
v�1 6= v�.

� áá¬®âà¨¬ ¤¢  ¬ «ëå è à  B(v�), B1(v�1) á æ¥âà ¬¨ á®®â¢¥âáâ¢¥® ¢ â®çª å v� ¨ v�1 .
�ë¡¥à¥¬ ¨å à ¤¨ãá â ª, çâ®¡ë è àë ¤àã£ á ¤àã£®¬ ¥ ¯¥à¥á¥ª «¨áì (¤«ï íâ®£® ¤®áâ â®ç®
¢§ïâì ¥£® à ¢ë¬ jv� � v�1 j=3). �®áª®«ìªã v� | ¯à¥¤¥«ì ï â®çª , â® ¢ ¯®á«¥¤®¢ â¥«ì®áâ¨ fvkg
®¡ï§ â¥«ì®  ©¤¥âáï â®çª , ª®â®à ï ¯®¯ ¤ ¥â ¢ è à B(v�). � â ª ª ª jvk � v�j ¬®®â®®
ã¡ë¢ ¥â, â® ¨ ¢á¥ ¯®á«¥¤ãîé¨¥ â®çª¨ ¨§ fvkg â ª¦¥ ¡ã¤ãâ ¯à¨ ¤«¥¦ âì íâ®¬ã è àã.

� ª¨¬ ®¡à §®¬,  ç¨ ï á ¥ª®â®à®£® ®¬¥à , ¢á¥ â®çª¨ ¨§ ¯®á«¥¤®¢ â¥«ì®áâ¨ fvkg  å®-
¤ïâáï ¢¥ è à  B(v�1). � íâ® ¯à®â¨¢®à¥ç¨â ¯à¥¤¯®«®¦¥¨î ® â®¬, çâ® v�1 | ¯à¥¤¥«ì ï â®çª .
�«¥¤®¢ â¥«ì®, fvkg áå®¤¨âáï ª ¥¤¨áâ¢¥®© ¯à¥¤¥«ì®© â®çª¥ v�.

� ¬¥â¨¬, çâ® ¢ ¯à¥¤«®¦¥®¬ ¬¥â®¤¥ ã ¢á¥å ¨£à®ª®¢ ¥¤¨ ï ¤«¨  è £ . �â®¡ë à¥ «¨§®¢ âì
¨¤¥î à §ëå ¤«¨ è £®¢, ¢¢¥¤¥¬ ¢ ¯à®æ¥áá ¢ëç¨á«¥¨© ª®¬¡¨¨à®¢ ãî ¤«¨ã è £  [3].

�¥â®¤ 2. �ãáâì ¤«ï ª ¦¤®£® ¨£à®ª  § ¤ ®  ç «ì®¥ ¯à¨¡«¨¦¥¨¥ v0i 2 Vi ¨ ¤«¨  è £ 
�0
i > 0. �  (k + 1)-© ¨â¥à æ¨¨ ¯à®¨§¢®¤¨¬ á«¥¤ãîé¨¥ ¤¥©áâ¢¨ï.
I. �ëç¨á«ï¥¬ ¯à®£®§ãî â®çªã

uki = �Vi
(vki � �k

irf ii (vki ; vk�i)); i = 1; : : : ; n: (2.8)

II. �à®¢¥àï¥¬ ãá«®¢¨ï

2�k
i hrf ii (vk)�rf ii (uk); vki � uki i � (1� ")jvk � ukj2; i = 1; : : : ; n: (2.9)

�á«¨ ãá«®¢¨ï (2.9) ¥ ¢¥àë å®âï ¡ë ¤«ï ®¤®£® i, â® § ¬¥ï¥¬ �k
i   �k

i =2 ¨ ¢®§¢à é ¥¬áï ª
¯. I.

III. �ëç¨á«ï¥¬ ª®¬¡¨¨à®¢ ãî ®¡éãî ¤«¨ã è £ 

�k = min
1�i�n

�
�k
i

C(1� ")juk � vkj2
juki � vki + �k

i (rf ii (vk)�rf ii (uk))j2
�
; (2.10)

£¤¥ C = const > 1, ¨ á ¯®¬®éìî �k ¢ëç¨á«ï¥¬

vk+1
i = �Vi

(vki � �krf ii (uki ; uk�i)); i = 1; : : : ; n: (2.11)

� ª®æ¥ ¨â¥à æ¨¨ ã¤¢ ¨¢ ¥¬ ¤«¨ë è £®¢ ¢á¥å ¨£à®ª®¢: �k+1
i = 2�k

i 8i.
�® ¯®¢®¤ã ¯à¥¤«®¦¥®£® ¬¥â®¤  ¥®¡å®¤¨¬® á¤¥« âì ¥áª®«ìª® § ¬¥ç ¨©. �®-¯¥à¢ëå, ¡ã-

¤¥¬ áç¨â âì, çâ® ¤«¨ë è £®¢ ®£à ¨ç¥ë á¨§ã, â. ¥. 9�1 > 0 : �k
i � �1 8k, i = 1; : : : ; n. �

ç áâ®áâ¨, íâ® âà¥¡®¢ ¨¥ ¢ë¯®«ï¥âáï, ¥á«¨ ª ¦¤ ï ¨§ äãªæ¨© f i(v) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î
�¨¯è¨æ  (2.4). � ¤àã£®© áâ®à®ë, ¯®áâ à ¥¬áï â ª ®âà¥£ã«¨à®¢ âì è £¨, çâ®¡ë ®¨ ¥ ¯à¥¢®á-
å®¤¨«¨ ¥ª®â®à®© ä¨ªá¨à®¢ ®© ª®áâ âë �2 > 0 : �k

i � �2 8k, i = 1; : : : ; n. �®áâ âã " > 0
¡ã¤¥¬ ¢ë¡¨à âì ¨§ ãá«®¢¨ï 1� 2�1=(n(1 + C)�2) � " < 1.

� ¬¥â¨¬, çâ® ¯à¥¤«®¦¥ë© ¬¥â®¤ ï¢«ï¥âáï ®¡®¡é¥¨¥¬ ¬¥â®¤  1. �¥©áâ¢¨â¥«ì®, ¥á«¨ ¯®-
«®¦¨âì �k

i � �k, i = 1; : : : ; n, â® ®¡  ãá«®¢¨ï (2.9) ¨ (2.2) á®¢¯ ¤ãâ. �â¬¥â¨¬ ¥é¥ à §, çâ® ¢ ãá«®-
¢¨¨ (2.9) ä¨£ãà¨àãîâ á®¡áâ¢¥ë¥ ¤«¨ë è £®¢ ¨£à®ª®¢. �¥¬ á ¬ë¬ ¢ ¬¥â®¤¥ 2 ¤«ï ª ¦¤®£®
ãç áâ¨ª  à¥ «¨§ã¥âáï ¤®¯®«¨â¥«ì ï áâ¥¯¥ì á¢®¡®¤ë. �®áâ â  C > 1 ¨§ (2.10) ¢ë¡¨à ¥âáï
í¬¯¨à¨ç¥áª¨ á æ¥«ìî ã«ãçè¥¨ï áå®¤¨¬®áâ¨ ¬¥â®¤ .

�¥®à¥¬  2. �á«¨ f i(v) ¤¨ää¥à¥æ¨àã¥¬ë, ¢ë¯ãª«ë ¯® vi ¯à¨ ä¨ªá¨à®¢ ëå v�i ¨ ã¤®¢«¥-

â¢®àïîâ ãá«®¢¨î (2:5), â® ¯®á«¥¤®¢ â¥«ì®áâì fvkg, ¯®áâà®¥ ï á ¯®¬®éìî ¬¥â®¤  (2:8){
(2:11), ¬®®â®® áå®¤¨âáï ª à¥è¥¨î v� § ¤ ç¨ (1:1).
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�®ª § â¥«ìáâ¢®. � ãç¥â®¬ á¢®©áâ¢  ¯à®¥ªæ¨¨ ¯à¥®¡à §ã¥¬ ãà ¢¥¨ï (2.8), (2.11) ª ¢¨¤ã

huki � vki + �k
irf ii (vk); wi � uki i � 0 8wi 2 Vi; i = 1; : : : ; n; (2.12)

¨

2hvk+1
i � vki + �krf ii (uk); wi � vk+1

i i = jwi � vki j2 � jvk+1
i � vki j2 �

� jwi � vk+1
i j2 + 2�khrf ii (uk); wi � vk+1

i i � 0 8wi 2 Vi; i = 1; : : : ; n: (2.13)

�®«®¦¨¬ wi = vk+1
i ¢ (2.12), wi = v�i ¢ (2.13) ¨ á«®¦¨¬ ¨å ¢¬¥áâ¥. �à¥®¡à §ãï ¯®«ãç¥®¥

¥à ¢¥áâ¢® ¯® ä®à¬ã«¥ �jaj2 + 2ha; bi � jbj2, ¯®«ãç¨¬

jvk+1
i � v�i j2 � jvki � v�i j2 � 2�khrf ii (uk); v�i � uki i �

� �jvk+1
i � vki j2 + 2

�k

�k
i

huki � vki + �k
i

�rf ii (vk)�rf ii (uk)
�
; vk+1

i � uki i �

�
�
�k

�k
i

�2

juki � vki + �k
i

�rf ii (vk)�rf ii (uk)
�j2 + 2

�k

�k
i

huki � vki + �k
i

�rf ii (vk)�rf ii (uk)
�
; vki � uki i:

�à¥®¡à §ãï ¯à ¢ãî ç áâì ¯®«ãç¥®£® ¥à ¢¥áâ¢ , á ãç¥â®¬ (2.9) ¨ (2.10) ¨¬¥¥¬

2�khrf ii (vk)�rf ii (uk); vki � uki i � (1� ")
�k

�k
i

jvk � ukj2

¨ �
�k

�k
i

�2

juki � vki + �k
i

�rf ii (vk)�rf ii (uk)
�j2 � C(1� ")

�k

�k
i

juk � vkj2:

�®¤áâ ¢¨¬ íâ¨ á®®â®è¥¨ï ¢ ¨áå®¤®¥ ¥à ¢¥áâ¢®. �ç¨âë¢ ï �1 � �k
i � �2 8k, i = 1; : : : ; n,

¯®«ãç¨¬

jvk+1
i � v�i j2 � jvki � v�i j2 � 2�khrf ii (uk); v�i � uki i �

� �2 �
k

�k
i

juki � vki j2 + (1� ")(1 + C)
�k

�k
i

jvk � ukj2 � �2 �
k

�2

juki � vki j2 + (1� ")(1 + C)
�k

�1

jvk � ukj2:

�à®áã¬¬¨àã¥¬ ¯®á«¥¤¥¥ ¥à ¢¥áâ¢® ¯® i ®â 1 ¤® n. � á¨«ã ¢ë¯ãª«®áâ¨ f i(v) ¯® vi

jvk+1 � v�j2 � jvk � v�j2 � 2�k
nX
i=1

�
f i(v�i ; u

k
�i)� f i(uki ; u

k
�i)
� � �2

nX
i=1

�k

�2

juki � vki j2 +

+ (1� ")(1 + C)
nX
i=1

�k

�1

juk � vkj2 = ��kjuk � vkj2
�
2
�2

� n(1� ")(1 + C)
1
�1

�
� 0;

¯®áª®«ìªã " � 1� 2�1=(n(1 +C)�2) ¯® ãá«®¢¨î. �à¨¬¥ïï § â¥¬ (2.5), ®ª®ç â¥«ì® ¯®«ãç¨¬

jvk+1 � v�j2 � jvk � v�j2:
�ë¤¥«¨¬ ¨§ fvkg áå®¤ïéãîáï ¯®¤¯®á«¥¤®¢ â¥«ì®áâì vkj ! v0. �¥à¥å®¤ï ª ¯à¥¤¥«ã ¯® kj ! 1
¢ ¥à ¢¥áâ¢¥ (2.12), ¯®«ãç¨¬

hrf ii (v0); wi � v0ii � 0 8wi 2 Vi; i = 1; : : : ; n;

â. ¥. v0 2 V �. �®íâ®¬ã ¯®á«¥¤®¢ â¥«ì®áâì fvkg áå®¤¨âáï ª ¥¤¨áâ¢¥®© ¯à¥¤¥«ì®© â®çª¥ v� |
à¥è¥¨î § ¤ ç¨ (1.1).
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�®¤ç¥àª¥¬, çâ® ®¡  à áá¬®âà¥ëå ¬¥â®¤  ï¢«ïîâáï ¬®¤¨ä¨ª æ¨ï¬¨ á®®â¢¥âáâ¢ãîé¨å
¬¥â®¤®¢ [4] ¨ [3]. � â® ¦¥ ¢à¥¬ï ¯à¥¨¬ãé¥áâ¢®¬ íâ¨å ¬¥â®¤®¢ ¯® áà ¢¥¨î á [4] ¨ [3] ï¢«ï¥âáï
â®, çâ® ®¨ ¯®§¢®«ïîâ ãç¥áâì á¯¥æ¨ä¨ªã § ¤ ç¨ | ¨£àã n «¨æ ¨ ¨á¯®«ì§ãîâ ¡®«¥¥ ¯à®áâë¥
ãá«®¢¨ï ¢ë¡®à  è £ .

�áá«¥¤ã¥¬ â¥¯¥àì ¯à¥¤«®¦¥ë¥ ¬¥â®¤ë á â®çª¨ §à¥¨ï ¨å ¯à¨¬¥¨¬®áâ¨ ¤«ï à¥è¥¨ï ª®-
ªà¥âëå § ¤ ç | ¤ã®¯®«¨¨ �ãà® [5] ¨ ¡¨¬ âà¨çëå ¨£à á ã«¥¢®© áã¬¬®©.

3. �à¨¬¥àë § ¤ ç

�ã®¯®«¨ï �ãà®. � íâ®© § ¤ ç¥ ãç áâ¢ãîâ ¤¢¥ ª®ªãà¨àãîé¨¥ ä¨à¬ë, ¯à®¨§¢®¤ïé¨¥ ¥ª®-
â®àë© â®¢ à ¢ ®¡ê¥¬¥ vi ¨ à¥ «¨§ãîé¨¥ ¥£®   àëª¥ ¯® ¥¤¨®© æ¥¥ p. �¥  ä®à¬¨àã¥âáï ¨§
á®®â®è¥¨ï p(v) = �� c(v1 + v2),   ¨§¤¥à¦ª¨ ª ¦¤®© ¨§ ä¨à¬ á®áâ ¢«ïîâ f i(v) = ( � p(v))vi,
£¤¥  | á¥¡¥áâ®¨¬®áâì ¥¤¨¨æë â®¢ à . �âã § ¤ çã ¬®¦® áä®à¬ã«¨à®¢ âì ¢ â¥à¬¨ å ¨£àë
(1.1), â. ¥.  ©â¨ v� = (v�1 ; v

�
2):

v�1(v
�
1 + v�2 � u) � v1(v1 + v�2 � u) 8v1 2 [0; u];

v�2(v
�
1 + v�2 � u) � v2(v

�
1 + v2 � u) 8v2 2 [0; u];

(3.1)

£¤¥ u = (��)=c. � ª ¨§¢¥áâ® [5], à¥è¥¨¥¬ (3.1) ï¢«ï¥âáï ¥¤¨áâ¢¥ ï â®çª  v� = (u=3; u=3).
�®ïâ®, ¤«ï â®£® çâ®¡ë ®¡®á®¢ âì ¯à¨¬¥¨¬®áâì ¯à¥¤«®¦¥ëå ¬¥â®¤®¢ ª (3.1), ¤®áâ â®ç®
¤®ª § âì ¢ë¯®«¨¬®áâì ãá«®¢¨ï (2.5),   íâ® ¡ë«® ãáâ ®¢«¥® ¢ [6]:

�(v; v) � �(v; v�) = (v1 + v2)
2 � u(v1 + v2)� u=3(v2 � 2u=3) � u=3(v1 � 2u=3) =

= (v1 + v2 � 2u=3)2 � 0 8v1; v2 2 [0; u]:

�¨¬ âà¨çë¥ ¨£àë á ã«¥¢®© áã¬¬®©. �¨¬ âà¨çë¥ ¨£àë å à ªâ¥à¨§ãîâáïm�n-¬ âà¨æ ¬¨
A, B ¨ äãªæ¨ï¬¨ ¯à®¨£àëè  ¨£à®ª®¢ f 1(v) = hAv1; v2i, f 2(v) = hBTv1; v2i, 0 � v1; v2 � 1. �
íâ®© á¨âã æ¨¨ ¥áâ¥áâ¢¥¥© ¯¥à¥©â¨ ®â ¨á¯®«ì§®¢ ¨ï ãá«®¢¨ï (2.5) ª ¥£® ç áâ®¬ã á«ãç î |
ãá«®¢¨î ª®á®á¨¬¬¥âà¨ç®áâ¨

�(v; v)� �(v; w) � �(w; v) + �(w;w) � 0 8v; w 2 V 0 = [0; 1] � [0; 1]: (3.2)

�¥£ª® ¯à®¢¥à¨âì, çâ® ¨£à  á ã«¥¢®© áã¬¬®© (A+BT = 0) ã¤®¢«¥â¢®àï¥â (3.2). �  á ¬®¬ ¤¥«¥,
¢¥à® ¨ ®¡à â®¥ ãâ¢¥à¦¤¥¨¥, â. ¥. ¨£àë á ã«¥¢®© áã¬¬®© ï¢«ïîâáï ¥¤¨áâ¢¥ë¬ ª« áá®¬
¡¨¬ âà¨çëå ¨£à, ¤«ï ª®â®àëå ãá«®¢¨¥ (3.2) ¢ë¯®«ï¥âáï. �¥©áâ¢¨â¥«ì®, ¯®áª®«ìªã á¢¥àâª 
�(v; w) = hAw1; v2i+ hBTv1; w2i, â® (3.2) ¯à¥®¡à §ã¥âáï ª ¢¨¤ã
�(v; v) � �(v; w)� �(w; v) + �(w;w) = h(A+BT )v1; v2i+ h(A+BT )w1; w2i �

� h(A+BT )w1; v2i � h(A+BT )v1; w2i = h(A+BT )(v1 � w1); v2 � w2i � 0 8v; w 2 V 0:

�®á«¥¤¥¥ ¥à ¢¥áâ¢® ¢¥à® ¤«ï «î¡ëå v; w 2 V 0 â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤  ¬ âà¨æ  A+BT

ã«¥¢ ï.
� â¥à¬¨ å ¡¨¬ âà¨ç®© ¨£àë á ã«¥¢®© áã¬¬®© ¨áå®¤ ï § ¤ ç  (1.1) ¯à¥®¡à §ã¥âáï ª

á¥¤«®¢®¬ã ¢¨¤ã, â. ¥.  ©â¨ v�:

hAv�1 ; v2i � hAv�1 ; v�2i � hAv1; v�2i 8v1; v2 2 [0; 1]: (3.3)

�®®â¢¥âáâ¢¥® £à ¤¨¥âë© ¯à®£®§ë© ¬¥â®¤ ¯à¥¤áâ ¢¨âáï ¢ á«¥¤ãîé¥© ä®à¬¥.
�¥â®¤ 10. �  (k + 1)-© ¨â¥à æ¨¨
I. ¢ëç¨á«ï¥¬ ¯à®£®§ë¥ â®çª¨

uk1 = �[0;1](v
k
1 � �kATvk2 ); uk2 = �[0;1](v

k
2 + �kAvk1 ); (3.4)

II. ¢ëç¨á«ï¥¬ ®¢ë¥ ¯à¨¡«¨¦¥¨ï à¥è¥¨ï

vk+1
1 = �[0;1](v

k
1 � �kATuk2); vk+1

2 = �[0;1](v
k
2 + �kAuk1): (3.5)
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�«ï ¯à¨¢¥¤¥®£® ¬¥â®¤  á¯à ¢¥¤«¨¢ 

�¥®à¥¬  3. �á«¨ ¤«¨  è £  ¢ë¡¨à ¥âáï ¨§ ãá«®¢¨ï �k � p
1� "=jAj, â® âà ¥ªâ®à¨ï

(vk1 ; v
k
2 ) ¬¥â®¤  (3:4){(3:5) ¬®®â®® áå®¤¨âáï ª à¥è¥¨î (v�1 ; v

�
2) § ¤ ç¨ (3:3).

4. �¨á«¥ë¥ à¥§ã«ìâ âë

�¡  ¯à¥¤«®¦¥ëå ¬¥â®¤  ã¯®âà¥¡¨¬ ¤«ï à¥è¥¨ï § ¤ ç¨ ¤ã®¯®«¨¨ (3.1) á ¯ à ¬¥âà®¬
u = 12. �¨á«¥ë¥ à¥§ã«ìâ âë à ¡®âë ¬¥â®¤®¢ ¯à¨¢®¤ïâáï ¢ â ¡«¨æ¥.

� ¡«¨æ  1

¬¥â®¤ ç¨á«®  ç «ìë¥ ª®¥çë¥  ç «ì. ª®¥ç. § ç¥¨¥
¨â¥à. â®çª¨ â®çª¨ è £ � è £ £à ¤¨¥â 

1 7 3.0000 1.0000 4.0000 4.0000 2.0 � = 1:192 0.000015
2 6 3.0000 1.0000 4.0000 4.0000 2.0 � = 1:226 0.0000176

�§ ¤ ®© â ¡«¨æë ¬®¦® á¤¥« âì ¢ë¢®¤, çâ® ¬¥â®¤ 2, ¯à¨ ª®â®à®¬ ª ¦¤ë© ¨£à®ª ®¯¥à¨àã¥â
á®¡áâ¢¥®© ¤«¨®© è £ , áå®¤¨âáï ª à¥è¥¨î ¡ëáâà¥¥, ç¥¬ ¬¥â®¤ 1.

�à ¢¨¬ à¥§ã«ìâ âë à ¡®âë ¯à¥¤«®¦¥ëå ¬¥â®¤®¢ á ¨§¢¥áâë¬ à ¥¥ íªáâà £à ¤¨¥âë¬
(í. £.) ¬¥â®¤®¬. � ª, ¢ [4] í. £. ¬¥â®¤ ã¯®âà¥¡«ï«áï ¤«ï à¥è¥¨ï § ¤ ç ¬¨¨¬¨§ æ¨¨, ¨ ¢ ª ç¥áâ¢¥
â¥áâ®¢ëå ¨á¯®«ì§®¢ «¨áì äãªæ¨¨ á«¥¤ãîé¨å â¨¯®¢:

1. ª¢ ¤à â¨ç ï äãªæ¨ï �(v1; v2) = (v1 � v2)2,
2. äãªæ¨ï �®§¥¡à®ª  �(v1; v2) = �(v2 � v21)

2 + (1� v1)2, � = 10,
3. ¢á¯®¬®£ â¥«ì ï äãªæ¨ï �(v1; v2; v3) = 9v21+v

2
2+9v

2
3+exp(1�v2)+exp(1�v1v2)+exp(v3�1).

�¨¦¥ ¯à¨¢¥¤¥ë à¥§ã«ìâ âë à áç¥â®¢ ¯® í. £. ¬¥â®¤ã [4], ¯à¨¬¥¥®¬ã ¤«ï ¬¨¨¬¨§ æ¨¨
â¥áâ®¢ëå äãªæ¨© 1{3.

� ¡«¨æ  2

§ ¤ ç  ¬¥â®¤  ç «ì. ç¨á«® § ç¥¨¥ â®ç®áâì
â®çª  ¨â¥à. äãªæ¨® « 

1 í. £. v1 = 3; v2 = 1 20 1:11 � 10�5 kf 0k � 10�1

2 í. £. vi = 0; i = 1; 2 93 0:00011 �
3 í. £. vi = 2:5; i = 1; 2; 3 111 12:8313 �

�ãáâì ¢á¥ äãªæ¨¨ ¯à®¨£àëè  ¨£à®ª®¢ à ¢ë ¬¥¦¤ã á®¡®©: f i(v) � �(v)=3, i = 1; : : : ; n.
�®£¤  § ¤ çã ¬¨¨¬¨§ æ¨¨ ¬®¦® ¢ëà §¨âì ¨ ¢ â¥à¬¨ å § ¤ ç¨ ¯®¨áª  à ¢®¢¥á¨ï ¯® �íèã,
â. ¥.  ©â¨ v� : f i(v�i ; v

�
�i) � f i(vi; v��i), i = 1; : : : ; n. �à¨¬¥¨¬ â¥¯¥àì ¤«ï à¥è¥¨ï íâ®© § ¤ ç¨

®¡  ¯à¥¤«®¦¥ëå ¬¥â®¤ .

� ¡«¨æ  3

§ ¤ ç  ¬¥â®¤  ç «ì. ç¨á«®  ç «ì.
â®çª  ¨â¥à. è £ �

1 1 v1 = 3; v2 = 1 7 1
1 2 â® ¦¥ 15 2
2 1 vi = 0; i = 1; 2 75 1
2 2 â® ¦¥ 115 2
3 1 vi = 0; i = 1; 2; 3 21 1
3 2 â® ¦¥ 24 2
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§ ¤ ç  ¬¥â®¤ ª®¥ç. �(v) § ç¥¨¥
è £ £à ¤¨¥â 

1 1 � = 0:267 1:1 � 10�7 7:02 � 10�4

1 2 � = 0:233 6:5 � 10�6 7:2 � 10�3

2 1 � = 0; 014 1:22 � 10�4 6:61 � 10�2

2 2 � = 0:016 1:57 � 10�4 1:64 � 10�2

3 1 � = 0:129 4:822 2:0 � 10�6

3 2 � = 0:16 4:822 4:04 � 10�5

� ª ¢¨¤® ¨§ â ¡«¨æ 2 ¨ 3, ®¡  ¯à¥¤«®¦¥ëå ¬¥â®¤  ¯®çâ¨ ¢á¥£¤  áå®¤ïâáï ¡ëáâà¥¥ (¢ 1.5{2
à § ), ç¥¬ í. £. ¬¥â®¤. � â® ¦¥ ¢à¥¬ï ®â¬¥â¨¬, çâ® ¬¥â®¤ 2 ¯® áà ¢¥¨î á ¬¥â®¤®¬ 1 áå®¤¨âáï
ª à¥è¥¨î ¡®«¥¥ ¬¥¤«¥®. � ¤ ®¬ á«ãç ¥ íâ® ¬®¦® ®¡êïá¨âì â¥¬, çâ® ä®à¬¨àã¥¬ ï ¢
ª®æ¥ ª ¦¤®© ¨â¥à æ¨¨ ª®¬¡¨¨à®¢  ï ¤«¨  è £  �k áâ ®¢¨âáï ®ç¥ì ¬ «®© ¢¥«¨ç¨®© ¯®
áà ¢¥¨î á á®¡áâ¢¥®© ¤«¨®© è £  �k

i . �® ¢á¥ ¦¥ ¬¥â®¤ 2 ¢ ®â«¨ç¨¥ ®â ¬¥â®¤  1 à¥ «¨§ã¥â
¤®¯®«¨â¥«ìãî áâ¥¯¥ì á¢®¡®¤ë ¨£à®ª , ¨ ¢ íâ®¬ á®áâ®¨â ¥£® ¯à¥¨¬ãé¥áâ¢®.

� § ª«îç¥¨¥  ¢â®à ¡« £®¤ à¨â �.�. �â¨¯¨  §  ¢¨¬ ¨¥ ¨ æ¥ë¥ § ¬¥ç ¨ï ¢ ¯à®æ¥áá¥
 ¯¨á ¨ï íâ®© áâ âì¨.
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