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COBpeMeHHbIe HpO6J’IeI\AbI MaTeMaTUKN

Bemm. 17, 2013, 7-29 DOI: 10.4213/spm41l

KomMmenTapum k MmouM paboTaM, HaOMCaHHbIe MHOI caMuM

A. A. Kapairyb6a

Beexnenune (ot COCTaBHTeﬂeﬁl). B cepenune 80-x romos Amaronuii Anekceesuu Kapamyba caema
11151 cebst COOPHUK KCEPOKOIUI CBOUX CTaTeil B XPOHOJIOTMYECKOM IIOPSIJIKE B YEThIPEX TOMaX M PYKOIIUCHBIE
KOMMeHTapun> K HuM. HacTosmas craTbs cocTapieHa u3 (hparMeHToB STuX ((haKTHIeCKH THEBHHKOBBIX)
3alnceil: UHOT/Ia aBTOPCKUM KOMMEHTAPHUI K TOW WM MHOM paboTe MPUBEIEH ITOJTHOCTHIO, MHOTIA YaCTUIHO
(mosicHeHust cocraBuTesIeil JAIOTCS B CHOCKAX, IPOIYIIEHHBIE CTPOKU 0003HAYAIOTCS 3BE3/10UKAMH, IIPOILY-
IIEHHBIE CJIOBA — TOUKAMHN).

B 1990-2000 rr. k HekoTOopbIM KoMMeHTapusiMm A. A. Kapaiyba no6aBui KOpOTKHUE 3aMeYaHUs IO JTAJIb-
HelnIeMy Pa3BUTHIO TEMBbI (B HACTOAIIEM TEKCTE €r0 KOMMEHTAPUEB 3TU GOJICe TIO3/IHIE 3aMETAHUS TAIOTCS
POIKCHBIM MPUGDTOM).

C 1954 r. o 1959 r. Anaronmii Kapaiyba yuusics Ha MEXaHUKO-MaTeMaTudeckoM (axysibrere MocKoB-
CKOro rocyzgapcrsentoro yuusepcurera uM. M. B. JTomonocosa. Ilepsbim ero pykosogurenem 6611 Aajgpeit
Huxomnaesuy Kosmoropos, y KoToporo oH 3aiuTuil KypcoByio pabory 3-ro Kypca mnox HasBanueM “O Ba-
puarusix YHKIUN IBYX MMEPEMEHHBIX ¥ KypPCOBYIO paboTy 4-To Kypca “OKCIepuMeHThI ¢ aBTOMaTaMu’ .
Ha ocnose “OkcnepumenTtoB ¢ aBromaramu’ Oblia Hamnucana nepsBas cratbs A. A. Kapaiy6ol, ¢ KoTopoii
HAYMHAIOTCSI €r0 KOMMEHTAPHH.

A. A. Kapaiy6a 9acTo BCIIOMUHAJ CBOM CTYAEHUYECKHUE TOJbl, CBOMX IpENojaBaTesieil 1 HACTABHUKOB —
npodeccopos MI'Y. Benomunam nporyaku Ha Jjblxkax, Koropsle A. H. Kosmoropos ycrpausas st cBoux
YUIEHHUKOB, JJIsI Y€ro XpaHui Ha cBoeil nade 20 map Jybpk u 20 nap JbDRKHBIX OOTHHOK, a Takzke 1o 20 map
TAIMOYEK U YAIEK JJIs TTOCJIEIYIONIEr0 YaeUTHs C YICHUKAMU.

Bamucs A. A. Kaparny6er or 19 nos6pa 1985 r.: “Caymas Ksrmn ®eppuep® (IIlyman mna meMenkoMm
SA3BIKE), BCIIOMHUI Komaposky®, Tasna Cepreesnua® u Aunpesi Hukonaesnua®, nx MysbIkasbHbIE KOH-
1epThl nocie bk, HeobbikHOBeHHAs aTMocdepa, HA ¢ 9eM He CPaBHUMO (M HHUKOIJA, HO-BUIAMMOMY, HE
nosropurcst). JIpyroe BpeMsi, Ipyroe OTHOIIEHUE K HayKe. PejKuil mparMaTusM U Kapbepusm’.

Bribpas B kayecTBe OCHOBHOrO HarpasieHus Teopuio uuces, B 1962 r. A. A. Kapay6a s3amurun kan-
JUJATCKYIO JUCcepTaluio “PalmoHaibHbIe TPUTOHOMETPUIECKUE CYMMBbI CHEIUAJIBLHOTO BUJIA U UX TPHUJIO-
xenus’” (pykoBomurens — Hukomait Muxaittosna Kopo6os).

IToce samumrer B 1966 1. mokropckoit muccepranuu “Meros, TPUTOHOMETPUYECKAX CYMM U TEOPEMBI
o cpexuem”’ A.A. Kapamy6a crays HaydabiM coTpyauukoMm Maremarudeckoro uncruryra uM. B. A. Crek-
sosa AH CCCP (MUAH), koropbim B TO Bpemsi pykosoaui Visan Marseesua Bunorpazos. A. A. Kapa-
1yba Bcerja ¢ BOCXUIIEHHMEM OTHOCHJICS K HaydHbIM jgoctuxkeHusiM V. M. Bunorpagmosa. B [1] o mucan
o 1. M. Bunorpasose: “On pemmt mpobsemy losbabaxa, KoTopast He TO/IaBaIaCh YCUIUSIM YIEHBIX B Te-
qeHre CTOJIETHil, a MEeTOJ TPUTOHOMETPHUYIECKUX CyMM BHHOrpajsoBa KOpPEHHBIM OOPA30M HU3MEHWUJI JIUIIO
AHAJUTUYIECKON TEOPUU YHCesI U OTKPBLI HOBYIO 9Dy B 9TOM KJIacCHUIeCcKoii obsracTu Maremarukn’. Tam xke:
“Omnmupasicb Ha HEOOJIBIIIOE KOJIMIECTBO MATEMATHIECKHUX MOHSTHN U (PaKTOB, OH HACTOJBKO TJIyOOKO TpO-
HUKAaeT B CYIIHOCTb CTOSINUX IPOOJIEM, YTO 9TO JAET €My BO3MOXKHOCTb U CO3/IaTh HEOOXOAMMBIH almapaT
JIIsI PEIeHus], U PenuTh npobiemy’.

A. A. Kapany6a Bcio xkusnab Beriomutas V. M. Bunorpa ioBa u ero BbICKa3bIBAHHS 110 PA3HBIM TIOBOAM.
U3 nueBHuKOBbIX 3anuceil A. A. Kapamny6er ot 23 Host6pst 1983 r.: “Hurato-nepeunteiBaro (1015 MuH.) Hamn

1C. A. T'punenko, E. A. Kapamy6a.

23arnaBue, Bei6panaoe A. A. Kapary6oii 1Isl ero KOMMEHTAPHEB, HAIIOMIHAET 00 OJHOI U3 €ro JTIOGUMBIX KHUT:
1. Hedo, “2Kusup u ynusurenbHble npuKIodenus Pobunszona Kpyso, Mopsika u3 Mopka, IPOXKHUBIIEro ABailaTh
BOCEMB JIET B IIOJIHOM OJIMHOYECTBE Ha HEOOUTAaeMOM OCTpPOBe y Oeperos Amepuku 6,3 ycrbeB pekn OpPHUHOKO, Ky/1a
OH GBI BEIOPOIIIEH KOPabJIEKPYIIEHIEM, BO BPEMsI KOTOPOI'O BECh SKUIIAaXK KOPabJis KPOMe HEro Iorub; ¢ u3JI0KEeHHEM
€ro HEOXKUJIAHHOIO OCBODOK/IEHUSI IIMPATAMH, HAIIMCAHHBIE UM CAMUM’.

3Kathleen Mary Ferrier.

4 ITepesus mox, Mocksoit, rae Haxoguaack gaga A. H. Kommoroposa.

5TTaBes CepreeBud AJIEKCAHIPOB.

6 Amypeit Hukomaesma Komvoropos.

© A.A. Kapaiyb6a, 2013
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KHIDKKH 110 anpnuamsmy. Onn rpesyT ropy (SAmuk Cembep’ u Ap.), YHOPHO, TPYIHO, XOJOIHO; S TPBIZY
MaTeMaTHKy, U IyBCTBa Takue e. Bor rue cxoxectb rop n mareMaTuku. CKOJIBKO pa3 MBITAJICA OPOCUTH
(peastbHbIil HyJIb), HO YTO-TO ocTamasmuBaet. IIpas 6but M. M.®| roBops, uTo 3anuMaThes 3a1adeii HAJO 10
TeX TIOp, MOKA TETUINTCS HAJEXKAA (XOTh IyThb-9yTh), ITO MOJYIUTCS PE3YIbTaT .

Y Anaronus AnekceeBuua Kapaiy6n! 6b11a cBost Hay4uHas mKosa. Cpelin ero aclupaHTOB, 3aIlUTHBIIINX
Kamaugarckue gauccepranun, 6urmm I. Komecruk®, C. Boporus'®, I'. Apxunos!!, B. UyGapukos'?, M. Ile-
reuyk!®, B. Ilnakcun'?, 3. Paxmonos'®, 1. Txa66apos'®, A. JTaspuk!'”, C. Tpunenxo'®, T. Hermarosa'?,
JI. Tones?°, M. Kopoues?!, M. Yanra??, 1. Pespakosa®®. A. A. Kapauy6a Jr06HI BCEX CBOUX yIEHHKOB,
paJioBaJICs KarXKJIOMy HOBOMY IIOJIy9YEHHOMY MMM DPE3yJIbTATy, POPJMJICS UX yCIIEXaMH, IepeKUBajl BMECTe
C HEMF UX HEyIadH ¥ IOTepH>-.

B macrosmeit crarbe kommentapun A. A. Kapaiy6er kacatorcst pa6ot, BoinosaseHHbix 10 1990 r. Ipu
9TOM B apxXHBE HE XBATAe€T KOMMEHTAPHEB K HEKOTOPBIM CTATbsIM TPETHErO TOMA, a JJIsi 9€TBEPTOrO TO-
Ma HaliJIeHa JIMIIb OJHA CTPAHMIA KOMMEHTAPHEB (IOJHBIA CIUCOK HAyYHO-HCCJIEIOBATENLCKAX DPAGOT
A. A. Kapany6el Mmoxkuo naiitu B [2]). Kpome Toro, B c6opuuk, cocrasiennsiii A. A. Kapaiy6oit, He Bonuin
ero moHorpadun (cum. [3]-[11]). He ymasocs HaiiTy nosiHBIE IMEHA HEKOTOPBIX YIIOMSHYTBIX B TEKCTE MaTe-
MaTuKoB. [IpuBogsaTCS TOIBKO camble CylnecTBeHHbIEe CChIIKA. OMHAKO JayKe B TAKOM BHE€ KOMMEHTAPHH
[IPEJICTABJIAIOT COOOM MHTEPECHBIN JOKYMEHT, KOTOPBI, BO3MOXKHO, OKAXKETCsI IIOJIE3HBIM MAaTEMATHKAM,
paboTraromuM B 00JIaCTH TEOPUH YHCE U HEKOTOPBIX APYTUX 00JIACTSX YUCTOM MATEMAaTHKH, & TAKXKE B MH-

dopmaruke®s.

"Yannick Seigneur.
811. M. Bunorpaos.
9T puropuii A6pamosma Kosecuuk. dvurpuposas B CIIIA emme B cOBETCKHE rOIbI, CTaB “HEBO3BPAIIEHIEM, IIPO-
deccop Jloc-Amxkenecckoro yuusepcurera, CIITA.
10Cepreit Muxaitnosuu Boporun. IIpodeccop MOCKOBCKOTO MeZarormuecKoro rocyIapCTBEHHOIO YHHBEPCHTETA,
BN HAYYHBIA cOTpyaHUK oTaena Teopun gucesa MUAH; ymep B . Mockse B 1997 .
HTennamuit Usanosua Apxumnos. ITpodeccop MI'Y, Beaymmit Hay«HbIi COTPYIHUK OTAea Teopun uncess MUAH.
2Bnagumup Hukonaesuu UyGapukos. IIpodeccop MY, n.0. mekana MeXaHHKO-MATEMATHYECKOro (haKy/IbreTa,
MTI'Y, 3aBenyromuit kadeapoil MaTeMaTHIeCKAX U KOMIBLIOTEPHBIX METOIOB aHAJIH3A.
L3Muxann Muxaitnosug [ereuyk. Hayunstit corpynuuk CKTB “Ksant” (Ykpauna); ymep B . Yaxropoze B 2001 r.
MBnaguvup Anexcammposud [Lnakcun. JJonent kadbeapsr Teopuu BEpoOSTHOCTEl 1 aHAIM3a JaHHLIX [leTpo3aBos-
CKOI'O FOCYIapCTBEHHOI'O YHUBEPCUTETA.
153apymao Xyceiinopua Paxymomnos. IIpodeccop TamKUKCKOrO TOCYSAPCTBEHHOIO YHABEPCUTETA, 3aBE/IyONIMil Ka-
denpoit anrebpsr u Treopun uncesa TTHY, nupekrop MacTuryTa Mmaremaruku AH Pecniy6iuku Taakukucra.
Y aprap Ilukap ormer JIxxa66apos. JlomenT B [SHIKHHCKOM TOCYIAPCTBEHHOM yHEBepcuTeTe, A3epbaiijKar.
17 Anma Anexcannpossa JIaBpuk. ACCHCTEHT MaTeMaTHIeCKOro (bakyibrera IJIOpHXCKOro TeXHHYECKOro yHHBED-
curera (ETH Ziirich), Iseitnapusi; ymepaa B 1. Liopuxe B 2003 1.
18 Cepreit Anexcanaposuu I'punenko. IIpodeccop Benropoackoro rocy1apcTBeHHOTO YHUBEPCUTETA, 3aBE/Ly IO
Kadegpoit anredbpsl, Teopuu duces u reomerpun BI'Y.
Tapxap Jexkanosna Hermarosa. JJupekTop Kostemka B I. JymanGe, Peciy6iuka TazKuKucTan.
20 Noiraus sanos (Usanosuu) Tosnes. ITpodeccop kadeapsr MaTeMaTHIeCKOTo anamu3a hakyIbTeTa MaTeMATHKH
u nadopmaruku Coduiickoro yuusepcurera, Boarapust.
2IMaxcum Astexcannposut Koposes. Crapmmit Hay<aHBIH COTPYAHUK OT/Aea aarebpel u Teopun wuces MUAH.
22Mapuc Esrenbesua Yanra. Jorenr MoCKOBCKOIO rOCYJapCTBEHHOIO YHHBEPCHTETa I€ONE3UH U KapTOorpacu.
23U puna Cepreesna Pespsikosa. Hayunerit coTpyanuk oTena airebper u Teopun wuces MUAH.
24B nacrosimeii cratbe A. A. KaparyGbl He BCeM ydueHIKaM yIe/IsieTcsl OANHAKOBOE BHUMAHHKE, YTO CBSI3AHO C 00bEK-
TUBHBIME PUYUHAMH. B TO BpeMmsi, KOT/ia ObLIa HAMCAHA OCHOBHAsA IaCTh KOMMeHTapues, yueauk A. A. Kapary6or
I". 1. Apxunos ycrpausajics Ha paory B MITAH Ha JO/KHOCTB CTApIIEro Hay4HOrO COTPYAHUKA (YTO TOrga GbIIO
HCKJIIOYUTEIBHO TPYAHO U1l MATEMATUKA, KOTOPBIH eIle He ABJIAJICA JOKTOPOM HayK) M 3allUINAJ JOKTOPCKYIO JIHC-
cepranuio. ITosTomy paboram I'. 1. Apxunosa yaessiercss 60/IbIIIOE BHUMAHNE, C CAMBIME BBICOKMMI OLIEHKAMH €ro
Bkaaga. Ussecrno, urto A. A. Kapaiy6a oueHb BBICOKO OIEHUBAJ BKJIAJ M IIOTEHIIUAJBI U JPYTUX CBOUX YUEHUKOB,
HEKOTOPBIX U3 KOTOPBIX OH Ha3bIBAJI JIyUIIUMI MaTEMaTUKAMI CBOETO IIOKOJICHUS.
25B rTo BpeMs KaK HACTOAIAS CTAThs MOTOBUJIACH K MEYaTH, IIPUILIO U3BECTHE O BHE3AIHOW cMepTu |eHnamus
BanoBuua Apxunosa.
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10 A. A. Kapamy6a

HOCTapaIOCb OTBETUTDH Ha BOIIPOCHI: KaK BO3HHUKJIa 3a/a4va, KTO €€ IIOCTaBUuJI, YTO CAeJIaJl JIMIHO
A, 9TO B34JI Y APYTIUX, KaKO€ Pa3BUTHE JIaJIbIIIE ITOJIYyIrUJIa pa60Ta, YTO U3 Hee IT0JIESHOI'O BLIIIJIO.

Tom 1

1.1. “PermreHue oaHOIi 3aJa4YM M3 TEOPUU KOHEYUHBLIX aBTOMATOB’, Ycrexm mMarema-
TUYeCKUX HayK, T. 15, Ne 3(93) (1960), c. 157-159. 3ajaua mocraBjieHa aMEPHKAHCKAM
matemaTukom Mypom2%; npountain ee B [12], T.e. B chopruke “Apromarer”, 1956 r. Becnoit 1957 1.,
[OCJIe HAIIMCAHWS W 3AIIUTHI KYPCOBOH pafoThl Ha 3-M Kypce (KypcoBasi HAIUCAHA MOJ PYKOBOJI-
crBoM akajiemuka A. H. Koamoroposa, nazsiBanacek “O Bapuanusax (GyHKIUN JBYyX MEePEeMEHHBIX
comeprkanne ee u cama oHa norepsua A.H.27; taM, B 4acTHOCTH, J0KA3aJI KAKYIO-TO TEOPEMY W3
Teopun pazmeproctu 1o-apyromy) A. H. Koiamoropos, KoTopelii B 910 BpeMsi 04eHb AKTHUBHO 3aHU-
MaJicst Teopueit nHdopMany, KHOEPHETHKOIA, JIaJl HA JIETO TPOYNTATEH CTaThio Mypa u momymars
HaJ ero 3ajadeit. OyeHb JOJINO HE MOT' MOHSITH ITOCTAHOBKU 33J[a49U C ‘U€PHBIM SIIIIUKOM’, ITOKa, He
€o06pasuI, 9TO BMECTE ¢ “amukoM”’ y SKCIEPUMEHTATOPa €Ie eCTh CXeMa aBTOMAaTa (Juarpamma
paboTbi). 3agady permmua jgetom 1957 1. B . ['poznom (1oma?®), mon suxorpasiom. Pemenne 65110
“ceipoe”, HO mpaBmwibHoe. Ocenbio pacckazan A. H. Koamoropoy, B 06Cy»K/I€HIUN MPUHAMAJ yda-
crue B.U. Apnomsa?? (nemo 6uimo B Komaposke). Bee B 3Toit pabote mpmuymar st (Kpome Toif
aemMbl Mypa, Ha KOTOPYIO sl CCBLIAIOCH).

B 1961 r. Xu66apa> omybaukosast B AMepuxe paboTy, B KOTOPOil MO-CYIIECTBY HEPEIHCa
MOIO (C HEKOTOPBIMU OOOGIIEHUSIMHT ).

31
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Becnoit 1958 r. 3Ty pabdoTy s 3aruTuia Kak KypCcoByIO . . .

Torga ke A.H. Komvoropos caan ee 8 YMH?2; on o4ueHb moMor mpuaaTh eif TOT 3aKOHUCHHEBII
BUJI, KOTODBIIl OHA ceiiyac mMeer.

Hamm?? “yuensre” Bapsauap>? u TpaxTen6por>® IpUNNCHIBAIOT 9TH IBE MOH T€OPEMBI Xn606apmLy
(B cBoeit knure%). B 6ostee panmeit kKaure (3a0bLT aBTOpa, HAIEro) TeopeMa HazBaHa®! TeopeMoit
Mypa—Kapairy6sr. Ceiiuac Hamm yHUBEPCUTETCKAE KNOEPHETUKH €€ TaK U HA3BIBAIOT.

HackobKo MHE M3BECTHO, MOSI T€OPEMa, ABJIFETCs €AMHCTBEHHO TOYHON (€IMHCTBEHHO TOYHDIH
HEJIMHEHBIN TTOPSAJIOK OIEHKH ) B TEOPUM IKCIIEPUMEHTOB ¢ aBTOMAaTaMu (T.e. He MojIexKaInuii yrod-
Henuio pesysbrar). Ha 91y Temy MHOro mos:xe genas Jokiaaj B Bepsiube na Mexaynapogaom

cmmosmyMe®; mocTaBmT TaM 3aaay (cM. Ne 2.6); He 3HaI0, P JI ee KTO-T100.

1.2. “IIpobaema Tappu ajda cucreMbl cpaBHeHuir’, MaTemaTrndecKkuit COOpHUK, T. 55,
Ne 2 (1961), c. 209—220. 3anauy nocrasui npodeccop H. M. KopoGos B 1958 1. B KadecTse 1u-
wroMHOM paboTsl. Pemmt ee st B 1959 1. B 10 Bpemst H. M. KopoboB nokazas “reopemy o cpejgHem

26 Edward Forrest Moore.

27 A. H. Kosmoropos.

28 A. A. Kapamy6a pomuiicst u BeIPOC B I. I'po3HOM.

29Bnagumup Uropeswa ApHOub I, oqHOKypCHUK U Kostera A. A. Kapamy6sr.

30Thomas Nathaniel Hibbard.

31meercst B BuIy “MOBTOPMIT; HAa CIPABEIINBOCTD TAKOIO MHEHHs YKA3bIBAE€T TOT (bakKT, uTo B pabore XubGap-
na dburypupyer B TOYHOCTH aBTOMAT, IoCTpoeHHbIl Kapaiy6oii, XoTss pasHOBHUIHOCTEN TaKMX aBTOMATOB MOXKHO
NpUAyMaTh OYEHb MHOIO.

327K ypuan “Ycmexn MaTeMaTHuecKuX Hayk’.

33B mMoMmeHT 3TOi 3amuCcH yroMsHyThIe aBTophl, Kak 1 A. A. Kapamy6a, >xumn 8 CCCP.

34 Janis Barzdins.

35Bopuc Aspaamosmrda TpaxTeHGpOT.

36TTo-sumumony, umeercs B Buxy kuura: B. A. Tpaxren6por, 5. M. Bapaauns, Konewnvie asmomamot. ITosederue
u cunmes, M.: Hayka, 1970.

3731y reopemy 1oz HaszpanmeM Teopema Mypa—Kapaiy6bl MOxKHO HaiiTi, Hampumep, B kuure: M. A. Aiizepman,
JI. A. T'yces, JI. . Posonosp, . M. Cmupnosa, A.A. Tans, Jloeuka. Aemomamoi. Anzopummol, M.: Pusmarrus,
1963.

38 CuMmosuyM 1o JIMCKPETHON MaTeMaTHKe U TPUJIOYKEHUSIM B MaTeMaTHIecKoi kubepueruke 1974 r. B Bepsmne.
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I cpaBHeHmil”, monobuyio Teopeme M. M. Bumorpanosa®?. Meron mokasaTeabcTBa Takxke Bu-
HOTPAJIOBCKUit. MHe Ha0 OBLIO TMOJYINTh ACUMIITOTHIECKYIO (DOPMYILY [IJIst UUCIa PEIeHuil “ru-
OPUIHOI” CHCTeMbI ypaBHeHuit — cpasHennit. $1 Bury«m cratbio Xya Jlo-kena®? (Acta Sei. Sinica, 1
(1952)), y3HaJ1, 4TO TAKOE TOUYKHU HEPBOI'O U BTOPOI'O KJIACCOB, KAK HOJLYyIaeTCsl ACUMIITOTUKA, KAKYIO
POJIb B 3TOM UI'DAET TeOPeMa O CPEJIHEM, U ITOJIyYuJI CBOIO Teopemy. PaboTa B OCHOBHOM SIBJISIJIACH
yue6uoii. ITociie Hee s MOT PeIuTh JII00YI0 a1 TUTHBHYIO 3a,1axy THIIA IpobaeMbl Bapuara—Tappu?!.
Torma xe nowustt, uro Teopema H. M. Kopobosa o cpemuaeM jiitst 9TO# CHCTEMBI U yTBEPKI€HUE, TPU-

BHAJILHO cJieryiomiee u3 TeopeMbl o cpeaneM V. M. Bunorpasosa:

Ni(P) = JO, .. 0, 1G5 Anq) < J Z 1,
A

AT+11-“7ATL T+17~--7>\n

JIE MOMX IIeJIell TafoT OJUH Pe3yJIbTar.
Pabora oka3zasia 60JIbIIOE TTOJTOKUTETHHOE BIANSIHAE HA BCE MOM TOCJIEIYIONINE 3aHATUSI Teope-
MaMHU O CpeﬂHel\l nu TpI/IFOHOI\/IeTpI/IquKI/IMI/I CyI\’IMaMI/I.

1.3. “OueHKu TPUTOHOMETPUUECKUX CYMM O0CODOT0 BU/Ia 1 nX npusioxkeuus’’, JJokaa-
At AH CCCP, . 137, Ne 3 (1961), c. 513—514. [Ipounran u nousi crarsio V. M. Bunorpagosa
“Hopag omenka ((1 + it)”", HAH*?, 22 (1958), 161-164*3. 3nan Temaruxy A.T. Iloctrukoa** 06
L-psanax ¢ x (modp™), p > 3 — nocrosinnoe. Ilousi, 410 BUHOrpaI0BCKYI0 TEXHUKY MOXKHO CIOIA
neperecty, 4to u cuenan. [lozanee sto e genamu H.T. Yymaxos?®, B.H. Yy6apukos?® u (xa-
xercst) I. Usanen®”. Tlosaaee TexHmKa, KOTOPYIO f 3/eCh pa3pabaThiBaJl, MOJYHYIIa TPHMEHEHNe
B Apyrux moux paborax. Takum oOpa3oM, 3TO OfHA W3 MEPBBIX pabOT M0 TeMe, KOTOpas POJIMJIA
P-aJITIECKUAIT METOJI.

1.4. “VYMHOXKeHne MHOTO3HAa4YHbIX dYMces Ha aBroMatax’, Hokmaabr AH CCCP,
T. 145, Ne 2 (1962), c. 293294 (coBmectHo ¢ FO. Obmanom?®). 3agauy o ciroxnOCTH YMHO-
JKeHHsI JIBYyX n-3HadHbIX udnces nocraBui A. H. Kosmoropos. Buepsoie ee s ycibimas B 1956 1.
B wacrtnoctn, Ha ofHOM n3 3acemanuii MOCKOBCKOIO MaTEeMAaTHIECKOro ODOINecTBa O Heil TOBOPUII
Komvoropos (1956 r.). Torsia »e OH TOBOPII O TOM, 9TO B “demIcKoil cucreme cuamcenns % T.e.
B CHCTeM€ CUUCJIEHUsI OCTATOYHBIX KJIACCOB, CJIOXKHOCTHh yYMHOXKeHUsT paBusiercs cnlogn. A.T. Bu-
rymrun®’ 3aMeTmI, 9T0 eciu GBI JIOAM JKUJIH B 3TOH CHCTEMe CUMC/ICHHUs, TO He ObLIO Obl 3a/a4u
Konmoroposa; KosimMoropos orMeTni, 970 CUCTEMa, CIUCIEHUSI BOSHUKJIA [IPU U3MEPEHUSIX, ITOOBI
CPaBHUBATDH BEJIMYUHBI, Y€r0 B “JYeINCKO CHCTeMe CUNC/IeHNs CesiaTh HEJIb3sl, TaK KaK 110 3aIliCH
JIBYX UHCEJI B HEll HeJIb3s y3HATH, KAKOE U3 HUX OOJIbIIE.

A.H. KoiMoropos yMaJi, 9To HUKHsIS OIeHKa coskHocTn ecth O(n?), T.e. “dgeoBedecTso 3a
MHOT'0 ThICsUesIeTuii BbIOpaso (Co37aJ10) ONTUMAIbHBIA ClI0CO0 YMHOYKEHMs!, KOTOPBIM MBI I10JIb3Y-
eMcs U cefrgac”.

Ora 3aja4a Bcerja MeHs npusiekasa. Jaxe jerom 1956 1. B r. ['posHoM st ToBOpuMII O Hell CBO-

emy mKosbHOMY yumtemo H.A. Kyspmenko®. Ocenpio 1960 1. A.H. KoamMoropos opranusosaJt

390 Teopeme Bumorpasosa “o cpemem” cu., manpumep, [7; c. 90], cm. Taxxe [11; c. 88].

40Hua Lo-keng min Hua Luogeng. Cu. [13].

41Gaston Tarry. O npo6reme Tappu cwm., manpumep, [7; c. 26], cm. Taksxke [11; c. 20].

12 f13secmus AH CCCP. Cepus Mamemamuveckas.

43Cm. [14].

44 A rekceit Teopruesnd I10CTHHKOB.

45Hukomait Tpuropsesna ymaxos.

46Bragumup Hukonaesuma YyGapukos, yuennk A. A. Kapaiy6or.

4THenryk Iwaniec.

48FOpuit [Tasnosuu Odman.

49Yerrckas cucrema cumcienus’”’, a6opesuarypa CSS, 6bLIa MOCTPOEHA UENICKHMHE MATEMATHKAMH AHTOHHHOM
Cobonoit 1 Mupocnasom Bamaxom B [15].

50 Awarosmit Teopruesn« Burymkum.

51 Hukomnait Akumosud KyspMenko. Y4uTe b MATEMATHKH U PYyKOBOAUTEIb MATEMATHYECKOTO KPY?KKa, B MY?KCKOM
cpexnueit mxoste Ne 6 . I'posnoro.
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ceMMHAD 110 KUOEpPHETHKE, Ha IIePBOM 3aCeIaHUN KOTOPOro IIOBTOPHJI Ty 3aJa4y (Kak U JIpyTue).
Hetestio 51 yropHO Jiymast HaJT Heit, cTapasich TOJIyIuTh orenky causy O(n?). Pazbun uunciio Ha jisa
6s10ka u anTazuposan. Bapyr ysusen, uTo BMecTo HEKHed onenkn O(n?) momyuaercs BepxHss
suza O(n!°823). Pacckasan H. M. Kopo6osy (8 MIAHe). Oi KaK-TO PABHOLYIITHO OTHECCA K 9TOMY.
ITocsie ouepemoro 3acenanust cemunapa pacckasasa A. H. Koamoroposy (na ksaprupe y Hero). On
cHaJaJIa He TIOBEPILI, TIOIIPOCIII TYT ke tocMoTpeTh B. M. Tuxomuposa®?. TUXOMUPOB MOATBEP I,
ugro Bce mpamwibHO. A. H. Kosmoropos, mo-sugumomy, ouenb oropumics. Ha ouepentnoMm 3acea-
HUM CEMUHAPA PACCKA3aJl O MOeil paboTe, U HA ITOM CEMUHAD IIPEKPATUI paboTy (Tak PacCTPOUIC
Kommvoropos). 3atem oH €3I 10 CBeTy. . ., B AHIINE paccKasas 3TOT pe3yabTaT DpJemny’>, pac-
CKa3bIBAT MHOTIM®? 1, HAKOHeII, He COOOIINB MHe, OmyOmKoBas (M, HaBepHoe, CaM HAIICAT) 3Ty
samerky. ITorom B CCCP mnpues:xas Illtpaccen®... n crenan®® ma stoit moeit mmee®” ... ymHO-
xenne MaTpui’S. YyTh panbiine Mol pesyabrar yrounun A. Toom® (yuenuk O.B. Jlymanosa®®,
a zarem — U. W. Tlsrenkoro®!). Ha Bamase aTa TemMaTnKa MOJIy9nia MIPOKOE PA3BUTHE — OBICTPLIE
BBIYUCIIeHns (HampuMep, 6bicTpoe mpeobpazosanue Pypne’? B uieitnoM oTHOMeHNH 61U3KO0 K Moeit
pabore). Ecrs monorpadus: . Kuyr, Hekycemeo npoepammuposanus, T. 2, rie (TEHIEHIMOZHO)

OIIMCaHa MCTOPpHUA BO3ZHUKHOBEHUA 6bICTpI>IX BquHCHeHHﬁ63.
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[osiBunca® r. 3 Usbparnviax mpydos A. H. Komvoroposa, 1987 r., M.: Hayka; ua c. 199 momernen
ero sokJja Ha MexynapogaaoM MaremarudeckoM Kourpecce B Crokrosbme (1962 1.), B KOTOpOM:
“OOBIYHBIN TKOJIHHBIN PENENT YMHOXKEHUS JTaeT JIUITh

m(s) < 82,
a onenku Odmana u KapaiyOsl TakoBbI:
sxm(s) = glog2 3 «

Takum obpasom, onenka Odmana: m(s) = s, T.e. TPUBUAIBHOCTb. Bpej Kakoii-To.

Kok ok kkk kkok kokk kkk kkok kokk kkk kkok kokk kkk kkok kokk kkk KRk Kok

B 1967 . (nm OKOJIO TOTO) s CIIesasn

M(n) = O(nlognloglognlogloglogn ... (loglog...logn)?),
r

r > 2 moboe; A.H.% npencrasur 8 TAH®® u cnpocun, MozkHO 1 oTHpaBUTH PabOTy 3a TPAHMILY
(pPyKOIHCH) CBOUM Jpy3bsaM-Kojieram. S1 coryacuics. 3areM st OGHAPYYKUJI HETOYHOCTDb, KOTOPAsI

52Bnagumup Muxaitmosma TuxoMupos.

3P4l Erdss.

540rkperTeiit A. A. Kapary6oii MeTO/ yMHOMKEHHsT STBHJICS TIEPBBIM OBICTPBHIM METOJIOM, U CAMO €r0 OTKPBITHE
6b10 yauBuTebHbIM cropupusoM 1y A. H. Kosmoroposa 1 Apyrux crnenpaaucToB B 9TOH 00JIaCTH.

55Volker Strassen.

56B 1969 r.; cm. [16].

57B roit mam uHO# Mepe Bce CyIecTByonme GhICTPhIE AITOPUTMBI HCIOMB3YOT uaeio A. A. Kapaiy6br, mo kpaiimeit
Mepe B BH/JI€ UCIOJIb3YEMOrO B HUX OBICTPOTO YMHOXKEHUSI.

58 0Gobimenne noen A. A. KapaiyObl ¢ yMHOXKEHUsT 9rCesl HA YMHOXKEHUE MATPHUI] TEXHUIECKH HEeTPUBUAJIBHO.

59 Anppeit Jleonosua Toom. Cm. crarsio: A.JI. TooM, “O CIOKHOCTH CXeMbI U3 (DYHKIMOHAIBHBIX SJIEMEHTOB,
peanmayiomeil ymHoxkenue nesbix aucen’, Joxa. AH CCCP, 150:2 (1963), 496-498.

600 1er Bopucosny JlynaHos.

61V nps Uocudosma [srenkuit-I1Tlamupo.

62T]epBblii asroput™ 6pICTPOro npeobpasosanusi Pypbe mosBucs B 1965 T.

63Cwm. [17].

64Cwm. [18].

65A. H. Kommoropos.

66 /loknadv Axademuu nayx CCCP; nyis myGIUKaIUK CTATHH B 9TOM KypHaJie TpeGyeTcs IpeCTaBIeHIe CTAThI
ONHMM W3 aKaJEMHUKOB IO CIIEIHAILHOCTH.
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JIOCTATOYHO MPOCTO UCIPABJISIAChH, 3a0bLI HA MHJEKCHI CYMMHUPOBAHUS 3HAK 7 MMOCTABUTDH, OrOP-
ynics u 3abpas pykomuch ¢ mpescrasienuneM A H. Bekope mossmimacs’” pabora... ¢ stuMm ke
asropuT™MoM, a B 1971 — ... Hosast pabota®® (¢ FFT%?).
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1.5. “Amnagior npobsiembr Bapunra”, Becruuk MI'Y, Ne 1 (1962), c. 38—46. Bour Bropoit
ron, actimpanTypbl. H. M. KopoboB crpocui Kak-To, 9eM si XOTeJ Obl 3aHUMATBCS: MPOI0JIAKATH
remy A.T. IocraukoBa (L-psiibl U T.II., 9TO s y2Ke CJEJIaJI) WA 3aHATHCS KOHEUHBIMU DSaMU
Oypbe 1 UX NPUJIOKEHUSIMU K BBIUYUC/IEHUIO WHTErpasoB. ¢l BeiOpas nepsoe. MHe Hy»KHBI ObLIN
zagaun (Tembl) g Kaaauaarckoil paborer. Cran agymars. pugyman sty 3amady. Mbicib Takast:
yeM Kopoue nporpeccus (6oJibliie MOJYJb CPaBHEHMsI; MOMY/Ib MOXKeT ObITh Jii060i crenudukn),
TeM “Onmrke”’ cpaBHeHME K ypaBHeHHUIO. Kak 3ajady, TaK 1 perneHne ee mpuayMan caMm. Kak motom
samerust H. M. Kopo6os, “Ha 310l 3a/jaue MOXKHO yIUTh KPYroBoMy MeToiay” (IPOCTO BUJHO, TIe
GOJIBIIIE JIyTH M 9TO OHM JAIOT, & TJIe MaJible). DTa CTaThs — CJIEAYIOMUA Mar K p-aJudecKoMy
MEeTOJLY.

Ocrajach He3aMeUeHHOT.

1.6. “Pacmpesesienune JPOOHBIX J/I0Jieii MHOTOYJIEHOB cHenuajibHOro Bu/a’’, BecTHuk
MI'Y, Ne 3 (1962), c.34—38. IIpogoskenne 1.5, T.e. “Habupay” Ha KaHIUJATCKYH0. [lomecTni
znech onenky H. M. Kopo6osa (Hazsas psaMo Teopemy ).

1.7. “IIpo6sema BapuHra aJjisi cpaBHEHHUsI IO MO/IYJ/II0, PABHOMY CTeII€HU ITPOCTOTO
ancaa”’, Becruuk MI'Y, Ne 4 (1962), c. 28—38. 3agauay upumymas jgerom 1961 . B r. 'posaom
(oTATH TIOT BEHOTPAJIOM B CaJly, TJIe Pl 3a,1ay TIpo aBToMaThl ). Jlymai o mpobaeme Bapumra™,
06 onenke G(n), moaydennoit 1. M. Bunorpagosbiv. IIpumyman 3aqady u cpasy ke — pelleHue.
CnaBHOE — TOUHBIN pe3ysnbrar mig anajgora G(n). B crarbe gcHO BUIHA Ues P-aJIUIECKOrO Me-
Tofa (p-aaudueckas Mmerpuka); momorya pabora 1.5. Cxema pemtenus — Bunorpamosckuil merTop
oreaku G(n), TOABKO B p-ajudeckoil ¢popme. Jra pabora U MOPOAUIA P-aJUIECKUIl METOZ, B TOM
BH/I€, KOTOPBIl TIOTOM MOMOT Pa3BUTh TEOPUIO KPATHBIX CYMM U T.II. DTa paboTa MOpPOIUIa TaK¥Ke

padoty 1.8.

1.8. “O reopeme o cpenuem”, Hokaaaer AH CCCP, 1. 149, Ne 2 (1963), c. 245—248.
Pasmbinuisia vaz padoroii 1.7 (ee uneitHoit cTOpOHOIl; Bce BpeMsl XOTeJl U ceifidac Xo4dy Hafitu uc-
TuHHBLA 10psgoK G(n) B upobieme Bapunra), Bapyr nousui, 4ro Teopemy o cpegunem .M. Bu-
HOIPAJIOBA MOXKHO JIEJIaTh Yepe3 CpaBHeHUs (CABHUI B [IOJHON CHCTEME HPHUBOJUT K CPABHEHUSIM ).
Dro 6b110 BecHOl (MapT) 1962 r. Cpasy ke Hanmcas gokasarenbcrso. Pacckazan H. M. KopoGo-
By. OH cTaj €10 3aHUMATHCS TAKXKe; COOOITUI, ITO MOXKET C/Ie/IaTh KAKNe-TO YIIyUIIEeHUsI B JI3€TE U
PEJJIOKIII OILy OJIIMKOBAThH cepuio paboT Ha 3Ty Temy (coBMecTHBIX). [lepBoil u aBuIach 3Ta cTaThs
(u nocaenueit). 51 Berasua dpazy: “Ilo ocnoBHoIt uiee ra pabora Gimska K padore (3)”, T.e. k 1.7.
Koneurno, H. M. KopoboB BHEC TOJOXKUTETBHBIN BKJIa B 0POPMIICHIE 3TON PabOThI; OHA, Oy U1~
Jlach JTAKOHIIHOM, "eTKol. Best TexHuKa 3Toit paboThl (mmoc Haxomku u uigen 1. . Apxwurmosa’)
[IPUMEHSIETCSI B TEOPUH KPATHBIX CYMM. DTO — P-aJIUIeCKUil METO/ B TEOPUUA TPUTOHOMETPUIECKUX
CyMM.

67B I'epmanum.
68 Apmospaa Ilénxare u ®ombkepa IllTpaccena, COTEPKUT AJITOPHTM YMHOXKEHHS C OINEHKOM CII02KHOCTH

M(n) = O(nlognloglogn);

cm. [19].
69C uconp3oBanuem GuicTporo mpeobpaszosanust Pypre — Fast Fourier Transforms.
"OEdward Waring. O npo6ieme Bapunra cm., Hanpumep, [7; c. 95], cm. Taksxke [11; c. 94].
" Tennazaunit MBamosma Apxumnos, yuennk A. A. Kapary6sr.
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Ha sty Temy nosisustocs muoro sapuaruii: C. B. Creuxkun’?, D. Bombeepu’?, K. Yanmpacexxa-
parn’®, I. 11. Apxumos.

JlokazaTeabcTBO 9TOH TeopeMbl (B OCHOBHBIX TEXHUYECKUX UEPTax) COBIAJIAET C JOKA3aTEJb-
crBom U. M. BunorpaioBa ¢ 3aMeHO JIeMMBbI O MONAJIAHUSAX HA JIEMMY O IIOJIHOM CHCTEME CpaBHe-
Huit. Dta semma Gbiia panbire (1942 r.) chopmymposana FO. B. Jlunrukom ™. O ee cymiecTBoBa-
HUU s He 3HAJT; JI0KAa3aTebeTha ee Takxke He 6b110 B evatu. 10. B. Jlunnuk Takske (1942 1.) man’®
JIpyToe JI0KA3aTeIbCTBO TeopeMbl BUHOrpa10Ba, u Takxke p-ajgmdeckoe. Ho y Hero B cucreme ypas-
HEHUIl HEM3BECTHBIE 3apaHee WMEIOT CIEIUAJbHBIN BUA; M B €ro JI0KAa3aTeJbCTBE MHOIO HESCHBIX
MECT; OHO MOKeT OBITh U OIMIMOOYHBIM. DTy WJIel0 JIMHHIKA HEJIb3sI IPOBECTH B YKU3HB, CO3/IaBast
TEOPHUIO KPATHBIX CYMM. ¢ 2Ke MO0JIb3yIOCh CYIIECTBOBAHUEM C/BUTA U C €r0 IIOMOIIBIO JEJIal0 CU-
creMy cpasHeHuil. Toryia e s MOJIEPKHYJ, UTO ITOT HOBBIH p-aIMIeCKUil MeTO/ CBOJIUT (depes
TEOPEMY O CPEJIHEM) BOIIPOC 00 OIEHKE KOPOTKUX CYMM K BOIPOCY O IOJIHBIX CyMMAax.

1.9. “TpuroHoMerpudyeckKue CyMMBbI CIEIMAJIBLHOTO BHAA M UX IIpuJoxkeHus’’, M3-
Bectus AH CCCP. Cepusi maremarndeckasi, T. 28, Ne 1 (1964), c. 237—248. 3anauy
OpUIyMaj caM, T.e. YBHUJEJ, YTO €CJIM 3alMChiBaTh 1locTHUKOBCKUi xapakrep (modp™) uepes
exp, a TOTOM CJIeJIaTh P-aJUdecKHuil CABUT T — 2 + Py, TO TOJYYNM eXp C TOKa3aTeaeM BH-
na f(x) = ag + a1 + agpta? + - 4 @ pPtV g™ pre (a;,p) = 1. Coorsercrryiomiue
CyMMBI Ha3Bajl L-cymMMaMu, OLEHUJI UX C OHMXKeHHeM Buja /1, npuioxui K L-psaam [Tocrau-
koBa. HacKOJIbKO MOTy ITOHSITH, 9TO OBLIN II€PBbIE OIEHKH, TOYHOCTH KOTOPBIX BO3PACTAJIA BMECTE
C BO3pacTaHueM JIJINHBI MHTEPBaJa CyMMUPOBaHus. [Ipu OleHKax TaKuX CyMM IT0JIb30BAJICS Ueeil
Bunorpasiosa, T.e. © — & + p Yz, U NOHMYKEHHEM CTEIleHH MHOTOYJICHA 3a CYeT BhIGopa A (3Ta
unes uner or Laycca, Beitna’’, Mopaenna’™, Bunorpagosa, Xapau'—JIurrisyna’ u 6buia Takske
y Kopo6osa; cm. pabory 1.6). ITosuuee nHa 31y Temy nHeckosbko pabor namucasn H. M. Kopo6Gos,
a KOrJ[a OH n3ydas cyMMmsl ¢ f(z) = g% /p™, KOTOpbIe TaKKe SIBJISIFOTCsT L-CyMMaMu, TO He COCTIAIICST
Jlaxke Ha MOIO paboTy.

1.10. “IIpunoxenue Ne 4” x xuure Xya®!. 1964. O630p. Uzokenne p-audecKoro J0Ka-
3aTeJ/IbCTBa TeOPEMBI O cpejiHeM Bunorpasosa, cchopMy/ImpoBaHbl Pe3Y/ILTATHI II0 CyMMaM U JI3€Te
H. M. Kopo6osa n no cymmam un L-psimam — mMon (TakKe aHAJIOr npobiaembl Bapuhra, T.e. pado-
Tel 1.5, 1.7).

1.11. “O cucremax cpaBuenmnii’, IzBectuss AH CCCP. Cepusa maTremMaTmveckKasi,
T. 29, Ne 4 (1965), c. 935-944. H. M. Kopo6osbim na Cbezne®? (4-m) B Jlenunrpage (1961
r.) 6bUTa OCTaBJIeHA 33/]a49a 00 OIEHKE CBEpXY JJIsl YMCJIa PENIeHn l CHCTEMBl CPABHEHUH — aHAJIOD
TeopeMBI 0 cpesiHeM BuHorpa/iosa, HO Jijist CDaBHEHUI. $1 TOCTOSIHHO pa3MBbIIILIsI HaL Heil. B obmem
BHJIe PEeIuTh ee He cMmor. Ho mocTpoust Momysin, Jijist KOTOPBIX 9Ta 3aja49a PEeIaeTcs ¢ HyKHBIM
OTBETOM. DTOMY M TOCBsIIeHa pabora. CTaThs MOCTYKHWJIa TaKKe UCTOIYHUKOM Jjpyroii — 1.14.
OrpabarsiBajcs p-aJiuaecKuii MeToJ.

1.12. “O6 oreHke 4YmucJa pelreHuil HeKoTopbiXx ypaBueumuii’, lokaaasr AH CCCP,
. 165, Ne 1 (1965), c. 31-32. Cran aymars Haz npobsemoit Bapunra u ouenkoii G(n). fcuo,
9TO HaJI0 ObLIO UMETH MPABUJIBHYIO OIEHKY JIdA [) »(P) — uncyia pernennii ypaBHEHUs

a4l =yl b, 0<wm,y <P

72Cepreit Bopucosuu Creukun.

73Enrico Bombieri.

74Komaravolu Chandrasekharan.

SIOpuit Biagumuposny JINHHEK.

76 Cw., mampumep, [7; c. 133-134], cm. taxxe [11; c. 133-134].
""Hermann Klaus Hugo Weyl.

"8Louis Joel Mordell.

7 Godfrey Harold Hardy.

80 John Edensor Littlewood.

81X ya Jlo-ken. Cm. [20].

82[To-BummmMony, nMeeTcst B By JeTBepThIi BCECOIO3HBIH MaTeMaTmaecKuit chesn 1961 r.
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ITocraBun cebe 3a7a1y: TOJIYIUTh IPU 33 IaHHOM Kk BO3MOXKHO JIydIllee TOHUKEHUE. DTO U CIEIAHO.

Jlokazana Tak>Ke aHAJIOTMIHAS OINEHKA /I “BBIMIEPOIEHHON” CHCTEMBI YPaBHEHUIA.

1.13. “Cuctembl cpaBHeHuii um ypaBHeHuss BapuHrosckoro tuma’, Hokmaasr AH
CCCP, 1. 165, Ne 2 (1965), c. 274—276. IIponomxenue paborsr 1.12. PaGorsr 1.12, 1.13 Toss-
KO B IOC/]eHUe ToBIS mostyunmu paspurue (s + [.U. Apxumiop — HOBas OIeHKa MHTerpasa

1. M. Bunorpaiosa).

1.14. “TeopeMbl 0 cpeJHEM W MOJIHbIe TpUTOHOMeTpuieckKue cymmbr’, M3Bectus AH
CCCP. Cepust maremarudeckasi, . 30, Ne 1 (1966), c. 183—206. IIbirasich pemurs 3auady
H. M. Kopo6osa 06 Ny, ,, (cm. paGory 1.11), nupuayman 3agady 06 Nk, (q1, - - ., ¢n) Juist “noatu Beex”
q,---,qn u permmmi ee. OOHAPYXKUJIACH YJIUBUTEJIbHASI CBSA3b: T€X OIEHOK JIJIs “BBIIIEPOJIEHHBIX
CHCTEM ypaBHEHUil, KOTOpbIe ObLIN MOJIyYeHbl MHOUM Ha OCHOBE pa3spabOTAHHOTO METOJa, XBATAJIO
JUIs periennst 3Toil 3aiaan (g “noaru Beex”). Dra cBa3b U 3TOT 3bdEKT ele HUu MHOI, HU KeM
JPYIUM JI0 KOHIIA HE OCO3HAH, XOTs y2Ke MHOIO HoJydeHo u3 pasmymuil vag srum (I U. Apxunos,
B.H. Yy6apukos). H. M. Kopo6oB cBOMX y4eHUKOB Ha 9TO HallpaBJieHue “IycKas’, HO He 3HAI0, 9TO
onu npuaymamu (B. Bexosekuii®?, Cokomunckuii®®). B pabore ucnonbayercs gemma 4 (Xya) s
BbLJIEJICHNs] [JIABHOI'O 9JIEHA, KOTOpas 3aTeM “3anrpaja’ Bo MHOruX paborax (Uybapukos, Apxuros,
Mutbkun®® u ap.). Ha Banase sroit paboThl He 3HaI0T (HET HUKAKUX CBEJICHUII HA STOT CUeT).

Hap meit crour erie pa3 3axymMarbest!

1.15. “Acumnrornydeckue POPMYJIbI [IJisi HEKOTOPOTO KJIACCA TPUTOHOMETPUYECKUX
cymm”, Toksnaaet AH CCCP, 1. 169, Ne 1 (1966), c. 9—11. Pasmbiuisis Hat npobiaemoii Ba-
punra, G(n), pemmwI oy IuTh aCAMITOTUKY JJI TPUTOHOMETPUYECKUX CYMM CIEIUAIbHOIO BUJIA
(T.€. XOTEJI IOHATH, KaK OHM ce0g Be/lyT; IyCTh UMEIOT YACTHBII BUJI, HO 32T0 Ha [OJIHOM JHUALIA30HE
JUIMHBL — OT CaMbIX KOPOTKHX JI0 CAMBIX JIMHHBIX). Teopema 1 cdopmysupoBana HelpaBUILHO —
[VIABHBIA YJIeH HECKOJILKO JPYToil (HEeT BTOPOro cjiaraeMoro, cM. pabory 1.22), XoTs cjeicrsue u3
Hee — TpaBusibHOE (oreHKa cyMMbl). O6obienue 3Toit paboTs 66110 cemano H. M. Kopo6osbim®?
(/1axKke HE TEOPEMBI, a CJIEJICTBUSI U3 Hee, T.e. TIOJIyIeHbI OIIeHKN ); OH BMecTo f () = az™ paccMorpest
f(x) = ax"+a 2" 1 +---+a,_1x c Temu xe pesynbraTamu (omybimkoBano B Mamem. samemxaz).

Takum o6pazoM, 3Ta paboTa — HAYAIO TEOPUH MTPABUILHOTO TOBEICHIST MOJLYJIsI TPUTOHOMETPH-
YECKOW CYMMBI B 3aBHCHMOCTH OT JIJTHBI CyMMHUPOBAHMSI.

1.16. “MeTo/; TPUTOHOMETPUUYECKUX CYMM U TeopeMbl o cpeaHem”’, Maremarude-
ckue 3amerku, T. 1, Ne 1 (1967), c. 99—110. Pedepar q0KTOPCKOI auccepTaliiu, 3aIuieHHOI
B MUAHe (1966 r.), onmonentsr V1. M. Bunorpasos, H.T. Yynakos, A. . Bunorpaaos®®. ITocra-
HOBKU 33189 B JUCCEPTAINN U PE3YIbTATHI.

1.17. “O6 orieHKax TOJHBIX TPUTOHOMeTpuUYecknx cymm’’, MaremaTuieckKkue 3aMeT-
K, T. 1, Ne 2 (1967), c. 199—208. Ectb cymMBbI (IIOJHBIE ¢ TIPOCTHIM MOJLYJIEM ), KOTOPBIE OIeHU-
BaIOTCs JIyuite, deM 1o Meroxy A. Beitnsa®®. Knacc Takux cymm 6611 obnapysken A. I. TToctHuko-
BbIM (U3 yeTHBIX coobrenuii) u ony6smkosan H. M. Axymunuuessim (yaerukom A. I. TTocraukosa).
4 cras mymaTh HAJ STHM; HAIIE €Ille MHOTO TakuX cyMM. Jlastee “moutu Bce” CyMMBI OIEHUBAIOTCS
< ¢y/np. Byzer m Tak ga “Bcex”? DTOT BONPOC TOCTABUII A U HPHIYMaJs OTBET — PelIeHue Jisa
Goapmx n < p/lnp (orpunaresnsHbIi oTBer). TaM Ke TOCTABUI 3a/1a9y: YMEHBIUTD 3HAUEHUE N

83Hammucano B 1985 T.

84BukTop AsexceeBut BeIkoBCKmMii.

85Braaumup 3unoBbeBra COKOIHMHCKMTIA.

86 ITmurpuit Anexceesimra MuTbKuH.

87[To-Bumumonmy, umeercs: B Buxy crarbs: H. M. Kopo6os, “IIBoiiHbEIE TPUIOHOMETPUYECKHE CYMMBI U UX IIPUJIO-
JKEHUsI K OIEHKE PaIMOHAJIBHBIX cyMM”’, Mamem. samemxu, 6:1 (1969), 25-34.

88 A ckostb ViBanoBrd Bunorpaios.

89 André Weil.
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B Moeii Teopeme. J1o CHX TIOp HUKTO pe3yJIbTaTa He YCUIINIL, XOTsl nosiuiics psi crareit (1. A. Muts-
kun, C. A. Crenanos? + A.T. IloctHukoB), rje ob6obmaeTcss Moil pesysnbraT u gaercs (apyroe?)
JIOKa3aTeJIbCTBO (JIJId CyMM CUMBOJIOB Jlexkanipa).

Ceituac a1 gymato, 9ro ecmm n < p'~%, & > 0, p — 400, TO y:Ke IOKHA OBITH HETPHBUAD-
Hasl OIEHKA ITOJIHOW CyMMBI ¢ MHOTOYJIEHOM B 9KCIIOHEHTE; p — mpocTtoe ducyo. OIHAKO COBCEM
HEOXKNJIaHHO JIJIsd MEeHA B KOHCYHBIX IIOJIAX MOdA I'IIIoTe3a (TpI/IBI/IaJ'H)HOCTb OIICHKM HpI/I n > q0'5+5)
OIPAaBIANIACH; 3T0 caeras B 1986 r. B. 3unosres®!, u 310 mmer u3 teopun komuposanust! Hencrro-
Be UMbl yTu Locroau!

B aroii ke pabore mokazas psij TOXKIECTB MEXK Iy cyMMaMu [aycca u cyMMaMy ¢ MHOTOYJIEHAMEI
B akcnonenre (reopema 5). Iloznuee H. M. KopoGoB ory6smmkoBast 10JI0BUHY 9TO0i TeopeMbl (CBsI3b
MeK Iy cymmamu laycca n cyMMaMu ¢ oKa3aTeabHOH dbyHKIuei) 63 CChLIOK Ha MO TEOPEMY. . .

Kok ok ko k ok skosk ok ok ok ok skocko ok ok ok ok skokok skoskok ok ok ok skoskok ok ok ok skokok skoskok kokok o skokok ok ok ok

1.18. “O6 omHOIT cucTeMe HeonpeaeJeHHbIX ypaBHeHuii’, MaremaTuvieckne 3aMeTKH,
T. 4, Ne 2 (1968), 125-128. B crarbe maro paBHoMepHYIO onenky unrerpasa J (I1. M. Bunorpa-
JI0Ba), KOTOpas OOBIYHO IIPUMEHsIeTCs IIpU OlleHKax cyMMm . Beilss, u a0 Tak»ke paBHOMEDHYIO
onenky cyMmmbl ['. Beitns o crapmemy koaddunmenty. Pabora — HenocpecTBEHHOE TPOJIOIKEHUE
pabotsr 1.8 u, koreuno, pabor 1. M. Bunorpasgosa o omenkam cymwm ['. Beiiis.

1.19. “O6 omnoit acummToTuvyeckoii ¢opmysie”’, Tpyabl MOCKOBCKOroO mMaTremMaTude-
cKoro obuecrsa, T. 18 (1968), c. 77—82. 3asady HOCTABUI CaM; OHA MPOIOJIKAeT paboTel 1.5,
1.7, 1.15. Kak u B pabore 1.15, monyiiena ommbka (iemma 4), XOTs CIeJICTBHE — IPaBHIbHOE (KaK
1 Teopema cTaThn). Korjia aMepuKaHIbl TepeBoum 2 9Ty cTaThio, Iocan UM ucrpasaerus. OHn
UX y4/u, U nogsusica nepesos, 1.20.

1.20. “On an asymptotic formula”. ITepepos 1.19 ¢ MouMu UCIIPABIEHUSIMU.

1.21. “CyMMBbI XapaKTepoOB 1 IIepBOOOpa3Hble KOPHU B KOHEYHBIX IOJIAX’, JLokaabl
AH CCCP, t. 180, N2 6 (1968), c. 1287-1289. /lenan nokinan Ha cemunape A. O. Tenbdon-
1a% mo pa6ore JI. Bepmxecca® o ero omenke cyMmMbl xapakTepos; 6611 1967 1. Ilpmayman HoBoe
JOKa3aTeIbCTBO TeopeMbl BepmzKecca: COBUT © — ¥ + yz I © — xy~ ' + z. Pacckazan 38 MIIAHe
H. M. Kopo6osy. Ero (kax Bcerza) yBiiekjia Ta uies, OH CTaJ aKTUBHO 3aHUMATHCH U Jaxe (Kak
CKa3aJl OH) TOJIYYHJI yuydiieHue (OKa3aJoch — OMmMOOYHO, TaK Kak Ha 3Toi miaee Bepmzkecce Bee
nostyami). Tak Kak HUYEro HOBOIO sI Cpa3y HE MOT IOJIyYUTh, TO HUKAKON CTATHU HE MyOJIMKO-
BaJI. 3aTeM Cpa3y MOsIBUJIOCH J[BE CTAThU O CYMMaX XapaKTePOB B KOHEUHBIX IMOJIsIX: bepmxkecca u
HssermopTa’®®—JInronca®®, rme pesyasrar Bepmkecca mepenocuIcs Ha IIOJIe CTENeHH 2 H, CO 3HAM-
TEJIbHBIM yXYJIIIEHNeM, Ha IoJie crerienn n > 2. 51 cpagy xke cuesan s jioboit crerenu n > 2.
DTy miero (JOCTOBHO) TIOTOM MCIOJB30BaT Bepkece B cpoeil cratne’’... Passurme miuenm 3Toit
paboThI TIO3BOJIMJIO MOJIYYUTh MHE BCE PE3YJIBTAThI C CYMMAMK XapaKTEPOB C IIPOCTBIMU YUCIIAME

(CM. HI/I}KG). Yacro uzsarao 310 B JIEKIIUAX] JILII. l—IOCTHI/IKOBa98 TaK>Ke 4YuTaJia I'Je-TO.

90Cepreit Anekcanaposud CTenaHoB.

91 Bukrop Anekcammposua 3unosbes. Cwm., mampumep, crarpio: B. A. 3unosbes, C. H. Jlunpn, “Hikane oneHku
[IOJIHBIX PaIMOHAJIBHBIX TPUTOHOMeTpudecKux cymm”, YMH, 43:1(259) (1988), 199-200.

923Kypuan “Tpyast MMO”, kak u qpyrue seaymue MaTemarideckne »xypuanst CCCP u Poccuu, BHIXOAUT B ABYX
BapHaHTax, CHa4aJjla Ha PYyCCKOM sI3bIKE, & 3aTe€M B IIEPEBOJE HA aHTJIMACKUINA.

93 Anexcamap Ocuropuu Tesbdbom/.

94David A. Burgess.

95Harold Davenport.

96Donald John Lewis.

97TTo-Bummmony, umeercss B Bumy craTbs: D. A. Burgess, “A note on character sums over finite fields”, J. Reine
Angew. Math., 255 (1972), 80-82.

98 Trommmta ITerposua IlocTHHKOBA.
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1.22. “O TpuroHomerpudeckux cymmax”’, Tokmanet AH CCCP, 1. 189, Ne 1 (1969),
c. 31-34. [Iponoskenne paborsr 1.15. Mcnpasiiena reopema u jiemMa u3 paborsl 1.15 u mokazana
HOoBas TeopeMa 1 06 acummrorudeckoil dhopmysie g nodru Beex cymm S(a; P, q) oupezenenHoro
kiacca. [Ipunoxkenuii (pabora) 1oka He HAIIA, XOTd JyMaJ BCTAaBUTH B 1pobiaeMmy Bapunra.

1.23. “O cymmMax xapakKTepoB c npoctbiMu duciamm’, Hokiaaast AH CCCP, 1. 190,
Ne 3 (1970), c. 517-518. Ha ocrose uzen paGorsl 1.21 mosyueHa HOBasl ONEHKA CyMMBbI XapakK-
TEpPOB OT HOCJIEIOBATEILHOCTH CABHHYTHIX IIPOCTHIX YHCENI, He TPUBHAJbHAS Ipu jjmHe > ¢00+e,
Bagaua npuaymana . M. BunorpagoBbim (Kax OPUMEHEHUE €ro MeTOJa OIEHOK CYMM C IPOCTbI-
mu gucsiaamu). Kpome . M., HUKTO cepbe3no 91oit npobiaeMarukoii e 3anumanics. 0. B. Jluunuk
HAJIesICsl IPUMEHUTH 9TO K KBa3UPUMAHOBOI runorese (u mjist L-psijioB), HO HUYEro HE BBIILIO.
VY 1. M. oreHka He TpuBmajbHa npu juuHe > ¢0 701,

Kok ok ko ok ok skosk ko ok ok ok sk ok ko ok ok ok skokok o skoskok ok ok ok skoskok ok ok ok skokok o skoskok kokok o skokok ok ok ok

1.24. “O6 omenkax cymMm xapaktepoB”’, MzBectus AH CCCP. Cepus maremarude-
ckasi, T. 34, Ne 1 (1970), c. 20-30. PaGora siBisiercsa upogoszkenuem paborst 1.21. B aroii
pobJieMaTuKe BaXKHO MMETh HE TOJIbKO HETPUBUAJIbHBIE OIIEHKU BO3MOXKHO 00Jiee KOPOTKHUX CYMM
XapaKTepOB, HO TAKIKE U 110 BO3MOXKHOCTHU 60JIeE TOUHBIE OIEHKH IIyCTh 60JIee JJIMHHBIX CyMM (115
reopun L-psifioB). Anasoruanaga pabora ecth y Bepmxkecca. I caenan 3ro sl KOHEYHBIX HOJIEH.
Cronso 6B TPOJONIFKATE 3TO HAIPABJIEHHe; HIKTO 3TOTO He jenan’’ (MoxkeT OBITh, B AHTMM GbI-
J07).

1.25. “Cymmbl xapakTepoB c¢ mnpoctbiMu umncaamu’’, IzBectus AH CCCP. Cepus
MareMmaruyeckasi, T. 34, Ne 2 (1970), c. 299—-321. IloapobHoe uznoxkeHne (€ MOTHBIME JOKA3a~
TesibecTBaMu) pabothl 1.23. Havasio riesioii cepun paboT 110 orieHKaM CyMM cJaraeMbix Buga x (p + k).
Hasmo BHUMAaTETFHO BCE MMOCMOTPETHh U MOAYMATH HAJL HOBBIMU ITPUJIOKEHUSME ITUX PE3YIBTATOB.
Takasi TeXHUKA U TAKUE UJEU JOJKHBI JATh Y9TO-TO Xopoliee (KPOME TOro, 4TO YKe €CTh).

1.26. “Pacnpenesienue mpou3BeJieHUil CABUHYTHIX IIPOCTBIX YHCeJ B apudmMerude-
ckux nporpeccusix”’, Jokaaasrt AH CCCP, 1. 192, Ne 4 (1970), c. 724-727. 3anaay npu-
Jymalt 51, Xors (Kak IoToM y3Hasl, Mue Harucast 06 3rom M. FOrunal®?) ona yxe 6buta y 10. B. Jlun-
vuka, M. FOTuabsl u apyrux — roib10axoBbl 9rc/ia B apudMeTHIeCKUX [TPOrPECCUsIX. 3a/1a49a IIPHU-
JlyMaHa Ha TaKylo WJEI0: paccMorpuM cpashenue uv + p = (D). Torma uucio J ero pernenuit

PaBHO
1
J = mZZX(U’U)ZX(Z - p).

X wv p

BBI,HQJIHH TJTaBHBIN qJIeH, OCTaTOK R OI€HUM TaK:

1 2
IRl < max| > x(l=p) mz > x|
I3 x ' u
T.e. “OnHapHasi” 3a7a9a PeIIaeTcs 110 CXeMe TePHAPHOH (I10Jb3yeMesi MyJIbTUIIINKATUBHOCTHIO 32~
naun). DTy nmeio ¢ 6aeckom mpumerna M. M. ITereayx!®! B zamade cymmsr 7, (n), n = [ (mod p¥),
p > 3 dbuxcnposanHoe (ero KamauaaTckas muccepramusY2). Coscem memasno (1985 .) I'. Usanen
u JLx. Opumenaep!®® sty mueo Takxe mernombzosamn B 3amade Y 1x(n), n = [ (mod D); Usanern

3HaJI O Heit oT Hac; ObLT y HAC Ha cemuuape, u M. Ilereuyk 06 3TOM pacckaswiBad. . .

99Hamucano B 1985 T.

1000Matti Jutila.

101 Muxann Muxaitnopuu ITereuyk, yuenuk A. A. Kapamy6sr.

102Cyy., manpumep, crareio: M. M. Ilereuyk, “Cymma 3Hadenuit byHKIUM JeauTesell B apudMETHUIECKUX IIPO-
IPECCUSIX C PA3HOCTBIO, PABHOI CTeneHHu HedeTHOro npocroro uucna’, Hse. AH CCCP. Cep. mamem., 43:4 (1979),
892-908.

103 John Benjamin Friedlander.
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Wnest ouenb Kpacupast; oHa “3aurpaJa’ u B JAPYrux 3agadax (Tuna “Gosbiioro perrera’), HO TOKa
spkoro audero (kpome paborsl Iereuyka) mer. Hayo b erme nogymars!

1.27. “Pacnpe/iejieHue CTENEHHBbIX BbIUETOB M HEBBIYETOB B a/JIUTUBHBIX I1OCJIEJIO-
BarenbpHOocTax”’, Hokaaner AH CCCP, . 196, Ne 4 (1971), c. 759—-760. 3anauy upugymas
caM. 3aJaua Ha UJEI0 JBOHHBIX CyMM X(u 4 ) ¢ BOBMOXKHOCTBIO IPEJICTABUTH U B BUJIE U = TY U
sateM X (uxr~! + y), T.e. mpojo/Kenne Bee Toit ke uaen u3 1.21.

CeoBajio 66 MPOJOJIKUTE 3TO!

1.28. “CymMMBI XapakKTepoB C HPOCThIMUA YUCJIAMHU, IIPUHAJIEXKAIUMEI apudMeTnye-
ckoii nporpeccun”, Ispectuss AH CCCP. Cepusi maremarndeckasi, T. 35, Ne 3 (1971),
c. 469-484. Tlponoikenue uccienoBanuii, HadaTbix (1 npuiymanabix) .M. BunorpaiosbiM
¢ mpuMeHeHneM njen paborsl 1.21 u Hmke. YJAJI0Ch HE TOJIBKO “YKOPOTUTH' [JINHY CYMMBI, HO
U CHSATH psiJi OIPaHUYEHnil, KOTOpble paHblle ObLM. B jleMMe 5 IpUMEHMT Takoe COOOpaskKeHue:
yMHOXKast 06e yactu cpasHenust Bujia a(...) = B (mod D) Ha mopxogsiee b, geran ducio ab,
ab(...) =bB(D), ab = ¢(mod D), ¢ < VD, T.e. “3aronsur’ Heymo6HbIe UNCTA B “MaJIblii” HHTEPBAL.
PaboTa B TEXHMIECKOM OTHONIEHUH CJIOXKHAsI, HO XOPOIIO OTpaboTaHa. Tema 1 pe3yIbTaThl — HAIY,
HAIIEH MTKOJIBI TEOPUH THCET.

1.29. “O6 ogHoit apucdmernyeckoit cymme”, Jokmanst AH CCCP, 1. 199, Ne 4 (1971),
c. 7T70-772. Bamaay npugymadn s. 3ajada Ha IpUMeHeHre ujen paboThl 1.26 IIII0C OIEHKU CyMM
XapaKTePOB CIEIUAJbHOrO Bujia. 1IpoosrkeHuii He BuIe)I.

Cite1oBasio 6bI TPOOIKUTE!

1.30. “Orenku TpuroHoMerpuvieckux cymm merogom U. M. BunorpagoBa u ux npu-
meHenus’’, Tpyast MUAH CCCP, 1. 112, 1971, c. 241-255. /laBHO ObljIa 33/ lyMKa HAIIICATD
cTaThIo 06 ONEHKE TPHTOHOMEeTpHYUecKHX cymM ¢ F(z), smas mosemenme FF) (), k = ki, ... k,.
Ornenka 6b11a, HO He GbLI0 Tpuiaokenuit. Ilocmorpes E. K. Turumapmal®® “Teopmo azers”!0%,

Hales BbICOKHE MOMEHTBHI U ITpobsieMy aenutesneit Jupuxie. YBuuesn, uro u3d onenku M. M. Buno-

rpajoBa A3€Thl BUIA

)3/2

C(o+it) = Ot =7 T log lt),  [t] > 2,

MOYKHO CHJIBHO YJTy9IIHTH YHOMAHYTHIe pe3yabrarhl (Momentsl n Jupuxie!®%). Jlokasaremncrsa

OY€Hb IPOCTHIE, HO PE3YJIbTATHI BIEYATISIOT. TaK MOsBWJIACH CTaThs. Kie B HEll ecTh OIeHKa
CyMMBI ¢ 6b1cTpO pactyieit F'(z). Pe3ysabrarsl craThu, njen ee u mpoi0KeHne NCCIeI0BaHu ObLIn
y nac (Exropos!®”, Ianteneesa'®), s fnonuu, B FOrocmasun (Meua'®®) u np. B 1985 r. A. Usuu
npucnan kuury “The Riemann zeta function”, 1985 r. m3ganua''®. B meit ma c.382 rosopurcs
o crarbe H. E. Richert!!!, “Einfiihrung in die Theorie der Starken Riszschen Summierbarkeit von
Dirichletreihen”, Nachr. Akad. Wiss. Gottingen Math. Phys. (1960), 17-75, rje nosydeH pe3ysbrar

Ap(z) = O@@™*),  ap <1-Ck 3,

¥ HAIKMCAHO, YTO s ero mepemokasai B 1971 r., T.e. B HacrosIeir pabore. ¢ mocMoTpes CraTbio
Puxepra. efictBuTesbHO, TaM €CTh 9TOT PE3yJbTaT, HO O HEM, [O-BHAMMOMY, HUKTO HUKOTIA HE
suas. U1 mokasan on ma 60 crpanumax, y MeHs 2Ke — Ha Tpex crpanurax. Moo pabory cpaly ke

104Edward Charles Titchmarsh.

105Cm. [21].

06To ecrb ONEHKY OCTATOYHOrO 4jieHa B ACHMIITOTHYECKOH bopMmyse s cyMMbl byHKImi T(n), n < ©, re
Tk (n) — 9HUCII0 MpeaCTaBIeHNI N B BUJE IIPOU3BEICHUsT kK COMHOXKUTEJIEH.

1073K. Exropos.

108 rena Banosua IlanTeneena-/le3a.

109 Aleksandar Ivié.

10T o-sumumonmy, nmeercs B Bumy Kuura: A. Ivié, “The Riemann Zeta-Function”, John Wiley and Sons, New York,
1985.

1 Hans-Egon Richert.
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CTa/I yTOYHATH, PAa3BUBATh, O pabore ke Puxepra He ObLIO HUKaKUX yromuHanwuii. HaBepHoe, me-
JIaJI OH “9epe3 roJIoBy’, MOsI YKe HJiesl OYeHb [IPOCTa: OIEHKA JI3€Thl B OKPECTHOCTHU IpsMoit Res = 1
UCTIOJIB3YETCS TIPSIMO U TOJIBKO.

Taxum obpazom, HedasHHO 00mmes Puxepra, He cocjiajics HA HErO, TAK KaK HE 3HAJ PabOTHI.
[Ipu epBoM ke yI00HOM Cilydae HaJI0 UCIPABUTDH 3TY OILIONTHOCTb.

Hcnpasui (1995, Springer).

Topopu ¢ Puxeprom 06 atom B Obeppongaxe''?; B nzmanmm Springer-Verlag moero ye6mu-
kal'® “Ocnosvi anarumuveckoti meopuu wucen, 2-e n31.”, B 3a5a9aX yKasaH pesyabrar Puxepra n
ero pabora.

1.31. “IIpobaema genurteseit Jdupuxie B uucaoBbix nouaax’, Hokmaast AH CCCP,
1. 204, Ne 3 (1972), c. 540—541. ITocmoTpes, Kya erne MOXKHO NPUMEHUTH uzen pabors 1.30.
[IpounTan pabory . Jlanmay''4 1912 r. u Bce pesyIbTATEI €€ YCUIIII COOTBETCTBYIONIIM 06Pa30M.

1.32. ‘“‘PaBHOMEepHAad OIleHKA OCTAaTOYHOIrO 4JjieHa B npobJjeme geauteseit Jupuxsae’,
NsBectuss AH CCCP. Cepus maremarndeckasi, T. 36, Ne 3 (1972), c. 475—483. 3azauy
(PABHOMEDHYIO OLIEHKY OCTATKA) HPUIYMAJ CaM. XOTeJ 4epe3 MOy IaeMyI0 aCUMIITOTUKY BBIBECTH
ACHUMIITOTUYIECKUI 3aKOH paclpelesieHus MPocThix uuces. Cama paboTa IOJIydYuIach HHTEPECHOM.
Hanuia npuMenenust Takzke jiemMMa 1 B apyrux paborax (Ha Hee ccbuiatorcs). Ee B ocHOBHOM 1
UTUPYIOT Ha 3araJe.

1.33. “O HekOTOpBIX HPOGJEMAX TEOPUUM HPOCTHIX YNCEJ, CBSI3AHHBIX C METOJOM
.M. Bunorpamaosa”, Tpyast MUAH CCCP, 1. 132, 1973, c. 257—261. Jlokiaj, mpo-
JUTAHHBIN MHOI Ha IjIeHapHOM 3aceiannu Mexmyrapoanoit kondepernun 1971 r., mMoCBSIIEHHOM
80-etuto 1. M. Bunorpagosa. Ilepeno muol noksrayg quran D. BomObepu. C uaeitHoit cTOpOHBI
orobpazken MeTos Bunorpasosa oneHok cymm ciaraeMbix X (p + k) U IOJIyYeHHBIE 3/1Ch PE3YJib-
TaTbl. Bee 310 ouenb Hpasusoch FO. B. Jlunnuky.

1.34. “O6 omneHkKaxX CHMU3Yy CyYMM XapaKTepoB OT MHorowieHoB’, MaremaTu4ieckue
3amerkH, T. 14, Ne 1 (1973), c. 67—72. Ilponomkenne (epeHeceHne HA CyMMBI CUMBOJIOB Jle-
Kanagapa) paborsr 1.17. Beun psag “npomokareneii” (1. A. Murbkun, C. A. Crenanos), KOTopblie
HUYero HoBoro He cienaan. CoBceM HeTaBHO B. 3MHOBBEB MOJIYUHJI B KOHEUHBIX MOJISIX TO, UTO
& XOTeJI: TIOJTHAS CyMMa HOUTH TPUBHAIBLHO ONeHHBaeTcs, ecia n = ¢-%~¢, CaMa ke Mos THIIOTe3a
JUIs TIogteit crerenn 1, HaBepHoe, He BepHa. Jlymaro, uto ecim f #Z g2 (modp), crenens f paBHa
n<pTe p—oo, 0 Y P _ (f(z)/p) =3(p); p— mpocroe unco.

Mozker, Bce 9TO TPUTOINTCS B TEOPUHU KOJOB; TI0 Kpaiineil mepe B. 3uHOBBEB U Jipyrue 3TuM
AKTUBHO 3aHUMAIOTCS U CMOTPAT KaK ‘KOJTUPOBIITUKN .

Ceiiuac (1997 r.) JI. A. Baccambiro''® u B. A. 3UHOBbeB B KOHEUHDLIX TOJISX ITOJYYHIIH, TTO
ornenka A. Beiist siByisiercst TO9HOM, T.e.

S| = (n — 1) V4.

Cyl\ll\la B KOHEYHOM II0Ji€ CBOJAUTCsA K OOBIIHOI HlebIOfI CyMMe C KBaJlpaTHbIM MHOI'OYJICHOM B 9KC-
IIOHEHTEe, IIOCJICHAASA 2K€ TOYHO BBIYUCJ/ISAETCA (Cyl\ﬂ\/la Faycca) u 1oJiydaeTcs TOYHBIH pe3yjpTar.

H2MaremaTudaecKuii HCCIEIOBATEBCKII HHCTUTYT Ha fore lepMaHWH, Ifje IPOBOMSTCS MATEMATHIECKHE KOHpe-
peHIuu 1o oTaeabHbIM guciummHam; A. A. Kapaiy6a noceman O6epsosbdax B 1986 1., B 1988 . 1 B 1991 1.

H13Cwm. [8].

1M4Edmund Landau. ITo-Buamvomy, mmeercst B Buny pabora E. Landau, “Uber die Anzahl der Gitterpunkte in
gewissen Bereichen”, Nachr. Akad. Wiss. Gottingen Math. Phys., 6 (1912), 687-771.

115 Teorny Anexcanaposua Baccaibiro. Cu., Hanpumep, crarsio: JI. A. Baccamsiro, B. A. Bunosses, “Muoroure-
HBI CIEIUAJIbHOIO BHA HAJI KOHEYHBIM IIOJIEM C MAKCHUMAJIbHBIM MOJYJIEM TPUI'OHOMETPUYeCKOi cymwmbr’, YMH,

52:2(314) (1997), 31-44.
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Tom 2

2.1. “Cpenmnee 3Ha4YeHUME MOIYJsd TPUTOHOMeTpudYeckoit cymwmbr’, W3Bectus AH
CCCP. Cepusa maremarmdeckasi, T. 37, Ne 6 (1973), c. 1203—-1227. B oxsom u3 pasro-
BopoB ¢ C.B. CreukunbiM BO3ZHUK BOIPOC 00 YIIPOIIEHHON BepxHEil rpanuiie J, paBHOMEPHO 110
BeeM mapamerpam. Hackombko nommio, meuroit C. B. Creuxuna n 6pi1a omenkall® (2). ..

B pabore ecTh HECKOTIBKO HHTEPECHBIX COODpazKeHuit, B yacTHocTH JeMMa 9, Teopema 2. ITozaHee
coobpaskeHusl, IPUMEHEHHBIE TIPU JTIOKA3aTeIbCTBE TeopeMbl 3, OpLtn ncnosb3osansl [ 1. Apxumno-
BuiM 1 B. H. UybapukoBbIM B paboTax IO TEOPUHM KPATHBIX CYMM.

K okokoook ok ok skock ok ok sk sk sk ok ok skoskock ok ckosk skok ok skoskosk ok ok ke skock ok sk oskosk ok ok ok skock ok ok skok ok ok ok

2.2. “CyMMBbI XapaKTepoOB IO MOCJIeJ0BATEJIbHOCTH CABUHYTBHIX ITPOCTHIX YHCEJI U UX
npuMmeHenusr”’, Maremarndyeckue 3amerku, T. 17, Ne 1 (1975), c. 155-159. JTokian, Koro-
paiit st ipounTas Ha BeecorosHoit koHbepeHimn o Teopun uncen B BusbHioce (mait, 1974 r.). Uero-
pUsi OIEHOK CYyMM XapaKTepOB, apupMeTHIecKre 3aJa4u, CBsI3aHHble ¢ 3TuM, 3aa49u 1. M. Buno-
IPaJioBa, €ro TUIOTE3bI, MOCIEIHIE TOCTUKEHNs, MOU Pe3ysbTarhl. OObsCHEHBI UeHbIE NCTOKH,
[TO3BOJIUBINE TPOJBUHYTHCA B STUX BOIIPOCAX.

2.3. “O HeKOTOpbLIX IMPOobJjieMaX COBpPEMEHHON aHAJIUTUYecKOoll Teopum 4ducesr’, Ma-
TeMaThuvyeckKue 3amMerku, T. 17, Ne 2 (1975), c. 341-350. Jlokiaj, KOTOPBI s MPOYUTAI HA
ropuanoM cobpanuu Ormenenus maremarnku AH CCCP (3uma, 1974 r.). 31ech paccka3aHo O MHO-
roMepHOil mmpobiieme jesuresieii Jlupuxiie, MOMX pe3ysbTarax, a TakxKe o pabore 2.2.

2.4. “O HekOoTOpPBbIX apudMeTUIECKNX 3a4aUaX C YUCJIAMU, UMEIOINMHU MaJible Mmpo-
creie genurenn’, Acta Arithmetica, Vol. 27 (1975), p. 489—492. 910oT TOM GBI OCBSIIIEH
namstu FO. B. Jlunauka. B crarbe copMy/impoBaHbl TEOPEMBI, KOTOPBIE IIPOJIOJIXKAIOT HCCJIEI0BA~
uust JIuHaIKa. DTU TEOpeMBbI s HEOJHOKPATHO 06CyK1aJ ¢ JIMHHUKOM, KOTOPBIH XOPOIIIO TTOHUMAJT
apudmMeTnKy mpobeMbl Bapunra u Bce, 9TO ¢ Hell cBsI3aHO. Pa3BuTre 9TOi TeMaTUKH HEOKUTAHHO
[IPOSIBUJIOCH B Moeii pabore 3.19.

2.5. “TpuronomerputiecKkue cyMmbl u ux npumenenuns’, Proceedings of the Inter-
national Congress of Mathematicians (Vancouver, 1974), Vol. 1, 1975, p. 365—368.
Jloka/1, KOTOPBIil ... s HE CMOI MPOYNTaTh, TaK Kak He Obl1 B Bankysepe. Koporkoe obiiee
coobparkeHre O 3aJladax TUIa 3aja4d paboTsl 2.4 U ujeiiHble UCTOKM, TO3BOJIMBIINE [IPOIBUHY THCSI
B MHOT'OMEDHO# 1TpobJieMe JIe/TTe Ieil.

2.6. “Experimente mit Automaten”, Elektronische Informationsverarbeitung und
Kybernetik, Band 11 (1975), 611-612. Koporkuit jnokian mo moeit pabore 1.1; xoren eme
pa3 MOMYEePKHYTh, 9TO 33149y PEIIuI 5. .. Tam ke chOpMyIHpOBa 3aJady: MOy IUTh HUXKHIOIO
OIeHKY BUJA
(n—1)(n—-2)

1.
9 +

fa(n,2,2) >

Jlokna mpounTan B Bepsane (TiepBbiit pas ObLT 3a TPaHUIEH) Ha MK/ TyHAPOIHOM CHMIIOZHYMe
o xubepueruxe'!”. Pemrena i Mos 3a1a4a — He 3HAIO.

116 To ecThb omeHKA
3 2
J= Jk,n(P) < e log n p2k (n +n)/2,
riae J — unrerpan Bunorpamosa, n > 2, P> 1, k > cin?logn u ¢ > 0, ¢1 > 0 — aBCOMIOTHBIE TOCTOSIHHBIE.

I 7Tnternational Symposium “Diskrete Mathematik und Anwendungen in der Mathematischen Kybernetik”, Berlin,
1974.
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2.7. “Berechnungen und die Kompliziertheit von Beziehungen”, Elektronische
Informationsverarbeitung und Kybernetik, Band 11 (1975), s. 603—606. Cm. pabory 2.6.
Pacckazas o mpobimemaTnke OBICTPBIX BBIYUCICHHI, O TOM, YTO OCHOBHOI UIEHHDBIN TOTIOK B ITOM
obJtacTu OBLT JIaH Moeit paboToit 1.4, 9TO 3aTeM TOJBLKO PA3BUBAJNA MOIO HEI0, He BHOCS ITPUHIINA-
HATLHO HOBBIX COOOpasKeHwuit. . . , o paborax FO. B. Benyepckoro!'® (nenenne, uspneuenne xops)
u ¢HOpMYIUPOBAJL 3a7a9y O OBICTPOM BBLIYUCIEHUM (IIPOCTEHINNX) TPAHCUEHICHTHBIX (DyHKIMIA.
C nomommpio ATCHY zanaay penmn P. Bpent!?(R. P. Brent, “Fast Multiple-Precision Evaluation
of Elementary Functions”, ACM, 23:2 (1976), 242-251), upudueMm Kak camo coboil pasyMerolneecs
rOBOPHJT O 3a/1ade (XOTs JeTKO oHa ObljIa TocTaBjieHa y MeHs u Berjepckorol?!), o6 mrepaTusHoM
Metojie (Bce M3 Moero JIOKJiajia), Ho He cocyiajicst Ha Moit Jokma 22,

sokok kokok kokok kokok kokok skokok skokok kokok skokok o skokok skokok kokok skokok o kokok sk k ok ok ok
Best remaTnka OBICTPBIX BBIYUC/IEHUN I'PEITAT TAKUMU “CChLIKAMU’ .
sokok kokok kokok kokok o kokok skokok o skokok skokok skokosk o skokok skok ok skokok skokok o R okok sk k ok ok ok ok

IIpunmunmansao HOBEI MeTos (Meroq BBE'?3) n npunnmmmuainHo HOBbIe pe3yIbTaThI IOy IeHbI
snecs E. A. Kapany6oii (1989-2002 rr.). Bcee ory6/imkoBaHO, peajn30BaHO B BHJIE IIPOIPAMM.

2.8. “O6 oxHoIt cucreme cpaBHeHuit”, Maremarudeckue 3amerku, T. 19, Ne 3 (1976),
c. 389-392. B. H. Yy6Gapukos (6bL1 acrmpanToM) c¢asas order 1o paboram FO. B. Jlunnuka; pac-
ckasbiBasI (MeHs B TO BpeMsi mHTepecoBasta mpobiaema I nibbepra—Kamke! 24, koTopyto morom perrmm
I. 1. Apxunos) pabory'?® Jlunnuka us YMH, 14:3 (1959), 153-160; 6u11 npu stom C. M. Bopo-
mun' 2?6, Bapyr suamm omm6ky B paGore Jlmmmuka. McnpaBuTh He MOXKEM, M Ha 3TOil oImmbKe
MPUHIUIAAIBHO TIOCTPOEHO BCe JI0Ka3aTe beTBO. a0 UybapukoBy MecsI-7iBa Ha HCIIPABJIEHUE,
Ha TO, 4TOOBI HAIlleJl MPABUJIBLHOE JI0Ka3aTe/IbcTBO. He moJiyuuiocs. 3J1t0ch, pyrawo ero. Permmi
caMm rmocMoTpers, met u3 MIAHa paccep:kennsiit Ha BoJiomto, Ha 3a1a49y; OKOJIO yTJia K aBTOOyCy
Ne 57 coobpasmi, Kak ee caenarhb. Jloma Bce odopMmir; IpaBuIbHO. Tak MossBUIAChH TeopeMa. Ee
qyTh yrounnt (kouctanty) K. K. Mapmkanamsumm 27, T. 1. Apxumnos (a motom B. H. Yy6apukos)
ITOJIB30BAJINCH €10 U €€ UJEsIMU B CBOUX HccenoBanusx o ['mipbepry—KaMmke u mpocThbiM duciam.

2.9. “O pacnpenesieHuu 3HaYeHU HerJiaBHbIX xapakTepor”’, Tpyast MUAH CCCP,
T. 142 (1976), c. 156—164. Uznasaiu cbopuuk, nocsgamenuniii 85-jgeruio 1. M. Bunorpamosa.
Mue xoTesoch HammMCaTh CTATHIO, MPSAMO Ipomoskaoinyio uccaenoBanus . M. ITocmorpen ero
paborsr; ysugen x(w+ k), w = py - - - pp. Caenan nogobuo paboram 1.23, 1.25, 1.26, 1.28. Texuuka
1 Wen — u3 3THX e pabot. B 1985 r. Iasxap Hermarosa'?® npomomkuna stu padotst (Joka. AH
Tadowc. CCP, 28:4 (1985), 193-197), 3amurnia KAaHAHIATCKYIO JUCCEPTALHIO.

1810puit Bukroposua Bengepckuii, yaenux A.A. Kaparmy6p1, HATHCABIIHI 110/ €0 PYKOBOJCTBOM JIHILIOMHYIO
paboTy Ha MexaHHKO-MaTeMaTudeckKoM (daxynbrere MI'Y; B HacTosmee BpeMs »kuser u paboraer B I. Mepycammme.

H9Merom AI'C — 310 MeTox apidMeTHKO-TeOMeTPHYIECKHX Cpequux Laycca.

120Rjichard Pierce Brent.

121Cm. crarpio: FO.B. Bengepckuit, “Boictpeie Boraucienus”, Jokaads Axademuu Hayx CCCP, 223:5 (1975),
1041-1043.

122 Moknan 6ot cueman A.A. Kapamny6oit B 1974 1. B Bepsmme ma wmexaymapomnom cummosuyme “Diskrete
Mathematik und Anwendungen in der Mathematischen Kybernetik”.

123Merox BBE — sT0 MeTOn GBICTPOro BhIYHCIeHHS E-byHKIUi, KOTOPBHIA Jae€T BO3MOYXKHOCTD BBIYHUC/IATH
E-dbyskunn 3uresst 1, B 9aCTHOCTH, exp(x) JJIs 10600 apryMeHTa T CO CJIOXKHOCTBIO, OJIN3KON K OITHMAJILHOM.

1241 po6emoit Tunsbepra—KaMke HA3BIBAETCS KPYT 33724, CBA3AHHBIX C UCCIEIOBAHIEM BOIIPOCA 06 OIHOBPEMEH-
HOM IIPE/ICTABJIEHUN HATYPAJbHBIX YHCEJ] CYMMaM{ OIDAHUYEHHOIO UHCJIa HATYPAJIBHBIX CIAra€MbIX COOTBETCTBY-
omero Buga. David Hilbert. Erich Kamke. Cm. crateu: D. Hilbert, “Beweis fiir die Darstellbarkeit der ganzen
Zahlen durch eine feste Anzahl n-ter Potenzen (Waringsches Problem)”, Math. Ann., 67 (1909), 281-300; E. Kamke,
“Verallgemeinerungen des Waring—Hilbertschen Satzes”, Math. Ann., 83:1-2 (1921), 85-112.

125YImeercss B Bumy pabora: IO.B. Jluunuk, “Hexoropbie 3amevanusi 06 OIEHKAX TPHTOHOMETPHYECKHX CyMM”,
YMH, 14:3(87) (1959), 153-160.

126 Cepreit Muxaitiopua Boporun, yuenux A. A. Kapaiy6er.

127Koucranrun KoncranTuaosmd MapKaHuIIBUIIIN.

128Tapxap Jlexxanosna Hermarosa, yuaenuna A. A. Kapaiy6er.
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2.10. “BepxHsisl IpaHUIA MOAYJIs KPATHOU TPUTOHOMETPUYECKON CyMMBI” (COBMeCT-
Ho ¢ I' 1. Apxunossim u B. H. Uy6apukoseim), Tpyasrt MUAH CCCP, 1. 143 (1977),
c. 3-31. 9710 2-it Tom x 85-metmio V. M. Bunorpasyosa. I. 1. Apxumos csoeit pabotoit'?? (Ma-
mem. damemru, 17:1 (1975), 143-153) mosioxKuiI HAYAIO TEOPUHM KPATHBIX TPUTOHOMETPUYECKUX
cymm (KTC). Bagady nocrpoenust Takoil Teopun HocTaBudl s1; ee pemmi . 1., npuuem nepsbie cBon
COO6H]‘eHI/IH OH TaK IIJIOXO JieJiaJl (Ha MOEM Cel\/II/IHape), qTO s AOJI'O HE MOI' IIOHATH U IIOBEPUTDH,
410 BCe mpasmibHO. 1loroM momsa. .M. u B.H.'30 ony6nukosaiu cosmectryio padory mo KTC
B MAH'! (1976 r.). Crasm nocTynarh coobIIenHust, 9To B 3Ty TemMaTuky Berpesaer H. M. Kopo-
6oB (Kak Bcerjal) W BCTABJISIET €Ile CBOIO ydeHHUIly. Bosch, 94T0 Bce “yILIbIBET’, €c/iu aKTHBHO He
gauatbests KTC, g npegnoxwmt [ 1. u B. H. BMecTe 3aHATBCS 9TON TEMOR M HAIMCATH COBMECT-
HyI0 cTarbio. Tak mosBuiack 3ta pabora. OHa oueHb “cbipas’. Bosblnyto ee yacTh Hamucas B. H.,
g u .. Tonbko “konTposupoBasun’. B Heit HemMajo orpexoB; B 4acTHOCTH, 0OO3HAaYeHUE Ha C.4
3---->2>7), upuymanHOe “He OT XOpOIIeH »KU3HKU’ ¥ [epelucaHHoe 3aTeM “ocse0BaTessiMm’.
Tem me Menee crarTbst OblIa epBoitl B cepun pabor, cocraBupmux dyrmament teopuun KTC. B meit
€CTb PsiJl OPUTUHAJIBHBIX YTBEPKICHUI.

2.11. “PacnpeneseHue 3HaUYeHU cuMBOJIOB JlexkaHApa OT MHOTOYJIEHOB C IIPOCTBIMU
ancaamu”’, Hokaaner AH CCCP, 1. 238, Ne 3 (1978), c. 524—526. 3anumascb cyMMaMu
XapaKTepoB, IOCTOSHHO JIyMaJI O CABUTe T — & +yz — xy~ ! + 2. IIbITancs BOCIOIb30BATLCS ITHM,
9TO0BI OIEHNTH KOPOTKYI0 cyMmy » . X(f(x)), f — MHOrowIeH; HIYEro 3T0 He JaJ0; OJHAKO KO
IIOCMOTPEJI Zpgy x(f(p)), To momyunnacs, werpusnaibhas onenka npu Y > ¢%70T¢ (re. muna
MeHbIIle ¢ U POBHO TO, uto Obwio y V1. M. musa x(p + k)); npaBia, oreHKa M3 IHIOTE3bI, elle He
JIokazannoil. bes Besikux rumores, T.e. 6e3yCIIOBHBIN, Pe3yabTaT moty4ded s f Bropoit crenenn. Ha
9TO TakxKe MHe yKazaJi B mucbMe A. V1. Bunorpasos. IToxyunics psis apudMeTUIECKUX CJI€ICTBHIA.

Cuwnraro 5Ty paboTy OJHOM U3 JIydIIuX BO BCEl TEOPHH XapaKTepoB.

2.12. “CymMbI cMMBOJIOB JlekaH/Ipa OoT MHOTOYJIEHOB BTOPOI CTENEHU C IIPOCTHIMU
aucaamu’, sBectusi AH CCCP. Cepust maremarndeckasi, T. 42, Ne 2 (1978), c. 315—
324. ITonpobuoe uziioxkenue paborbr 2.11. Ilepenecena I. Hermarosoit Ha w = pj - - - pg. Ouenb
BasKHas U XOPOIllasi TeMa U pabora.

2.13. “O6 unterpasie V1. M. Bunorpazmosa” (coBmectno c¢ I.VI. Apxunossim), To-
kaaael AH CCCP, 1. 239, Ne 4 (1978), c. 764—765. Bouia Most crapasi ujiesl JeJIaTh TEOPEMY
o cpemueM st Masibix k. [Ipukuaku masau aro-to HoBoe. [Ipemyioxkun I'. Y. mocmorpers a1y uero
BHUMATEIHHO. U BAPYT OH 3aBJISIET, UTO IOy IAETCS

Pk <« J <« pFOte), 1<k <en2
TT 711 MeHSI 9TO GBLIIO TOJIHOM HEOKUIAHHOCThI0. BMecto P?#~F ¢ < 1, ¢ — mocrosiinas, TIOJIY YIJIOCH
¢=1+0(e). Mot ¢ I. /1. ApxunoBbimM oIyG/IMKOBAJIU CTATHIO; PA3BUBAJIM jaJee 3Ty uzero. [losn-
nee yuenuk H. M. Kopo6osa Cokosmunckuii “npoexas’” o sroit padore. Ceitgac (1986 r.) ygyenuna

I'. 1. Apxunosa Ounsa Teipunal3? gosena mieio u yTBep:KIeHHA 10 COBEPIICHCTBA.

2.14. “HoBas ouenka unrerpasia I. M. Bunorpagosa” (coBmecrtno c I'. . Apxuno-
BbiM), WIzBectusas AH CCCP. Cepusi maremaTudeckasi, T. 42, Ne 4 (1978), c. 751-762.
Iogpobroe nzokenne paborTel 2.13. OueHb OTPAbOTAHO U3JIOKEHHE TEOPEMbI O CpejHeM (IIpo-
crefimasi cuTyanusi B o0mieil TeopeMe). DTUM HM3JI0KEHHEM si 9acTo Hosb3yiock. Cama Teopema
O CpeJIHEM B TaKOM M3JIOXKEHHUH — OJ[HA U3 KPACUBEHIINX TeOpeM MaTeMaTHUKH.

129 Imeercs B Bumy pabota: I. 1. Apxumnos, “Teopema o cpefneM 3HAYEHHH MOIY/IA KPATHOH TPHUTOHOMETPUIECKON
cymmbr’;, Mamem. samemxu, 17:1 (1975), 143-153.

130T 1. Apxunos u B. H. Uy6apukos.

31YImeercss B Bumy crares: .U, Apxunos, B. H. Uy6apuxos,“Kparmsie Tpuronomerpudeckue cymmor’, Hae. AH
CCCP. Cep. mamem., 40:1 (1976), 209-220.

1320 1bra Bacubesna Teipuna.
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2.15. “ToyHasi OIleHKa 4YWUCJIa PEIIeHnil OAHOII cucTeMbl AMOMAHTOBBIX ypPaBHEHUIT’
(coBmectro ¢ I. 1. Apxunoseim u B. H. QyGapukosbim), U3zBectuss AH CCCP. Cepust
Maremaruveckas, T. 42, Ne 6 (1978), c. 1187-1226. [Tponosmkenue 2.10 1 07Ha U3 CAMBIX [10JI-
HbIX (110 Teopeme o cpenreM 1ist KTC) pabor. Ecau Teopema o cpejiHeM Jijisi TPUTOHOMETPUIECKIX
CyMM — OJIHA W3 JIyUIIUX TEOPeM, TO TeopeMa 1 3TOoil craTbu — CBEPXJIyUIlasi; ee JI0Ka3aTe/IbCTBO,
JIOKA3aTeIhCTBO OCHOBHOM JIEMMBI U JIEMMbI O ITOJTHOI crucTeMe cpaBHeHUil — Ojteck. Bcee yike mbl
orpaboramu (cuesm na kadeape'3? u nmpeioxkenye 3a MpeIOzKeHNEM, TTIOCIEI0BATEILHO OTpaba-
THIBasl, MACAJH CTATHI0). B TaKOM BHJIe TeopeMa O cpejHeM Bomia B Mororpadmo34. Teopema 2 —
aHaJsor (Iyisi KpaTHOro cjydasi) Teopembl paboTel 2.1. 31ech xKe — OLEHKH CHHU3Y, KOTOPbIe IIOKa-
3BIBAIOT TOYHOCTH pe3yiibrara. Hudero mojo6Horo B Mupe He 6b110 (110 CJI0KHOCTH U KPACOTE).

2.16. “AcumMmnToTuka omHOI apudmMernvueckoii cymmbr’, MaremaTruieckne 3aMeTKH,
T. 24, Ne 6 (1978), c. 737-740. Pa6ora poxmiack u3 pador 1.29 u 2.12. Ipugymasn 3anady si,
Hammcajl. XOoTs U JIFOOOIBITHAS paboTa, HO MpoIo/KeHnit moka HeT. CTomio 6Bl MOLyMaTh O IPO-
JIOJIZKEHH!

2.17. “PacupeneseHue ApOOHBIX A0Jieii MHOTOYJIEHOB OT HECKOJIbKUX II€PEeMEeHHbBIX'’
(coBmectro ¢ I.WI. Apxunossim u B. H. Hybapukosrim), Maremarnyeckue 3aMeTKu,
1. 25, Ne 1 (1979), c. 3—14. Ipunoxenne nameii reopun KTC. OpurunanbHoil siBisieTcst Teope-
Ma 1 0 COBMECTHOM pacipeie/ieHnn U TeopeMa 3 O JIPOOHBIX J0JISIX [IPU YCJOBUH, YTO IT€PEMEHHBIE
eme Tae-to aexkar!3®. Bes craThs — mIof pa3ayMuil HaJ 3a1aMaME, KOTOphle ecTb B Teopur KTC
U KOTOPBbIX HeT B Teopur cymM . Beilis (omHOKpaTHbIX).

OTO0 HaIpaBJEHHE eIle HOJYIUT CBoe pasBuTHe. K MPOCTBIM YHCIaM BCE 3TO YiKe IPUMEHEHO

B. H. Yy6apuxossiv'3®. Ho MHOro 37€ch elre He 0/IyMaHO U HE CIIEJIAHO.

2.18. “ITokasaresib CXOAMMOCTHU 0coboro umHTerpasna npobsemsl Teppu” (coBmecTHO
c I 1. Apxunossim u B. H. YyGapukossim), Jokiaanet AH CCCP, 1. 248, Ne 2 (1979),
c. 268—272. B MIAHe (= 1978 r.) ko MHe HeomHOKpaTHO Hoaxoaua corpyaauk 0. B. TIpoxopo-
Ba'?” Peso Tamkpemuaze'3® ¢ Bompocanmu 06 oleHKe TPUTOHOMETPHIECKIX HHTEIPAJIOB — IPOCTHIX
1 KpaTHbix. K ToMy Bpemenu nmes cBou opuruHaibible orenkn B. H. Uybapukos. 4 cram coosa
Jymarh 06 mHTerpasiax, “sapesr’ . 1. Apxunosa u B. H. UybapukoBa Ha pelieHne cTapoil 3aga4un
Xya Jlo-keHa o mokazarejie CXOAUMOCTH. Bpojie, Bce TOIKHO OBLIO MOy YUThHCSI, HO HE MTOJIY9aJI0Ch
1o Kouna. HeomrokpaTHo BrpoeM cujesu Ha Kadenpe u gymaniu HaJl 3agageit. Beixon (u pernenue)
wamen . V. Apxuros, KOTOpBIit MOHSJ, 9TO /I permenns Hy>kKHo (cM. memmy3?), u s1o cpasy ke
ObLJIO CJeJIaHo.

Teopema, a Tak»Ke JieMMa, — O9€Hb XOPOIIINe YTBEPXK IEHNs, KOTOPbIE eIlle HAyT IPUMEHEHST, 1
HE TOJIbKO B aHaauTu4deckoit reopun dncesi. FO. B. IIpoxopoB HEOMHOKPATHO (B PA3HBIX JOKJIAJIAX )
yIoOMUHAJ 00 9TUX UCCJIEIOBAHUAX (UM BCE ITO HAJO JJId CTATUCTUKH M BEPOATHOCTH).

133Ha, mexanuko-maremaruaeckoM daxymsrere MI'Y um. M. B. JlomMoHOCOBa, Tie BCe OHM TIPEMOIABAIIH.

134Cu. [5], em. Taxske [7], [11].

135To ecTh MpW yCIIOBHH, UTO HEPEMEHHBIE T1,. .., T, TPAHAMAIOT 3HAMEHHS, TPUHA/IIEYKAINNE HEKOTOPOH 06Iac-
™ Q).

136 Cm., mampumep, crarsio: B. H. Uy6apukos, “OneHKr KpPaTHBIX TPUTOHOMETPHYIECKAX CyMM C IPOCTBIME THC/Ia-
mu”, Hse. AH CCCP. Cep. mamem., 49:5 (1985), 1031-1067.

13710pwuit Bacuisesuu [Tpoxopos.

138 Hykoumait Teopruesuu Tamkpesuze.

B9 MeMMA. ITyems n > 1, f(x) = apz™ + - + o,

1., R .
Br)=—f" @), r=1...n, H=H(an,...,a1>=Og;21§|ﬂr<x>|”.

Tozda dasn uwmeepana J = fol exp[27i f(z)] dz cnpasedausa oyenka

|J] < min(1;6en>H™1).
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Ceitqac (1997 r.) /1. A. Tonos**® npumennn Hamm oneHKH B TOMOrpagpuH W KPATHBIX DSJIaxX
Dypre.

2.19. “Tpuronomerpudeckue uHTerpanbr’’ (coemectHo ¢ I 1. Apxunoseim u B. H.
YyGapukosbiMm), 3Bectuss AH CCCP. Cepuss maremarundeckasi, 1. 43, Ne 5 (1979),
c. 971-1003. IlosiHoe m3n0KeHme paboThl 2.18 u elre nepeHeceHne Ha KPaTHBIN cirydaii. KpaTHbrit
caydail He cesiaH MmoJHOCTBIo. OCTajanuch HEPEIEeHHBIMUA 33Ja9i O MMOKa3aTesie CXOMUMOCTH JIJTst
KPaTHBIX UHTEIPAJIOB. 31eCh JOJKHA ObITh CBOsl KpacUBas U CTPOiiHAs Teopust (MOKET OKa3aTbCs
OYeHb CJIOXKHOI), OHa elle He co3maHa. Hamma crarhst — mepsblii mar 37ech. Mbl cTaBusm OBILy O
sazady (B craThe), HO [OKA HET HUKAKUX CIABUIOB (IPHHIMIUAJIBHBIX). JlyMaro, 9TO 3Ta Teopwust
HaiiIeT IPUMEHEHNS B MIPUJIOKEHUIX. BBISCHIIOCH, YTO MTOM0OHBIE, HO OoJiee citabble 1 “cChIpble” pe-
3yspTaThl 661N HoTyuen! crarucTukamu C. M. Camukosoii'4!, B. B. FOpunckum'#?; onn onupasmucn
ua Ban nep Kopmyra'4?. Hamu ke coobpaskenust — aHajor BHHOIpaIOBCKOH MIEH O HOIMIAIaHN-
ax1 (mm Ditneposckoit — 06 u-unciax B mpobeme Bapunra) — JIHelHAS CHCTeMa ypaBHEHWIt
¢ GoJbIIMM ompezenuTeseM (cM. jteMma 1).

B crarpe MHOTO HEl, KOTOpPBIE CTOMIO ObI PA3BUBATDH JAJIbIIe!

2.20. “O6 oxnoii cucreme auodanToBbIX ypaBHeHuit” (coBmectHo c¢ I. V. Apxwuno-
BoiM 1 B.H. QyGapukosbim), Jdokmnansr AH CCCP, 1. 252, Ne 2 (1980), c. 275-276.
Paszsurue Teopun KTC. ChopmynupoBana TeopemMa 0 cpeHeM, KOTOpasl YIUTHIBAET JIJINHY U3Me-
HEHUsI KasKJOl IIepeMeHHOi 110 CyInecTBy. 3/1eCh — OPUIHHAJIbHAS ujles “BbIOMpATh’ HEM3BECTHBIE
B KOJIYECTBE, IIPOIOPIMOHAILHOM JIINHE ero m3Menenus' 4. Wnero, Bpose, IPeIOMKII ; TeXHU-
yeckoe ocyinecrsienue caenano . 1. Apxunoseiv u B. H. UybGapukoBbim.

2.21. “PaBHOMEpHBIE OIEHKM KPATHBIX TPUTOHOMETPUYECKUX CcyMMm’ (COBMECTHO
c I Y. Apxunossim u B. H. YyGapukosbim), Jokiaanst AH CCCP, 1. 252, N 6 (1980),
c. 1289-1291. Ilpunoxkenune paborsr 2.20 K OIEHKAM COOTBETCTBYOMUX cyMM. OpUruHaIBHOIM
SIBJISIETCS JIeMMa O KPATHOCTH Iepecedenuit, mokasannas [. 1. ApxunoBbiM.

2.22. “KpaTrHble TPUTOHOMETPUYECKUE CYMMBI U X NpuiioxKeHus” (coemectHo c I. 1.
Apxunossim u B. H. UyGapukossim), UzBectuss AH CCCP. Cepust MmareMaTuyeckasi,
T. 44, Ne 4 (1980), c. 723-781. [lonmoe uznoxenue pabor 2.20, 2.21 u eme MHOroe ApPyroe.
Baady TOCTaBHIN MBI caMi B cBoeil Monorpadum'4® (Tp. MUAH, 151 (1980)). B crarbe maem
ee pemienne. Muoro unrepecubix Haxook: jsemma 2 (I M. Apxunos) u Bce apyrue jemmbl (Ha
Ka2KJI0if CTOUT ellle II0JyMaTh U IIOCMOTPETH ee JlajbHeillee pa3BuTue), reopeMa 1, OLeHKHU CHU3Y,
JeMMbI 0 KpaTHOCTH Tepecedennii u jgemmvbl 7 u 8 (I 1. Apxumnos), memma 10 (T. 1. Apxunos u
B.H. Yy6apukos). Ecrb Takxke 3mech u npusiozkenusi. CTaTbio cjieayeT BHUMATEIbHEHRIIUM 00pa-
30M eI1le Pa3 MOCMOTPEeTh, 0OlyMaTh U Pa3BUBATh Aajbiine. MHOTO eme 3/1ech MOXKHO CIEJIATh.

Tom 3

3.1. “O paccTosiHUU MEXKJy COCeIHUMU HYJAAMH n3eTa-pyHKiun Pumana, jgexkarmu-
MU Ha Kputudeckoi mnpsimoit”’, Tpyasrt MUAH CCCP, . 157 (1981), c. 49-63. Brun

140 Mymrpuit Asntexcanaposud [Toros. Cw., Harmpumep, crarsio: J. A. TTonos, “BoccTaHoB/IeH e XapaKTEPUCTIHIECKIX
dbysrImii B 1ByMepHOIl pajoHoBCcKoit Tomorpadun”’, YMH, 53:1(319) (1998), 115-198.

141 Cpernana Muxaitnosaa Caaukosa.

142Banum Biagumuposuya FOpuHCKmii.

143 Johannes van der Corput. Umeercss B Bumy “1emma Bam nep Kopmyra’, cum. crareio: J.G. Van der Corput,
“Zahlentheoretische Abschatzungen”, Math. Ann., 84 (1921), 53-79.

1440 nemme “o monasanuax” cu., Hanpumep, [7; c. 87], cm. Taxske [11; c. 85].

145 16681 [IPAaBUJILHO YYE€CTb BKJIaJ| KaXK/OW IEPEMEHHOU B 0DIllee YHCJIO PENIeHUN CHCTEeMbl yDaBHEHUM, KaXK-
Iasi mepeMeHHasl pa3buBaeTcsa Ha apudMETHIeCKHEe IIPOIPECCHU C PA3HOCTHIO, PABHON CTEIEHU IIPOCTOTO YHCIA U
[IPONOPIMOHAJILHON JJINHE UHTEPBAJIa U3MEHEHHS 9TOM IepEeMEHHOI.

146 Cwm. [5].
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nepBbiit pas B Yexocmoakmnu (1975 1.); moexan B Bparucnasy; Bpxerncias Hosax!4” coperosan

0bpaTUTh BHEMAHIE Ha OPUTHHAJILHOTO MaTemarnka TaM — 5. Mozepa!4®. ITosnaxomuica ¢ SInom
Mosepom. 3aTem mosBuiachk ero paboral4® (1976 r., 1979 .) 0 cyImeCTBEHHOM YIIyHITeHHT Pe3y/Tb-
tata Xapmu-JIurrasyma (nyns ((1/2 +it) wa (T,T + H), H = T'Y%t¢ pymecro H = T1/4+e).
B Heit 6b11a HeTOUHOCTD; OOHapykmI ee C. M. Boporun Ha MoeMm ceMuHape. 3areM JejiaJl JOKJIa
I" . Apxumnos. Mbl TOHSIM, KaK UCIPABUTL paboTy, ocTaBasich B Kpyre Tex ke uieit. Hamucan
1. Mozepy. Ucnpasisis ero pabory, ysuzaen, Kax ee yroaunts (H = T°%/32%¢), no ne xoren my6m-
KOBaTh, XOTs ObLIA B 9TOH paboTe 0J[HA OPUTHHAJBHAS MBIC/Ib (CHEIMAJIbHBIE TPUTOHOMETPUIECKUE
CYMMBI — IIEPEBOPOT — OIEHKA).

Nsnasann robuneiinsiit coopunk Tpyaos (90-1etue 1. M. Bunorpasosa). Pemmmin momecTuTs sy
orenky u npuaymas (i pemui) 3agaqy o mymax ZF)(t). Tlomyumn (o6napysxummn) scddekr “comm-
kerust” mysieit, win addexr “ocrmmuanun” Z(t). Mozauee (¢ nomaqu, no-sugumomy, X. Monrro-
mepu'®0) mymavm (%) (1/2 4 it) sansucs ero yuenux B. Konpu'®l... Tlorom ymyumenusvu (Ge3
JIOTIOJIHATE/IBHBIX nyieit) 3annmasicst A. VIBnd (co cBoeil Bepcneil HCTOPHE 9TOrO BOIIPOCA).

D1a pabora Hayumia MeHs J3eTe; OHa — IepBas Mosi paboTa Mo J3ere.

Unes £. Moszepa 06 ucrosib30BaHUN OIEHOK TPUIOHOMETPHYECKUX CyMM (HeraroHajbHbIe de-
HBI) SIBJISIETCSI OCHOBHOI B 9TOM KpyTe IPOBJIeM.

3.2. “O6 oaHoit 3amadye c mpoctbiMu uncjaamu’’, Hokaaasr AH CCCP, 1. 259, Ne 6
(1981), c. 1291-1293. Bapyr ysuzes, aro samada WU. U. [arenxoro-Illanupo [n°] = p nopoxnaer
eIt KpyT 3aj1ad THna [n¢] = m? u T.I1.; 0JJHaKO OOHADPYZKWJI, UTO 3TOi TeMOil y7Ke 3aHUMAJICH
(B wactnoctu, B. 1. Ceran'®® pacemorpen [n€] + [m¢] = N). Tem ne menee cienan Teopemy p’ =
[n€], » > 1, n ajymruBHyIO 33029y p" + [n°] = N. DTu TeopeMbl camble MaJble 110 MJIOTHOCTH.
B macrosimee Bpems stuM Oyner samumarbes C. I'punenko!®3.

3.3. “O nokasibHOM npejcTaBiieHuu HyJisg (popmoit” (coBmectHo ¢ I. VI. Apxunossim),
UNsBectus AH CCCP. Cepusi maremaruydeckasi, T. 45, Ne 5 (1981), c. 948-961.T. 1. Ap-
xumos ceran® mpobaemy 'minbepra—Kanmke (1980 1.). SI 06paThia ero BHUMaHIe Ha CXOMKECTD
¢ runoresoit Aprunal®® o mokambHOM TpecTaBaennn myas dbopmoit. OH cKazasl, YTo JAyMaJl Ha 3Ty
TeMy, HO HUYEero He BBINLIO. 1IpejiosKui1 moayMarh BMecTe. DTUM 3aHUMAJINCh MaifiCKue IIpas3/IHuU-
ku (1981 r.). V3uanu, 9ro runoresa ApPTUHA yXKe OIPOBEPrHyTa. Uepes3 TpU JHY [OCJIE yIIOPHBIX
yennmmit (TeIKaHWit 1 61y 7K Ianuit) mputymamn csoe (66110 310 B Jlennnke!'®%). Cpasy monsm, aTo
BCe J1eJI0 B “BbIIepO/IeHHbIX” CHCTeMaX CPABHEHWIA, J0JIM0 HE MOIIU J0Ka3aTh (2 JiHs) OCHOBHYIO
JIeMMy, a MOTOM TIpuryMasm >’

B Muncke yuennx B.T. Cripunmxykal®® 3ansics u caemnas To, 9T0 MBI He J0J€IAIN, HO MOTJIH
cpa3y caenarb. IloHas, 4To 3Ta “momesnka’ HaM “BbIigeT GOKOM”, Iocjaju 3aMerky B YMH!Y

(1982 r.).
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147 Bretislav Novak, nmpodeccop Kapmosa yuusepcurera B [Ipare, ogun u3 cambrx 6mmsknx apyseit A. A. Kapamy6er
Ha MPOTS?)KEHUM BCEH YKU3HU, CO BPEMEHH UX COBMECTHOrO o0ydeHMs B acnupaHType mexmara MIY.

148 34n Moézer.

149 veercst B Buy pabora: ST Mosep, “O6 oxmoii Teopeme Xapau—JIurTiByna B Teopun a3eta-pyHKnu Pumana’,
Acta Arith., 31 (1976), 45-51; do6asnenue, Acta Arith., 35 (1979), 403-404.

150Hugh Lowell Montgomery.

151 John Brian Conrey.

152 Benmumon Uspannesna Cerad.

153 Cepreit Anexcanmposma ['purenxo, yaenux A. A. Kapaiy6or.

154Cr., mampumep, crarsio: I. V. Apxunos, “O npo6ieme I'umsbepra-Kamke”, Hze. AH CCCP. Cep. mamen., 48:1
(1984), 3-52.

155Emil Artin. O runorese Apruna cm., Hampumep, [7; c. 338], cm. Takske [11; c. 361].

156 Pocemiickast rocymapcTBeHHas 6ubmmoTeka, ¢ 1925 1. mo 1992 r. Iocymapcreenmas 6ubmmorexa CCCP m.
B. . Jlenuna.

157 PegynpraTs! 6bLmH Omy6MKoBaHb B pabore [22].

158 Bragumup Pennagpena CHpHHIKYK.

159Cm. [23].
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IToToMm emte 6buTH MyGaUKANME Ha 3amage Ha 3Ty Temy. .. 3.U. Bopernu'® u U. P. Iadape-
Bra'%! momecTnm mamry Teopemy B 3-e mzmanme'®? cpoeit “Teopun uamcern”, 1985 r.
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3.4. “O npexncraBiaenun HyJdsa (opmoil B mose p-agumdeckmx dYucesr’ (COBMECTHO
c I''U. Apxunoseim), Hokmaaet AH CCCP, 1. 262, Ne 1 (1982), c. 11-13. Kparkoe
U3JI0’KEHIE Pe3YIbTATOB paboThI 3.3.

3.5. “O6 oxHoit 3asa4e Teopun cpaBHeHuit” (coBmectHo ¢ I. V1. Apxunossim), Ycre-
XM MaTeMaTUYEeCKUX HayK, T. 37, Ne 5(227) (1982), c. 161-162. Crarbst HanncaHa BIOIOHKY
K pabore 3.4. Omybaukosaiu 6BIcTpo, U 3ToMy momor A. A. Mampnes!'®. Tem me memee, na 3a-
naJjie CTaparoTcst 3Ty paboTy He 3aMETHUTD. .. OCTAINCh HEPENTeHHBIME HAIN 334891 (TUIIOTESHI ).
Crousio Obl 3aHSTHCS UMH!

3.6. “Ocobble ciyyaum TeOpUHM KPATHBIX TPUTOHOMETPHYECKUX CyMM” (COBMECTHO
c I'' 1. Apxunoseim u B. H. Yy6apukosbim), U3Bectuss AH CCCP. Cepusi marema-
Tudeckasi, T. 47, Ne 4 (1983), c. 707—784. [Ipuniuuansuo HoBag rema teopuun KTC (B on-
HOKDATHBIX HAYEro mnoxoxkero Her). [lepemeHHbIe MOTYT CYIIECTBEHHO OTIMYATHCH JIPYD OT JPYra
(CHJIBHO OTJIMYAIOTCS JJIMHBL IPOMEXKYTKOB UX u3MeHeHus ). Hanpumep, qBykparTHas cymMa 110 cy-
IIIECTBY MOXKeT OBITh OJHOKpaTHO. U Bce 310 HAMO yI0BUTH. DTOMY U HOCBsIIeHa paboTa. “Ilepe-
pacmpejesieHre”; T.e. ePEXo OT TOUEK IEePBOro KJACCa K TOYKAM BTOPOIO, MOJHOCTHIO [IPOJIEIAHO
I"U. ApxunosbiM; 3TO €ro wjes, ¥ B OCHOBHOM Bcsi pabora ciemana .M. Apxunoseim u B. H.
Yybapuxosbim. # — pykoBoguTe b n “nnindOBaIbIIUIK’ U3JI0KEHUS, TOKA3ATEIbCTB.

Opna n3 cambix Moryumnx pabor teopuu KTC.

3.7. “HoBble paBHOMEpHBIE OLIEHKN KPATHBIX TPUCOHOMETPUYECKUX cyMmMMm”’ (coB-
mectHo ¢ I.VI. Apxunoseim u B.H. YyGapukosbim), Hoknaast AH CCCP, 1. 272,
Ne 1 (1983), c. 11-12. Kparkoe u3sjoKeHne pe3yabTaToB cTaThi 3.6. B KOHIlE cTaThi TOBOPUTCSI
o HepereHHOI npobiieme ['mipbepra—Kamke it MHOrOMEPHON CHCTEMBI.

Ee yxe cnemamu I. 1. Apxunos u B. H. Yy6apuxos'64.

3.8. “O mynsax azera-pyHKInu PuMaHa Ha KOPOTKHX HMPOMEXKYTKaX KPUTUIECKON
npsimoit”, Hokmansr AH CCCP, T. 272, Ne 6 (1983), c. 1312—-1314. Ycuiusaercs coorBer-
crByrommii pesyssrar 1. Mosepa (y mero H = T°/'2%¢ v mens H = T?7/82+¢). Cama Teopema
Mosepa — 3TO HepBBI CIBAI B HAIPABIEHHN JOKazarejbcTsa runoressl A. Cennbepra'®®. Ero
ujes — HeJJMaroHaJbHbIEC YICHDBI OICHUBATH, MCIO/IL3YS OICHKH TPUTOHOMETPHIECKUX CyMM. B Mo-
eit pabore Goslee UCKYCHO OCYIIECTBIISIETC 9Ta UJes, 9TO W NpuBeso K ycmnenuio. OHa momoria
MHe TakKe pa300parbcsd B Boupocax o Hyssax ((s).

3.9. “MeToa TPUTOHOMETPUIECKUX CyMM B Teopuu yucesr’’ (copmectHo ¢ W1. M. Buno-
rpanosbiM), Tpyasrt MUAH CCCP, T. 168 (1984), c. 4-30. O630pHas crarbsi. IIpenioxu
ee mamucaTs E. . Mumenxo'%6. d B3an npemsrnymue counnenus 1. M. Ha 3Ty TeMy, 06beIumHIT
X, J06AaBUI TIOCeaHnAe HoCTIKeHns, mpountanx V. M. (om 6bu1 yxe B Yakom'®). IMomyunmack
craThs. Do nocmenassa o8 crarpsa 1. M.

1603en0on MBanosny Bopepnu.

161Yrops Pocrucnasosua Iladbapesms.

162G, [24].

163 Apkanuit Anatonbesna Mabiies.

164Cyy., manpumep, crarbio: I.U. Apxunos, B.H. UyGapukos, “O6 apudMeTHYeCKHX YCJIOBHIX DPA3PEIINMOCTU
HeJIMHEHHBIX cucTeM jquodanTosbix ypasuenuit”, Joxa. AH CCCP, 284:1 (1985), 16-21.

165 Atle Selberg.

166 Egrenuit ®postosra Mutenko.

167 ]oMOCKOBHBIIH CaHATOPHIA, B KOTOpoM 3aGosenrumii 1. M. BHHOIPAIOB »KIII HOC/IEHIE MECSIBI CBOEH YKI3HHU.

168 1pan Marseesua Bunorpaos ymep 20 mapra 1983 r.
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3.10. “O mynsax ¢pyskumu (S) HA KOPOTKMX IPOMEXKYTKaX KPUTUYECKOMN NpsiMoii”,
NsBectuss AH CCCP. Cepusi maremarudeckasi, 1. 48, Ne 3 (1984), c. 569-584. Toka-
3ama rumote3a A. Cennbepra, poickazannag % mv B 1942 r. OCHOBY JOKa3aTeILCTBA COCTABILIM
coobparkeHusi, 0 KOTOPBIX TOoBOpwI B pabore 3.8. CHavaa JyMaJl, 9T0O HyKHBI OYAyT OIEHKHA CYyMM
¢ MPOCTBHIMU YHCJAMHM U KBAa3UPUMAaHOBa rumnore3a. [loToM MOHsI, 9YTO HUYEro 3TOro He HAJ0 U
MOJIY IHJT JIOKA3aTeIbCTBO. BOJIBINOe 3HAYMEHNE UMEJIO TAK¥KE TO 0OCTOSTETHLCTBO, UTO S YIPOCTUI
camo sokazareibetBo A. Cenbbepra €ro TeopeMbl; OHO CTAJIO0 MPAMBIM M HOHATHBIM (JIOCTATOYHO
CPaBHUTBH C TeM, KoTopoe ecTh y Turamapmra B kaure! ).

3.11. “O myuasax azera-pyukuun Pumana”’, Jokmansr AH CCCP, 1. 276, Ne 3 (1984),
c. 535-539. Koporkoe coobiienne o pabore 3.10, XOTs U 110 HEMY MOYXKHO BOCCTAHOBHUTBH BCE
JIOKa3aTeIbCTBO.

3.12. “KBagpaTu4dHble BbIYeTbl U HEBBIYUETHI B PEAKUX MOcCJiegoBaTeabHOCTSX’, Jlo-
kaanst AH CCCP, 1. 279, Ne 5 (1984), c. 1044—-1046. “T'ubpunbie” Te0peMbl, IIPOI0JIZKAIO-
mme mom paborsr 1.21, 1.23, 1.24, 1.25, 1.28; 2.2, 2.9, 2.11, 2.12. Tema — mod.

3.13. “Pacupenesienue uHyneit dbynkuuu ((1/2 + it)”, Uzectus AH CCCP. Cepus
MareMarnyeckasi, T. 48, Ne 6 (1984), c. 1214-1224. ITpuaymad 3a1ady, KOTOpasl sIBJISIETCSI
Bapuanueii na Temy runoresnsl A. Cesbbepra: mouru Bee Koporkue npomexyrku (H = T¢) umeror
> cHInT nyneit ((1/2 + it), u pemmmi ee. Xopolas 3ajada.

JaspHefimum pesyiabraToM (oueHb nHTEpecHbIM) siBustachk (1986 1.) Teopema JI. B. Kucesnepoit
o106HOT0 posia, Ho ocpeamenue et me mo (X,2X), amo (X, X + X?%), 0 <1 (y mee 6§ = 11/12).
TeMm caMbIM, POAMJIOCH HEJOE HOBOE HAIIPABJIEHUE: OCPEIHATh Ha KOpoTKux mpomexkyrkax! (Hamo
[OCMOTPTH BCE 3a/Ia49H, KOTOPBIE CBA3AHBI ¢ HOJO0OHON OCTAHOBKOIA. )

171

3.14. “Meron, Tpuronomerpuveckux cymm W.M. Bumorpamosa”, Tpyast MUAH
CCCP, t. 163 (1984), c. 97-103. I3510:KeHNn€ JOKIA1a, KOTOPBIi s IPOIUTA Ha KOH(bEpeHun,
nocsammennoii 90-geruto . M. Ieitancs (u, mo-mMoemy, IOJYYUIOCh) U3JI0KUTH UAEHHYIO 9aCTh
merona 1. M. (aBoitabie cymmbl, cryazkusanue). [lorom Hammes crapsie orrucku V. M. (= 1934 r.,
1935 1), re oH roBOPUII TO Ke camoe (OJIH3KO).

3.15. “O uynax dbyuxkuuu ¢(1/2 + it)”, Jokaaasr AH CCCP, 1. 281, Ne 5 (1985),
c. 1038-1041. Koporkoe coobmienune o pesysibrarax paborsr 3.13.

3.16. “O myusax dyskmuu (s) B OKpeCTHOCTU KpUTUYEeCKOoM npsmoir’, Issecrus AH
CCCP. Cepus maremarmueckas, T. 49, Ne 2 (1985), c. 326—-333. Bou1 ocenbio 1984 r.
B IIpare, B KapmoBom yausepcutere. IIpuexan ko mue ZI. Mozsep u rosoput: “Bbl 0Ka3aan TUmo-
re3y Cenbbepra o Hyssx ((s) Ha kpuTudeckoil npsimoii. Cesbbepr Tak»Ke CTABUIL 337a1y O HyJIsX
B OKPECTHOCTH KpUTHUYECKO#l npsimoii. Ee Hamo craenars’. ¢ mompocun B. Hosaka maiitu crarbio
Cempbepra. OH OBICTPO cAesIa] MHE KCEPOKOIWIO CTATHU, 8 HA CJICAYIONIUN JIEHb S yXKe HAIUCAJ
cTaThIO ¢ peleHueM 31oii 3agadun. Koneuno, mocse Toro, 9ro s yxe caenad (padorst 3.10, 3.13),
3ajava 0Ka3ajaach IPoCcToit. Bo3MOXKHBI mambHEIne pa3BuTHs 9TOH TeMbl B cTujie paboTs! 3.13.

3.17. “O BemecTBeHHBbIX HyIsxX pyHkumu ¢(1/2 4 it)”, Yecnexu MmareMaTndecKux Ha-
VK, T. 40, Ne 4(244) (1985), c. 171-172. Koporkuii 0630p MOUX Pe3yJbTATOB IO JI3eTe.

3.18. “JIzeta-dyHknus Pumana u ee Hyaw’, Yclexum MaTeMaTUdYecKux HayK, T. 40,
Ne 5(245) (1985), c. 19—70. Bosbmioit 0630p (¢ I0KA3ATENTHCTBAME, TIOJHBIMA) MOUX De3yJIbTa-
toB. Her To1bK0 pabors 3.16. BosbInyto mmoMors B ckopeiimeii mybsmkanyuy okasaa A. A. MaJibies.

X ok ok sk ok ok ckok ok ok ok ok okock ok ok ok ok skokok ckokok ok ok ok ckockiok ok ok ok ckokok kokok ok okok o okok ok ok ok ok

169Cwm. crareio: A. Selberg, “On the zeros of Riemann’s zeta-function”, Skr. Norske Vid. Akad. Oslo I, 10 (1942),

59 pp.
170Cw. [21].

171 Tapuca Bnagumuposra Kucesesa.
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3.19. “O dyukuuu G(n) B npobaeme Bapunra”, Izsectus AH CCCP. Cepusi mare-
Mmarmdeckasi, T. 49, Ne 5 (1985), c. 935—947. Tlo nacrosinuto I. I. Apxunosa HamnmcaHa CTaThsl.
Han p-anuaeckoe nokazaresnbeTBo oneHku G(n). OHO HE TOJIBKO MIEHHO MOICHAET CYyTh JEJa, HO
u jaet Jjrygmuit pesyiabrar, yem y V. M. ¢ ero 3unan masro. D10 ke Oyjer B HaIlel KHATE.

Ceitaac (1997 r.) Bou'" u Byan'™ mammcamn maccy crareii, mob3yscs paboroit 3.19.

3.20. “O uynsx nzera-dpyukiinu Pumana Ha Kputndeckoit npsimoit’, Tpyast MUAH
CCCP, T. 167 (1985), c. 167—178. [TosHoe uzmnoxkenue paborsr 3.8. J[oro He BBIXOIIIO U3
neuaTn (robmeitnniit coopauk K 75-meruto JI. C. Ionrpsarunal™). Bee 910 6B110 MHOI TIePEKPHITO
(runoresa Cenbbepra) B padore 3.10 u 3areM.

Tom 4

4.1. “PacnpenesieHne NPOCTHIX Ymucesr’, Ycrexm mMaTeMaTHYuecKuX HayK, T. 45, Ne 5
(275) (1990), c. 81-140. Usyvan mioTHOCTHBIE Teopembl'® (~ mawano 1974 r.) MonTrome-
pu, Xaxcau!™, FOTuasr m Apyrux, mpuayMas CBoe JI0Ka3aTelheTBO TeopeMbl Xakcm. Jlosro
He IIyOJIMKOBaJI. 3aTeM IIOABUJICS STOT MOH 0030p, W OCHOBHYIO €r0 IEHHOCTb IIPEJICTaBJISeT
3TO JIOKA3ATETLCTBO. 3aMedy TaKyKe, UTO 3/eCh JKe TIOMEIIEHO MOe JI0KA3aTe/bCTBO TeopeMbrl’’
Puvama—Manronsaral ™ o6 N(T). Taxoro mokazaTeqbeTBa s He BCTPedas paHbIIe.

4.2. “O mynsx dysakinun IsBeHnopra—XenapOpoHHA, JIeXKAIUX HA KPUATUUECKON
npsimoii”, Issectusi AH CCCP. Cepus maremarudeckas, T. 54, Ne 2 (1990), c. 303—-315.
IMucamm ¢ C. M. Boponuneiym kuury “/zera-dynxnus Puvana’ ™. Tlomectuin Teopemy Bopomnn-
Ha o Hyiax f(s). Jloka3aTeabCTBO OYeHb CJIOKHOE, U JIO KOHIA ero HUKTO He pasbupas. Cras
JiyMaTb O JPYroM JloKasarejbcrBe. Jlymasi, 9To BhICOKasi CTElleHb MHTerpaJia JacT BO3MOXKHOCTH
JIydIlle UCIOJIb30BaTh OCIUJLISIIIUIO, HO BCe MPUKUIKHU [MOKA3BIBAJIA, YTO HAJO Oparh MaJjyio CTe-
nenb @ — 0. YcJI0BHOE J0Ka3aTeJLCTBO (IIPU YCJIOBUM, YTO MOI'Y CHHU3Y OIEHUBATH OJUH UHTE-
rpaj) Tmosydua B miote-asrycre 1989 . ma momane Mocksunal®? (Ilammp) u B cene Jommmka '8!
(Tamb-Ilans, Ucewk-Kyon). Toexan B oxTabpe B Amamndu'®?) muckytuposan ¢ . Bombbepn
(mepeBomui A. VlBud), roBopuii, 9ro IOHUMAIO, KaK CJeJaTh, HO He MOI'Y IIOKa OIEHUTh MHTErPAJL.
Heckosnpko pas nepecrpamubai Bombbepr, MOTYT Jin OHU (WJIM OH) JIOKA3aTh 9TO, U OH KaXK/IBIil
pa3 oTBeYaJI, UTO HeT, He MOT'YT, TOJLKO JyMAIOT, 4TO 3TO Tak (T.e. rumore3a). IIpuexas, OTKpPLLI

Turamapmra 3€eT 183 IIOCMOTPEJI HepaBeHCTBO 190 I/I'SJI3184 1 Cpa3y 2Ke IIOJIYYHJI JOKa3aTeJb-
’
CTBO CBO€t TEOpPEMDI.

172Robert Charles Vaughan.

173 Trevor Wooley.

174 Jle Cemenosmu IToHTpSITHH.

175Cn., mampumep, [10; c. 103-104].

176 Martin Neil Huxley.

T ycrn N(T) — xomuecrso Hynein ((s) B0 < Res <1,0<Ims <T. Torma upu T > 2 cnpaBeajiuBa aCUMIITO-
TU4YecKas popMysia

T T T
N(T)= —log— — — — O(logT).
() 27r0g27r 21 (log T')

178 Georg Friedrich Bernhard Riemann. Hans Carl Friedrich von Mangoldt. Cam. crarsio: H. von Mangoldt, “Zur
Verteilung der Nullstellen der Riemannschen Funktion £(¢)”, Math. Ann., 60 (1905), 1-19.

179Cwm. [9].

180HaMHpCKaﬂ nosigaa Ha BbicoTe 4200 M., e HAXOAUTCA OA30BbINA AJBIIMHUCTCKUN JIarepb [jisi BOCXOXKICHUN Ha
PACIIOJIO’KEHHbIE [TOGJIN30CTH BbIcovaiinue Bepmubl [Tamupa — nuku Kommynnsma (7495 m.) u Kopxxenesckoit (7105
M.).

181Cemo ma Gepery ozepa Mcceik—Kyns B Kuprusuu B ropax Tane-IIlans Hemameko or rpamuns ¢ Kuraem, rie
A. A. Kapaiy6a 9acTO OTIBIXAJ C CEMbENA.

182K ypopr B Urtamuu wa mobepexkbe Tuppenckoro mopst toxuee r. Coppento, rae B 1989 r. mpoBoauiack KoHbe-
PEHIMs 110 TEOPHUH YHCEJI, IOCBsIIeHHAs 100ue0 DHpUKo BoMmbrepu.

183Cm. [21].

184Robert Mark Gabriel, cM. crarbio: R.M. Gabriel, “Some results concerning integrals of moduli of regular
functions along certain curves”, J. London Math. Soc., 2 (1927), 111-117.
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[Mozmmee yrourmn pesyabratsr®® (> Tv/log T exp(—cy/loglogT)), a TaksKe JOKa3a STHM Me-
Tomom Teopemy 6 o mymax ((1/2 + it) Ha TIOUTH Beex OYEHb KOPOTKHX MPOMEXKYTKAX.
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1. Introduction

A map ®: [0,1]° — [0,1]® is called uniform distribution preserving (u.d.p.) map if for every
uniformly distributed (u.d.) sequence x,, n = 1,2,..., the image ®(x,) is again u.d. Let H be
a Hilbert space of real functions f(x), x € [0,1)®, with a reproducing kernel K(x,y), and let
Xg,-.-yXN-1 € [0,1)® be an N-terms sequence. In the quasi-Monte Carlo (QMC) integration the
following mean square worst-case error

1 Nl 2
/ sup ‘ Z f(x, ® o) —/ fx)dx| do (1)
[0,1]s feH n—0 [0,1]®

FlI<1

is studied for digital shift x ® o.! This quantity is the mean value of the L? discrepancy in QMC
integration in a Hilbert space, see Section 5. For some u.d.p. ®(x) the following mean square

worst-case error

N-1 2

1
“ - [} Xn — x dX d 9
/[0’1]5 5%1‘]\[ n; fee s e) /[0,115 flx) 7 (2)

is less than (1). For example, Cristea, Dick, Leobacher and Pillichshammer [1] consider a Sobolev
space of functions for which the second partial derivatives are square integrable, van der Corput
sequence T, n = 0,1,...,N — 1, with base b = 2 and N = 2” and the u.d.p. map? ®q(z) =
1 — |22 — 1|. They found (1) as O(1/N?) and (2) as O(1/N%).3 A similar result for z,, = n/N and
Zn + omod 1 instead of x,, ® o has previously been shown by Hickernell [2]. The aim of this work
is to analyze a role of ®¢(x) = 1 — |2z — 1| in this improvement O(1/N*). Generally, we study an
influence of u.d.p. maps ®(x) on the mean square worst-case error (2). Applying the method of
Fourier—-Walsh expansion? we express® the mean square worst-case error (2) in the form

R | N1 2
Z Kq(k, k)’N Z waly (x,,)]| , (3)
keNg n=0
k+£0

Supported by APVV Project SK-BG-0019-08.
1This is also u.d.p. map.
2Tt called the tent or baker’s transformation.
3Precisely, for any € > 0 there exists a digital net zo,...,zx_1 such that (1) is O(1/N27¢), and a digital net
such that (2) is O(1/N*~¢).
4The idea of using Walsh functions stems from Larcher [3].
5Partially known formula, see [1; Theorem 4].
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where K (k, k) are Fourier-Walsh coefficients of K (®(x), ®(y)). Here K (x,y), ®(x) and x¢, X1, . . .,
xn_1 are arbitrary. Thus, in (3) the role of kernel, u.d.p. map and sequence are separated. In
Section 3 we apply (3) to the ®(x) = x, ®(x) = b*xmod 1 and to a generalized tent function
®(x). In Section 4.1, for dimension s = 1, for kernel K(z,y) = 1 — max(x,y) and for the van der
Corput sequence xg, x1, . ..,TN—_1, we give explicit formulas of the mean square worst-case errors.
Theorem 8 shows that the best result is attained for shift 2 @ o. In Section 4.2% for a Sobolev space
with reproducing kernel

2 2
K (.y) = 1+ B (x) Bi(y) + - Ba(w)Ba(y) — - Balla — y))
we see that the rate O(1/N*) of mean square worst-case error for the tent u.d.p. map ®¢(z) is
not only given by special properties of ®y(x), but it is also a consequence of a selection of exactly
N = 27 initial terms of the van der Corput sequence. Finally, in Theorem 10, for N = 27 + 1 we
obtain the mean square worst-case error only O(1/N?).
Note that in all parts of this paper we carefully compute mean square worst-case errors exactly.

2. Basic objects

2.1. Notations. In this paper we use the following notations:

e s is a dimension of the unit cube [0, 1)%;

o x=(x1,T2,...,%5), Yy = (Yy1,Y2, - -, Ys), and o = (01,09, ...,05) are vectors in [0, 1)%;

o k= (ki,ka,...,ks) is a vector with nonnegative integer coordinates;

e b =(by,by,...,bs) is a vector with positive integer coordinates; we call it a vector of bases;

e b®xmodl = (b{"z1,...,b%zs)mod1l, where o = (a,...,qs) has nonnegative integers
coordinates;

e b* | k is equivalent to b5 | k; for i = 1,2,...,s;

o k/b™ = (ki /b7, ... ks/b%);

o v =x0/b+ x1/b?+ --- is a b-adic representation of x € [0, 1);

e oc=09/b+o1/b>+ -

o k=ko+kib+ kob®+ -+ k,b" is a b-adic expression of the integer k, ky, £ 0;

o waly(z) = e@mi/O)(kozotkizit+knen) j5 the k-th Walsh function walg: [0,1] — C in the

base b;

o walk(x) = []7_; waly, (z;);
e x® o= (x9+ a9 (modb))/b+ (z1 + o1 (modb))/b? + -+ ;
° X@U:(Jfl @0'171'2@0'27-“,1'5@05);
e x+omodl = {1+ o01},{za+02},...,{xs + 0s}), where {z} is the fractional part of z;
® X0,X1,...,Xy—1 I8 an N-terms sequence in [0, 1]%;
o No=1{0,1,2,...};
o if k=Fko+kib+ -+ kyb" then
—k=—koy—kib— - —kpb", ok = ki + Kb+ + k0",
where ko + k) = k1 + k) =--- =k, + &k, = 0(modd).

2.2. Hilbert space with reproducing kernel K(x,y). The basic properties of Hilbert
spaces can be found in monographs [4] and [5]. In this paper we consider the following two Hilbert
spaces:

1
H = {f: [0,1] — R, f absolutely continuous, f(1) =0, / (f'(x))? dz exists}
0

6Using a Fourier—Walsh expansion of the kernel K (®g(z), ®o(y)) in [1; p. 447].
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[5; pp. 30-31] with scalar product f(z fo x) dx and reproducing kernel K(z,y) =
1 — max(x,y);

1
H, = {f: [0,1] — R, f absolutely continuous, / (f" (2))? da exists}
0

[1] with scalar product

! ! 1 1 ! 1 1
- / f(x) da / o) do + = (F(1) = FO)(g(1) = 9(0) + 75 / (@) () da

and reproducing kernel

K(e,9) = 1+ 7B ()Biy) + 1 Bo(@)Baly) ~ L Billz — ).

where B,, is the n-th Bernoulli polynomial” and v € [0,1] is the weight. This H, is called the
weighted Sobolev space of the order a = 2.

2.3. Uniform distribution preserving map ®: [0,1]° — [0, 1]°. Map ®: [0,1]° — [0, 1]®
is called uniform distribution preserving (u.d.p.) map if for every uniformly distributed (u.d.)
sequence x,, n = 1,2, ..., the image ®(x,) is again u.d. For one-dimensional case basic properties
of u.d.p. maps can be found in [6; 2.1, (VII)] and [7; 2.5.1].

For example, if ®(x), ¥(z) are u.d.p. transformations and « is a real number, then ¥(®(z)),
1—®(z), ®(x) + amod1 are also u.d.p. Also, as we mentioned in the Introduction,

Bo(z)=1-[22—1], xe0,1], (4)

is u.d.p. map called tent map or baker’s map, see [2].
Examples of multi-dimensional u.d.p. functions:

(i) (x) =x®a;

(i) ®(x) = (P1(x1),...,Ps(xs)), where @, (z) are one-dimensional u.d.p. map;

(iii) ®(x) = baxmodl = (0 x1,..., 0% xs) mod 1;

(iv) ®(x) =x+omod1l = (x; +01, .., &5+ 0s)mod 1;

(v) ®(x) = (Ax)T mod 1, where A is an s x s nonsingular integer matrix, cf. Steinerberger [8;
Theorem 2];

(vi) ®(x) = m(x), where 7(x) = (Zx(1), .-, Tr(n)) is @ permutation.

The main criterion of u.d.p. map directly follows from Weyl’s limit relation (see [7; pp. 1-62]).

THEOREM 1. A map ®(x) is u.d.p. if and only if ®(x) is Riemann integrable and for every
Riemann integrable f: [0,1]° — R we have

/H F(®(x)) dx = /H £(x) dx. (5)

3. General results

3.1. The mean square worst-case error and u.d.p. maps ¥(x,0). By the Sloan and
Wozniakowski [9] formula the square worst-case quasi-Monte Carlo error can be expressed as

| N1 2
sup |— f(xn —/ f(x)dx
sup anzo (xn) o (%)
lfl<1
N—1 | Nl
K(x y)dxdy—* K(xp,y)dy + K(xm,%p).  (6)
/[01]é [0,1]° Z [0,1] NZ Z

n,m=0

"Bernoulli polynomials: Bi(z) =z — 1/2, Ba(z) =22 —z +1/6, Ba(z) = 2* — 223 + 22 - 1/30, ... .
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Replacing the sequence xg,...,xy_1 in (6) by ¥(x¢,0),...,¥(xNy_1,0), where ¥(x, o) is a u.d.p.
map with respect to both x and o, and integrating (6) by o the mean square worst-case error can
be expressed as

N-1 2
[ s |y X o) - [ x| do
o1 fer | N = 0,1)¢
llFl<1
| N2
—3i [ KWeno) Weeo)do— [ K(xy)dxdy. (7)
N n’m_o [071]5 [0’1]25
This follows from
N-1
2
N > / K(¥(xp,0),y)dy do = 2/ K(x,y)dxdy, (8)
n—o “[0,1]¢ J[0,1]® [0,1]2s
which holds for every u.d.p. map ¥(x, o) and arbitrary xg,...,xy—1 in [0, 1)*, where we apply the

u.d.p. characteristic integral equation (5).

3.2. The mean square worst-case error expressed by Fourier—Walsh coefficients. For
u.d.p. function of the type x@o we compute (7) analogously as in [2] using Fourier-Walsh expansion
of the kernel K(x,y), see [5; Theorem 12.4]:3

K(x,y) = Z [A((k, k' )waly (x) waly: (y),

k,k/ENg
where
K(k,X) = / K(x,y) waly (x)wal (y) dx dy. (9)
[0’1]25
THEOREM 2. For every sequence Xo, ...,Xn—1 in the unit cube [0,1)° and an arbitrary kernel

K(x,y) with Fourier—Walsh expansion (9)° we have

N-1 2 N-1 2
1 ~ 1
/ sup ’N fxn®o)— / f(x)dx| do = K(k, k)‘N walk(x,)| ,  (10)
o JERI & o &

k£0

where

K(k,k) = / K(x,y) walk(x)walk(y) dx dy.
[0,1]25

Proof. Using the following elementary properties of Walsh functions
walk (x @ o) = walk(x) walk (o),
Walk@k/ (X) = Walk(x) Walk/ (X),
—_— if k £k’
/ waly (o) waly (o) do = 0 1 7 )
[0,1]® 1 ifk=k 5

81n the literature (see [5; p. 364]) it is preferably used opposite

K(x,y) = Z K (k, K )waly (x)wal (y)-
k,k/ENg

9 Assuming that the convergence rate of (9) admits integration by terms.
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we express

/ Kx®o,ydo)do
[0,1]*

Z Kk K) / walk (x ® o) waly (y ® o) do

Kk, k/ENS [0,1]°
_ 0 ifk#£K,
=2 K<k7k’>{ 7 (11)
Kk eNg walk (x) walk(y) if k=K'

Thus in (7) we have

K(x;, ®o,x, ®o)do = Z I?(k, k)waly (X, ) waly (x,,)
[0,1)° keN;

and K 0,0) f[o 12 K(x,y)dxdy, and the result (10) follows.

In the following theorem we extend [1; Theorem 4] or [5; Theorem 12.7], which was proved for
Sobolev weighted spaces.

THEOREM 3. For every sequence Xg,...,Xny—1 in the unit cube [0,1)° and every u.d.p. map
®(x) and an arbitrary kernel K(x,y) with Fourier—-Walsh expansion (9) we have

N-1 2 N-1 2
1 ~ 1
[ sy S oo [ | do= 3 Rik| g Y walx)| . (12
(0.1]c feH n— [0,1]° keNg n=0
Irli<t kA0
where

Ki(k k) = / K(®(x), (y)) waly (x)wali (y) dx dy.
[0,1)25
Proof. We express K(®(x),®(y)) to the Fourier-Walsh series

K(@(x),®(y) = > K (k, K )waly (x) wali (),
kk/'€Ng
where

Rk, K) = /[ 1, KOO0, 903wl (o v ) ey

and as in (11) we express'®

K(0(x& 0),d(y & o)) do
[0,1]*

= Z I?l(k, k') / walk(x @ o) waly (y ® o) do = Z K, (k, k)waly (x) wal (y)
k,k/€EN [0,1]¢ keNg

and then by (7) now we find (12).

10 Tn [1] or [5; Theorem 12.7] the authors use a new kernel
Kxy) = [ K@xee), oy 0)do
[0,1]*

We have I/(\*(k, k) = 1?1(k7 k) and thus Theorem 3 is a consequence of Theorem 2.
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3.3. U.d.p. map ®(x @ o), where ®(x) = b*xmod 1. Here x @ o and wali(x) are in the
same base b.

THEOREM 4. For ®(x) = b*xmod 1 and for a kernel K(x,y) of the type

S
x,y) = [ K;(x5,5)
j=1

and for an arbitrary sequence Xg,X1,...,Xny—1 in [0,1)° we have

/[01] S“P‘]if%:lf(@(xn@a))—/ f(x)dx2da

1)s fEH - [0,1]*
ifl<t =0

X AR e

keNg
k#0, b* |k

> Kk, k)‘ Z waly (P(x,,))

keNg
k#£0

2

2

where

K(k k) = / K(x,y) wal(x)waly (y) dx dy.
(0,1]
Proof. We use Theorem 3. For this we need to compute Fourier—Walsh series

K@), 0(y) = 3 Rk K)wal(x) wale (y),
kk’'€Ng

what follows from the one-dimensional Fourier—Walsh series for the kernel

K(®(z),0(y) = Y Ki(k,k)walg(z) walp (y),
k,k’€Np

where u.d.p. ®(z) = b’z mod 1. For coefficient K (k, k') we have
1
Rik) = [ [ K(®(), 0()) waly (0wl () dw dy
o Jo

k / 1 ) .
K(bi , :Z) = / / K (z,y) waly i (x)waly i (y) drdy  if b° | k and b* | K/,
= o Jo

0 if b {k or b' K.

(15)

Proof of (15). We have
11
/ / K(®(z), ®(y)) walg(x)waly (y) dz dy
0

bl ! bl Loplatny/ot (3160 ‘
/ / K{'z — a,b'y — ) walg (z)waly (y) de dy
a— 0 g—0 /b B/bt
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and by substitutions b’z — a = u, b’z — 3 = v we find

bi—1b'—1

1,1 T /L AN
1
ZZ/ / K(u,v)5; waly uta waly/ ﬂ du dv.
— 0 0 bz bz bz
a=0 =0
For « (7)) a7 (673}
—_— — —_— DRI =
b b +b2 + + b
u:%+%+~--, ko= ko + kib+ -+ kbt
we have U+« o « o U U
% M % Yo L
b b +b2 + + pi +bi+1+bi+2+ ’

which for Walsh function walg(x) in base b gives

waly, <u + a) = (@mi/b)(koaot - +hi—1ai—1tkiuotthn-1un—1-i)

— 6(27”;/[7)(k0a0+"‘+k1‘,—10¢i—1) Wal[k/bL] (u)7

where [k/b?] is the integer part of k/b’. Thus

R S _
1

Z Z/ / K(u,v) 5 waly, <W>Walk/<v+ﬁ> du dv
= 0 0 b2t bt bt

1 bi—1 bi—1

_ = Z e(27’l’i/b)(k0a0+“'+k'i—1ai—1) Z e—(27Ti/b)(k650+"‘+k£,157:—1)
bQi
a=0 B=0

1,1
X / / K(u, ’U) Wal[k/bz] (u)wal[k,/bq (U) dudv.
0 Jo

Since
bi-1 b—1 b—1
Z e(2ﬂ'i/b)(koao-i-w-i-ki,lai,l) _ ( Z e(2‘n’i/b)k0a0> L ( Z e(ZTri/b)kila,i1> (16)
a=0 ap=0 a;—1=0
and the right hand side of (16) is non-zero if and only if b | ko, ..., b | k;—1, which implies
ko =+ = k;—1 = 0, and this is equivalent b° | k, which gives (15).

Now, using (15), assumption K(x,y) = H;zl K;(xj,y;) and that u.d.p. map has the form

®(x) = (P1(z1),...,Ps(xs)), then for Fourier—Walsh coefficients K (k, k') of K(®(x),®(y)) we
have

Ki(k, k) = / K(®(x), ®(y)) walk (x)wal (y) dx dy

[0,1]2
SN s Ty ~(k ¥

= HKLj(xjayj) = HKJ(baJ,bofj> = K(b“’b“) (17)
j=1 j=1 J J

if b* | k and b* | K'. Others K (k,k’) = 0. This implies

—~ k kK \—
K@), 0(x)= 3 K(M,M)Walkmwalk(y).
k,k’eNg
b |k, b™ Kk’

Then by (12) from (17) follows (13).
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The expression (14) directly follows from that b® | k implies

waly (x) = waly /pe (b*xmod 1). (18)

Proof of (18). Assume that for s =1

k=ko+kib+-+kb",  w= %OJF%JF... 7
then waly (z) = e(7#/V)(kozotkizitthnzn) bi | | equal to kg = ky = --- = k;j_1 = 0,

b"mzmob"‘l+x1bi‘2+~-~+xi,1+%+---,

then
6(277i/b)(kizi+ki+l$i+1+-n ) — Walk/bz ({b’bx}).

This completes the proof of Theorem 4.

EXAMPLE. Let xg,...,Xxy_1 be a sequence in [0, 1)® such that every coordinate z; , of x,, has
the form .
Tip = blcf s 0< Ajn < b?i, Qi n € Ng. (19)
i

Then (13) has the form

N-1 2
1
sup |— f(®(x, Do —/ f(x)dx| do
/[0,1]s feH ‘N ; (® 2 (0,1]¢ )
lflI<1
= K(X,x)dx—/ K(x,y)dxdy. (20)
[0,1]° [0,1]2s

Proof. For an arbitrary term x, of the sequence (19) we have (b®x, mod1) = 0 and thus for
an arbitrary k we have walx(b®x,, mod 1) = 1. Thus, for the sum (13) we have

> K(kk)= Y K(k k)wal(0) wal(0)

keNg keN;
k#0 k#0
= K(0®o,000)do — K(0,0) = K(x,x)dx — K(0,0) (21)
[0,1)¢ [0,1]°

and K (0, 0) f[o 12 K(x,y)dxdy.

REMARK 1. Hickernell [10] notes that the mean square worst-case error with respect to all
sequences Xo, . ..,Xy—1 in [0,1)® becomes

N—
1 /
sup | —= f(x)dx
/[0,115N<feH ‘N z; [0,1]¢

(WIS

2
> dX() . dXN_1

1 < K(x,x)dx — / K(x,y)dx dy) . (22)
NV, [0,1]

Note that the error (20) of the sequence (19) is much worse than the mean square worst-case error
n (22).



38 V. Baldz, J. Fialova, V. Grozdanov, S. Stoilova, O. Strauch

3.4. U.d.p. map ®(x P o), where ®(x) is the tent map. The simple tent map $¢(z) in
(4) can be extended to the map ®(x) with the graph in Fig. 1 and defined by following: Putting

i—1 1 .
I = [ - ,b), i=1,2,...,b,
we define
Si(x)=bxr—(:—1) if I, 2|1
U, (x) =—bx+i ifxel;, 24i.
1
@1 \1/2 ¢)3 \114
0
%11%12%13%14%...
Fig. 1. Graph of ®(z) tent function
Remind that if &k = kg + k1b+ - -+ + k,b", then
k= —ko—kib— - —knb", Ok =kl + Kb+ + Kb,
where ko + k{ = ki1 + k= =k, + k&, = 0(modb). If
- o T In
m_?+b72+.'.+b”+1 +,
then ‘
wal_(z) = e(2mi/b)(=kozo—kimw1 = —kntn) _ walgy () = walg (z) (24)
and in the following we use, e.g., K (k, —k) instead of K (k, k).
THEOREM 5. Let K(x,y) be an arbitrary continuous kernel with a Fourier—Walsh series
K(z,y) = Z K (k, K Ywalg (z) waly: ()
k,k’€Ngp
in base b, 2 | b, and let ®(x) be the tent function (23). Then for every sequence Tg,...,Tn—1 in
the unit interval [0,1) we have
1 1 Nl 1 2 o | Nl 2
sup |— Pz, ® — r)dx| do = Ki(k k)| — alg(z,)]
[ s | s oo - [ sy dr= 32 Fathb)| g 3 walsten

llF1I<1
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where't

(R} B1) 5 )y
(L] [ menn) -

for (b/2) | k and I?l(k,k) = 0 otherwise. Here k = ko + kib+ -+ k0", k,, #0 and x ® o and
®(x) are in the same even base b.

Proof. We start with Fourier—Walsh expansion

K@), 0@) = S Rk, ¥)waly(a) wali (1),
k,k’€Ng

where
f{l(k,k’):/o /0 K(®(z), ®(y)) walg (z)waly (y) dz dy.

Then by the graph in Fig. 1 of the tent function ®(z) we express
1,1 .
[ [ K@@, @) waly(ojwal () dady
0o Jo

b b b b
N Z //Iix1j+ Z //Iix1j+ 132':31 //Iix1j+ ”2231 /»/Iixlj. (26)

3,j=1 i,j=1
i even, j odd

4,7 odd i,j even % od(’i,j even

Thus, we have distinguish four cases, namely I-1V.

I) If 4, § both odd, the first integral in (26) is of the form
/ / K(®y(x), @, (y)) waly (a)waln (5) da dy
I; x1;
’ 1 1
- / / K () waly( L (x) waly (2 1(5) |d®] ) (2) dD; (1)
0 0
dx dy (27)

11
:/ / K(Jc,y)e@”/b)k‘)(i_l) Wal[k/b](x)e(%i/b)k()(j_l)wal[k//b](x) A
o Jo

In (27), for k = ko + k1b + kob? + - - + Kk, b", we use

waly, (®; ! (2)) = eP™/DR =D waly ) (2).

Proof of (28). By Fig. 2, waly(®; ! (x)) = waly,((i — 1)/b + /b) and from

1 Alternately
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o
L
—
8
=
Il
i
-
+
Sk

< ‘

<
@" |

-
ol

Fig. 2. ®;(z) and inverse function of ®;(z)

and by the definition of Walsh functions we have

Walk(z B ]‘ 4 z) — e(27‘r’i/b)(k)()(i71)+klxo+k)211+k31}2+-~)
b b
— e(27‘r’i/b)k}0(i71)6(27Ti/b)(k1I0+k2x1+~-+ann71) — e(?ﬂ'i/b)k}o(ifl) Wal[k/b] (I).
Summing (27) over me-:l and from
4,7 odd
b b b
b 2 o2 Z
S~ o |3 175 (=5 10).
Sl 0 otherwise,
we find
b S —
[ K@), w) vl vl ) de dy
i,j=1 IiXIJ
1,7 odd
1 . !/
K E,]i ifé‘k’é“f/)
=4 b b 2 2 (29)
0 otherwise.
This gives the first term in the parenthesis (25).
IT) If ¢, 5 both even, then
[ K@), ) vl @)l G do dy
Ii XI]‘
1 1
— [ [ Keg) w07 ) waleo (0 ) a0 ) 45 )
0o Jo
1,1
= / / K(Ly)@(%i/b)ko("*1)e’(%i/b)(’“+k2+“'+k")wal[;€/b] ()
0o Jo
« o~ (@mi/b)kg (1) o (2mi/b) (K| +ky++-+k7,) walgr /5 () ’ (dm dy‘ (30)

(=b) (-b)
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In (30) we use
Walk(qjifl(w)) - e(2ﬂi/b)ko(i—l)e—(%i/b)(kl+k2+~-~+kn)wa1[k/b] (z). (31)
Proof of (31). By Fig. 3, waly,(V; ! (x)) = walg(i/b — x/b), and from

r=+ St

i1 b—1+b—1+b—1+ Ty x Tp
b b2 b3 b* b b b
_’L—].+ b—l—m0+b—1—x1+b—1—x2+
b b2 b3 b4 ’
and by the definition of Walsh functions we have
wal, <Z _ x) o2 /B) (ko (i=1) 1 (b—1—w0) +ka(b—1—w1 ) +---)
‘\b b
= (2 /D)koli=1) o= (2mi/0) (ks -k ) STy
1
| Vil =3 - %
5
i1
3
0 1
0
i—1 i
b b
Fig. 3. ¥,(z) and inverse function of ¥;(z)
Submitting in (30) the sum
, b b b
b —(2mi/b)ko 2 3f Z k o~k
3 elzmiltkoli-n) - 2 gk ( 21*) (32)
i=1 0 otherwise,

1 even

and

1 1
/ / K (2, y)waliy g (@) walye iy () de dy = K (i, ), (33)
0 0
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where i & [k/b] = 0,7 @ [k’ /b] = 0, we find

Z /I I.K(\Pi(x)a\Pj(y))walk(x)Md.Idy

i,7=1 LR
i,J even
1[?(1 ]) —(2mi/b)(kot+ki+-+kn) (27Ti/b)(k6+k£+~~-+k’n,)
g\ i k/
= M . _ / . v _ . r _ 34
lf2|k’2|kvl@{b] O,J@[b] 0, (34)
0 otherwise.

This gives the second term in the parenthesis (25).
Proof of (33). Starting with K(z,y) = Z;’E—:O I?(i,j)wali(m) wal;(y) we find

/ / K Wal k/b]( ) Wal[k//b] (y) dx dy
1

0o 1
= Z K(Lj)/ wal; () walp, /p) () dw/ wal; (y) walp b1 (y) dy.
4,5=0 0 0

Because
wal; (y) walje /5 (y) = waljg k) (y)
and if fol wal; (y) walp /) (y) dy # 0, then j & [k'/b] = 0.
Similarly, if [ wal;(x) waly, s (z) da: # 0, then i & [k/b] = 0.

III) For odd ¢ and even j we have

Z /1 . K(®;(z), V;(y)) waly(z)waly (y) dz dy

i,j=1
i odd, j even

1,1
70 /6) (K 4K 4ok b b
f/ / K (x,y) waly, /() wal[k//b](y)e(2 ) (ko tkyte 4k g dy 1f§ ‘ k, B | K,
0o Jo
0 otherwise.
(35)
Now, using the Fourier—Walsh expansion K (z,y) = Z?}ZO I?(i,j)wali(x) wal;(y), we find
1,1
//K(x,y)Wal[k/b](fﬂ)Wal[k//b](y)dxdy
o Jo
1
= Z K(i, )/ wal; () waly, p) (z )dx/ wal; (y) walp sy (y) dy
1,5=0 0
k K
—1,7) ifj® [} =0,
= (M ) b (36)

otherwise.

Proof of (36). If fol wal; () walpy, p) () do # 0, then i = [k/b]. If fol wal; (y) walp /) (y) dy # 0,
then j & [K'/b] = 0.
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Thus (35) is equal to

1]?([k:|7]')e(27ri/b)(k6+k’1+-~+k;/) ifg | &, g K, je [k/] =0,

4 b b (37)
0 otherwise.
IV) Similarly, for even ¢ and odd j we have

b S —

S [ K@), ) walk ol ) de dy

i,j:l Ii XI]'

i even, j odd
/
L2 (i 1E] e-erimotbittrny 3 0 K é|k’ P L

=104 R 21720 b ’ (38)

0 otherwise.

Summing up (29), (34), (37), and (38) we find

br- 3 B ) A A
n f(<_ {’;] , {’ﬂ)e—(2m/b)<ko+k1+~-+kn))_ (39)

Inserting (39) into (12) we find (25).
Now, the proof of Theorem 5 is complete.

For some control of a Fourier—-Walsh expansion of a kernel K(x,y), the following theorem can
be used.

THEOREM 6. For an arbitrary u.d.p. map V(x,0) and an arbitrary kernel K(x,y), for N =1
we have

2
do = K(x,x)dx — / K(x,y)dxdy. (40)
[0.1)® [0,1]>

[ s ]f(xIU(xO,a))— [ s
[0,1]s feH [0,1]s
[[flI1<1

Proof. For N = 1, the equation (7) implies

2
[ s ]f(xIV(xO,a))— | rax do
[0,1]s feH [0,1]s

[[fI1<1

— [ K(Wx0.0) W0, 00 do — [ Kixy)dxdy
[0,1]¢ [0,1]2s

= K(x,x) dx—/ K(x,y)dxdy.
[0,1]* [0,1]2¢

REMARK 2. Theorem 6 implies the following.
By Theorem 2 and Theorem 3 we have that (40) is equal to

keNg keNg
k#0 k#0

for an arbitrary u.d.p. map ®(x) and a common kernel K(x,y).
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By Theorem 4 we have

~ ~(k k
keNg keNg
k+#0 k+#0, b°‘|k

for ®(x) = b*xmod 1.12
By Theorem 5, for one-dimensional tent map ®(x), we have (41) of the form

if{kk

+ [/(\'(_ |:]Z:| , |:IZ:|)e—(2#i/b)(ko+k1+"‘+kn)) . (43)

Another proof of (43). Let k = ko + kib+ -+ + kpb™, k,, # 0. For (b/2) | k we have kg = 0 or

ko = b/2. Put
a= o [H]nt [4]0)

A [5) === (5 [5)
i) === D)

k )e(QTfi/b)(ko-‘rkl-i-m-i-kn)
b

Then

=)

k
92 b
b

=)

2

=
VRS
| — |
S
I—I??.
|
| —— |

= I?([ﬂ — []Z:|)e(27rz‘/b)(k-1+-~~+kn)(e(zm/b)o 4 eCr/me/2)y o)

k:|> —(2Tr7,/b)(k0+k71+ -‘rk}n) — O
b .

4. Numerical results

4.1. The mean square worst-case error for the kernel K(x,y) = 1 — max(x,y).
In this Section we apply Theorems 2, 3, 4 and 5 to the Fourier—Walsh expansion of the simple
kernel K (z,y) =1 — max(z,y).

THEOREM 7. Let K(z,y) = >} pen, K (k, k' Ywalg (z) waly (y) be the Fourier—Walsh series of
the kernel K(x,y) =1 — max(z,y). Then for k # 0, k = ko + k1b+ - - + k,b", k,, # 0, we have

~ 1 1 1 1
Kk, k) = =5 (3 - SmQ(/@n(w/b))) (44)

12This holds for an arbitrary function I?(k, k) directly.
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and
0 if not 2kg = -+ = 2k,,—1 = 0 (mod b),
1

. b
I/(\'(k, —k) = { 3p2(n+1) if kn ==, 2ko=--- =2k,_1 = 0(modb), (45)

2 )
1 . b
b2(n 1) (e(2n/D)kn — 1)2 if kn # 5

2]€0 === 2kn,1 =0 (modb)

Proof of (44). Let the kernel K (z,y) be rewritten in the form

r+y+|r—yl

K —1—
(z,y) 5

(46)
By [5; (12.15)] for k = ko + k1b + - - - + k,,b" we have

Lot S 1 1 1
/0 /0 = vl wali(@)wals(y) de dy = g, (3 - sinz(kn(ﬂ/b))) 7

For k # 0 we have

1ol
/ / x waly (z)walg (y) dedy = 0
o Jo

then (47) implies (44).
Proof of (45). We have

IA((k, —k) = /0 /0 K(z,y) walg(z)wal_(y) dx dy

11 1/t
= / / K(z,y) walg (z) walg (y) de dy = -3 / / |z — y| walg(x) walg (y) dz dy.
o Jo o Jo

(48)
Now, k = ko + kib+---+ k0", k, #0,
A . il
i—[W,W>7 Z—O,l,Q,...,b —1,
o | T T, i To X1 T
x ?+bf2+~~+bn+1+~~61i bnﬁ7?+b72+.”+bn+17
_ Y% W0 Yn _ J _ Y% Y%, Yn
y_?+b72+“.+bn+1+.“61j bnﬁ—?—‘rbj"‘ +bn+1~
Using these notations we continue to calculate (48).
1 /1
- f/ / |z — y| walg(x) walg (y) dz dy
2Jo Jo
1 i1 ‘
-5 Z e(2mi/0)((zo+yo)ko+(z1+y1) kit +(zn+yn)kn) // |z — y| dzx dy, (49)
i,jIO IiXIj
where
1 i
3p3(n+1) e=7
|z —yldxdy = i (50)
LixI; Y )

p3(n+1)
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I) For i = j in (49) we have

bn+1_1
11 Z (271 /) (2o ko + 221Ky - 2k
2 3p3(n+l) L

_ b—1 b—1

_ (2mi/b)2zok (2mwi/b)2z1 k L (27i/b)2xpn ky

- 23b3<n+1>(z (X ) (Y )
= x1=0 z,=0

1 1 .
_ ) T3 3pm if 2k = 2k1 = -+ - = 2k, = 0 (mod b), (51)
0, otherwise.

IT) For ¢ # j in (49) we have

pntl_2pntl_q

1 2 ;
2 b2 n+1) Z Z (bn+1 bn+1

)e(27rz/b)((a:0+110)k0+($1+y1)k1+ A (Tn+Yn)kn)

7j=0 i=j+1
prtt_opntl g
N Zo — Yo 961—3/1 TIn — Yn
b 3 3 (g SE o )

=0 i=j+1

« e(27rz/b)((xg+yo)ko+(:r1+y1)k1+ JF(anryn)k)n). (52)
Now, for fixed zg,z1,...,Tn—1 and Yo, Y1,---,Yn—1, We assume that
Zo — Yo 1 — U1 LTn—1 — Yn—1
i ——>0. 53
b + b2 Tt b (53)
Similarly, as in [5; (12.11)] the following partial sum of (52) is zero.
b—1 b-1
D> (“"0 “Y ., ) (2 /D) (@0-+90) o+ (@ +9n o)
anrl
Zyn=0y,=0
=1 b=l
0 0 .. - Z7 (273 /b)(xn+yn)kn
>Y (Mt B
z,=0y,=0
o —y - y b—1 b—1
— (=2 n-l (27i/b) (@n+yn)kn
= |(B s )z > e
z,=0y,=0
b—1 b—1
278 /) (T +Yn)kn | _
¢ 5 5 i) e < o)
z,=0y,=0
since the final double sums in (54) are equal to zero, bearing in mind &, # 0.
IIT) Note that from (53) follows that
To—Y , 1 — W Tn — Yn
cen - Y O
b + 12 + + b >
for arbitrary x,,y, = 0,1,...,b— 1. Thus it remains to consider the case
X — x] — Tn-1— Yn—
0 — Yo 1 11/1_’__._+ 1—Y 1:07 (55)

R b
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ie, g = Yo,T1 = Y1,---,Tn—1 = Yn—1, but in this case for j < i we need y,, < x,. For such
subsum we have

pntl_2pntl_q

Z 3 (xo —Y0 Ly T yn>6<2m'/b>((ro+yo)ko+~~+<zn+yn>kn>
bn+1
= _J+1

b—1  b—2 —

Z Z Z ( ) (2mi/b)(2z0ko+-+2xn—1kn—1+(Tn+yn)kn)
bn+1

Tn—1=0yn=0z,=yn,+1

b—1 b—1
_ < e(27ri/b)27;0k0) L ( Z e(QWi/b)2$n1kn1>
0

To= Tp—1=0

b—2
x> Z ( o )e@m/b)(wﬁyn)kn

Yn=02x,=yn+1

b—2 b1
Hm Z Z ( b’ﬂ_+1 ) (@mi/b)(@ntyn)kn  if 2kg = --- = 2k,_1 = 0 (modb),
- Yn=0 T, =yn+1 (56)
0 otherwise.

Replacing x,, — y, = j, the final double sum in (56) can be expressed as

b—2 b—1-yn ]
Z e(27r7,/b)2ynkn Z bnT e(QTrl/b)]kn. (57)
Yn=0 J=1

Then we use the following summation formula

n ) _ B(n—1) _ 1 Bn __ 1
. pj_ n—1 e e
;]e T1 Bl (1_eBaiyp T B (58)
which holds for n = 0,1,2,... and for an arbitrary nonzero complex number B. Inserting (58) into

(57) we find

bf i ( = ) (2 /5) (o

Yn=02,=yn+1

- b—2
S e” i/t 3 elemi/zunk,
T b+l (1 — e~ 2mi/b)ka )2
Yn=0
1 —(27i/b)kn —(47i/b)kn,
+ — (b — 1) © - — Z 6(271'1/!) Ynkn
pn+1 1— 67(27.”/17)]617. (]_ — e (2mi/b)k A
Yn=
1 e —(27i/b)ky, i /b
— ™ ) nk n
pntl ] — o—(2mi/b)k Z YT (59)
Yn=0
Here
. b
b=2 b—1 if ky, = =,
Z e(2m1/0)2ynkn _ 2
Yn=0 767(47”;/1))}6" lf k'n, 7& g’
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—2
Z e(27ri/b)ynkn — _e—(27ri/b)kn’

Yyn=0
. -1 e—(6mi/b)kn _ 1 e—(@ni/b)ky
(27r7f/b)ynk7n — _ _ e
ZO Yn€ 1 — e—(2mi/b)kn (1- 67(2772'/17)1@”)2 +(b-1) 1~ o—C@ri/b)kn (60)
Yn=

Inserting expression (60) into (59) we find

,b67(47ri/b)k:n )
) ' itk # 2,
§ Z <w>e(2“i/b)(rn+yn)kn 1 (1 — e~ Cri/b)kn)2 £ 5
" oot — (271
Yn=0Tp=yn+1 b b (b — 2)6 (27wi/b)kn N ei(Zﬂi/b)kn . é
1 - 6_(2”i/b)kn n — 2
(61)
For ky, = b/2 the relevant part of (61) is equal to —b/2. Finally, summing up (51), (56) and (61)

we find (45).
This completes the proof of Theorem 7.

THEOREM 8. Let b > 2, a and 3 be integer numbers, o < 3, and
(1) K(l’,y) =1- max(x7y);

(i) N =b7;
(iii) @, x1,...,2N_1 be the van der Corput sequence in base b.*>
Then
N-1 1 2 1
su T, Bo)— r)dr| do=—=, 62
/ofe?z’NZOf( - [ f@ = (62)
lflI<t
1
| ?‘QE’NZf o)~ [ flin] a0 = gy (63
(IS
for ®(z) = b*xmod1 and o < B;
1
n d d 64
/O?EE’N;f (@0 @ 0)) /f 3| do = oy (64)

7t

for the tent function ®(z), 2| b.
Proof of (62) By (10), in one-dimensional case, the left hand side of (62) is equal to

0 1 N-1 2
> K(k, k)‘N > wali(wn) (65)
k=1 n=0
For N = b” and for the van der Corput sequence x, we have
—1 .

1 0 if b’ 1k,

n=0 !

13This is the same sequence as

0 1 P —1
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Inserting (44) into (65) we find

(oo} —

~ 1
K (k, k) Z b2(n+1) Z ( SH1(7T/b))> (67)

k=1, b5k n=1

Here the term b"~# is the number of k, b° | k, for which

kg =0,1,....b—1, kg1 =01,....b—1, ..., ko1 =0,1,...,b—1.
Since [5; Corollary A23|
b—1
-1
Z ; 3 (68)
P sin? 7r/))

we find (62).
Here we add

Proof of (66). Let N =% and x¢,x1,...,2x_1 be the van der Corput sequence,

n=n0+n1b+-~-—|—nﬁ,1b5_1, n;=0,1,...,b—1,

xn:%+%+m+n§gl, k = ko + kb + kb +
‘We have
b—1 b—1
Z waly (1) = ( Z e(zm/b)noko) ( > e(zm/b>mk1> ( T e(m/b)nwksl)
no=0 n1=0 ng_1=0
From this if k; # 0 for some 0 < ¢ < 8 — 1, then Z 0 walk(xn) =0.Ifky=Fk =---=kg_1 =0,

i.e. b | &, then (1/b%) 320 ! waly(x,) = 1.14

Proof of (63). By one-dimensional case of (13) of Theorem 4 the mean square worst-case error
(63) is

oo

S R g:walk(xn) 2

k=1,b|k
By (66) the sum (69) is equal to

(69)

> R (e ) (70)

k=1, bo|k, b3k

Assuming a < (3,
n k B—a n—o
k=kg+- -+ k", b—a:kﬁb 4+ 4 k0T
then (70) has the form

> K(r) = mewn”ﬁZ(mlwb») )

k=1,b8|k

which gives (63). Here the exponent in b2("~**+1) is given by (44) after transformation k — k/b°.

MFor an arbitrary N, see (88).
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REMARK 3. The formula (63) follows also from the second expression (14) in Theorem 4 using

p b 0 if Aotk
e ZW&I’“ (@) =1, if b9 | k. (72)
Proof of (64). We start with
- ~(k k — ~( k k 1
> i) X () 7
k=k b+t ke b™ k=kbP + ke b™
and
= ~(k k . = PN k k :
K2 _2)e@mi/b)(kpttkn) — B8 ) o—@ri/b)(kpttkn)
Z (b’ b)e ; b'b)°
k=ksb? + +knb" k=kgb’ 4. 4k, b"
1
R CEGEDE (74)

Inserting (73) and (74) into (25) then by Theorem 5 the mean square worst-case error is

(7

1/ 1 1 1 1 1
ANTECED! 6b2(671) T 19p28-1) T 19p2(B-1) | T 94p2(B-1)°
which gives (64).

Proof of (74). By (45), if 2kg = -+ = 2k,—1 = 0(modb), then the value of K (k/b,—k/b)
depends only on k,,, thus

K2 2 e@ri/b)(kst-+kn)
Z <b ) b>6

k=1
k=kgb®+-- 4k, b"

oo o . |
2 : Kl=.—= (2mi/b)(kg+--+kn)
Z (b ) b)@

n=Bks=0,b/2, ..., kn_1=0,b/2
2k k
_ (@2mi/bks \ .. (27 /b) k1 SOk RN (rib)k.,
< Z e > < Z e >ZK(I)’ b)e (75)
k5=0,b/2 kn71=0,b/2 kn=1

and every sum in parenthesis is equal to zero. But for n = § the set of such parenthesis is empty
and by using (45) we have that (75) is equal

b—1 b1 _
~(k k ; 1 e(2mi/b)kn
E Mo MY @ri/b)k, e
K(b ’ b)e T 3p28 + Z (e(2wi/b)k~n —1)2 : (76)
=1 kn=1, kn#b/2

Note that we apply (45) for k/b = kgb® +- - -+ k,b" ! and for n = 8 we have 1/6>("~1+1) = 1/p25,
Moreover, by elementary operations (all the time k,, # 0)
6(27Ti/b)kn - 1
(e(@mi/b)kn —1)2 Asin®((7/b)ky)

Using (68) we find
b—1 (2mi/b)kn, 1
e R v
! (6(2m'/b)kn _ 1)2 o 12(b 1)' (77)

n=
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For the sum in (76) we need to omit in (77) the term for k,, = b/2, which is —1/(—=1 —1)? = —1/4.
Summary,

o° ~/(k k , 1 1 -1 1 1
o i (2mi/b)(kg+--+kn) — _ — = —
Z K(b ! b>e %% w3 tww - e (Y

k:kgb5+ Ak, b™

Final notes. By definition of Fourier—Walsh coefficients we have
R 11 1,1
K(k,—k) = / / K(z,y) walg(z)wal_(y) de dy = / / K (z,y) walg (z) walg (y) dx dy,
0o Jo o Jo
R 1,1 - 1,1 -
K(-k,k) = / / K(x,y)wal_(z)walg(y) de dy = / / K (z,y)walg (z) waly (y) dx dy.
o Jo o Jo

Since the kernel K (z,y) is real we have K (—k, k) = K (k, —k). Then by (45) we have

1
K(~kk) = G2 D) (o= @n/0kn — 1)2
if ky, # b/2. Since
e—(2mi/b)kn e(2mi/b)kn

(e~ @mi/bkn — 1)2 = (e@mi/b)kn —1)2

we have (74).
The Theorem 8 follows.

REMARK 4. For the weighted Sobolev space with the reproducing kernel given by

KGeg) =1+ (5 Ballo -+ (o= 3) (v-3)):

Dick and Pillichshammer [11; Theorem 10| proved that for every e > 0 there exists a digital net
such that the mean square worst-case error is bounded by O(1/N?7¢). But in (62) the € does not
occur.

4.2. The mean square worst-case error for the weighted Sobolev space of order 2.

THEOREM 9. Let b, a and 3 be integer numbers, a < 3, and
(i) K(x,y) be a kernel of the form

2

K(z,y) =1+vBi(z)Bi(y) + %Bz(l‘)Bz( ) — ﬂBéx(lx —yl);
(ii) b=2, N = 2°;
(iil) zo,x1,...,2Nn—1 be the van der Corput sequence in base b = 2.
Then
? v o8
n dr| d ;
/0 ?EE‘NZOM ®o) /f | 97T 1295 T 360 29 (79)
<y h
~2
/0 ?gg ’N Zof (n ®0)) / f(z)dx da TR 22(/3 5 T 360 240—a) (80)

lFII<1
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for ®(z) = 2%*xmod 1 and a < f;

1 1 N—-1 1 2 2 (81)
3 — P(x), — dz| d 82
[ s |5 X st e /Of(x)x 7= 5l (52)
llflI<1
for the tent transformation ®(x) = ®o(x) =1 — |22 — 1].
Proof. In [1; p. 447] we have, for k > 1,1
2
v gl .

+ if k= on

~ . 92(n+1) . 94(n+1) ’
Rk k) = 4.2 . 120 -2 - (83)

12. 22(nF1+5+1) + 20 - 24(n+1) ifk=ko+ki.24---+27 42" 0<j<n,
and for the tent transformation ®g(x)
v 7
ifk=1+42"
127 13020 e
7 7 7
1(k, k) 12.22(n+j)+20.24n ifk=ky+k .2+ - 427 42" (84)
1<j<n, 2|(ko+ki+---+kj_1),
0 otherwise.

Proof of (79). Again, for the van der Corput sequence z,,, n =0,1,...,N —1, N = 2%, we have

(see (66))
2 o 281k,
1 if 28 |k,

| N-1
— Z walg (x,,)
‘N n=0

and by (10), in one-dimensional case, the left hand side of (79) is equal to

) N-1
> K (k, k) ’zlv > waly (@)
k=1 n=0

2

oo oo

=Y K(kk) = ZKQ” 2"+ Y > K(k, k)
k=1

n=F+1 g=kz204...4-29 y2"

20|k ﬂ<j<n
00 2
o i j—1—p+1 Y
- Z (4 . 22(n+1) 120 - 24( n+1)> Z Z 2 (12 22(n+1+]+1) 20 - 24(n+1) )’
n=p n=p+1j=p0
(85)
which gives (79).
Proof of (82). By the tent transformation ®q(x) and by (12), the error (82) has the form
© 1 N-1 2 ©
> Ki(k, k)‘ N D walk(zn)| =D Ki(k. k) (86)
k=1 n=0 k=1
27k

151n this case K (k, —k) = K (k, k) and (83) and (84) related by Theorem 5.
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= K1(2°,2°) + Ky (2771274 ) + Ky (27 + 2071 27 120+ ST Ky (28 20,20 4 2n)
n=p£3+2

+ 3 N Ki(kp2® 4+ 27 27 kg2 27 4 27)

n=£+2 j=p
9 2 e’} 2 2
=0+0+ (12 T92(B+1+8) + 20 - 24(ﬁ+1)> + —zﬂ:ﬁ<12 . 22(n+p3) + 20 - 24")
0o n—1 51 ,72 72
j—

which gives (82).

Proof of (80). We use (69) in the form

0 N N—-1 2 ') N kj k fo%e) N
> Ay e - X R(Eg)- X Rww
k=1,2%|k n=0 k=1,28|k k=1,26-2|k

Thus, Theorem 9 is proved.

REMARK 5. Thus we must take into the sum (85) also the terms K (27,2"), 8 < n, in which the
sum has the order O(N~2). In (86) by (84) we do not take into account the terms K (1+2",1+2").
This gives that the error (82) is better than the error (79) without special properties of the tent
function ®g(z). The sums (87) in the both cases are of the order O(N~%).

Finally, we also show that the result O(N~*) in (82) also depend on the number N = 27 of
terms xg,x1,...,xn_1. Naturally, N can be selected arbitrary too, e.g.

N = Ny + Nib+ Nob® + -+ + Ng_1b°7 1+ Ngb®, N #0.

Then, for an arbitrary k = kg + k1b + - -+, and the van der Corput sequence xg,x1,...,TN_1 We
have

Z_ walg(zn,)

n=0

b—1 b—1 Ng—1
_ (Z 6(27Ti/b)kon0> ( 3 e(zm'/wk@mal)( 3 e(%i/b)kﬁnﬁ)
no=0 nﬂ—IZO ngzo
b—1 b—1 Ng-1—1
+< T e(Qﬂi/b)kono) ( 3 e(m/b)kmngz)( 3 e(m/b)kgmw)e(zm/b)kw
no=0 ng_1=0 ng=0

b—1 Ni—1
Feet ( Z e(27ri/b)kono> < i: e(27ri/b)k1n1)e(?ﬂ'i/b)(k2N2+...+kﬁNB)

no =0 ni =0

b—1
+ ( Z e(27ri/b)kon0)e(27ri/b)(k'1N1+k2N2+~~+ngﬁ)’ (88)

TL():O
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where n = ng +n1b+--- and (Zanj;é e@mi/bkini) = 0 if N; = 0. Putting N = 2° + 1 in (88) we
find
1

(26 +1)2
={1 if 20 | k, kg =0,

8 _ 2
(ZBJFD if 26 | k, kg = 1.

For such N = 27 + 1, summing > o IIA{l(k k)|(1/N) Zn 70 waly xn | over Ki(k, k) in (84) w
see that the mean square worst-case error has only the order O(N~2). In the follovvlng theorem

if 28 1 k,

1 N-1
— Z walg(x,,)
‘Afn—o

b8
we compute mean square worst-case error exactly dividing the sum ano walg(x,) into two parts

fo:_ol waly (x,,) and waly(xys).

THEOREM 10. Let
(i) K(x,y) be a kernel of the form

2 2
K () = 1+7Bi(x)Bu(y) + - Ba(2) Ba(y) — 32 Balle — y);

(i) b=2, N =2°+1;
(iil) xo,x1,...,xN—1 be the van der Corput sequence in base b = 2.

Then for the tent transformation ®q(x) = 1 — |22 — 1| we have

N-1 1 2
sup f(®o(z, Do —/fx dx| do
/OfEH]NE_ju( )= [ s
I7l<1
28 2 2 1 28 > 7
= S 12 T (89)
26 +1)30.246 12 7360 ) (20 +1)2 (28 +1)2 245 240

Proof. The following part holds for an arbitrary base b and an arbitrary k. Divide

b? b%—1
Z walg(x,) = Z walg (x,) + walg (zys)
n=0 n=0

then we have

b%—1

Z waly ()
+ (bgzl Walk(xn))vmlk(xba)+ (bﬁzl walk(xn)) walg(z6).  (90)

n=0 n=0

2
—|— waly (zy6 )waly (246)

b
E walg (zn,)
n=0

As we have proved

bl {bﬁ it 58 | k,

Z walg (z,,) =
n=0

0  otherwise,
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95

and for b%|k we have waly(zys) = e(>7/P)¥s  Inserting (90) in (12) we find

o0

> K

2

bo—1

Z walg (xy,)

1 ~
D Z Ky (k, k)
k=1

b7 -1
1
mZKl k :ZC <Z Wa,lk xn)>2008<bk5>

n=0

bm 2ZK1kk

Now, by (82) the term (91) is equal to (here b = 2)

b8 2 ~?
(bﬁ+1> 302487

By Theorem 6 for the term (92) we have

[e'e] 1 1 1
SRk = [ Ko~ [ [ Ky
1 0 o Jo

and for Sobolev kernel we obtain

2
oA
12~ 360
The final term (93) we express in the form

e (3 Bk -2 Kien),
keA

where A is the set of all £k satisfying
k=ko+ki 24+ ---+29 42" 1<j<n,
2 (ko+ki+-+ki1), 27|k kg=0,
and B is the set of all &k satisfying
k=ko+ki 24 ---+29 42" 1<j<n,
20 (ko+ky+---+kj1), 2°|k, kg=1.

Uj»—\

2

(94)

2j—1-8

o 72 Y
D Kk k) Z (12 22D T30 24n> Z Z (12 22057) 2020

]lgzl =B+ n=3+3j=p+2

2

)

2

9i—1-8

00 Sl 2

~ . Y v
2 Kilkk) = D (12.22(n+5> 20 - 24”) Z Z (12 22004 2020
k=1

= =B+1 +3j=0+2
= n=43 n=p+3j=4

which gives (94) in the form
o VT
(% +1)2 248 240

)

2
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5. Concluding remarks

This section contains several remarks inspired by comments of referees.

5.1. Classical method. The classical rectangular method of integration, for dimension s =1
and 179
xn:%, n=01,...,N -1,

gives

2 1
< oz [ (@) s, (95)

2

‘;gﬂxn) [ s

\Jbgﬂxn) [ s

It can be compared with (62) and (82) so that for van der Corput sequence zg,z1,...,ZN_1 in
base b, N = b?, there exists 0, € [0, 1] such that for every f € Hy, ||f|| < 1, we have

1 ! " 2
< g0 | (@) da. (9)

2 1

< —
6N?2

1 N-1 1
T n - d
¥ 2 S ooy - [ s@as

and there exists oy € [0,1] such that for every f € Hs, ||f|| < 1, we have

| Nl 1 2 9
¥ X SOt o) - [ @] <557

for the tent transformation ®g(z) = 1—|22—1| and b = 2. Here for f € H; there exists fol (f'(x))? dx

and for f € Hy there exists fol(f”(x))2 dx.

If we construct a product rule for s dimensions based on an N-point rule in one dimension, it
requires N points to achieve the same degree of accuracy (see Antia [12; p. 243]). Identifying N*°
as N, then from (95) we obtain O(1/N?/%) and from (96) we obtain O(1/N*/%). So, to get the
errors O(N~2%¢) for Hy, s > 1, and O(N~%*¢) for H,, s > 1, one has to consider complicated
sequences T, e.g. lattices or digital nets (see [1], [2]).

Note that sequences z,, n = 1,2,..., like van der Corput sequence have the advantage over
sequences like 2, = (n + 1/2)/N: to estimate the integral using N’ > N points, we do not need
to re-calculate f(z,) for n < N. This and the following limit relation (97) is the basis of the
quasi-Monte Carlo method (QMC).

5.2. quasi-Monte Carlo method. Define the s-dimensional step d.f. as
1
Fn(x) = N#{O <n<N:x,€[0,x)}.

If f:[0,1]° — R is continuous, then the Riemann—Stieltjes integral gives

1 N
¥ S = [ 500,

Then Second Helly theorem (see [7; Theorem 4.1.0.11]) shows that the weak limit Fy(x) — x
implies

/[0 " f(x)dFn(x) — f(x)dx (97)
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for every continuous f: [0,1]* — R. This is called Weyl’s limit relation [7; Theorem 1.11.1.1]. For
the rate of convergence of (97) it can be used.

Koksma-Hlawka’s inequality [7; Theorem 1.11.3.1]: Let f: [0,1]° — R be of the bounded
variation V' (f) in the sense of Hardy and Krause. Then for any sequence xg,...,xy—1 in [0,1)% we

have Nt
.
NT f n) — f d
\Nn}_jo () /H (x) dx

where the star discrepancy D} (x,) is defined by

S V()P (xn), (98)

Dy(x,) = sup |Fy(x)—x].
x€[0,1)®

The limit D} (x,) — 0 characterizes uniform distribution of the sequence x,, n = 0,1,..., in
[0,1)%.

5.3. L? discrepancy. a) The star-discrepancy D7 in (98) can be replaced by L? discrepancy
D](\?) (xn) = f[071]5(FN(x) —x)% dx expressed as [7; Item 1.11.4]

© 1 1 N s 1 N s
DN :§+ﬁ Z H(l—max(mm,j,l‘n,j)) _WZH(I

m,n=1j5=1 n=1j =1

where x,, = (Ty.1,...,%n,s). Let x;”, n=20,1,..., N — 1 minimize DJ(\?) (xn). Let ®(x) be a u.d.p.
map and P(x (2))7x%),nf0 1,...,N —1. Then

DR@OE) < D). DR < D (06d)),

bl n

Thus any u.d.p. map ®(x) does not improve all sequences x,,. For s = 1 we have [7; Theorem
1.9.0.4]
1
<V [ (a2 da
0

Py aty  |r—yl
2 2 2

]}Viﬂxn)—/ol ) da

and D(Q) (1/N?) Zm ne1 Fo(xm,zy), where

Fo(z,y) = 3+

b) Hickernell [10] suggested, for Hilbert space integration, look at the square worst-case
quasi-Monte Carlo error (6) as analogy of L? discrepancy:

N-1

N-1
2 1
D]{f:/ K(x, y)dxdy——z K(xn,y)dy—l—m Z K (X, Xn,)
[0,1]2¢

[0 1] n,m=0

and he found that for every f € H and Xq,...,Xxy—1 in [0,1)° we have

1 N
— Xn) — x)| <
’N;f( ) /[071)5f<>

where Vi (f) = || f(x) — 1(f(x) - 1)/(1 - 1)]|, see [10; p. 117]. The limit D — 0 characterized
uniformly distributed sequences in [0, 1)*, too.

DEVK(f),
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c) Let W be a space of functions f: [0,1]®* — R equipped with a measure of the Wiener type df
and x,, n=0,1,..., N — 1, be a sequence in [0,1)®. To characterize a rate of convergence

1 N-1
v > fxn) = f(x) dx
n=0

it can be used the integral

For s = 1, Temirgaliev [13] proved that

1 Nt n 2 k  m2\ 1 1
/W\N;)f(zv) ‘/[o,usf“)d“‘ &= (mw)m”(m)'

Here he used: F(z) is an infinitely divisible distribution function, m = fj;oudF (u), K =

S :r;; u? dF(u) —m?2, W is a family of real valued functions f(z) defined by Kolmogorov’s theorem
on the existence of stochastic processes and df is a measure on W designed by F'(z). Methods of
construction of df Temirgaliev discuses in [14], too.

5.4. Multivariate integration. In this example we shall see, again as in Theorem 10, that
the tent map does not improve the following multidimensional sequence (99). Let x, be an

s-dimensional sequence,
ny N2 s
Xp = ( . ) (99)

b?17b§27. "bgs

where n; =0,1,..., bfj —1,j=1,2,...,s. Let K(x,y) be a kernel of the type
K(x,y) = HKj(l'j,yj),
j=1

where x = (21, 22,...,2) and y = (y1, Y2, ..., ys) and let ®(x) be a u.d.p. map of the type
D(x) = (P1(21), Pa(22), - -, Ps(25)),
where ®;(z) are one-dimensional u.d.p. maps. To short we denote N; = b? 7. Then the number of

terms of (99) is N = N1 Ny --- N and simplified x,, = (n1/Ny,n2/Na,...,ns/Ns). By definition
in Section 2, for fixed k = (k1, k2, ..., ks), we have

waly (x) = H walg; (Z;),
=1 i

where the Walsh function waly; (z) is defined with respect to base b;. Then

N—1 s N;j—1
1 1 N
- E 1 = — E 1. [ =L
N = walkGn) E(Nj n:owa kj(Na))

and by means of one-dimensional result (66) we have

N-1 .
1 0 ifbP Ik
= (%) = ’ 100
N;W“(X) {1 if b? | k. (100)
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Also

Ki(k, k) = /0 - K(®(x), ®(y)) walk(x)waly (y) dx dy

*H/ / K (@ (), @5 () wal, () wal, (3;) der; dy; = HKu

Applying (100) in Theorem 3 we find

N—1 2
1
sup |— f(®(x, B o —/ f(x)dx| do
[, s COWLCTIRY S
lFl<t
= Y f{l(k,k)_H< > fq](kj,kj)> K1(0,0)
keNg j=1\ k;=0
k#0, bP |k bf]‘ k;
= H< > 1?1,j<kj7kj>+KJ(0,0>> -1 %;0.0
=1\ k;=1 Jj=1
b9 1k,
s 1 1 ! N 1 2 1,1
= / sup ’N Z f<¢j<]\;_@a>> —/ f(z)dx dU—l—/ / K;(z,y)dzdy
j=1\70  FEH 12 5 =0 J 0 o Jo
lFl<t ’
—/ K(x,y)dxdy (101)
[0 1]25
because

1?1(0,0)_/[0 , K(Cb(x),cb(y))dxdy_/[ou K(x,y)dxdy = K(0,0).

Now, putting

bi=by=---=b=2  fi=--=0=0  N=(@2,
2 2
K;(.y) = K(z.y) = 1+ yB1(2)Bi(y) + 1 Ba(2)Ba(y) — 2 Ba(lz —y)),

and using the s-dimensional tent u.d.p. map
P(z) = Po(x) = (1 — 221 — 1|, 1 — [220 — 1,...,1 — |2z, — 1]),

and inserting (82) to (101), also using fol fol K(z,y)dxdy = 1, we find the s-dimensional mean
square worst-case error (101) as
2 s
g
—F+1] -1
(30 . 948 + )

Thus, for the sequence (99) and applying the tent u.d.p. map ®¢(x), we obtain the error O(1/N*/%)
what is contrary to the [1], where in [1; Theorem 5] is proved that for every € > 0 there exists a
digital net such that the mean square worst-case error is bounded by O(1/N*7¢).

We thank the anonymous referees for their many helpful suggestions.
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On Regular Systems of Real Algebraic Numbers
of Third Degree in Short Intervals
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In memory of Anatolii Karatsuba

About Anatolii Karatsuba. Anatolii Alexeevich Karatsuba was always closely connected to
Belarus. Many of his fellow mathematicians from the North Caucasus had found employment in this
country. He went mountain climbing together with many Belarusians, and always had high regard
for their professional and personal qualities. Anatolii Karatsuba was a peer and a close friend to the
founder of the Belarusian number-theoretic school academician Vladimir Gennadievich Sprindzuk.
They both had immense respect for each other’s opinions.

The first two authors had numerous encounters with Anatolii Karatsuba at various mathematical
conferences. Our conversations, although mostly brief, were very informative. We discussed the
most recent mathematical results, sports, mountain climbing and hiking, the latest news from
Belarus. The conversations were always constructive: when asked for assistance in the matter of
organizing a conference, supporting an applicant for the membership in the Academy of Sciences
or some Belarusian mathematical award he always pledged his support and signed petitions to
various official institutions of the Soviet Union and the Republic of Belarus.

Every Belarusian researcher that knew Prof. Karatsuba immensely respected him as both
a mathematician and a person.

1. Introduction

In [1] Baker and Schmidt introduced the definition of regular systems and proved the regularity
of real algebraic numbers of any degree. This gives the possibility of obtaining the lower bound for
the Hausdorff dimension of the set of real numbers which are approximated by algebraic numbers
with a given order of approximation. The result of Baker and Schmidt was improved by Bernik [2].
Beresnevich [3] proved the regularity of real algebraic numbers and his result was the best possible
for functions defined on the set of algebraic numbers. The latter improvement enabled him to prove
the divergence case of a Khinchine type theorem for polynomials of any degree.

The Lebesgue measure of a measurable set S C R is denoted by |S|. The set of real algebraic
numbers of degree n is denoted by A,,. Let ¢; denote a positive constant.

DEFINITION 1. Let I' be a countable set of real numbers and N: I' — R be a positive function.
The pair (I', N) is called a regular system if there exists a constant ¢; = ¢;(I', N) > 0 such that
for any interval I C R there exists a sufficiently large number Ty = Ty(T', N, I) > 0 such that for
any integer T > Tj there exist v1,72,...,7 in I'N I such that

Nv)<T, 1<i<t,
i —yl>T7' 1<i<j<t,
t>Cl‘I‘T.
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It is not difficult to show that the set of rational numbers p/q, ged(p,q) = 1, with the
function N(p/q) = ¢* is a regular system. In the above results of Baker and Schmidt, Bernik,
and Beresnevich, it was shown that the set of real algebraic numbers a of degree < n together
with the function N(a) = H(a)"*!log™" H(a) forms a regular system for v = 3n(n + 1), 2 and 0
respectively. Here H(«a) is the height of algebraic number «, i.e. the maximum of the absolute
values of the coefficients of the minimal polynomial of «. In [3] the constant ¢; is calculated, but
Tp is not (both of these are in the definition of a regular system).

In [4] it is shown that for a given finite interval I in [0, 1] the value of T} is equal to

Ty(Q, N, I) = 10*|1| " log®(100|1| ")

for n = 1, and in [5] that
Ty(As, N, I) = 7281|3 log®(72|1|71)

for n = 2, where Q is the set of rational numbers. In [4] Bugeaud notes that for n > 3 the relation
between |I] and Ty is not presently known.

In this paper for n = 3 the relationship between |I| and T} is examined, and it is shown that
To(As, N, I) = c3|I|~*. Probably such type of the relation is preserved for any n, i.e. To(An, N, I) =
03|I|7(n+1).

Given a polynomial P(z) = a,2" + an_12" "1+ +a12 + ag € Z[x] with a, # 0, deg P = n is
the degree of P and H(P) = maxogign |ai| is the height of P. For a positive integer ) define the
set of polynomials

PYQ) = {P € Zfs) : deg P = 3, H(P) < Q}. 1)

2. Statement of results

THEOREM 1. Let I be a finite interval contained in [—1/2,1/2]. Then there exist positive
constants c1, ¢4 and a positive number Ty = C4|I|_4 such that for any T > T, there exist numbers
at,...,0p € A3 N1 such that

H(oy) < TY4, 1<i<t,
lovi —aj| =T, 1<i<y <, (2)
t 2 ClT|I|

Note that from Theorem 1 it follows that the set of real algebraic numbers « of degree 3, together
with the function N(«) = H*(a) form a regular system on [-1/2,1/2].
Let 6o € RT. Denote by L3 = £L3(Q, dg, I) the set of z € I, for which the system of inequalities

[P)] <Q7%  |P'(2)] < &Q (3)

are satisfied for some P € P4(Q). The proof of theorem 1 is based on the following metric result.

THEOREM 2. For any real number s, where 0 < s < 1, there exists a constant g, which satisfies
the following property. For any interval I C [—1/2,1/2] there exists a sufficiently large number
Qo = Qo(I) and a constant cs independent of Qo such that

1| > e5Qp ",

and for all Q > Qg -
1£3(Q, b0, I)| < sl1]. (4)

REMARK 1. Let J be any interval of length < 1 and Jj be a finite interval contained in J. There
exists an integer ¢ such that Jo; = (Jo +t) N [—1/2,1/2] has measure at most |Jy|/2. Then we
pass from the polynomial P to the polynomial P; in the system (3), where P;(z) = P(x —t) with
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H(P) < c(t)H(P) < c(t)Q and x € Jy,;. Therefore, we can reduce the problem from an arbitrary
interval of length < 1 to the similar problem in interval [—1/2,1/2] only with more complicated
connection between H(P;) and Q.

REMARK 2. Throughout the proof we use the fact that some of the statements are true for
sufficiently large @, and @ is greater than some value c¢(n)|I|~!. Denote by c5 in Theorem 2 such
a value ¢5 = c5(n) that all the statements will be true.

The proof of Theorem 2 uses the concept of essential and inessential domains extensively. This
concept was first introduced by Sprindzuk in [6] and is described here.

DEFINITION 2. Let P be a set of polynomials satisfying certain conditions and o(P) be a set of
points (defined for each P € P) which meet certain conditions. A domain o(P) is called essential
if

1
0P | 0(@)| < lo(P)

QeP

and is called inessential otherwise.

3. Proof of Theorem 2

Let I be a finite interval contained in [—1/2,1/2]. The proof of the theorem is in two parts: the
first when |P’(x)| > Q~! and the second when |P’(z)| < Q~!. The first part has five cases.

Case 1. Define Eg as the subset of L3 containing the set of points = € I, for which there exists
a polynomial P € P’5(Q) such that the system

[P)] <Q™°,  2°Q7" <|P'(2)] < 60Q (5)

holds.

Denote by oo(P) the set of solutions z € I of (5) for a fixed polynomial P € P4(Q). Then L3
can be written as L3 = UPePg(Q) oo(P). Let a1, a2 and a3 be the roots of P € P4(Q) in C. Define
the sets

Sp(ai)={$€Rl|I—Oéi‘= min |a:—ozj|}, i=1,2,3.
1<5<3

LEMMA 1. Let P € P; and x € S(o). Then

Lemma 1 is proven in [2] and [6] respectively.

For simplicity only Sp(ag) N1, is considered as the arguments are the same for the other two
Sp(a;)NI. Let x € oo(P) N Sp(ay). Then it is not difficult to verify that |ag| < @7t +1/2 < 1
for @ > 2. Thus, |[P%¥)(a;)| < 8Q for k =1,2,3 and Q > 2. By Taylor’s formula

2

P(a) = P'(on) + P"(an) (e — o) + P =20 ©)

Estimating the second and the third terms by using Lemma 1 gives:

P () — )] < 8Q3Q Y P/) ! < 2 Q7

(r — ay)?

P//I(al) 2

SAQBQTIP @) <8270 < L@
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for |[P'(x)| > 2°Q~! and Q > 2. It follows from (5), (6) and (7) that
%\P'(I)l < |P(an)] < 2|P'(x)]. (8)
Now from (5) and (8) it follows that
Q7 < S|P @)] < [Pan)] < 21P'(2)] < 2000

Therefore the interval oo(P) N Sp(aq) is contained in o(P), which is the set of points x in
Sp(aq) NI satisfying
2 — o] < 6Q P (ar)] . )

To obtain the measure of /:'3 it is necessary to consider five different sub-cases depending on the
value of |P'(aq)| lying in the interval (2°Q~1,280Q). Throughout the proof let v = 5/8.
Subcase A. Define the subset L3; of the set Zg, as the set of points x € I, for which there
exists at least one polynomial P € P4(Q), satisfying (5) and the inequality
Q" < |P'(on)] < 200Q (10)

where z € Sp(aq).

PROPOSITION 1. For sufficiently small 69 and sufficiently large Q,
|L31] < 27s]1).
Proof. For a polynomial P € P;(Q) define the interval
01(P):={x € Sp(a1)NI: |z -] < ceQ P (a1)| '} (11)

for a constant cg > 1 to be chosen later.
Using (9) and (11), it follows that

|o(P)] < b5 Q2|1 (P)]. (12)

Note that from (10) it follows that |o1(P)| < 2¢6Q~ 177, and for Q > Qo the interval o;(P) is
contained in 7.
Now, write P as a Taylor series on the interval o1 (P) so that:

P(z) = P'(oq)(x — o) + %P"(al)(x —o)* + %P"’(al)(m —aq)?.

Using (10) and (11) each term is estimated to obtain
|P(2)] < 266Q " (13)

for z € o1 (P) and Q > Qo.

The polynomials in Pj§(Q) are now partitioned into sets which have the same coefficients of
22 and 3. For integers a;, i = 2,3, let by be the pairs (a3,a2) and let P3(Q,b;) be the set of
polynomials in P4(Q) for which the coefficient of z* is a; for i = 2,3. We can assume that a3 > 0
since 0g(P) = o¢(—P). The intervals o1(P) with P € P3(Q,b1) are now divided into two classes
using Sprindzuk’s method of essential and inessential domains [6]. First the essential intervals oy (P)
are investigated. By definition

Yo ()<l

PeP3(Q,b1)

o1 (P) essential
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Using this, (12) and the fact that the number of different vectors b; does not exceed (2Q +1)Q, it

follows that
Yoo D> le(P) <20t QPQ R = 2% 1), (14)
b1 PeP3(Q,b1)
o1 (P) essential

Next, consider the inessential intervals o (P). For polynomials P and P such that P # P, and
P,P € P3(Q,b1), the measure of the intersection oy (P) N o1 (P) = o1(P, P), exceeds |o1(P)|/2.
Hence, the inequality (13) hold for P, P € P3(Q,b1) and = € o1(P, P). As the coefficients az and
as of the polynomials P and P are the same, R(z) = P(x) — P(z) is linear and satisfies

|R(x)| = |az — b < 4ceQ ™1, max(|a|, [b]) < 2Q, =€ o1(P,P). (15)

Assume that a > 0 since o/(R) = ¢’(—R), where for the polynomial R we denote by ¢’(R) the set
of points x satisfying (15). The values of a and |b| are now estimated more precisely than in (15).
In view of (6) and (10) and the fact that z € o1(P) it follows that |P'(z)] < 460Q for Q > Q.

Therefore |a| = |P'(z) — ?/(w)\ < 860Q, and using (15) we conclude that |b] < 859Q. Thus, (15)

can be rewritten as
|R(z)| = |ax — b < 4c6Q ™1, max(a, b)) < 2300Q, € o1(P,P). (16)

Now the measure of x € I, for which (16) holds is estimated. For fixed a and b the first inequality
in (16) holds for points x € I satisfying

b
x — ‘ < 2%cga Q7. (17)
a

Denote this interval by J(R), so that
|J(R)| = 2%csa Q. (18)

We now wish to estimate > |J(R)| where the sum is over a and b, such that b/a € I and
a, |b| < 2380Q. For fixed a denote by M (a) the number of points b such that these conditions hold.
Then,

all| +1<2all| ifa>|I71,
M;(a) < 1| 1l | |_1 (19)
v ita<|I|7F,
where v equals 1 or 0. First, let a > |I|7!, then from (18) and (19) it follows that
> SoIRI< Y 2Pea'QT2lINa < 27¢gdol1]. (20)

1<a<880Q b: bjacl 1<a<880Q

Next, consider a < |I|™! and use the second bound in (19) to find a constant c; satisfying
2571 <7 < 2_4561 and for which the intervals

b
Jl(Rl) = {x el:|z— a1’ < C7a11Q_1}, Jl(RQ) = {J} el:
1

b 1
x — 2' < cray o 1},
az

where J(R;) C J1(R;), i = 1,2, do not intersect for by /a; # ba/as. To see this is possible, suppose
J1(R1) and Ji(R2) intersect nontrivially at , then,
1 1
< Q! ( + )

ay as

1 < |b1a2 —bgal‘ _ bil bﬁ

S

b
<‘x !

b
+’x—2
as

~
a1a2 ai1as ay ag
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Assuming WLOG that as > ay, this gives
1< C7Q_1<a1 + ag) < 207a2Q_1 < 240750 (21)

which is a contradiction. Thus,

Y@= Y 2taQTIy < I

R 1<a<880Q

From this it follows that
Y a2l (22)

1<a<860Q

For fixed a and b the measure of the set # € I, satisfying (17), does not exceed 23cga=1Q 1.
Hence, summing over b, from the second inequality in (19) it follows that ), , Jae ;e <

23csa~1Q~1y. Using (22), it follows that

Z Z 23cea Q7 < 2%¢6Q 7! Z ya~t < 2%cger M| < 2705 (23)

1<a<860@Q b: b/a€el 1<a<860@Q

if ¢7 > 28¢gs~!. Therefore
|L31] < (28¢5t + 270 +27%5)|I]. (24)

Choosing cg = 22571, 6y < 272°s2 and ¢7 = 2*1/2572 completes the proof.

Subcase B. Define the subset L35 of the set 23, as the set of points x € I, for which there
exists at least one polynomial P € P(Q), satisfying (5) and the inequality

288_1/2 < |P/(O[1)| < QS/S
with z € Sp(a).

PROPOSITION 2. For sufficiently large Q,
‘532| < 2_48‘.”.

Proof. The proof of proposition 2 closely follows that of proposition 1, so some details will be
omitted. As before, for P € P}(Q) and some positive constant c¢g > 1 (which will be specified later)
consider the interval o(P) and define the interval

O'Q(P) = {.’K € Sp(al) NI: |£L‘ — Oél| < 09Q71|P/(Oél)|71}.
It is clear that
|0(P)| < 65 ' Q™ *|o2(P)]. (25)

The definition of L35 implies that |o3(P)| < |I]. Expand P and P’ as Taylor series on o3(P), to
obtain
|P(z)] < 2c0Q ", (26)
and
[P ()] < 2|P'(aq)]. (27)

Now cousider the essential and inessential domains oy (P), with P € P3(Q, b1) where by is as in
proposition 1.
Following the proof of proposition 1 we obtain

S Y le(P) < 2% M. (28)

b1 PeP3(Q,b1)
o2 (P) essential
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Now the inessential domains are considered. Assume o2(P), P € P;(Q,by), is inessential. Thus
there exists P € P3(Q,b1) with P # P such that

|o2(P, P)| = |o2(P) N 0a(P)| > %IUz(P)\-

Let T(x) = P(z) — P(z) = gx — d, then from (26) and (27)
lgr —d| <4ceQ', 1< g<4QYE. (29)

The inequality (29) holds on an interval Jo(T) with centre d/g and length 8cgg~'Q~!. Fix g
and denote by Mj(g) the number of points d/g, belonging to I. As in (19),

. > 71
~y if g < |I]71,

where 7 equals 1 or 0.
Again, first consider g > |I|~!. Then, for Q > Qo,

> > ()] < 2°¢Q 81| < 2701 (30)

1<g<4Q5/8 d: d/gel

Now consider g < |I|~1. To show the sets Jo(T') do not intersect, larger super-sets J3(T") defined
below are shown not to intersect. Assume that for ¢ig > 4cg the intervals

J3(Th) :== {x el:

< 81091_1@1}, J3(Ts) := {x el:

d d RPN
x— = -73_2‘<310921Q 1},
g g2

1
intersect nontrivially for dy /g1 # da/g2. Then, as in (21):
1< 2e10(91 + 92)Q " < 2%e10Q %%, (31)

which is a contradiction for @ > Qo(c10). As in (22), it therefore follows that

> vt <2 g QI (32)

1<g<4Q5/8

For fixed g the measure of the set 2 € I, satisfying (29), does not exceed 8cog~1Q 1. From (32),
it follows that

Z Z 8cog 'Q! < 8coQ Z g™t < degery |T] < 2705

1<g<4Q5/8 d: d/gel 1<g<4Q5/8
for 19 = 28cgs™!. From this, (28), and (30) it follows that
|£32‘ < (26C§1 + 276¢ + 2_68)|I|.
Hence, choosing cg = 212571 and ¢;g = 229572, this completes the proof of proposition 2.
Subcase C. Denote by L33 C Zg, the set of © € I, for which there exists a polynomial P €
PL(Q), satisfying (5) and
273 < |P'(an)| < 2857 Y/2

with z € Sp(ay).
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PROPOSITION 3. For sufficiently large Q,
|L33] < 27s|I].
Proof. For P € P4(Q) and some c¢11 > 1 chosen later, define the interval
03(P) := {2z € Sp(a))N1I: |z — a1 <c1Q P (ar)| '}
Develop P and P’ as a Taylor series on o3(P), to obtain
|P(z)| < 2°2,Q7Y,  |P'(x)] < max(2%s7Y/2,2%¢,)

for @ > Q. Consider again the essential and inessential domains o3(P), P € P3(Q,b;) defined as
in proposition 1. As the approach is similar to previous propositions, the calculations are omitted.
In the case of the essential domains the measure is at most 2%¢;}'||, and choosing ¢;; > 2'1s~!
gives the measure of the points lying in essential domains as 27°s|1|.

For the inessential domains, it is necessary to estimate the measure of = € I, satisfying

laz — b < 21°¢2,Q71, max(a, |b) < 2max (275712 2%¢1,). (33)

Direct calculations show that (33) holds on a set of = € I, with measure at most c;3Q~! for some
constant c13 > 0. Choosing c5 > 2°c1357! in theorem 2, the measure of the inessential domains is at
most 27°s|I|. Together with the result for essential domains this is enough to prove the proposition.

Subcase D. For some constant ¢4 > 0 chosen later, denote by L34 C Zg the set of z € I, for
which there exists a polynomial P € P4(Q), satisfying (5) and

Q712 < |P'(a1)] <27°

where x € Sp(aq).

PROPOSITION 4. For sufficiently large Q,
|L34] < 27%s|1].
Proof. For P € P4(Q) and some c¢15 > 1 define the interval
04(P):={z € Sp(a))N1I:|x— 1| <c15Q %P (ay)| ).
Clearly
|o(P)] < 6c15 Q™ ou(P)]. (34)

Fix ag. Let the subclass of polynomials P € P4(Q) with the same leading coefficients be denoted
by P5(Q, as). Consider again the essential and inessential domains o4(P), P € P3(Q, as3).
From the definition of essential domains, it follows that

S mP)l <2
P€P3(Q,a3)
o4(P) essential

Since the number of a3 does not exceed @, summing over all a3 and using (34), gives

> X P2t =270 ()
1<a3<Q PeP3(Q,a3)
o04(P) essential

for c15 = 29571,



On Regular Systems of Real Algebraic Numbers of Third Degree in Short Intervals 69

Now consider the inessential domains. From the Taylor series expansions of P;(z) and P/(z) on
04(Pyy, Py,) = 04(Pi,) Noy(Ps,), Piy, Pi, € P3(Q,as3), Pi, # P;,, the upper bounds of |P;(z)| and

\R( )|, are
|P1(£L')| < 2015@72, (36)

and
|P(z)| < 2|P'(a1)] (37)

for c14 > 22015 Since the leading coefficients of P;, and P;, are equal, then the polynomial

S(xz) = Py, (2) = Py(w) = fo2® + frz + fo
and by (36),

1S(@)| <4c15Q7%,  |S'(2)] <4|P'(a1)],  |fil €2Q, 0<i<2.
Let 81, B2 € C be the roots of S. Since the discrimimant D(S) of S satisfies
[D(S)| = [8"(B1)]* < 16|P" () <272,
this implies that D(S) = 0 and that S has a repeated root. Hence S has the form
S(z) = S2(z) = (s1z — 50)%,  |s1] < 2QY2.

Thus, we need to find the measure of x € I, satisfying

[s1x — so| < 201/262_17 1] < 2QY/2. (38)

Hence, |z — so/51] < 20%2\51|_1Q_1, which defines an interval J;(Sp) with centre at so/s; and
length 4c}éz|sl\*1Q’1. Fix s; and denote by M/ (s1) the number of points so/s1, belonging to I.
As in (19), the following bounds

M ( ) 281|I‘ if S1 2 |I|_17
y if 51 < |]|_17

are obtained, where v equals 1 or 0.
Consider s; > |I|71. For Q > Qo,

> S (o) < 2eif?Q V2| < 27|11, (39)

1<51<2Q/2 s0: so/s1€l

Next let sy < |I|71. If for ¢16 > ZC}éz the intervals

J5(S7) = {x el:

50,1 —1,-—
T — S‘ < 01681&Q 1}, J5(SQ) = {l’ el:
1,1

50,2 —1,-1
r— —=| <1651 2@
51,2
intersect nontrivially for s 1/s1,1 # S0,2/51,2, then as in (21):

1< 2e16(s1,1 + 512)Q 7" < 28e16Q 712, (40)

which is a contradiction for @ > Qo(c16). Thus, using the same arguments as in proposition 1, as
n (22)

Z 75f1 C16 Q. (41)

1<s1<2Q1/2
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Since for fixed s and sp the measure of the set z € I, satisfying (38), is at most 20}é2|31|*1Q’1,
using (41), we get

o Y AT <4’ YD Al <28’ 1] < 270
1<, <2Q/? s0: so/s1€I 1<s1<2Q1/2
(42)
for c16 > 276%28_1. Choose ¢4 = 275712 and ¢16 > 2'2573/2. Summing the estimates (35), (39)
and (42), for the measures in the essential and inessential cases, it follows that |L34| < 27%s|I|.
This concludes the proof of proposition 4.

Subcase E. Denote by L35 C L3 the set of 2 € I, for which there exists P € P4(Q), satisfy-
ing (5) and the following condition

25@—1 < |P/(O[1)| < 288_1/2Q_1/2 (43)
with z € Sp(ay).

PROPOSITION 5. For sufficiently large @,
‘£35| < 2_28‘.”.

Proof. Divide the interval I into smaller intervals .J;, where |J;| = Q" and u > 1. We say the
polynomial P belongs to the interval J; if there exists x € J; such that (3) and (43) hold.

There is at most one irreducible polynomial belonging to an interval J;. To see this, suppose
the opposite. Assume there exists a point x € J;, for which (3) and (43) hold for two irreducible
polynomials Py and P from P4(Q). Expand P; as Taylor’s series on J; so that:

Pi(x) = Pl(an)(z — n) + 3 P{(0n) (& — an)? + 5 P{"(an) (& — on)°.

Using the estimate for |P{(ay)| from (43), and the trivial bounds |[P®)(a;)| < Q, k = 2,3, we
obtain
|P(z)] < 2057 12Q Y2 zel;

for u > 3/2. Obviously the same estimate holds for P in J;.
We use the following lemma which is proved in [7].

LEMMA 2. Let 6 > 0 and Q > Qo(d). Further, let Py and Py be two integer polynomials of
degree at most n with no common roots, and max(H(Py), H(P)) < Q. Let J C R be an interval
of length |J| = Q~", n > 0. If there exists 7 > 0, such that for all x € J

[Pj(x)] < Q77
for 5 =1,2, then
T+ 1+ 2max(t+1—-1,0) <2n+4. (44)

Applying lemma 2 with 7 = 1/24+u — ¢, € > 0, and n = u, leads to a contradiction in (44) if
u > 3/2+ 6 + 3e. Choose u satisfying 3/2 + J + 3¢ < u < 2 and it follows that there is at most one
irreducible polynomial on any J;. As there is at most one polynomial P € P4(Q) that belongs to
any J; then by Lemma 1, the measure of those z, satisfying (3) and (43), does not exceed

273Q 2 I < 27 4|1

for u < 2 and @Q > Q.
If P e Pi(Q) is a reducible polynomial belonging to J; then P(x) = t1(x)t2(x), where 1 is
a polynomial of degree one and t5 is either an irreducible polynomial or degree two or the product
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of two linear polynomials. Let t1(x) = ax + b and to(z) = box? + by + by. Assume that a > 0. By
Gelfond’s Lemma [4],
aH(ty) < H(t)H(t2) < 2°H(P) < 2°Q. (45)

Denote by L3517 the set of x € I, for which the system
()] <Q7Y,  a<&Q (46)

is satisfied by some polynomial ¢;. The system (46) is similar to (16). Hence, using the same
arguments, it can be shown that |£351| < 27°s|I|. If (46) does not hold, there are three possibilities:

th(z)] <Q7', 6@ <a<2°Q, (47)
ti(2)] > Q7Y a < 6@, (48)
t(x) > Q" 6@ <a<2°Q. (49)

For (47) there are two further possibilities; namely,
5Q 7' < th(2) <Q7Y, 6Q <a<2°Q, (50)
and
[t1(2)] < 6Q7, 50Q < a < 2°Q. (51)

Each of these will be considered in turn. Denote by L350 and by L3535 the sets of = € I, for which
(50) and (51) are satisfied for polynomials ¢; respectively. The system (51) is similar to (16), and
it is not difficult to show that |L353] < 275s|1|.

Turning to L3502 and using (45), (50) and |P(x)| < Q3 it follows that

t2(2)] <65'Q72 H(t2) <2°65. (52)

The number of polynomials that satisfy the second inequality in (52) does not exceed a constant
depending on d, say ¢(dp), therefore we conclude that |L352| < 27°s|I|.
Now we consider (48). Using (48) and (45)

lta(z)] < Q72  H(t2) <2%Q. (53)
First, t} is estimated from above on .J;. Using the equations
P'(z) =ty (2)tz(z) + t1(2)ta(2),

and

/ _ p! /1 _ 1 (.%'—041)2
P'(z) =P'(a1)+P'(on)(x—ay)+ P (a1)72 ,

the estimates (48), (53) and
|P' ()| < 2°s71/2Q71/2, Q< h(2)| < Q,

gives a contradiction for |t)(z)| > Q°/® for sufficiently large Q. Thus, |t} (x)| < Q°/®, x € J;. Then
from (53),
ta(2)l < Q7% [ta(x)| < Q° (54)

hold. Denote by L354 the set of € I, for which (54) is satisfied for a polynomial t5. The measure
of L354 is estimated in a manner similar to proposition 2, giving |Ls54| < 27%s|I|.
Finally, we consider (49). Using (45), (49) and |P(x)| < Q73, it follows that

ta(z)| < Q72, H(ty) < 2365 (55)
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Denote by Lss5 the set of z € I, for which (55) is satisfied for some t5. The number of polynomials
which satisfy the second inequality in (55) is bounded by a constant c(dp), therefore we conclude
that ‘£355| < 275S|I|.

Thus,

5
|Las| < 27%s[I]+ Y [Lasi| < 27s]1],
i=1
which completes the proof of the proposition.

Case 2. Define the subset L3 of the set L3, as the set of points = € I, for which there exists at
least one polynomial P € P4(Q) such that

[P)]<Q7%,  [P'(2)] <2°Q7". (56)

Define by o.(P) the set of solutions to (56) for a fixed polynomial P € P4(Q). Let z € o.(P) N
Sp(aq). First, it is shown that the value of the derivative of P at oy, P(ay) = 0, satisfies

[P’ (ar)] < 2°Q7 (57)

To show this, assume the opposite holds. Develop P’ as a Taylor series in the neighborhood of aj,
to obtain

P/(2) = P'(ax) + P(0n)(z — o) + 5 P (aa)(z — ),

where |z — a;| < 279Q 2 by lemma 1. Since |P*(a;)| < Q for k = 1,2, 3, it follows that

max(P”(ozl)(a: —a)l, %P"’(al)(x —an)?

) <273Q7,

and hence |P'(z)| > 27Q ™!, which contradicts the condition that |P’(z)| < 26Q 1.
To estimate the measure of L3 two cases, depending on the value of |P’(ay)|, need to be

considered. For some constant 0 < ¢17 < 1/6 denote by L35 C L5 the set of z € I, for which
there exists a polynomial P € P}(Q), satisfying (56) and

|P'(an)| < c17Q7!

with © € Sp(ay).

PROPOSITION 6. For sufficiently large Q,
|L36| < 272s|1].
Proof. First note that
1< [D(P)| = laz(ar — az)*(ar — az)*(az — a3)?| = [P’ (1) *a3]as — as[*.
Also, |ag — a3| < 6Q/|as| as || < 3Q/|asl, i = 2,3. Finally, as |P'(a1)| < c17Q ™1, this gives
1< D(P) <2%-32¢2,Q72Q? = 2% - 32¢%,,

which does not hold when ¢;7 < 1/6 thus, the discriminant of P satisfies D(P) = 0, which implies
that P has a repeated root. Following the same approach as in proposition 4, it follows that
‘ﬁgﬁl < 2_28‘1‘.
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The second sub-case of case 2 is now considered. Denote by L37 C L5 theset of z € [ , for which
there exists some polynomial P € P5(Q), satisfying (56) and

c17Q ! < |P'(ay)] < 28Q 71 (58)
with © € Sp(ay).

PROPOSITION 7. For @ sufficiently large,
‘Eg7| < 2_28‘.”.

Proof. Divide the interval I into smaller intervals J! with |.J/| = Q~*, where u/ > 3/2. The
assumption that at least two irreducible polynomials belong to the interval J! will lead to a
contradiction. To show this, suppose that P; and P» both belong to J/. Expand P; as Taylor
series on J/, to obtain:

|Pi(z)] <2°Q™,  zelJ]

for v/ < 2. Obviously the same estimate holds for P, on J/. Applying Lemma 2 with 7 = —1 +
2u' — €, ¢ >0, and n = «/, leads to a contradiction in (44) for u’ > 3/2 + 6/4 + 3€’/4. Thus,
choose u/, satisfying 3/2 + /4 + 3¢/ /4 < u' < 2.

Hence there is at most one polynomial P € P4(Q) belonging to each J/. Therefore, by lemma 1
the measure of those z, satisfying the first inequality of (3) and (58), is at most

4e Q7Y | 1) < 27451

for v/ <2 and Q > Qq.
When the polynomials are reducible, the proof exactly follows proposition 5.

Adding the measures calculated in propositions 1 to 7, it follows that the measure of L3 satis-
fies (4).
Finally, we turn to the proof of Theorem 1.

4. Proof of Theorem 1

For the rest of the proof we may assume that c; is a constant which is greater or equal to
2-3%/(1 — 5)dp and for which Theorem 2 is valid.

Denote by Lo(Q,I) the set of # € I, for which the inequality |P(z)| < Q=3 is satisfied for
some P € P}(Q). It can be readily verified using Dirichlet’s box principle that £o(Q,I) = I. By
theorem 2 there exists a set L£3(Q,d0,1) = I\ £3(Q, 50, I) C I such that |£3(Q,d0,1)| = (1 — s)|]|
for all @ > Qo, where Q¢ > c5|I|~!.

Denote by L<2(Q, 0, I) the union of the intervals o(a) = {z € I : |z — a| < 35, 'Q~*} over all
real algebraic numbers of degree at most 2 and height at most . The number of different intervals
in this union is at most (2Q + 1)% and every interval has a length at most 655 'Q ™%, therefore we
conclude that |L<2(Q, 0, I)| < (1 — s)|I|/2 for c5 = 2-3°%/(1 — 5)do.

Let ,Cé(Q, 50, I) be defined by ,Cé(Q, (50, I) = ,Cg(Q, 50, I) \ EgQ(Q, 50, I) Let z € ,Cé(Q, (50, I)
Then there exists a non-zero polynomial P € P4(Q), satisfying

[P <Q7%  |P'(2)] > 0Q (59)

It will be shown that there exists a root o of P close to z. Let y € R, be such that |y — x| =
360_162*4. By Taylor’s formula

3
1 7 7
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As x € [-1/2,1/2], |PW(z)] < Q for i = 1,2,3. Tt is readily verified that
|PO(z)(y—2)'| < Q"  for i>2.

Also, by (59), |P(z)] < Q3. Thus,

3
3 %P(i)(m)(y Sy <@ Y BA(102QT) < 2077 (60)
i=0,2,3 i=2
On the other hand, by (59)
[P’ (2)(y — x)| > 3Q°. (61)

By (60) and (61) the behaviour of P(y) is dominated by the behaviour of P'(z)(y—z). It also follows
from (60) and (61) that P(y) has different signs at the endpoints of the interval (z — 35,'Q %,
T+ 3(50_162_4). Thus, by the continuity of P, there exists a root « of P in this interval, and

lv —al < 36;1Q%. (62)
Since = ¢ L<2(Q, do, I) then we conclude that the degree of « is exactly 3.
Choose a maximal collection of real algebraic numbers {a;,...,a;} C I, with degree dega; = 3
satisfying
H(o) <Q, loy — | > 36,'Q7* 1<i<j<t
As has been shown, for any = € £4(Q,do, I) there exists a € Az, satisfying (62) with H(a) < Q.
Since the collection {ayq,...,a;} is maximal, there exists «; in this collection such that |a — ;] <

305 *Q~*. From this and (62), by the triangle inequality it follows that |z — a;| < 655 Q™. Then

t
L5(Q. 00, 1) C | J{w € T+ o — oy < 65, 'Q*}.

i=1
Using |£5(Q, 00, 1) = (1 — s)|I|/2, this gives
t>27337150(1 — 8)Q*I|.
Let T = Q*, then for any T > Tj, where
Ty = (es + )17,

there exists a collection ay, . ..,a; € IN A3 satisfying (2) which completes the proof of the theorem.

The authors are grateful to the anonymous referee for the very useful comments on this paper.
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1. Introduction

While studying analytic properties of Dirichlet series it is natural to ask whether and how
far they can be meromorphically continued beyond their region of convergence. In general this
is a difficult question, but when an answer can be found it usually corresponds to the intuitive
natural boundary. The consideration of random Dirichlet series that can be shown to have natural
boundaries almost surely comforts us in our belief that Dirichlet series should be continuable to
their expected domains.

Random Dirichlet series and their convergence are differently treated depending on the context.
In this note we first give an overview of existing results on natural boundaries. For the most part
the series considered are in one variable. We suggest, in the second part of our note, a multiple
analogue of random Dirichlet series. We indicate only some initial tools whose applications enable
us to compare the abscissa of convergence of the Goldbach generating function with its random
version. A more detailed study of these multiple analogues might turn out to be interesting.

2. One variable

We let (2, A, P) or simply € be a probability space and we say that an event F in A happens
almost surely if P(E) = 1. Random Dirichlet series are of the form >_>2 | X,,(w)e~*"%, where the \;
form an increasing sequence of positive numbers, X, (w) are independent complex random variables
in (Q,A,P) and s = o + it a complex number. A sequence of independent random variables ¢,, of
Q) each of which takes only the values +1 with the same probability 1/2 is called a Rademacher
sequence.

Relations between the different abscissae of convergence of random Dirichlet series have
been studied since long. For example Hartman in 1931 considered Dirichlet series of the form
>0 (£an)n~*. There exist numbers 0. < 0, < 0, which are almost surely the abscissae of
convergence, uniform convergence and absolute convergence respectively of such Dirichlet series.
Hartman showed that o, — o, is atmost 1/2 and can be exactly 1/2 [1]. The Bohr—Toeplitz theorem
says that the same difference exists between the abscissae of absolute and uniform convergence for
the ordinary Dirichlet series Y -7 | a,n™*.

Dvoretzky in 1945 showed that for a given ordinary Dirichlet series Zzozl ane %, and for any o
squeezed between its abscissae of convergence and absolute convergence one can always construct a
random Dirichlet series 2211 enane * with Re s = o as its natural boundary by an appropriate
choice of &, = +1 [2]. This is the analogue of the Fatou-Pélya theorem for power series.

New developments in the theory of random Dirichlet series began in 1970s. Yu (1978) studied
particular cases where )\, satisfy the conditions lim, . (logn/A,) = 0 to obtain analogues of
results on the radius of almost sure convergence for random power series [3].

Where the random variables are symmetric (as for example the case of Rademacher variables)
the abscissa of convergence coincides almost surely with the natural boundary. Kahane described
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a dichotomy for the general case. The random series » -, X,e~*»% either has the abscissa of
convergence as its natural boundary or there exists an ordinary Dirichlet series » - | ane s
with the same abscissa of convergence o, and a number ¢ < o, such that the random series
> [ (Xn — ap)e ™ has o as its natural boundary almost surely [4]. For the special series
o2 +n~ % he showed that almost surely the abscissa of convergence o, = 1/2 would be its
natural boundary [5]. This is the analogue of the Ryll-Nardzewski theorem for natural boundaries
of random Taylor series. Some generalisations can be found in [6], [7].

Ding and Xiao studied explicit natural boundaries for uniformly nondegenerate variables X, i.e.
SUP,,>0 SUPgeC P(X, = a) <1, which is equivalent to the condition that there exists a sequence of
positive numbers R,, such that sup,,>qsup,ec P(|Xn —a| < R,) < 1. If the abscissa of convergence
of >>°° | X,e % is the same as that for Y - | R2e?*»* then this abscissa would almost surely
be the natural boundary of the first series [§].

Queffélec enlarged the study by considering Euler products. He showed that [](1 —e,p,*) "1,
for p,, the nth prime and (£,,) a sequence of independent Rademacher variables, has o = 1/2 almost
surely as the natural boundary [9].

In the study of Euler products in both p and p~¢ (for prime p), random variables were
used in the exponents as an adaptation of the classical case. It was proved that the series
Hzozl C(ans + by)nten where ay, by, ¢, are increasing real sequences and &, a suitable sequence of
independent real random variables, admits almost surely ¢ = limsup,,_, .. (—bn/a,) as its natural
boundary [10].

Convergence of Random Dirichlet polynomials, finite versions of the Dirichlet series, have been
studied, for example in [11].

S

3. Several variables

Now we suggest a multiple analogue of Rademacher sequences and associated Dirichlet series.
Let myq,...,m, € N, and let €5, ... m, be independent random variables which take only the values
+1 and are defined on a certain probability space (2, A, P). Let

1
PlweQ]|em, . m (W) =1)=PweQ]|em, m(w)=-1)= 3 (3.1)
The sequence {€m,....m, | m1,...,m, € N} may be called a Rademacher sequence of r-tuple

indices. The associated multiple Dirichlet series can be defined as

Z Z Emy... 7mr )X(ml,...JnT)7 (3.2)

ml + - +mr)s

myi=1 m,=1

where s € C and X (mq,...,m,) € R.

We note that other definitions of multiple random Dirichlet series exist (see, for example, [12]
or [13]).

First we write F,.(s,w) in a form of a single Dirichlet series:

F.(s,w) = Z Y, (n,w)n™?, (3.3)
n=1
where
Venw) = > fmpm, @X(ma, .. m,). (3.4)

mi+--+my=n
Since €y, ,....m, are independent variables, we see that Y, (n,w) are also independent of each other.
For each fixed w € €, the series (3.3) is a Dirichlet series, so we can find its abscissa of convergence
0c(Fy,w). Then, according to the zero-one law, we can find a constant o.(F;) such that o.(F,,w) =
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o.(F,) almost surely (see [4; Sect. 4.6]). In general —co < o.(F,) < 00, but here we assume
—00 < 0.(F;) < 0o. The following result is obtained simply.

PROPOSITION 1. The line Res = o.(F)) is the natural boundary of F,(s,w) almost surely.

Proof. We say that Y;.(n,w) is symmetric if Y,.(n,w) and —Y,.(n,w) have the same distribution.
We prove that Y,.(n,w) is symmetric; and the conclusion then follows immediately from the
expression (3.3) and [4; Theorem 4, Sect. 4.6].

Let L(n) be the number of tuples (mq,...,m,) satisfying mq + --- +m, = n. Let b be any
tuple of L(n) elements, each element being 1 or —1. Write b = (b, ... m, )mi+-+m,=n, Where
by .....m,. € {£1}. Define

Zr(n’ b) = Z bmhm}m,,_X(ml,...,mr).

mi+-+mer-=n

Let A be any Borel subset of R, and let B(A) be the set of all b such that Z,(n,b) € A. Then

PweQ|Y(nw)eA) = Y PweQ| (Empm (@)mittm,—n=Db). (3.5)
beB(A)

Since €, ,...,m, are independent, we have
P(we Q| (Emym (@))myttm,—n = b) =271 (3.6)

and the same equality holds if we replace b by —b. Therefore the right-hand side of (3.5) is equal
to

> PweQ| (Emym, (@) mydodm,—n = —b) = P(w € Q| Y, (n,w) € —A).
This implies that two random variables Y,.(n,w) and —Y;.(n,w) have the same distribution.

4. An example: The Goldbach generating functions

As an example, we will treat the case where X (m1,...,m,) is a product of the von Mangoldt
functions, that is
Z Z Ema,.. ;mr A(ml) e A(mT) ) (41)
e o1 ml + - +mr)5

The ordinary multiple Dirichlet series

was introduced in [14] as the generating function of

Gr(n)= > Alm)---A(my), (4.3)

mi+--+me.=n

the latter being connected to the problem of expressing positive integers as a sum of r prime
numbers. Properties of @, and G, above have been studied actively in the recent past (see [15] for
references). It may be interesting to note that under the assumption of the Riemann Hypothesis
(RH) for the Riemann zeta-function ((s) whose non-trivial zeros are denoted by p,

> Gi(n ka + Hy(X) + O(X771F) (4.4)

n<X
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with
kaler

Hk(X):zp:p(l-ﬁ-p)"'(k_l""p)'

Concerning the question of convergence of ®,(s) it was conjectured in [14] that:
The line Res = r — 1 would be the natural boundary of @,(s). (C-r)

The conjecture is out of reach for the moment. However one can say more under the RH and
other reasonable ones on the zeros of the Riemann zeta function like the following due to Fujii [16]
[17]:

Let Z be the set of all imaginary parts of non-trivial zeros of ((s). If v; € Z, 2)
1<j <4, and v+ 72 =73+ 71 # 0, then {y1,72} = {73,714}

In [14] and [18], it was shown that (C-2) is indeed true under the RH and a certain quantitative
version of (Z) or (Z) itself. The case of (C-r) is shown to be true if and only if (C-2) is.

The reason of introducing the random series (4.1) is to observe the situation from a stochastic
viewpoint. Let

Gr(n,w) = Z Ema,.oymy (W)A(ML) - - A(my). (4.5)

mi+--Fmy=n
Then
|G (n,w)| <n""*(logn)", (4.6)

and hence (4.1), which can be written as

Op(s,w) = Y Gr(n,w)n™*, (4.7)

is absolutely convergent for Re s > r. Computations of expectation and variance give us
PROPOSITION 2. The random series (4.7) converges for Res > r/2 almost surely.

Proof. Let E(-) denote the expected value, and V(-) the variance. Write X,, = G,.(n,w)n™*%.
From (4.6) we see that

9 n"~1(logn)" 2
| X |* dw < | ————=— dw < +o0, (4.8)
Q n? Q
that is X,, € L*(Q).
We use Theorem 2 in [4; Sect. 3.2], which asserts that if X,, € L?(f2) are independent random
variables satisfying E(X,,) =0 and Y2 | V(X,,) < +oo, then >~ | X,, converges almost surely.
Since

E(X) =~ Y A(ml)-.-A(mr)/ﬂeml,,,,,m(w) dw, (4.9)

mi+-+mer=n

and €p,,, m, i an element of a Rademacher sequence, it is obvious that E(X,,) = 0 for any n.
Next consider V(X,,) = E(|X,, — E(X,,)|?) = E(|X,|?). We see that

V)= 5 Y A(ml)-~-A(mT)A(m’1)---A(m’T)/ o ()t s (@) oo

mi+--4m,.=n Q
m/1+---+m;,:n

(4.10)
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If (my,...,m,) # (mf,...,m.), then
1
Plwe Q| em,, m, (w) ==%1, Emy,.m (W) = 1) = 1

for any choice of double signs, hence

/ e ()t (@) d = 0.
Q

Therefore,

V(Xn) = — > A(m1)2~~~A(mr)2/Qsm1,_”7mT(w)2 dw

mi+-+me=n
= > Ama)? - A(my)?, (4.11)
mi+-t+me=n

and the sum on the right-hand side can be estimated as < n"~!(logn)?". Therefore

ZV Z r=1720 (Jog n)?", (4.12)

n=1
which is convergent if o > r/2.

Proposition 2 thus gives the upper-bound o.(®,) < r/2. We also comment on its lower-bound.
Since G, is symmetric (as we have seen in the proof of Proposition 1), we have the criterion that
>0 | X, converges almost surely if and only if >~7 , V(X],) converges, where

X, (w) if | X, (w)] <1,

W) =14 X, (w) . (4.13)
X (@)] if | X (w)| >1

([4; Theorem 7, Sect. 3.5]).
In the case r = 1, we have X,,(w) = e,(w)A(n)n"°. Hence if ¢ > 0 then |X,(w)] < 1 for
sufficiently large n, so we may assume X/, = X, if 0 > 0. From (4.11) we have

i V(X,) = i Aéz,)z ; (4.14)

n=1

which is convergent if and only if ¢ > 1/2. This implies that o.(®1) = 1/2, and hence, by
Proposition 1, the line Re s = 1/2 is the natural boundary of ®;(s,w) almost surely.
Next consider the case r = 2. Then

Xn(w):% > EmimaAma)A(my).

mi1+mao=n

If o > 1 then we may assume X, = X,, for sufficiently large n. From (4.11) we have

iv(xn) = Z A<m1)2A(m2)2 ) (4.15)

n20’
mi1+mo=n
whose right-hand side is
1 2 2 (logn)?
Z 5 Z (logp1)*(log p2)” > —=2 Z 1, (4.16)
Ppi,p2 prime Ppi,p2 prime

pP1+p2=n p1t+p2=n
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because one of p; or py is > n/2. If the Hardy—Littlewood conjectural asymptotic formula for the
Goldbach conjecture is true, then the last sum of (4.16) is > n(logn)~2. This implies that (4.15)
diverges for 0 = 1. Though o = 1 is out of the range where X| = X, is valid, this argument
suggests that o.(®2) = 1, and hence Res = 1 would be the natural boundary of ®5(s,w) almost
surely. This is consistent with the existent conditional natural boundary of ®4(s).

The above observation in the cases r = 1 and r = 2 further suggests that in the case r > 3,
perhaps o.(®,) = r/2 would hold.
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1. Introduction

1.1. Function h(n).If n > 2 is an integer, let us define h(n) as the greatest product of a family
of primes ¢; < g2 < --- < g; the sum of which does not exceed n.

Let ¢ be the additive function such that £(p®) = p® for p prime and « > 1. In other words, if the
standard factorization of M into primes is M = ¢ ¢3? - - - qjqj, we have ¢(M) = g7 +¢5%+- - -+q?j
and £(1) = 0. Note that £(n) is sequence A008475 in OEIS (cf. [1]). If 4 denotes the M&bius function,

h(n) can also be defined as

h(n) = Z(H]\}?)uén M. (1.1)
u(M)#0
Note that
£(h(n)) < n. (1.2)

From the uniqueness of the factorization of h(n) into primes, the maximum in (1.1) is attained at
only one point. It is convenient to set

(h(n))n>1 is sequence A159685 of [1]. A table of the 50 first values of h(n) s given at the end of
Section 3. A larger table may be found on the authors’s web sites [2], [3].

In [4], Landau has introduced the function g(n) as the maximal order of an element in the
symmetric group &,,; he has shown that

= M. 1.
gn) = max (1.3)

The introductions of [5] and [6] recall the main properties of Landau’s function g(n) which is
mentioned as entry A002809 in [1]. From (1.1) and (1.3), it follows that

h(n) < g(n), n = 0. (1.4)

In this article, we shall give some properties of h(n) and describe an algorithm able to calculate
h(n) for any n up to 10%5.

1.2. Notation. We denote by N the set of non-negative integers.

The symbol p will always denote a prime number.

For every arithmetic function f: N — C, we define

mr@) = Y. [ (1.5)

p<z, p prime
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In particular, for f(n) = 1, we will note, as usual w(x) = 71 (z) the number of primes up to z.
For f(n) =n we define
ma(z)= Y p (1.6)

p<x, p prime

We denote by p; the jth prime and we set 09 = 0, Ng = 1 and, for j > 1,

oj = mda(pj) = p1 +p2+ - +pj, Nj =pip2---pj- (1.7)

In Section 3, for all j > 1, we shall prove that h(c;) = Nj.

If m is an integer, we denote by (m)* the smallest prime p satisfying p > m and, if m > 2, by
*(m) the largest prime p satisfying p < m.

P*(m) (P~ (m)) will denote the largest (smallest) prime factor of m > 2. It is convenient to set
Pt(1) = —oo and P~ (1) = +o0.

w(n) is the number of distinct prime factors of n and (n) the number of prime factors of n,
counted with multiplicity. p(n) is Mobius’s function.

For > 1, we denote by logxz the natural logarithm of z and by loglogz = log(logz) the
iterated logarithm of z.

Li is the integral logarithm defined for z > 1 by

(log )™
nn!

1—¢ T

dt
Li(z) = li =~ +logl
i(e) 0, 20 0 +/1+Elogt v+ los ng+;

where 7 is Euler’s constant.
1.3. Functions hj(n).For n > 0, let k = k(n) be the non-negative integer defined by

o = ma(Pr) < 1 < Tid(Pr+1) = O+1- (1.8)
It is the maximal number of prime factors of h(n). For 0 < j < k = k(n), let us set

hj(n) = Z(n]\}[a)mzn M (1.9)
u(M)#0, w(M)=j

where w(M) is the number of prime factors of M. For n > 0, we have

ho(n) =1 (1.10)
while, for n > 2, we have
hi(n) =*(n) = 2. (1.11)
Note that
l(hj(n)) < n. (1.12)

In Section 6, we prove that, for all n’s, the sequence h;(n) is increasing on j, so that
h(n) = hi(n), n = 0. (1.13)

Our proof is not that simple. A possible reason is that this increasingness relies on the properties
of the whole set of primes P. Let P’ be a subset of P and ANp: the set of integers whose prime
factors belong to P’. We may consider

h;i(n,P'") = max M. (1.14)
MeNp, ((M)<n
(M) 20, w(M)=j
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By choosing P’ = {2,3,11,13,17,19,23,...} = P\ {5, 7}, we observe that
ho(24,P') = 11-13 = 143 > h3(24,P') = 2-3 19 = 114.

In Section 4, we give an upper bound for h;(n) which will be useful in Section 6 where our
proof of the increasingness of h; is given. In (1.9), h;(n) can be considered as the solution of a
problem of optimization with prime variables. The upper bound of h;(n) is obtained by relaxing
some constraints so that certain variables are no longer primes, but only integers.

1.4. Elementary computation of h(n) and h;(n). The naive algorithm described in [5] to
compute g(n) can be easily adapted to calculate h(n) for 1 < n < N. Note that, for the prime
factors of h(n), Corollary 3.1 below furnishes the upper bound

PF(h(n)) < Prny+1 + Prn)+2-

It also can be adapted to compute h; (n).Forr>j>1landn > 0j, let us define

hgr)(n) = max M.
PT(M)<p,, £(M)<n
w(M)#0, w(M)=j
We have the induction relation
BV () = ma(h (n), prya 7 (1= prs)).
Indeed, either p,1; does not divide hyH)(n), and hyﬂ)(n) = hgr) (n) holds, or p,41 divides

hyﬂ)(n), and h;rH)(n) = Dri1 h;r_)l(n — Pr41), which implies n > p, 1 +0j-1.

Moreover, if p, > n, we have hg-r)(n) = hj(n), hg)(n) = N, and h(lr) (n) = *(n) for n < p, while,
for n > p,, h(lr) (n) = p, holds. So, we may write Algorithm 1, which has been used to calculate
Table 1. The merging and pruning method described in [5; Sect. 2.2] can be used to improve the
running time.

ALGORITHM 1. Computation of hj(n) for 2 < n < nmaz and 1 < j < k(n).
Procedure ComputeHj(nmax)
T = 17 P = DPr; kmax = k(nmax), pmar = Prmazx+1 + Pkmaz+2
while p < pmax do
for n from o, to nmaz do
H[r,n] = N,
Jjmaz = min(r — 1, kmax)
for j from jmax by —1 to 2 do
for n from nmax by —1 to p+ 0,1 do
H[Ja Tl] = max(H[j, n]7p * H[] - 17” 7p])
for n from p to nmax
H[l,n|=p
r=r+1p=p:
In Section 8, a more sophisticated algorithm to calculate h(n) is given. It is based on a fast

method to compute miq(z), which is explained in Section 7.

2. Some lemmas

LEMMA 2.1. If m > 2 is an integer, let us denote by (m)* (*(m)) the smallest (largest) prime
p satisfying p = m (p < m). Then

(m)* < %m and  *(m) = lm

hold.
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Proof. We use the result of [7]: for x > 396738, the interval [z, + 2/(25log® x)] contains a
prime number. As 396833 is prime, we deduce that, for p; > 396833,

- 1 1 1110
Pirl 9 4 — <1+ . < 1.00025 < — < —. (2.1)
pi 251og” p; 251og” 396833 8 7

If m is prime, (m)* = *(m) = m holds, while, if m is not prime, we define p; by p; < m < p;y1;
we have (m)* = p;11, *(m) = p;,

(m)* < Di+1 <pi+1 *(m) Di Pi

> >
m o opi+1 Di m  pir1—17 pip

and, if p; > 396833, the result follows from (2.1). Finally, it remains to check that

i 11 i 7
Pit+1 11 and b >
pi+1 8 Pig1 — 1 10

N

hold for all p;’s satisfying 2 < p; < 396833.

LEMMA 2.2. Let p < p' be two primes. There exists a third prime p” satisfying
p+p <p'<p—-p+1. (2.2)

Proof. Let us show that p” = (p+ p')* satisfies (2.2). By Lemma 2.1, it suffices to prove that
(11/8)(p+p') <pp' —p+1, ie.

11 19 8
pp'(8,+ ) > 0. (2.3)

If p >3 and p’ > 5, we have 11/p + 19/p’ < 11/3+19/5 < 8 and (2.3) holds. Similarly, if p = 2
and p’ > 11, the inequality 11/p+ 19/p’ < 11/2419/11 < 8 implies (2.3). In the three remaining
cases, p =2 and p’ € {3,5,7}, it is easy to check that p” = (p + p’)* satisfies (2.2).

LEMMA 2.3. Let p and p’ be two prime numbers satisfying 3 < p < p’ and pp’ # 15. There
exists a prime p” such that

5
p+p <p'< épp' —p. (2.4)

Proof. The proof is similar to the one of the preceding lemma. From Lemma 2.1, to show
that p”" = (p+ p')* satisfies (2.4), it suffices to show that (11/8)(p + p') < (5/6)pp’ — p, ie.
33/p + 57/p" < 20, which evidently holds for p > 3 and p’ > 7.

LEMMA 2.4. For all i > 2, the following inequality

Di + Di—1 < P2i—1 (2.5)

holds. Moreover, let b be a positive integer; there exists a positive integer ig = ig(b) such that we
have

Di +Pi—1 < P2i—b for i >ig(b). (2.6)

The table below gives some values of io(b)

b1 2 3 4 5 6 7 8 9 10 12 13 18 30 3675
|3 4 7 8 18 19 27 28 36 39 50 53 8 149 33127
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Proof. We start from the two inequalities

p; <i(logi+ loglogi — «), o =0.9484, ¢ > 39017, (2.7)
p; = i(logi +loglogi — 1), i=2, (2.8)
which can be found in [8]. From (2.7), it follows that
pi_1+pi < (20 —1)(logi + loglogi — «), 1 > 39018, (2.9)
while, if 4 > max(2,b), which implies 2i — b > 2 and i > b, (2.8) gives
. . 2t —b .
p2i—p = (20 — b) | logi + log 2 + log % +loglogi —1). (2.10)

By using the inequality logt <t — 1, we get
2i—b 2i 2i b
= — > | — — [ p—
log =5; log 53 > (2i—b 1) 2 — b

pai—p = (2 — b)(logi + loglogi +log2 — 1) — b. (2.11)

and (2.10) yields

Under the condition
i > max (39018, b), (2.12)

the substraction of (2.9) from (2.11) gives
p2i—b — Pi—1 — Pi = (logi+loglogi + log2)(1 —b) + 2i(log2 — 1+ a) — log2 — «

1.2837 — 1.642

—(b=1)]. 2.13
logi + loglog i + log 2 ( ) ( )

> (logi + loglogi + log 2) [

Now, the two functions ¢ — t/(logt + loglogt + log2) and ¢t — —1/(logt + loglogt + log2) are
increasing for ¢t > e?; choosing i; = 39018 and

1.2837; — 1.642
b— \‘1 8311 6

= [3675.52...| = 3675 2.14
log i1 + loglogiy + 10g2J L J ( )

shows that, for ¢ > iy, (2.12) is satisfied and that in (2.13), the bracket is positive. Therefore, (2.13)
proves p; + p;—1 < P2;—3675 for i > i; = 39018.

To determine the entries of the table, for all i’s up to 39018, we have calculated b; = 27 — 1 —
7(p; + pi—1) which is the smallest integer such that p;_1 + p; < pa;—s,. Further, for each b in the
table, we have determined i (b) which is the smallest integer ig such that, for ig(b) < 4 < 39018,
b; > b holds.

As 10(1) = 3, forall i > 3, Di+pi—1 < P2i—1 holds. SO, (25) follows from p2t+p1 = 3+2=5= Ps3.

LEMMA 2.5. Under Riemann hypothesis, for all © > 41 we have

)
— 232 log x. (2.15)

mial@) = Li(e?)| < 5=

Proof. Let us define r(x) by 7(x) = Li(z) + r(z) and assume the Riemann hypothesis. Then
(cf. 19; (6.18)]):

[r(x)| = |m(x) — Li(z)| < SL\/Elogac for x> 2657. (2.16)
m
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Let us denote xy = 2657. Then, from (1.6), Stieltjes’s integral gives:

x x

Ma(e) = ma(an) + [ edin(o)] = maoo) + [ rawi) + [ edire)

g zo x,
T

— ma(ao) + Li(a?) — Liad) + tr(n)|”, / r(t) dt.

Zo

With (2.16), it comes

3/2] T \/tlogt
Imia(@) = Lie?)| < Ima(@o) = Li(ad) - zor(wo)] + —g > + / fg;’g dt
o

2 2
/\/ilogt = 3t3/2<logt— 3),

and, using

|mia(x) — Li(z?)|

< %xfiﬂ logz — %IB/Z + |mia(zo) — Li(zd) — zor(z0)| — %@’;/2 log 20 + %IS/Q.
(2.17)
The computation of
r(xo) = w(xo) — Li(wo) = 384 — 399.59681 ... = —15.59681 ... .,
(o) — Li(22) = 464653 — 480610.2863 ... = —15957.2863 . ..

and (2.17) imply for x > xo,

5 1 5 .
|mia(z) — Li(z?)| < %:c?’/2 logx — E:US/Q —740.023... < Ew‘S/Q log x.

which proves (2.15) for « > xo = 2657. It remains to check (2.15) for 41 < x < 2657; by setting
fi(z) = Li(z?) — ix?’m log fa(z) = Li(2?) + LN %% log x
24 ’ 24m ’

it is equivalent to check
fi(z) < ma(z) < folz) (2.18)

for 41 < x < 2657. One remarks that f; and f, are increasing for « > 2. Therefore, to prove (2.18),
it suffices to check that for every prime p satisfying 41 < p < 2657 we have f1(p') < ma(z) < f2(p)
where p’ is the prime following p.

Note that, in the range [2,2657], ma(z) — Li(2?) has several changes of sign, the smallest one
being for x = 110.35... .

LEMMA 2.6. Let z and u be two real numbers satisfying z > 1 and \/z < u < z. Suppose that we
have precomputed the tables prime, piftab and pi. The first two tables are indexed by the integers
k,0 <k < 7(u), and the third one by the integers t,0 < t < u,

e primelk] contains pr (po = 1);

o piftablk] contains ms(pi);

e pi[t] contains m(t).

Then the sum

> san(?) (2.19)

Vz<gq<u, ¢ prime

may be computed in O(y/z/log z) time.
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Proof. For q > +/z, z/q belongs to [1,/z). The number of primes in this interval is O(y/z/ log z),
thus the number of values of 7,(z/q) is O(y/z/log z). We group the ¢’s for which 7,(z/q) takes
the same value. Algorithm 2 carries out this computation.

ALGORITHM 2. Computation of the sum (2.19) in O(y/z/ log z) time.

S =0; imin = 1+ pi[|v#]]
while imin < pifu] do
q = prime[imin]
s = pilz/d]
imaz = min(pi(z/ prime[s]), piu])
S = S + (piftablimax] — piftab[imin — 1])  piftab[s]
imin = tmax + 1
return S

Let us give some words to convince of the correctness of algorithm 2: let us note s = 7(z/q).
Then p, is the largest prime < z/q. For ¢’ prime, ¢’ > ¢, we have 74(z/q") = 7s(ps) = piftab[s] if
and only if z/¢" > ps i.e. ¢ < z/ps, in other terms, 7(¢’) < m(z/ps). Thus the largest prime ¢’ in
the range [q, u] such that 7;(z/q") = 7;(ps) is p; where i = min(w(z/ps), 7(u)).

3. First results

PROPOSITION 3.1. Let j be a positive integer and o; and N; be defined by (1.7). We have
h(Jj) = Nj.

Proof. Tt is easy to see that h(oy) = h(2) =2 = Ny and h(o2) = h(5) = 6 = N,. Now, we may
suppose that j > 3, i.e. p; > 5 and we set p = p;/logp;. The function ¢ +— t/logt is increasing
for t > e and, since 2/log2 < 5/logh, we have, for 1 < i < j, p;/logp; < p and for i > j,
pi/logp; > p; in other words, i — j and p;/log p; — p have the same sign.

Let M be a product of r distinct primes, M = @Q1Q2---Q,, with r > 0. After a possible
simplification by s primes, 0 < s < min(j, ), we may write

% _ PiPjs " Pju
N;  PkiDry D,

withu=r—s,v=7—sand

DPry < Dky <+ < Pi, SPj < Djy <Pjp <7+ < DPji,-

Let f(M) =4(M) — plog M. From the definition of ¢, the function f is additive and we have

u v

F(M) = f(N;) = (pj, — plogp;,) = > _(pk, — plogp,) = 0 (3.1)

i=1 i=1

since each term of the first sum is non-negative while, in the second sum, each term is non-positive.
From (1.1), since ¢(N;) = o, in order to prove that h(c;) = N;, we must show that, for all
squarefree number M satisfying ¢(M) < o; = £(N;), we have M < Nj. But, for such an M, (3.1)
yields
F(M) = €M) — plog M > F(N;) = £(N;) — plog Ny = o; — plog N

M eXp<€<M>—Uj> <1
N;j p

which completes the proof of Proposition 3.1.

whence



Maximal Product of Primes Whose Sum is Bounded 89

PROPOSITION 3.2. Let r and j be two positive integers and o;, N; and h; be defined by (1.7)
and (1.9). We have

A
hj (0j+T - UT) = ]</v+ = DPr+1Pr+2 " " Pr+j- (32)
Moreover, if n > 04, — o, we have
U(hj(n)) = 0jtr — 0y (3.3)

Proof. The proof is similar to the one of Proposition 3.1. Let us set

Pj+r — Dr

= — - and o = plogp, — p,. 3.4
loB(py+/p7) o (4

Since, for t # 1, (t—1)/t < logt < t—1 holds, we have p;;, > p > p, > 2. For a squarefree number
M, we consider the additive function

F(M) = (M) = plog M + p'w(M) = > f(p) =Y (p— plogp+ ).
Pl pI

We will prove that f attains its minimum in N = N;,/N,. From (3.4), it follows that f(p,+,) =
f(pr) =0 and the study of the function t — ¢t — plogt + p’ shows that

f(p)>0  for p<p,orp>pjir,
f(p) <0  for p, <p<pjsr,
flp)=0  for p=p,orp=pj.
Therefore, we have
fAM)—f(N) = >t - Y. =0 (3.5)
p|M ptM
Pp<pr O P>Pjir Pr<p<pj+r

From (1.9), we have to show that, for any squarefree integer M satisfying £(M) < 0j4,—0, = {(N)
and w(M) = j = w(N), we have M < N. For such an M, (3.5) gives

(M) — plog M + p'w(M) > ¢(N) — plog N + p'w(N)

yielding
M
N p

which, together with ¢(N) = 04, — o, proves (3.2).
To prove (3.3), first, from (1.9), we observe that hj(n) > N = N, /N,. Setting M = h;(n) in
(3.5) and noting that w(M) = w(N) = j, we see that

< eXp<£(M)_£(N)> <1,

M
UM) 2 U(N) + plog == = UN) = 04 — 0

which proves (3.3).

PROPOSITION 3.3. Let n > 2 be an integer and p < p’ two prime numbers which do not divide
h(n). Then the largest prime divisor PT(h(n)) of h(n) satisfies

PT(h(n)) <p+p".
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Proof. Let us assume that the set of prime factors of h(n) not smaller than p + p’ is not empty
and let ¢ > p + p’ be its smallest element.
If ¢ < pp', by setting M = (pp’/q)h(n), we have by (1.2)

(M) =p+p —q+L(h(n)) < L(h(n)) <n

and thus, from (1.1),

/
hn) > M =2 ), (3.6)
q
in contradiction with ¢ < pp’.
If ¢ > pp', i.e. ¢ = pp’ + 1, by Lemma 2.2, the interval [p + p’, ¢ — p|] contains a prime; thus the
prime p” = *(q — p) satisfies p + p’ < p” < ¢ — p < ¢q and, from the definition of ¢, p” does not
divide h(n). By Lemma 2.1, p”" = *(¢ — p) > (7/10)(q — p) holds, whence

10 pp’ (10 7
¢S =P Fp= > o)

We have p > 2, p' > 3and p” > p+p’ > 5, so that 10/p+7/p” < 10/2+7/5 < 7, yielding ¢ < pp”.
By considering M = (pp”/q)h(n), as in (3.6), we get

Mm>M:f%w>mm

a contradiction.

COROLLARY 3.1. If k = k(n) is defined by (1.8), the largest prime factor of h(n) satisfies

P (h(n)) < prs1 + Prso-

Proof. The number of prime factors of h(n) does not exceed k, so that, among p1,pa,. .., Pri2
there are certainly two prime numbers p and p’ not dividing h(n). By applying Proposition 3.3, we
get P*(h(n)) <p+p < pri1 + Prre-

PROPOSITION 3.4. Letn > 5 be an integer, k > 2 be defined by (1.8) and j an integer satisfying
2 < j < k. Let us supose that there exists two prime numbers, p,p’ not dividing hj_1(n), and
satisfying 3 < p < p’ and P (hj_1(n)) > p+p’ where P (hj_1(n)) is the largest prime divisor of
hj—1(n). Then the inequality

6
hj(n) > ¢ hj-1(n)
holds.

Proof. Let us consider two cases.

Case 1: pp’ > 15. Let us denote by ¢ < P*(hj_1(n)) the smallest prime dividing h;_;(n) and
satisfying p + p’ < gq.

If ¢ < (5/6)pp’, we set M = (pp’/q)h;j—1(n); we have w(M) = j and (M) = p+p' —q+
L(hj—1(n)) < €(hj—1(n)) so that, from (1.12), £(M) < n holds and (1.9) yields

6
h](n) > M > gh]—,l(n) (37)
as required.

If g = (5/6)pp’, we set p” = *(q — p); from Lemma 2.3, p+p’ < p” < ¢—p < g holds, and, from
the definition of ¢, p” does not divide h;_1(n).
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By Lemma 2.1, we get p” = *(q — p) > (7/10)(q¢ — p), which implies

10 pp’ (10 7

Butp>3,p' 27, p" >2p+p > 10, thus p” > 11, and 10/p+7/p"” < 10/3+7/11 < 35/6, yielding
g < (5/6)pp”. By setting M = (pp” /q)hj—1(n), as in (3.7), we get h;(n) = M > (6/5)h;j_1(n).
Case 2: p=3, p' =5.
If P*(hj_1(n)) < 13, which implies n < mq(13) = 41, examining Table 1 shows that, for n < 41,
we have h;(n) > (6/5)h;_1(n) with equality if and only if h;_;(n) = 5, 35, 385 or 5005.

Table 1: Table of h;(n) and h(n)

n h,l hg h,g h4 h5 h6 h
2 2 2
31 3 3
4| 3 3
5| 5 6 6
6| 5 6 6
7T 7 10 10
8| 7 15 15
91 7 15 15
0] 7 21 30 30
11 |11 21 30 30
12 |11 35 42 42
13113 35 42 42
14113 35 70 70
15|13 35 105 105
16 | 13 55 105 105
17|17 55 105 210 210
18|17 77 110 210 210
19119 77 165 210 210
20119 91 165 210 210
21119 91 231 330 330
22119 91 231 330 330
23123 91 385 462 462
24 123 143 385 462 462
25 | 23 143 455 770 770
26 | 23 143 455 1155 1155
27 1 23 143 455 1155 1155
28 | 23 187 455 1365 2310 2310
29 |29 187 715 1365 2310 2310
30 129 221 715 1365 2730 2730
31 |31 221 1001 1430 2730 2730
32 | 31 247 1001 2145 2730 2730
33 | 31 247 1001 2145 2730 2730
34 | 31 253 1001 3003 4290 4290
35 | 31 253 1309 3003 4290 4290
36 | 31 323 1309 5005 6006 6006
37 | 37 323 1547 5005 6006 6006
38 | 37 323 1547 5005 10010 10010
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n hl h2 hg h4 h5 hG h
39 | 37 323 1729 5005 15015 15015
40 | 37 391 1729 6545 15015 15015

41 | 41 391 2431 6545 15015 30030 | 30030
42 | 41 437 2431 7735 15015 30030 | 30030
43 | 43 437 2717 7735 19635 30030 | 30030
44 | 43 437 2717 8645 19635 30030 | 30030
45 | 43 437 2717 8645 23205 39270 | 39270
46 | 43 493 2717 12155 23205 39270 | 39270
47 | 47 493 3553 12155 25935 46410 | 46410
48 | 47 551 3553 17017 25935 46410 | 46410
49 | 47 551 4199 17017 36465 51870 | 51870
50 | 47 589 4199 19019 36465 51870 | 51870

If P*(hj_1(n)) > 17, and 11 does not divide P*(h;_1(n)), then we apply case 1 with p = 3,
p’ = 11, while, if 11 divides P*(h;_1(n)),

holds.

4. Bounding h;(n)

PROPOSITION 4.1. Let j > 1 andn > o; (where o has been introduced in (1.7)) be two integers;
we define r = 0 by

Ojgr —Op KN < Ojgpp1 — Optl (4.1)
and n’ by
0<n =n—(0j4r —0r) < Pjtri1 — Pri1- (4.2)
Then we have
hj(n) < pre1Pri2 - Praj Piertl Nyrs1 (4.3)

Pitr+1 =1 Ne(pjgrir — 1)
Proof. From its definition (1.9), h;(n) is a product of j primes. Let us denote by Ay, Aa,..., Ay
(with 0 < w < j) its prime factors exceeding p;+,+1 and by By, Ba, ..., Byy14,, the primes < pji,41
and not dividing h;(n); we have

Njyry14145--- A,y

hi(n) = BiBy - Bryitu (44)
(where the product Aj As - -+ A, should be replaced by 1 when u = 0) and
2< B < < Briigu K Pjtr+1 < Pjgrga2 KA < < Ay (4.5)
Further, let us introduce v = £(h;(n)); by (1.12) and (4.1), we have
VEN < Ojprsl — Orgl (4.6)
and it follows from Proposition 3.2, (3.3), that
v = U(h;(n)) > 05 — 0. (4.7)
Moreover, (4.4) implies
v="L(hj(n)) = 0j4ri1—0r+ > (Ai = Bry1yi) = »_(Bi — pi) — Brya. (4.8)

i=1 i=1
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Now, we consider the optimization problem (where v, r, u, Ay, As, ..., A, are fixed)
A1A2 . Au
_ 4.
M= 1) (9

where D is a subset of N'T4 7 = (Z), Zo, ..., Zry144),

f(Z) =225 Zrt14u

and the set D is defined by

Z; <ZT+1, 1<t (4.11)
Zpg1 < Zpga14i < Ay, 1 <i<u, (4.12)
and
U(Z) = R(Z) — Zr41 + Ojarpr — 07 =V (4.13)
with u .
U(Z) = Z(Az = Zrg144), R(Z) = Z(Zz = pi)- (4.14)
i=1 =1

Note that, from (4.5) and (4.8), B € D so that (4.4) implies

hj(n) AlAQAu AlAQAu
- <M =max 22w 4.15
Njyri1 f(B) zep  f(Z) (4.15)

If Z € D, from (4.10)—(4.12), it follows that

2=p1 < Z; < Au, I1<i<r+1+u

so that f(Z) does not vanish on D and D is finite. Therefore, the maximum M defined by (4.9) is
finite; let C' be a point in D where the maximum M is attained. We shall prove that

U(C) = R(C) =0. (4.16)

For that, first we claim that one of the two numbers U(C), R(C) vanishes. Indeed, assume that
U(C) # 0 and R(C) # 0. From (4.10), we have R(C) > 0; thus there exists ip, 1 < 79 < 7, such
that

Ciy 2 Diy +1> piy. (417)

Similarly, from (4.12), we have U(C) > 0, and there exists i1, 1 < ¢; < u, such that
Ay > A —132 Crpryi,. (4.18)
Let us define C' € N™t1+u by
Ci, =Ci, — 1, "iiri, = Crgiqiy + 1, Cl=0Cy, i#ig,r+1+1i1.

To prove that C" € D, we have to check that Cj > p;, (which follows from (4.17)), that C] < Cp41
(which follows from C} = C;, — 1 < Cy41 — 1), that Cr.pq < C) 4, (since Cryq < Cryrqy, and
Crgrti, = Clpypy, — 1), that C) ;. < A;, (which follows from (4.18)) and that U(C") — R(C') =
U(C) — R(C) (which follows from U(C') = U(C) — 1 and R(C') = R(C) — 1). Further, we have
F(€) _ GG _ (Cig = D(Crirvin +1) _ 1 (Criagin = Cip +1)

f(C)  CiyCriryiy CioCri1+4i, CioCri1+4,

<1 (4.19)



94 M. Deléglise, J.-L. Nicolas

since, from the definition of D (cf. (4.11) and (4.12)), C;, < Cr11 < Cri144, holds. But (4.19)
contradicts the fact that the maximum in (4.9) is attained at C.

Let us show now that it is impossible to have simultaneously U(C) > 0 and R(C) = 0; indeed,
let us assume that U(C) > 1 and R(C) = 0 (which implies r = 0 or C; = p; for 1 < i < r). We
define 41 as in (4.18). Since C' € D, we get from (4.13)

Cry1=0j4r41— 0, —v+U(C) = (0j4r11 — 0ry1 — V) +pry1 +U(C)

which, by (4.6) and U(C) > 1, yield

Cry1 > pry1 +UC) 2 pryr + 1. (4.20)
We define C" € N"+1+u by
Cry1=Cry1 — 1, itiy = Cryigi + 1, Ci=Ci, i#r+1Lr+1+i.

To prove that C' € D, we have to check that C! > p;for 1 <4< r+1 (which follows from
C; = C; = p; if i <7 and from (4.20) if i = r + 1), that C] < C]; for 1 <i < r (which follows
from C; = C; = p; < p, and from C],; = Cr11 — 1 > pyq1, via(4.20)), that C), < C;,,; for
1 <@ < u (which follows from C},; < Cryq and C) 4 ,; > Cry144), that C 1, < A;; (which
follows from (4.18)) and that U(C") — Cl.; = U(C) — Cy11) (which is easy). As in (4.19), we have
f(C") < f(C), contradicting the fact that the maximum in (4.9) is attained at C.

To prove (4.16), it remains to show that we cannot have R(C) > 0 and U(C) = 0. Let us suppose
that R(C) > 1 and U(C) = 0, which implies either v = 0 or, for 1 < i < u,

Cri14i = Ai 2 pjtr+2 2 Pjtrt1 + 2, (4.21)
with the help of (4.5). From (4.13) and (4.7), this time we get
Cri1=0j4r11 —0r —v—R(C)
< 0jtr+1 — 0r = (047 — 0r) = R(C) = pjiri1 — R(C) < pjyri1 — L. (4.22)
Here we choose ig as in (4.17) and set
Cl, = Ci, — 1, 11 =Crp1 +1, Ci=0C;, i#io,r+1.

To prove that C' € D, we have to check that C] > p;, (which follows from (4.17)), that
C),1 = pr41 (which follows from C}. | = Cpy1+1and Cryq > pry), that, for 1 <i <, O] < C)
(which follows from C} < C; and C}.; > Cyy1), that, for 1 <i <u, Cl; < Cryi44, = Aj, (which
follows from (4.21) and (4.22)) and that R(C’) + C/,, = R(C) 4+ Cy41 (which is easy). As pre-
cedingly in (4.19), we observe that f(C’) < f(C), contradicting the fact that the minimum is
attained at C.

In conclusion, we have proved (4.16) so that C; = p; for 1 <i < rand Crq14, = 4; for 1 <i < w.
Moreover, (4.6) yields v < n, and, from (4.13) and (4.2), we get

/
Crfl =0jirp1 —0p =V 2 Ojipy1 — Op =N =Djyrp1 — 1.
Therefore, the maximum M in (4.9) satisfies

- AAy-- A, _ 1
pipe- - prCrp1A1As - Ay pipe- e pr(Pjprs1 — 1)

which, via (4.15), proves (4.3).
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PRrROPOSITION 4.2. With the notation of Proposition 4.1, we have

Nii, Nii,
hj(n) > Jtrtl = Al (4.23)

T Ne(pjiri1 — )" qN;
where ¢ = (Pjpr41 — n')* is the smallest prime satisfying ¢ = pjtr41 — 1.

Proof. From (4.2), we have py11 < pjtr41 — N < pjr41 which implies pry1 < ¢ < pjgry1 SO
that M = Nji,41/(gN,) is an integer with exactly j prime factors. Further, by (4.2), we have

M) =0j1r41—0r =4 < Tjtry1 — 0 — Djpri1 —0') =0
and, by (1.9), h;(n) > M holds.
COROLLARY 4.1. We keep the notation of Proposition 4.1; if ¢ = pjyry1 —n' is prime then

M (4.24)

hj(n) = hj(aj+7"+1 -0, —q) = N,

Proof. Corollary 4.1 follows from Propositions 4.1 and 4.2.

5. A parity phenomenon

PROPOSITION 5.1. Let k > 2 be an integer and a be an even number satisfying 4 < a < pg+1
and hy, defined by (1.9). We have

hk(0k+1—a)=hk(0'k+1—a—l). (5.1)
Proof. Since n — hy(n) in non-decreasing, we have
hk(0k+1 — a) > hk(0k+1 —a— 1) (52)

Let us set n = o1 — a and note that n satisfies o, < n < opy1 so that, from (1.8), k =
k(n) = k(n —1). Let M be a positive squarefree integer such that /(M) < n and w(M) = k. Such
a number M is even; if not, we would have /(M) > 3+5+ -+ + pgt1 = 0x+1 — 2 in contradiction
with ¢(M) < n = 041 — a < o041 — 4. Therefore, (M) is the sum of 2 and k¥ — 1 odd numbers,
so that {(M) = o, = og41+1=0k41 —a—1 (mod 2). So, ¢(M) cannot be equal to ox11 —a and
U(M) < 0+1 —a—1 holds. Thus, from (1.9), we get hi(or+1 —a) < hg(og+1 —a —1), which, with
(5.2), proves (5.1).

PROPOSITION 5.2. Let k be an integer, k > 2, and q a prime number satisfying 3 < q¢ < pr. By
setting m = opy1 — q — 1, we have
Ni11
hi—1(m) = hj—1(m — 1) = hy_1(0p41 —q — 2) = Tog (53)
Proof. From Table 1, we have hy(6) = hy(5) = 5, ha(11) = h2(10) = 21 and ho(13) = he(12) =
35 so that the proposition is true for £ = 2, ¢ = 3 and for k = 3 and ¢ = 3 or 5. So, from now on,
we assume k > 4. Corollary 4.1 with j =k —1, » = 1 implies hx_1(m — 1) = Ni4+1/(2¢) and, since
n — hg_1(n) is non-decreasing, it follows that

Niy1

hi—1(m) = hgp_1(m —1) = 2%

(5.4)
Let M be a positive squarefree integer satisfying ¢(M) < m and w(M) = k — 1. In view of (5.4)
and (1.9), to prove that hy_1(m) = Ni41/(2q), it suffices to show that

Ni41

M < . 5.5
5 (55)
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If M is odd, ¢(M) is the sum of k — 1 odd numbers, which implies
M) =0 =0kr1 —g=m+ 1(mod2).

So, ¢(M) cannot be equal to m; since, by (1.9), /(M) < m holds, we should have /(M) < m — 1;
therefore, from (1.9), we get
Nit1

M < hy— -1 = .
hg—1(m —1) % (5.6)
If M is even, we have w(M/2) =k — 2 and £(M/2) < m — 2, so that
M < 2hy_a(m — 2). (5.7)

If ¢ > 11, since we have assumed k > 4, i.e. ppy1 > 11, we have
Uk—5<m—2:ak+1—q—3<ak+1—14<ak+1—10.
By Proposition 4.1 with j =k -2, r=2,n=m—2,n' =n — (o — 02) = prr1 — q + 2, we get

Niy1
6(q —2)

hi—2(m —2) <

which, by (5.7), gives

Niv1 _ Neyi g <Nk+1E<N1§+1
~3(qg—2) 3¢ g—2 3¢ 9 2q

If ¢ € {3,5,7}, since k > 4 and pri2 > pe = 13, we have
Or+1 —10<m—2=0pp1 —q—3 < opp1 — 6 < opyo — 17.
and Proposition 4.1 with j =k —2,r=3, n=m —2 and n' =n — (o041 — 10) = 7 — ¢ yields

N2

hi_a(m—2) < . 5.9
k=2l =) S S+ a =) (59)
Using ¢ < 7, k > 4 and pry2 = ps = 13 gives
Niyo _ Nin Dik+2 P Nipgr 13 18Npp1 ¢ < 13Ng1 7 < Niy1

30(pry2+q—T7) 30 prro+q—7 30 ¢g+6  30¢g g+6 = 30¢ 13 4q
which, together with (5.7) and (5.9), proves

Nit1
M . 5.10
< (5.10)

Inequalities (5.6), (5.8) and (5.10) prove that (5.5) holds, which, with (5.4), completes the proof
of (5.3).

PROPOSITION 5.3. Let k be a positive integer and m = o141 — 1; we have

Niy1

hip(m) = hpg(m —1) = hp(ogs1 — 2) = 5

(5.11)
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Proof. 1t is the same proof than for Proposition 5.2. By Proposition 3.2 with j = k and r = 1,
we have

N,
hi(m) = he(m —1) = ’;“ .
Further, let M be a positive integer satisfying £(M) < m and w(M) = k. If M is odd, by the parity
phenomenon, we have £(M) = m—1 (mod 2) so that (M) < m—1and M < hy(m—1) = Ngy1/2.
If M is even, we have M < 2hg_1(ok+1 — 3) and, if k > 2, i.e. pyro > 7, Proposition 4.1 with

j=k—1,r=2 n=o0p1 — 3, n =2, yields

M<2 Nito  _ Net1 Pryo < TNg41 Nk+1.

6(pry2 — 2) 3 pryo—2 15 2

If kK =1, it is easy to check that (5.11) still holds.

6. The increasingness of h;(n) on j

THEOREM 6.1. Let n > 2 be an integer and k = k(n) be defined by (1.8); for j satisfying

1 <5<k, we have
5

6
and (6.1) is an equality if and only if j = k(n) > 2 andn =011 —4 orn =041 — 5.

Proof. If j = 1, it follows from (1.10) and (1.11) that ho(n) = 1, hi(n) = *(n) > 2 and
ho(n)/hi(n) < 1/2 < 5/6, which proves (6.1). So, from now on, we assume j > 2.

The sequence (04, — 0,)r>0 is increasing and goes to infinity. So, we may define r; > 0 and n;
by

hy—1(n) < = hy(n) (6.1)

Ojir; = Op; SN < Ojgr;41 — Opj41 (6.2)
and

ny=n—(0jir, — o). (6.3)

We shall consider four cases: r; < j—4,r; 2j+3,j-3<r;<j+2andj>25j-3<r; <
j+2and j < 24.

First case: r; < j — 4. From (2.5) and our hypothesis j > r; 4+ 4, we deduce
Prj+1 +Prj+2 < P2rj43 < Djtr; < Djtr+1 (6.4)

and
DPri+2 + Prj+3 < Darj+5 < Djtr;42- (6.5)

From (6.3) and (6.2), we get
0 < TL; =n-—- (Uj-i-T‘j - GTj) < Pj+rj+1 — Prj+1 (66)
and applying Proposition 4.2 yield

N‘+r-+1 N‘+r-+1
hj(n) > — 7 = I : 6.7
J( ) quj Nrj(pj+rj+1 —n})* ( )

In view of bounding h;_1(n), we have to determine r;_; such that
Oj—14r;_1 — Or;_, sn< Oj+rj_1 — Or;_1+1- (68)

We shall distinguish two sub cases.
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Subcase one: rj_1 =r; + 1. Let us assume that
Ojir; = Op; KN < Oy, 41— Orj42, (6.9)

i.e. from (6.3),

0<nj=n—(0j4r; —0r;) < Pjtr;+1 = Pry+1 — Prj+2- (6.10)
Note that, from (6.4), the right hand side of (6.10) is positive. Then, we have ;1 = r; + 1 since,
from (6.9),

T(G=1)+(rj+1) — Orj+1 = Ojtr; = Op;1 < Ojpr; — Op; SN
< Ojtrj+1 = Orj42 = O(j—1)+(rj+1)+1 ~ O(r;41)+1

holds. Via (6.3), this implies that

/ def o o
nj_1 =N— (O-j_1+7'j—1 - 0'7"7'71) =N = Oj4r; + Orj+1 = 1j +p7”j+1'

Applying Proposition 4.1 and noting that j — 1 +7;_1 = j + r; yield

h (n) < Nj—1+Tj71+1 _ Nj+7‘j+1
i-1(n) < — = , .
NTj71<pj71+Tj71+1 _njfl) NTJ+1(pj+TJ+1 _nj _p’I‘J+1)

By using (6.7), we get
hj-1(n) _ (Djr;+1 — n5)*
h‘](n) h ij+1(pj+rj+1 - ’I’L; _prj-i-l)

(6.11)

From (6.6), we have pjy,,+1 — 1} > pr,+1 = p1 = 2, so that we may apply Lemma 2.1 which, with
the help of (6.11) and (6.10), yields

hj—1(n) < 11 <1+ Prj+1 >< 11( 1 + 1 >
h;(n) 8Pr;+1 Pj+rj+1 — n; — Prj+1 8 \Prj4+1  Prj+2

11( 1 n 1 )<11(1+1><
8 prj+1 prj+2 = 8 3 5
which proves (6.1).

It remains to consider the case r; = 0, which, from (6.9) and (1.8), implies 0; < n < 041 and
k(n) = 7.

Then (6.10) becomes 0 < n; =n —0; < pj11 — 5 and, by setting a = p;+1 — n’;, we get

If’l“j 2 1,

S| Ut

5<a:pj+1—n;-=pj+1+aj—n:aj+1—n<pj+1 (612)

while (6.11) yields
hyoa(n) _ (a)"
hi(n) ~ 2(a—2)°

By Lemma 2.1, (a)* < (11/8)a holds, and, for a > 12,

11 a 1112 5
R T R
16a—-2 " 1610 6

(6.13)

which, via (6.13), proves (6.1).
Since, from (6.12), a > 5, it remains to study the cases 6 < a < 11. If a = 7,9,10, 11, it is easy
to check that
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If a = 6 or a = 8, by Proposition 5.1, (6.12) and (4.23) we have

Ny
hj(n) = hj(oj41 —a) = hj(oj41 —a—1) =hj(n—1) > m
while, by Proposition 5.2, since a — 1 is prime, we get
Ny
B —hi 1(n—1)= —2+1
J l(n) J l(n ) 2(a_1)
yielding
T ifa=6
ha(n) _hyan—1) _ @@+ _J1g T*=0
hj(n) hj(n—l) 2(&—1) E ifa:8,

14
and, in both cases,

hy-1(n)
h;(n)
holds, which proves (6.1).
Subcase two: 1;_1 = r; + 2. Now, we assume that (6.2) holds but not (6.9); thus we have
Ojdr;+1 — Or;j42 <n< Ojdrj+1 — Orj41 (614)

and, from (6.5),

Djtri+1 = Prj41 — Prijt2 <5 < Djtrj+1 = Drjtl- (6.15)
Here, we get 7;_1 = r; + 2, since we have

Oj—1tr;4+2 — Opj42 SN < 041 — Opj41 < Ojpr 42 — Op,43
by observing that, from (6.5),
Oj+rj+2 — Or;+3 — (Uj+7-j+1 - Urj+1) = Dj+r;+2 — Pry+2 — Prj43 >0
holds. Now, we have

’ _ _
0< nj_1 =N~ (Jj*1+7’j71 - O-T'j—l) =N = Oh4r+1 + Or;+2

=N+ Ojr, = Or; = Ojir,+1 + Ory42 (from (6.6))
=N = Pjry 41+ Pry1 + P42 (from (6.15))
< Prj+2 (616)

and applying Proposition 4.1 gives

s (n) Nyt _ Njtr+2
/ Ny (Pi—14r; 141 — ”371) Nrjv2(Pitr;+2 — ”3‘71)

N

while Proposition 4.2 yields
N]+’I‘J+1
Noj (Pjtry+1 — 1))*
We set a = pj ;41 —nj and A =pj 19— Pr, 41 — Pry+2 S0 that (6.16) allows to write pj i, 12 —

n’,_;, = A+ a, and we have
j-1(n) _ Pitri+2 (@)
hJ (ﬂ) b Pr;+1Dr;+2 A+a

hj(n) >

J

h

(6.17)
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Formula (6.16) can be rewritten as

2=p1 <Pr41 <= Pjyrp1 — N < Prjy1 + Drjta- (6.18)

Lemma 2.1 implies (a)* < 11a/8 and, by (6.4), A > 0 holds, so that the homographic function
t+— t/(A +1t) is increasing. From (6.18), we thus have

a Pt T DPrj+2  Drj41t Drjg2
Ata A+ Drj+1 + Prj+2 Dj+r;+2

Therefore, we get

hj (n) = 3 prj+1prj+2 8

which is smaller than 5/6 if ; > 1.
It remains to consider the case r; =0, ;1 = 2. Formula (6.17) becomes

hj1(n)<11prj+1—|—prj+2_11( 1 n 1 )
p’!‘j"rl p’l‘j+2

hi-1(n) _ Pj+o (a)*
hj(n) =~ 6 pjy2—5+a

(6.19)

while (6.18) via (6.3) becomes
2<a=pj1—nj=01—-n<5 (6.20)

Since j > 2 holds, note that (6.20) implies 0; < 041 —5 < n < 041 — 2, which shows from (1.8)
that k(n) = j.
If a =5, since n = 041 —a = 041 — 5, by Corollary 4.1 with » = r; = 0 and ¢ = 5, we get
hj(n) = Nj41/5, while Proposition 3.2 gives
Njy1  Nju

hj-1(oj41 —5) = hj_1(0j11 — 02) = N, — 6

Therefore, hj_l(O'j_H — 5)/(}1]‘(0']'4,_1 — 5)) = 5/6
If a = 4, by Proposition 5.1, we get h;(0j4+1 —4) = hj(o;+1 — 5) and, by Proposition 5.2,
hj71(0j+1 - 4) = hj,1(0j+1 - 5) so that
hj-1(0j+1—4) _ hj1(0j41—5) 5

hj(oj41—4) hj(oj41—5) 6
If a = 3, Formula (6.19) becomes

hj—1(n) < Pi <l<
hi(n) = 2(pj+2—2) = 10

S| Ut

since pj1o = ps = 7.

Second case: rj > j+ 3. From (6.2), we deduce n > 01y, — 0,41 = OG—1)4(r;+1) — O(r;+1) and
Proposition 3.2, (3.3), implies
U(hj—1(n)) Z Oj4r; = Or; 11 (6.21)

Let us now show that et
4= PH(hj—1(n)) = pjtr,- (6.22)

Indeed, if ¢ < p;4r,—1 holds, since hj_1(n) has j — 1 prime factors, we should have
l(hj—1(n)) < Dj+rj—1 +Djtr;—2+ -+ Prj41 < Djtr; T Pjtr;—1+ -+ Prj42 = Ojtr; — Or;41

which would contradict (6.21).
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Further, among the j + 1 primes py = 3,ps,...,pj4+2, there are certainly two primes p and p’
not dividing h;_1(n) and satisfying 3 < p < p’ < pj42. By Lemma 2.4, (2.5), and (6.22), we get

p+p <pjy1+pjr2 < P2jts < Pjtr; < q =P (hj—1(n)) (6.23)
and, applying Proposition 3.4 proves
hi_
j—1(n) < §
j n) 6

Third case: j —3 < r; < j+2 and j > 25. The proof is the same than for the second case; only,
in (6.23), instead of (2.5), we use (2.6) withb=7,i=j+2> 2T

P+ <pjp1+pive < P2j—s < Pjgr, <q= P*(hj_1(n)).

Fourth case: j —3 < r; < j+2and j < 24. Here, we have r; < j + 2 < 26 and, from (6.2), we
get
n < Ojtri+1 < 051 = 5350.
So, for k < 50, 0 < n < opy1 and 1 < j < k, we have computed hj(n) with the algorithm
described in Section 1.4 and we have checked that, for j > 2,

hiza(m) 5
hj(n) = 6
always holds, with equality if and only if j = k(n) and n =041 —4 or n = 0,41 — 5.

COROLLARY 6.1. For all non-negative integer n > 2, we have
h(n) = hi(n) (6.24)

where k = k(n) is defined by (1.8).
Proof. From (1.1) and (1.9) we have

M0 = o ey i

and Theorem 6.1 yields ho(n) < hi(n) < - < hgm)(n).

7. Computation of 7¢(x)

Let f be an arithmetic function, i.e. a function defined on positive integers. The simplest way
to compute 7¢(z) defined in (1.5) is to generate the primes up to x by Eratosthenes’s sieve, which
is too expensive for large values of z.

DEFINITION 7.1. An arithmetic function f is said to be completely multiplicative if f(ab) =
f(a)f(b) for all @ and b. If f # 0, this implies f(1) = 1.

Following ideas of the german astronomer Meissel, Lagarias, Miller and Odlyzko gave in [10] an
algorithm that computes 7(x) with a cost O(2?/%/logz). In this work they also remark that their
algorithm allows to compute 7 (z) for every completely multiplicative arithmetic function f.

This method has been improved in [11] to compute 7(z) with a cost O(z2/3/log® z), provided
that all the arithmetic operations on integers are of constant cost O(1), not depending on the
size of the operands. We show here that this improved algorithm may be used to compute 7 (x)
whith a cost which is still O(2?/3/ log? x), for a large subset of the set of completely multiplicative
arithmetic functions. More precisely we have the proposition.
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PROPOSITION 7.1. Let f be a completely multiplicative arithmetic function with integer values.
Let F be the summatory function of f,

F) =Y f(n). (7.1)

ne

We suppose that all the ordinary arithmetic operations about integers are of constant cost O(1),
and that

e cach value f(n) may be computed in time O(1), not depending of the size of n;

e there is an algorithm computing

Sutne) = Y ufF (L) (72

n
1<n<y

in time O(x2/3/log® x).
Then, there is an algorithm computing

mp(@)= Y fp)

P
p prime

in time O(x2/3 Jlog® x).
When F(u) can be computed in O(1) time, the second hypothesis is satisfied.

REMARK 7.1. The second hypothesis may seem strange. Let us give a few words of explanation.

Our computation of 7¢(x) begins by choosing y = O(z'/3+¢). Then we compute Sy = Sp(y,z)
(this is the contribution of ordinary leaves defined in Lemma 5.2, equation (9) in [11] and in
Lemma 7.2, equation (7.14) in this article). Function F' does not appear elsewhere in the algorithm.
So being computed, the total cost of the other computations is 0(12/3/ log? x). The second
condition of Proposition 7.1 ensures that our algorithm computes 74 (z) in time O(x?/3/log” ).

In many cases, F(u) can be computed in time O(1), then the sum (7.2) can be computed in
time O(y), by precomputing the Mobius function, so that the second hypothesis is satisfied.

REMARK 7.2. In Proposition 7.1 we restrict ourseves to the case of integer valued functions.
The case of real valued functions is more delicate because of truncation errors. In [12], Bach and
al. have elaborated an algorithm to compute 7y(x) where f(n) =1/n, and

z = 1801241484456 448000 = 1.8... x 10'8.

7.1. Algorithm for 7¢(x). We will describe very briefly our algorithm to compute 7 ¢(z), using
notations and formulas which, when replacing f by 1, reduce to the correponding ones contained
in [11].

For b € N, let us define ®(z,b) as the sum of the f(n), for the n’s € [1, ] that subsist after
sieving this interval by all primes p1, p2, ..., Db,

O(x,0)= Y fln)=F(x), b= Y f(n), b>1 (7.3)
1<nLe 1<n<Lz
P~ (n)>ps

For k> 1 and b > 1, let us set

Pk(xa b) = Z f(n)v (74)

1<n<Lx
Q(n)=k, P~ (n)>py
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so that, from (7.3) and (7.4) we get, for > 1,

O(z,b) =1+ Pi(z,b) + Py(z,b) + - - . (7.5)
From now on, we choose y € R
P <y <V (7.6)
and set
a=m(y).

We will precise later the best choice for y, which is closed to z'/3.
Since y > 2'/% equation (7.4) yields Py(z,a) = 0 for k > 3 and (7.5) becomes

O(xz,a) =1+ Pi(x,a) + Pz, a).

Since
Z fo)= > fp)=ms(z)—7s(y),
we have
wi(z) = ®(z,a) + 74(y) — 1 — Pa(z, a). (7.7)

Replacing f by 1 (and 7y by «), formula (7.7) is formula (4) in [11].

7.2. Initialization of the computation: the two basis tables. After fixing y, by using
Eratosthenes’s sieve, we precompute the table of primes up to y, and the table of the values 7s(u)
for 1 < u < y. The cost of these initializations is O(y loglogy).

7.3. Computation of Ps(x,a). Definition (7.4) and the complete multiplicativity of f give

Py(x,a)= > fp)= > f®)f()

y<p<gszT y<p<qg<zT
Pg<T Pg<T

where p and ¢ are primes. The p’s figuring in this sum satisfy p < /¢ < z/y and we get

> ot >, f@

y<p<z/y p<g<z/p

We remark that, for p > \/z, the sum on ¢ vanishes. Since, by (7.6), v/ < 2/y, we have

S o Y o= Y f<p>( (jj)—m )

y<p<Vz p<q<a/p y<p<VzT
or
Z f(p Wf( ) - Z f)me(p—1). (7.8)
y<p<VT y<p<VT

In the above formula, the values of p are bounded above by /z which is larger than y. Thus we
cannot find these primes p, nor the values 7¢(p — 1), in the precomputed tables (cf. Section 7.2),
and we generate them using a sieve of [1, /2], which we call the auzilliary sieve. The values of x/p
lie in the interval [1,z/y]. So we will get the values 7 (z/p) by an other sieve, the main sieve. Let
us note that the respective sizes of the sieve intervals, v/z and x/y, are too large to allow a sieve
in one pass. Thus the two sieves will be done by blocks of size y that must be synchronized.

Initialization. Computation of w, the largest prime < \/z and of my(w). By Eratosthenes’sieve
we compute the largest prime @ not exceeding y/z and calculate 7¢(w). The auxilliary sieve is
then initialized by putting in the sieve-table the primes p of the block [\/z —y + 1, v/z]. The main
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sieve is initialized by sieving the first block [A, B] = [v/z,v/Z +y — 1]. The cost of this phase is
O(z'/?loglog ).

Computing Ps(z,a). We use formula (7.8), getting in decreasing order the primes p € (y, /7]
and the f(p)m¢(p—1) from the auxillary sieve, and getting the values 7¢(z/p) from the main sieve
whose successive blocks will cover in ascending order the interval [\/z, z/y).

We initialize a variable p with the value w, a variable 7' with the value 7(w) and a variable
P, with the value 0. Then, while p > y, we repeat:

o substract f(p) from T'; thus the new value of T is 7y (p — 1);

e if z/p > B, while z/p > B we replace the block [A, B] by the next block [A + y, B + y]

and we sieve it; when x/p € [A, B] we get m¢(x/p) in the main sieve table and we add

fp)ms(x/p) — f(p)T to Py
e using the auxilliary sieve, replace p by its predecessor.
The final value of the variable P5 is Pa(x,a). The first step is negligible in cost, compared to
the second. Thus the computation of Ps(z,a) is of total cost

O(xloglogy).
Y

7.4. Computation of ®(x, a). The following lemma is proved as Lemma 5.1 in [11].

LEMMA 7.1. For every u > 0, and for b > 1,
®(u,0) = F(u) (7.9)

B(u,b) = (u,b— 1) — f(pb)q)(;b, b— 1). (7.10)

This relation gives an obvious method for computing ®(x, a). Starting from the tree with the
only node ®(x,a), and applying repeatedly (7.10) we get a tree whose all nodes, except the root
node, are labelled by a formula of the form

u(n)f(n)<1><i,b> (7.11)

where b < a —1 and n =1 or n is a squarefree integer with prime factors ¢ € {pp+1,...,Da}-
If we repeat this expansion until all the leaves of the resulting tree are labelled by formulas
w(n) f(n)®(z/n,0), using (7.9), we get the formula:

vea)= ¥ amiwe(20)= ¥ amswr(%) (7.12)

n
1<n<Lx 1<n<Le
P*(n)<y P*(n)<y

which, when f =1 is formula

vea)= Y )]

1<n<Lx
PT(n)<y

(cf. [11; p. 237]).
The number of terms in (7.12) is much too large. In order to get a sum with fewer terms we
replace the trivial rule

RULE 1. Expand (7.11) using (7.10) if b > 0,
by the new rule

RULE 2. Expand node (7.11) only if b > 0 and n < y.
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Expanding the computation tree with Rule 2 instead of Rule 1 we get

LEMMA 7.2. We have
O(x,b) = So+ S,

where Sy is the contribution of ordinary leaves

So=So(y,x) = > u(ﬂ)f(ﬂ)<1><270> = > u(n)f(n)F<x)

1<ngy

and S, the contribution of special leaves, is

S = Z M(n)f(n)(b(n,ﬂ'(P_(n)) - 1). (7.13)

n/P~(n)<y<n

This lemma corresponds to Lemma 5.2 in [11].

7.4.1. Computation of Sy. In the general case, the computation of Sy is done with a cost
O(x2/3/log? x) thanks to the condition 2 in Proposition 7.1.

In the case we will consider later in this work, the computation of miq(z), f(n) = n, thus
F(u) = [u][u+ 1]/2 is computed in O(1) time and the computation of Sp(z,y) is of cost O(y) =
o(z%/3 /1og® z).

7.4.2. Computation of S. In the sum (7.13), let us set n = mp with p = P~ (n). Grouping
together all the n’s according to the value of p, we get

S=-Y 1) X utmme () -1). (7.14)

Py P~ (m)>p
m<y<mp

The computation of S from (7.14) is the complicate part of the algorithm. In the following
paragraph we show that it is relatively simple to get a cost O(x2/ 3+e),

7.4.3. How to compute S in O(x?/3+). In this section, we explain a first method to get (),
rather simple to implement, and whose running time is O(x2/3+5). We take y = x'/3. Since mp > y
all the values u = z/(mp) appearing in (7.14) are less than x2/3. We sieve the interval [1,z/y)
successively by all primes p < y. After the sieve by p, from the definition (7.3) of @, for all the m’s
such that m < y < mp, we get in the sieve table the value ®(z/(mp),n(p) — 1), and we add to S
the value f(p)u(m)f(m)®(z/(mp), 7(p) —1).

But, if we proceed in the naive way, after sieving by each p, we will update the sieve table,
putting in the case of index u the sum of f(n) for the n’s, n < u that are still in the table. This
is excluded because, for each p this would cost O(x/y) operations, and the total cost of these
updatings would be > 7(y)(z/y) < z/logx. As explained in [10] (the 7 last-lines p.545 and the
first half of p.546) we use an auxiliary data structure such that, for a price of O(logz) time in
place of O(1) for each access, we don’t need to update the sieve table after each sieve. To be a little
more precise let us say that this structure is a labelled binary tree. There is a leave for each index
i of the table sieve, this leave is labelled by the value f(i), and each interior node is labelled by the
sum of labels of its two sons. Proceeding in this way, the cost of the sieve is O((x/y) log z loglog ),
while the cost of retrieving the values f(p)u(m)f(m)®(z/(mp),w(p) — 1) is O(7(y)ylog x). Both
costs are O(x2/31¢) with our choice y = 21/3.
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7.4.4. Faster computation of S. In this section, we explain how to carry out the computation
of ¢(z) in O(z?/3 /log® z). We take y = x'/3(logz)? loglog z. To speed up the computation of S
we partition (7.14) in tree subsums S = S; + Sy + Ss,

== X i X wmseme( L -1),

z1/3<p<y P~ (m)>p
my<mp
T
== X f0) X umseme( e -1),
zl/4<pLal/3 P~ (m)>p p
mLy<mp

So== 3 f0) X utmsome (L) -1).

p<al/4 P~ (m)>p
my<mp

We will show that S; is quickly computed in O(y) time. S3 will be computed by sieve, as
explained in Section 7.4.3, but faster, because the number of values for p is reduced from 7 (y) to
w(x1/4). The main part of the computation will be the computation of S5.

As in [11], we first observe that the m’s involved in S and S are all prime and therefore:

Si= X 10 % f@e( 1), (7.15)

z1/3<p<y P<q<y

= X 0 Y f0e( L)1) (7.16)

/4 <pLal/3 P<q<y

Computing S;. As in [11] we remark that, in (7.15), we have x/(pq) < #'/3 < p. Thus, all the
values ®(x/(pq), m(p) — 1) are equal to 1. Therefore

Si= > f) D f@= Y [0y —7sp).

21/3<p<y P<qy z1/3<py

This value is computed in O(y) additions, using the precomputed table of the values 7;(u) for
1<u<y.

Computing Ss. For each p < 2!/
factor is p.

We sieve the interval [1, z/y] successively by all the primes up to z'/4. As soon as we have sieved
by p, using the precomputded lists of squarefree whose least prime factor is a prime ¢ > p we sum

4 we precompute the list of all the squarefree m < y whose least

@)Y um)fm)e( - a(p) ~ 1
. (gm0 =)

for all squarefree m € [y/p,y) such that P~ (m) > p. This computation is done by blocks, using
the auxiliary structure, as explained at the end of Section 7.4.3.

Thus the cost of sieving is O((z/y) log 2 log log x). The number of values of p is w(x'/*) and the
number of values of m is less than y, thus the cost of retrieving the values f(p)u(m)f(m)®(z/(mp),
7(p) — 1) is O(n(x'/*) x logx x y) Thus computing Ss is of cost O((z/y)log xzloglog x + yx'/*).

Computing Sy. We split the sum (7.16) in two parts depending on ¢ > z/p? or ¢ < x/p*. It
gives

So=U+V
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with
T
U= Y fl» > f(q)<1>(77r(p)—1)
zl/4<pLal/3 p<qsy Pq
q>z/p’
and

V- Y 0 s@e( L -1).

/4 <pLal/3 P<q<y
< 2
q<z/p

Computing U. With y < \/z (cf. (7.6)), the condition ¢ > z/p? implies p* > z/q > z/y > /2.
Thus,

v Y 0 Y () -1)

z/y<p<azl/3 P<4sy
q>z/p

From x/p? < ¢ we deduce x/(pq) < p and ®(z/(pq), m(p) — 1) = 1, and we have z/p? > p so that

SN SN UD SNUENED S R )]

Vo y<p<Lal/3 P<g<y [z ]y<p<zl/3

q>z/p®

Since z/p* < ¢ < y the sum U is calculated in O(y) operations with the table of values of 7 (u).

Computing V. For each term involved in V we have p < z/(pq) < z'/? < p?. Hence, by (7.3),
®(x/(pq), w(p) — 1) is the sum of f(n) for n satisfying n < x/(pq) and P~(n) > p. These n’s are
n =1 and all the primes n satisfying p — 1 < n < z/(pq). Thus

o( w0 -1) =147, (2) <y

And we write

V=Vi+V,
with
Vi= > £ > Ha) A —mp(p—1)),
zl/4<p<al/3 p<g<min(z/p?,y)
x
e Y Y san(L),
zl/4p<al/3 p<g<min(z/p?,y) Pq

Computing V; can be achieved in O(y) time once we have tabulated m¢(u) for u < y.

Computing V,. We first split V5 in two parts in order to simplify the condition ¢ < min(x/p?,y):

- S S an(Z)e £ o T san(Z)

Vi <p</T]y p<q<y /y<p<zl/3 p<q<z/p?
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In the purpose to speed up the computation of the above two sums we now write, Vo = W1 + Wy +
W3 + Wy + W5 with

Wi- X0 Y sam(L)

zl/4<pLa/y? p<q<y

we= Y i) Y f(q)wf(;),
e /y2<p</z/y p<a</z/p

- Y g Y fam()
m/y2<p<\/m ngy

D SR S )
Vz/y<p<at/s p<a<+/z/p

Wy = Z f(p) Z f(@)my (;)
VTiaeatts i<l

Computing Wy and Wy. These two quantities need values of 7(z/(pq)) with 2'/3 < 2/(pq) <
x'/2. These are computed with a sieve of the interval [1,/z]. The sieving is done by blocks, and,
for each block, we sum f(p)f(q)ms(z/(pq)) for the pairs (p, ¢) satisfying the conditions of the sum
W1 or Ws and such that x/(pq) lies in the block.

The cost of this computation is the sum of three terms:

e the cost of the above sieve on [1,v/z] is O(y/zloglog x);

e the cost of adding the terms of the sum Wi, O(x/(ylog® z));

e the cost of adding the terms of the sum Wa, O(z%/*/(y"/*log? z)).

Computing W3 and Ws. For W3, for each p we apply Lemma 2.6 with z = z/p and u = y. Thus,
for each value of p, the sum on ¢ costs O(w(+/x/p)), and the total cost of the computation of W3

IS (2., ()

z/y2<p<z/y

3

For W, for each p we apply lemma 2.6 with z = 2/p and u = z/p?. Thus, for each value of p, the
sum on ¢ costs O(w(+/x/p)), and the total cost of the computation of W5 is

o( .= W)

Thus the costs of computing W3 and W5 add to

o2 () 2 Eem)-ol=)

I/y2<p<x1/3 z/y2<p<:61/3

Computing Wy. We simply sum over (p, ¢). There would be no advantage to proceed as for W3
since most of the values 7y(x/(pq)) are distinct. The cost is

2/3
of ¥ (7)-oliz)
Vx/y<p<at/s P o8 T

As in [11; Section 8], we then see that, since y = z!/3 log® 2 loglog x, the total cost of the
computation of 7¢(z) is O(x/3/log? ).
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8. The algorithm to calculate h(n)

8.1. The function G(pg, m). The function G(pi, m) has been introduced and studied in [5].

DEFINITION 8.1. Let pi be the kth prime, for some k£ > 3 and m an integer satisfying 0 < m <
Pr+1 — 3. We define
Q1Q2 - Qs

G(pk, m) = max (8.1)
192 - qs
where the maximum is taken over the primes Q1,Q2,...,Qs,q1,4G2,---,qs, s = 0, satisfying
3L s <qs—1 < <qu <pr<pr+1 SQ1 < Q2 < < Qs (8.2)

and
S

Z(Qi —qi) <m. (8.3)
i=1
The additive function ¢ (cf. Section 1.1) can easily be extended to fractions by setting

M
=) =4M)—LUN
() =00 - e
when M and N are coprime or are both squarefree. Therefore, the inequality (8.3) implies
(G(pg,m)) < m. (8.4)

8.1.1. Properties of G(py,m). Obviously, G(pg, m) is non-decreasing on m and G(pg,2m+1) =
G(pk,2m). The maximum in (8.1) is unique (from the uniqueness of the standard factorization
into primes). For small m’s, we have

0<m<prt1—pr = G(pg,m)=1 (8.5)
From Proposition 8 of [5], we have

Pl < Gpg,m) < —2H (8.6)

(Prg1 —m)* Dkt1 — M
Note that if pxr1 — m is prime, then (8.6) yields the exact value of G(px, m).

8.1.2. Computation of G(px,m). In [5; Section 8|, two algorithms are given to calculate
G(pr,m).

The first one is a combinatorial algorithm. In its first step, the primes allowed to divide the
denominator of G(pg, m) are determined. From (8.2) and (8.3), they are all the primes in the range
[(pg+1 —m),pi], say Py < Py < -+ < Pg. Similarly, the primes authorized to divide the numerator
are all the primes Pxy1 < Pgy2 < -+ < Pg in [pry1, pr + m]. By setting P’ = {Py, Ps, ..., Pr},
from the definition (1.14), we get

1

e = By

hx(Py+ Po+ -+ Pk +m,P")

and hj(n,P’) can be computed by induction on j in a way similar to that exposed in Section 1.4.
In [5; Section 8|, one can find the details and also some tricks to improve the running time of this
combinatorial algorithm which, however, remains rather slow when m is large.

The second algorithm, which is more sophisticated, is based on the following remark: if
G(pr,m) = Q1Q2 - Qs/(q1g2 - - - qs) and m is large, the least prime factor g5 of the denominator
is close to pr+1 — m while all the other primes Q1,...,Qs, q1,...,qs—1 are close to pg.

More precisely, the following proposition (which is Proposition 10 of [5]) says that if pg41 —m+4
is prime for some small § and if G(pg+1,0) is not too small, then the computation of G(pk, m) is
reduced to the computation of G(pgy1,m’) for few small values of m/, which can be done by the
above combinatorial algorithm.
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PROPOSITION 8.1. We want to compute G(pr, m) as defined in (8.1) with py odd and pg+1—pr <
m < pgr1 — 3. We assume that we know some even non-negative integer § satisfying

Pr+1 —m+ 0 is prime, (8.7)
G(pry1,0) = 1+ (8.8)
Pk+1
and 5 5
m Prk+1
0< — < . 8.9
9 9 (8.9)
If 6 = 0, we know from (8.6) that G(pr,m) = pr+1/(Pr+1 —m). If § > 0, we have
G(pk,m) = Jmax ML G (P, m — prsr + @), (8.10)
Pr+1—Mm<LILG
where q is defined by
~_ Pe1Prt2(Prp1r —m+6) 30
= < -m+ —. 8.11
T s + 0 —5072) P27 (510

How to compute G(pg, m)? The combinatorial algorithm should be tried if m is small, but it is
quadratic in m and has no chance to terminate if m is larger than, say, 10°. We have no guarantee
that the conditions of Proposition 8.1 are satisfied. However in all our numerical applications, we
have found § < 1000 in (8.7) (see [5; Section 9.2]), so that, by (8.10) and (8.11), we have

~ 30
m — Pk+1 +Q<m—pk+1+Q<pk+2—pk+1+?

and, in (8.10), G(pk+1,m — pr+1 + q) can be easily calculated by the combinatorial algorithm.

8.2. Description of the algorithm to compute h(n). To compute h(n), the first step is to
determine py and oy defined by (1.8). This step is explained in Section 8.2.1 and will furnish also
Prt+1 and 0/ =n — py.

8.2.1. Computation of py and o}. Compute x Li~!(n), so that Li(z?) = n and z ~

vnlogn.

Using Proposition 7.1, we compute miq(z) in time O(2%/3/log® ) = O(n'/3/(logn)~5/3).

To get ok, we have to add (if mq(z) < n) or to subtract (if ma(x) > n) to ma(z) the primes
between x and py, calculated by sieving. In practice, this step is very short. But we are able to
give a small estimate for it only under Riemann’s hypothesis. By Lemma 2.5, we have

. ) . 5
Li(p}) — ——py/*logpr < 0% <1 < opp1 < Li(pFay) + == pi/2 log prta

247 247
which implies
., 2 3/2 i(p? pi
n = Li(py) + O(p}, " log pi) ~ Li(pi) ~ 2logpy

Therefore, we get logn ~ 2log py, pr ~ vnlogn and
Li(p?) = n + O(n**(logn)™/*). (8.12)
Further, since x ~ pi ~ /nlogn, we have

n

. . . % — p?
In — Lip2)| = [Li(e?) — LiGR)| ~ Bl pje

2log logn’

so that, from (8.12),
[m(2) = m(pr)| < | —pil = O(n'/*(log n)'*).
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8.2.2. Computation of h(n)/Nj. By Corollary 6.1, we have h(n) = hy(n). Let us set n’ = n—oy.
If ' = pry1 — 1 or ' = pry1 — 2, Proposition 5.3 yields h(n) = Ni41/2. So, we may suppose
n' < ok — 3. From the definition (8.1) of function G, we have

h(n) = hy(n) = NG (px, 1) (8.13)

and we compute G(pg,n’) as explained in Section 8.1.2. In practice, the computation of G(pg,n)
is very fast. However, as explained in Section 8.1.2, we have no estimation of the running time.

Below, are listed some values of h(n)/Ny, = G(pk,n’) together with pg, n’ = n — o, e = e(n)
the largest integer such that h(n —e) = h(n) and, if the algorithm of Proposition 8.1 is used, § and
@, the number of primes used in the sum (8.10),

n =102, P = 5477081, n' = 4935150, e =0, 5 =18, Q=1,
Glppn') = 29998525822277 5477089 - 5477093
Pt ) = 5068300525031 5477081 - 541951

n = 10%, P = 2898434150644708999, n’ = 1886081812111845520, e = 16,
~2898434150644709023
~ 1012352338532863519

6= 134, Q =5, G(pkanl)

The values of h(10%) for a < 35 and of h = 2% for b < 116 can be found on the authors’s web
sites [2], [3], together with the Maple or Sage programs computing h(n)/Ng.

9. An open question

Given n and j < k(n), how to compute h;(n)? We have not succeeded in solving this problem
when n is too large to use the naive algorithm described in Section 1.4. The case j = 2 is already
not that simple.

A first step is certainly to calculate r = r(n,j) defined by (4.1), which can be done by the
method of Section 8.2.1. If we are lucky enough that ¢ = pj4r41 — 0 = pjrrr1 — (0 — 0j4r + 07)
is prime, then the value h;(n) = Nji,41/(gN,) is given by (4.24).

In the general case, by setting n’ = n — (04, — 0,), one may think that h;(n) = (Nj4../N;) x
G(pj+r,n') has a good chance to be the value of h;(n). However, there are exceptions.
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1. Introduction

In this paper we prove a generalization of a theorem of Schneider which can be seen as the
counterpart in the theory of transcendental numbers to work of Chern [1] in value distribution
theory.

In the past transcendence theory has been largely related to the study of values of analytic
functions with additional properties. The first remarkable instance was Hermite’s work on e followed
by Lindemann’s spectacular proof of the transcendence of 7 as a corollary of his celebrated theorem
on the transcendence of e® for algebraic o # 0. A further example is the solution of Hilbert’s
seventh problem by Gelfond [2] and independently by Schneider [3]. All these results are theorems
about holomorphic functions of exponential type which satisfy linear differential equations. In 1936
Schneider [4] extended the results to elliptic functions which again satisfy a system of first order
differential equations. In contrast to exponential functions they are only meromorphic and have
order of growth 2. Then Schneider [5] realized in 1948 that the methods which were developed by
himself and by Gelfond can be used to prove a very general and very conceptual transcendence
criterion which included all the results described so far. Schneider pointed out in [5; §3,b)] that
Gelfond’s proof of the Hilbert problem is not covered by his theorem and he puts this as an
open question. In his book Lang [6] streamlined the formulation of the theorem by simplifying the
hypotheses and got a very elegant criterion, now known as the Schneider—Lang Criterion. This has
the effect that the theorem becomes less general but has the advantage that its proof becomes
slightly simpler and that the criterion is much easier to apply. In particular Lang assumes that
the functions satisfy differential equations which is not needed in Schneider’s theorem. However
it still covers the main applications and even includes Gelfond’s proof. It is clear that requiring
differential equations is restrictive and schrinks the general applicability of the theorem.

SCHNEIDER—LANG CRITERION. Let K C C be a number field and let f1, ..., fn be meromorphic
functions of order < p. Assume that the field K(f) = K(f1,..., fn) has transcendence degree > 2
over K and that the derivative V = d/dt maps the ring K[f] = K|[f1,..., fn] into itself. If S is a
set of points in C such that

fv(w) c K
for allw € S then |S| < 20p[K : Q.

The elegance of the criterion was the starting point for further spectacular progress. In the
same book [6] Lang got a version of the theorem for functions on C". However he did not make
real use of the much more complicated complex analysis in the case of several variables. Schneider
had already pointed out among others in his paper this possibility. Later, in a wonderful paper
[7], Bombieri, using very deep techniques in complex analysis of several variables, got the genuine
several variables version of Schneider’s theorem & la Schneider—Lang.

The first author was supported by scholarship of the Zurich Graduate School in Mathematics.
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BOMBIERI’S THEOREM. Let K C C be a number field and let f = (f1,..., fn) be meromorphic
functions in C? of finite order. Assume that
(1) trdeg K(f) > d+1;
(2) the partial derivatives 80z, a = 1,...,d, map the ring K[f] into itself.
Then the set S of points ¢ € C" where f(§) takes values in K~ is contained in an algebraic
hypersurface.

It is remarkable that the proofs of the two theorems above are closely related to value distribution
theory in the case of functions on C and C™ respectively.

One main topic in Nevanlinna theory is to understand the relation between the growth of
pole divisors and the growth of functions. In the case of rational functions the situation is very
simple because the divisors are all finite and then the theory dates back to Gauss and his work
on the fundamental theorem of algebra. In the case of meromorphic functions on C the value
distribution theory is highlighted by two Main Theorems which can be found in the monograph [8]
by Nevanlinna.

The beauty of Nevanlinna’s theory seduced many mathematicians to try to understand the
distribution property of functions in different and more general situations. First it was extended to
functions on C™ by Stoll in [9] and by Chern [10]. Chern’s insight into the role played by infinity
in Nevanlinna theory lead to an extension of the theory to affine curves which was published in [1].
The general case of affine varieties has been accomplished by Ph. Griffiths and King in [11] and [12].
They introduced exhaustion functions to define growth and made use of differential geometric and
complex algebrao-geometric methods.

The work of Schneider, Lang and Bombieri in transcendence theory is related to the cases C and
C™ which were studied by Nevanlinna and Stoll whereas our work now deals with affine curves.

Let Z be a smooth projective curve of genus g over C and P a non-empty set of [ points in Z.
Then C := Z — P is an affine algebraic curve. We let X be a non-singular algebraic variety defined
over a number field K with tangent sheaf 7x. Further we assume that 1: C — X¢ is an integral
curve of a vector field A € I'(X, Tx ® Mx) which by definition acts on the sheaf of meromorphic
sections M x as derivations. Then for every ¢ € C there is an analytic local section V at ¢ of the
tangent sheaf 7o which does not vanish at ¢ and such that locally we have ¥, (V) = Ac¢. The
section V acts on analytic functions on C as derivation f — V(f) := (df, V) given by evaluating
the differential df of a function f in V. The local sections V for varying ¢ € C glue together and
give a nowhere vanishing holomorphic global section V € I'(C, 7¢).

Our results depend on the order of the integral curve 1. There are several essentially equivalent
approaches to a concept of order in our situation. In Section 5 we shall discuss the different ways
to define an order p(1)) of ¢ and we shall show that they lead to the same value which coincides
with the order in the Schneider-Lang criterion when C' = A'(C) and X = A™.

THEOREM 1.1. If the dimension of the Zariski closure ¥(C) of 1(C) is at least 2 then
[ (X (K))| < g+ 1+ 2[K : Q]I max(p,2g).

In Theorem 1.1 we start from objects on X. If instead we start with objects on C we get the
following theorem which then takes more the form of the Schneider—Lang criterion.

THEOREM 1.2. Let K C C be a number field and let f1,..., fn be holomorphic functions on C
with order < p. We assume that the field K(f1,..., fn) has transcendence degree > 2 over K and
that V is an analytic section of Tc which acts as a derivation on K[f1,..., fn] by f— (V,df).
If S is a subset of C' such that f;(w) € K for allw € S and all i then

S| < g+1+2[K :Q]pl. (1)

We give two proofs of the theorem in the last Section. One is based on a Jensen’s Formula which
will be discussed in Section 4 and a second uses the maximum principle.
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Before we state our next theorem we discuss how Theorem 1.1 and Theorem 1.2 are rela-
ted. Let fi,...,fn be functions on C as in Theorem 1.2 and let F: C — C¥~ be the map
F(z) = (fi(2),...,[n(2)). The derivation V of K[fi,..., fy] can be lifted to give a regular
algebraic vector field A on AX which can be obtained explicitly. For its construction we express
K(f1,...,fn]) as K[T1,...,Tn]/I for an ideal I. If V(f;) = ¢i(f1,f2,...,fn) then we take
A =3%".9i(Th,...,Ty)0/0T;. Clearly the choice of A is not unique since taking A + h0/9T; for
any h € [ is another possibility to select. It is clear however that their restrictions to K[f1, ..., fn]
coincide.

For a € C we denote by V, the germ of V at a. We have dF(V,)(T;) = V.(F*(T;)) by the
definition of dF, we have V,(F*(T;)) = g;(F(a)) by hypothesis and we have g;(F'(a)) = Ap(q)(T;)
by construction. Since the differentials dT; give a basis for Q<1CN at every point in CV we deduce
that dF'(V,) = Ap(q) and we conclude that F': C' — CY is an integral curve of A¢ provided that
V does not have any zero on C. This shows that Theorem 1.2 is a special case of Theorem 1.1
when X = AY. However using a result of Griffiths the proof of Theorem 1.1 can be reduced to
a situation as given in Theorem 1.2. This will be explained in Section 6.

After we had finished a first version of this article we learned that there is a paper by
Wakabayashi [13] on the same topic. His result is similar to our Theorem 1.2 with the difference
that it applies for meromorphic functions and gives a different estimate for the cardinality of S. It is
difficult to compare the estimate given there with ours because his order is defined in a different
way. The order we use is defined in an intrinsic way. The proofs rely on Jensen’s equality which
needs exhaustion functions. Wakabayashi builds on Green’s functions. In our approach we use
Riemann—Roch to construct a finite map C' — C and then pull back the distance function of C to
obtain the so called Griffiths—King’s exhaustion function on C.

We are now going to state our Main Theorem and consider as before a holomorphic mapping
f: C — X¢ where X is a projective variety defined over K. Let V be a vector field in I'(C, 7¢)
without zero and assume that V acts as a derivation on the field f*(K(X)). Then V can again be
lifted to a rational vector field A on X, i.e. V € I'(C, 7¢) NT(C, f~1(Tx ® Mx)). We call a point
x € X aregular point of A if and only if A(Ox ;) C Ox ;. Otherwise we call = a pole of A. The

set of regular points of A is an open subvariety U of X. As usual we let f(C) be the Zariski closure
of f(C).
THEOREM 1.3 (MAIN). If dim f(C) > 2 then

|FHUK))| < g+ 1+ 2[K : Q]I max(p, 29).

A significant hypothesis in our theorems is the existence of differential equations. There are two
aspects which should be mentioned in this context. The first concerns the growth. It seems to be
possible that in some cases the condition on the growth of f can be replaced by more accessible
data related to the differential equations which determine the growth behavior of the solutions to
some extend. We intend to come back to this question in the future.

The second concerns Schneider’s original work where he taught us that differential equations are
not necessary. They can also be removed from our work in the spirit of Schneider without making
our work obsolete since results which can be expected without assuming differential equations are
of different nature. We shall also come back to this point in the last section.

Our main Theorem 1.3 goes much beyond Theorem 1.1 and Theorem 1.2 and much beyond
Wakabayashi’s result since it deals with maps instead of functions and in addition — and this
is a novelty — we allow singularities of the differential operator. To deal with singularities we
use techniques from algebraic geometry and commutative algebra and use a blow up argument to
reduce the singular case to a regular. In Section 7 we give several examples to illustrate how singular
differential operators appear in nature. In particular we deduce an old theorem of Schneider on the
transcendence of periods of elliptic functions. A similar example could also be given for abelian
functions.
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Theorem 1.3 and Theorem 1.1 are more of geometric nature and can be seen as a finiteness
Theorem on rational points on a certain class of analytic curves. Such an aspect is missing
completely in the work of Wakabayashi.

Finally we should explain why we for the moment kept off from the higher dimensional question
4 la Bombieri. The main reason is that we intended first to investigate carefully all the possibilities
which one has in a very new and unexplored area. For this we chose the most simple but still
generic new situation. The next step would then be to extend the work to mappings from an affine
variety into a projective variety along the lines given by Bombieri. The main work here consists of
extending the L?-analysis on C" developed by Hérmander in [14] and used by Bombieri in his work
to affine varieties. There are no fundamental obstructions to be expected, in particular since much
work has been done in this direction so far by quite a number of authors, especially by H. Skoda
and J.-P. Demailly.

Since Schneider’s original theorem has stayed relatively unattended we decided to state and
discuss the theorem in a version more in the style of today. We do this at the end of the paper in
an appendix and we shall also discuss possible extensions.

2. Standard Estimates

Let K be an algebraic number field of degree d over the rationals Q and with discriminant
disc(K). For a place v of K we denote by |- |, the normalized absolute value such that [p|, =
p~ Ko @] when v | p where K, is the completion of K at v. For an archimedean place v | co
corresponding to the embedding 7 of K into C we define |z|, = |7(z)|K*®] where |7(x)| is the
Euclidean absolute value and where K, is defined as in the non-archimedean case. Let A™ be the
affine space of dimension n. As in [15] we introduce for z = (z1...,z,) € A"(K) the absolute
values!

max; (|2;]y), v non-archimedean,

|z, = (ZiT(.’JSi)Q)l/27 v real,

> T(@i)7T(2;), v complex,

and define the logarithmic (Weil) height hr2(x) of x € A"(K) as
hr2(x) = Zlog |y
On writing log™ (z) for max(0,log(|z|)) we introduce

hia(z) = Zlong |-

The two sums are taken over all places of K. The definition of the height depends on the field K
for which = € A™(K).

If we take instead of the L2-norm the maximum norm |z|, = max(|z;|,) we get a different height
hmax(2). Both are related by

hanax < hp2 < hmax + glog(n +1) (2)

IThe absolute values are norms as soon as v is either a non-archimedean or a real place. Norms are subadditive.
At the remaining places only the square root of the absolute value is a norm. However on taking log® all absolute
values lead to subadditive functions. The modified definition comes from the fact that there are r real and 2s complex
embeddings but only r real and s complex places. This is compensated by introducing the weight 2 = [C : R] at the
non-real archimedean places and is built in in the definition of our absolute values so that the sum of the weights is
r 4 2s. This gives the very useful subadditivity hy2(z + y) < hy2(z) + hy2(y) and the same for hmax.



Meromorphic Maps on Riemann Surfaces and Transcendence 117

when evaluated on A™. The inequalities also hold for hj2 and hpyax repaced by h} and h$ax- In
the case n = 1 we also introduce

h(z) =3 log" [al,.
v
The norm satisfies the product formula

H|a:|v =1

v

for any z # 0 in K.
The Weil height can be extended to polynomials in n variables T7i,...,7T,, with coefficients
in K. Let P = Y, p;T" be such a polynomial with i: {1,...,n} — N a multi-index and 7% =

Tf(l) T 1 corresponds to a point p = (...,p;,...) in an affine space AV (K) and we define
|P|, as |p|, and the height of P as

h(P) = ZIOg |Plo
where h is hy2 or hyayx depending on the choice of norms. We shall also use

th(P) = Zlog+ |P|1)-

The next Lemma is a modification of the classical Liouville estimate which gives a natural impro-
vement in a special case.

LEMMA 2.1 (Modified Liouville Estimate). Let L = [;Th + -+ + INTn be a linear form with
coefficients in Z, w is an archimedean place of K and £ € KN . If L(€) # 0 then

log |L(&)|w > —(h72(€) + hr2(L)) + log | L] (3)

with |L| the L?-norm of L.

Proof. This is an easy application of the product formula and one has only to observe that by the
Schwarz inequality we have log |L(¢)|, < log|L|, + log ||, for an archimedean v and log |L(§)|, <
log [£[, in the non-archimedean case.

In the proofs we shall consider a system of linear equations

N

Li(Ty,...,Tn) =Y 1i;T; =0 (4)
j=1
with coefficients in K and with 1 <7 < M.
LEMMA 2.2 (Siegel’s Lemma). If N > M then (4) has a non-trivial solution v = (z1,...,zN) €
OX such that
ht. (x) < }lo |disc(K)| + M max(hr2(L;))
maxi®) & 5108 N — pp el

Proof. This is Corollary 11 of [15].
Let A: K[Th,...,Ty] — K[T1,...,Tn] be a differential operator of order 1. We may write

=91 o1y g2 T, gnN TN
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with ¢1,92,...,9n5 in K[Ty,...,Tx]. It maps the vector space K[Ty,...,Tn]p of polynomials of
degree < D into K[T1,...,Tn]p+w for w = max;(degg;) — 1 and we get for any set of integers m;
with 0 < m; < m in terms of the L?-norm the bounds

>, 1og™ [gjlu +log™ [m], +log(N), v real,
log™ |AT]™ - - TN, < > log™ |g;|» +log™ |ml|, +log(N), v complex,
max; (log™ [g;]v), v archimedean.
Together with induction this leads to the following.
LEMMA 2.3. Let P be a polynomial of degree < v in K[T},...,Txn] and x € K~ . Then there
exist positive real constants C,, depending only on A, N and x such that C =), C, is finite and

log™ | P|, + klog(r + kw) + Cy(r + kw), v real,
logt |A*P(z)|, < < log™ | P|y + 2k log(r + kw) + Cy(r + kw), v complex, (5)
log™ | P, + C, (r + kw), v 1 00.

REMARK. The constant C' can be easily seen to be of the form C'h*(z) with C’ independent
on .

3. Rational Functions on Curves

Let Z be as in the introduction a smooth projective curve of genus g, P a non-empty finite set
of [ points in Z, S a finite set of points in C = Z \ P and V € I'(C,7¢). We shall construct in
this section rational functions with prescribed zero and polar divisors using the classical theory of
linear systems and the Riemann-Roch Formula. For a divisor D we write O(D) for the invertible
sheaf associated with D which is £(D) in Hartshorne’s notation. The first lemma is classical but
for convenience we give the short proof.

LEMMA 3.1. Let Z be a compact Riemann surface of genus g and let D be a divisor on Z with
deg D > 2g. Then the complete linear system |D| of O(D) has no base point.

Proof. For p € Z the exact sequence
0— O(D—(p) — O(D) = L, —0
induces an exact sequence
H%(Z,0(D)) — H*(Z,Ly) — H'(Z,0(D ~ (p)))

in cohomology. Since the canonical bundle Kz on Z has degree 2g — 2 and since deg O(D — (p)) =
degD — 1> 2g — 1 we have deg(Kz ® (O(p) — D)) < 0 and Serre duality gives

HY(Z,0(D — (p)) = H*(Z, Kz ® O((p) — D)) = 0.
We deduce that the connecting homomorphism H%(Z,O(D)) — H°(Z, L,) is surjective and this
means that p is not a base point and the conclusion of the lemma follows.

LEMMA 3.2. We assume that |S| = mi|P|+2g for some m; > 1. Then there exists a holomorphic
map f: Z — P! such that (f)o =Y, cs(w) and (f)o > > pep M (P)-

Proof. We apply the Riemann—Roch Formula to the divisor

D=3 (w) -3 mip)

weS pEP
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which has degD = |S| — m1l > 2g and get {(D) = i(D) +degD + 1 —g > g + 1. The linear
system |D| is a projective space of dimension g. By Lemma 3.1 we know that |D| has no base
points. Therefore for w € S the space D,, = {D’ € |D| : w € D'} is a hyperplane in |D| and
|D| — Uyes Dw is nonempty. Each D" € [D|\ U, cs Dw is effective and has the property that
D ~ D'. Therefore ) _s(w) ~myP + D'. By our selection of D" we have w ¢ D’ for w € S and
this implies that no (w) with w € S can be canceled by D’. The difference is linearly equivalent to
zero and this means that there is a holomorphic map f: Z — P! such that (f)o = >, c5(w) and

(floc =2 pepmi(p) + D" =3 pmi(p) as stated.

For each p € P we choose a local coordinate z, in a neighborhood of p. We assume that
|S| = |P| + 29 and then there exist integers m; > 1 and 2g < ¢t < I+ 2g — 1 such that |S| =
Wh*P‘+t.

LEMMA 3.3. There exist constants C1,Cy > 0 such that for all integers N > 1 there is a
holomorphic mapping ¢n: Z — P! such that
(i) (6n)0 = Lpes N (w);
(ii) |on(2p)| = |C1/2p|™N for allp € P and all z, sufficiently small;
(iii) [VN¢n(w)| < N'CY for allw € S.

Proof. By Lemma 3.2 there exists a function g such that,

@o=S W) (D> mip).

weS pEP

Now we put ¢n = ¢g™¥ and (i) follows.

Since g has a pole of order at least m at each p in P there exists a constant C7 > 0 such that
lg(zp)| = |C1/zp|™ for z, sufficiently small and p € P. Therefore the function ¢x can be estimated
from below by [¢n(2,)| = |C1/2,|™ ¥ for z, sufficiently small and p € P which gives (ii).

Since V is non-zero at w by hypothesis we find a local parameter ¢ at w € S satisfying ¢(w) = 0
such that in a neighborhood of w the derivation V takes the form 0/0t. Then ¢(t) can be written
as te(t) near w for some unit €(¢) and ¢n(t) as tVe(t)V. Therefore VN ¢y (w) = N'e(0)V and if
we define Cy as the maximum of |¢(0)| taken over all w € § we get (iii).

REMARK. The existence of ¢ in Lemma 3.3 is essential for the first proof of Theorem 1.2.
In classical transcendence proofs there already exist functions which are analogous to our ¢5. We
mention the polynomial [, . s(t—w)" in [6] or the Blaschke products [],,cs(r(w —t)/(r? — wt))™
in [16] which play the role of our ¢ there. All such ¢ have the property that they take 0 up to
order N at fixed finitely many points and take large values near the boundary.

In the second proof of Theorem 1.2 we need a special exhaustion function for the affine curve
C = Z \ P. This is provided in the next lemma.

LEMMA 3.4. For all a € C and for all integers ¢ > 0 there exists a rational map 7: Z — P!
such that
(i) (Mo=t(a),q <t < ql+g;
(i) (Moo 2 2pep ¢ (P)-
The projection © only depends on a and q.

Proof. The divisor D = (gl + g)(a) — >_ cp ¢ (p) has degree g and the Riemann-Roch Formula
gives [(D) = i(D) +deg D + 1 — g > 1 which implies the desired conclusion.

4. Jensen’s Formula

In this section we shall discuss Jensen’s Formula which was a starting point for Nevanlinna
theory. Although this formula can be stated in very simple and elementary terms it is conceptually
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better and advantageously to express the formula in terms of the standard functions in Nevanlinna
theory. We begin with recalling the definition of the Nevanlinna characteristic function and of the
order of a meromorphic function f on C and we shall state the First Main Theorem (FMT) in
classical Nevanlinna theory which shows how the various functions are related.

For real o we recall log™ @ to be the maximum of the numbers log e and 0, and we let n(r, 0o)
be the number of poles of f in the closed disk |z| < r. Then the standard functions in Nevanlinna
theory are

M(r, f) = max|f(z)],

jzl=r
N(r, f) = N(r,00) = /O n(t, 00) — n(0, o)

t

dt +n(0, 00) log r,

2m
mir.f) = mir.o0) = 5 [ 108" 1)

N(r,a) = N(r, fl_a)

m(r, a) = m<r, fia>
T(r, f) = m(r,00) + N(r, 00).

We call M(r, f) the maximum modulus function and T'(r, f) the Nevanlinna characteristic function
of f and we write simply M(r), m(r), N(r), T(r) when no confusion can arise.

FIRST MAIN THEOREM |8; p. 166]. For any meromorphic function f we have

N(r,a) +m(r,a) =T(r, f) + O(1).

It is not difficult to see that the First Main Theorem is equivalent to Jensen’s Formula which
we shall present only for holomorphic functions since we need it only in this case. Such an entire

function can be expressed as f(z) = 2*¢(z) for some unit €(z).

JENSEN’S FORMULA |[8; p. 164]. We have
1 2 )
log |e(0)| + N(r,0) = 2—/ log | f(re™)| d6.
T Jo

Jensen’s Formula is closely related to the Schwarz Lemma as it is used in transcendence theory.
There usually a holomorphic function is constructed with growth and vanishing conditions. The
growth conditions are used to give an upper bound for the integral in the formula. The vanishing
conditions lead to a lower bound for N(r,0). Arithmetical data enter through the term log |¢(0)| on
the left and one derives a lower bound of log |e(0)| using Liouville estimates. In this way a proof of
Schneider’s theorem can be obtained, although there is not too much difference with the standard
proof. We shall give one proof of Theorem 1.2 along these lines. This needs a Jensen’s Formula in
the more general situation of an affine algebraic curve which we shall derive now.

Let f be a meromorphic function on a smooth affine algebraic curve C' as in Section 3. We
recall briefly from [12] some aspects of Nevanlinna theory of affine varieties in the case of curves,
especially the use of a special exhaustion function. Since Z is a smooth curve we can choose by
Riemann-Roch a projection 7: Z — P' such that 7~'(c0) = > pm, (p) with m, > 1. The
projection 7 gives a special exhaustion function 7(z) = log|m(z)| on C in the sense of Griffiths and
King and for real r > 0 we put C[r] = {z € C: e™®*) = |7(2)| < r}. We consider now the curve C
as a Riemann surface and for real r > 0 we define Div C[r] to be the free abelian group generated
by C[r]. Its elements can be expressed as finite suns 3 (1. (2) with integer coefficients n. and
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with a symbol (z) for each z € C[r]. For s < r there is a natural injective group homomorphism
tsr: DivC[s] — Div C[r].

The family {Div C[r], ¢s, } is a direct system and Div C' = lim Div C[r] is defined to be the group
of analytic divisors on C'. Its elements can be written as

D =" D(2)(z)
zeC

with D(z) € Z and zero up to a discrete and countable set of points, the support supp(D) of D.
Let p,: DivC — Div C’[ ] be the natural projection. Then D[r] = p,(D) has finite support in C|[r]
and therefore n™(D,r) = [ Dl 1 is an integer. To characterize the growth of D we define

r 7'rD T D
N“(D,r):/ n"(D,?) tn (D,0) dt +n"™(D,0)logr.
0

Let f: C — P! be a meromorphic function and ord, f its order at z € C. Then

(f) = (ord. £)(2)

zeC

is the divisor of f. To characterize the growth of the function f we define the Ahlfors—-Shimizu

characteristic function by
i dzANdz \dt
me) = [ [ (e s i) § :
s e’ 2T PP ©

as given by (5.1) in [12] in the case m = ¢ = 1. From the definition we easily see that T%¢(r, f) >
C'logr for some positive C and sufficiently large r if f is non-constant. When we compare the
growth of a divisor and the growth of a function, the FMT in Nevanlinna theory (see [1; p.332]
and [12; pp. 184, 189-190] for more details) shows us that the error term can be estimated by the
proximity function

miyg(r, f) = / log (1+ |f(2)?) d°T
aCr]
with d¢f defined as
(00, 98 )

ir \0: " oz
FIrRsT MAIN THEOREM™*. Let Dy, be the polar divisor of f. Then

Ths(r, ) = N™(Doo, ) +mis(r, f) + O(1). (7)

It can be shown that m7 ¢(co,r) = f{)C[r] log™t |f(2)|? d°T + O(1) and therefore, if we define the
Nevanlinna’s characteristic function T™(r, f) as N™(Duo, 1) + m™(r, f), where

m(r, f) = /a B

we see that the First Main Theorem™ implies that the Nevanlinna characteristic function and the
Ahlfors—Shimizu characteristic function coincide up to a bounded term.

As we have already mentioned the FMT is equivalent to a formula of Jensen’s type. We shall
state now a version of a general Jensen Formula as given in [12; Proposition 3.2], that is adapted
to our situation.
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JENSEN’S FORMULA*. Let f be a meromorphic function on C with divisor D. Then for all real
numbers r and ro with r > rq we have

N™(D,r)— N™(D,rg) Jr/a

log | f|? d°T = / log | f|? d°T. (8)
Clro) oCr]

An explicit form of FMT for functions on affine curves goes back to Chern in [1; p. 332]. Later
Griffiths and King [12] were able to extend it to affine varieties using special exhaustion functions.
Since Chern’s result does not depend on any special exhaustion function his result is more general
than the result of Griffiths and King in the one variable case. However we still prefer their setting
because special exhaustion functions make the formula more applicable. When n(D,0) = 0 we can
take rg = 0 and then the above formula becomes

N D)+ S log|f(2)] = /3 logl 27 (9)

7(z)=0 Cl

In the second proof of Theorem 1.2 we construct a holomorphic function f which satisfies again
growth and vanishing conditions. Then from the growth conditions we derive an upper bound
for the integral. The vanishing conditions lead to a lower bound for N™(D,r) and the sum can
be bounded from below by a Liouville estimate. A comparison of the bounds then leads to the
stated result. In the next section we discuss the notion of the order of a function which is used to
characterize growth conditions.

5. Functions of finite order on curves

Since there are at least two possible definitions of the order of functions on curves (see [17]
or [12]) we have to discuss the notion carefully. For a clear and detailed exposition on the different
indicators of orders for meromorphic functions f: C — P! we refer to [18].

We discuss first the case when f is an entire function. Here the order of f is defined using the
maximum modulus function or the Nevanlinna characteristic function. It is given by

o(f) = Tim loglog M (r, f)

r—oo logr

and

o) = T 22D

r—oo  logr

respectively. The two definitions are equivalent and for a proof we refer to [8; p.216].

When f is a meromorphic function, M (r, f) does not make sense. There are two variants to
overcome the difficulty. The first makes use of the well-known fact that a meromorphic function
is of order < p if and only if it can be expressed as f = h/g where h and ¢ are both entire
functions and of order < p (see [8; p.223]). Then p(f) is the infimum of max(p(h), p(g)) with h
and g taken over all representations of f = h/g as a quotient of two holomorphic functions. The
second variant uses the Nevanlinna characteristic function T'(r, f) which is also well-defined for
meromorphic functions.

In the case of a meromorphic function on a curve C'= Z \ P we again begin with a holomorphic
function f and define the local maximum modulus function and the local order of f at p € P by

My()= max [f(z),  ppl(f) = Tm 28108 Ml0)

|zp|=1/7 r—oo log r

Then the order of f is given by p(f) = max,ep pp(f) and it is easily seen that p,(f) and therefore
p(f) are independent of the choice of local coordinates. Moreover f is of order p if and only if
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p is maximal with the property that for any € > 0 we always have log|f(z,)| < 1/]z,|?T¢ for
all z, sufficiently small. When f is a meromorphic function we define p,(f) as before to be the
infimum of max(p(h), p(g)) taken over all representations of f = h/g in a neighborhood of p and
p(f) = max pp(f). This definition was suggested by Griffiths in [17].

Another approach to the growth of functions is to use Nevanlinna’s or Ahlfors—Shimizu’s
characteristic function T7(r, f) and T3¢ (r, f) respectively and using a special exhaustion 7 which
was suggested by Griffiths and King in [12]. As already noted both functions coincide up to O(1).
Therefore we can use either of them to define the order of growth of a function f. We use
Nevanlinna’s characteristic function and put

g (f) = T 8T F), (10)

r—o0 logr
When f is holomorphic we can also use the maximum modulus function

M f) = max [£(2) (11)

and get
— loglog M™(r, f
P (f) = lim —( )

Jim log . (12)
Although it is not the main purpose of this paper we shall prove that p7.(f) and p™(f) are equal.
This gives a generalization of the classical identity for holomorphic functions on C described at the
beginning of this section. It also provides an example how the exhaustion function of Griffith and
King can be applied.

We begin with a simple lemma. Let 7: D — D be the ramified covering of the open unit disk D

of degree n given by z +— 2™ and assume that u: D — R U {—o0} is a subharmonic function on D.
LEMMA 5.1. The function v: D — R U {—o0} given by

v(z) = T{g{ﬁ( u(w)

is subharmonic.

Proof. The function v is upper semi-continuous and takes values in [—oc0, +00). According to
[19; Chap. 3, Corollary 7 to Proposition 4] the property to be subharmonic is local. To show that
v(2) is subharmonic we let h(z) be a harmonic function on a sufficiently small compact disk B C D
with h(z) > v(z) on the boundary dB. We shall prove that this holds for all z in B. This will imply
that v is subharmonic (see [19; Definition 4]).

The upper semi-continuous function ¢(w) = max¢n=1 u({w) is the maximum of a finite collection
of subharmonic functions and therefore subharmonic. The pullback of h(z) by the holomorphic
function 7(w) is harmonic as one sees by applying the Laplace operator 499 to the pullback.?
Furthermore it satisfies

(rrh)(w) = h(z) > v(z) = max u(w) = maxu((w) = (w)
for w on the boundary r~1(0B) and z = r(w). Since p(w) is subharmonic we deduce that this
holds for all w with r(w) € B. The image z = r(w) of such a w is in B and

h(z) = (r*h)(w) = p(w) = g}g}iu((w) = max u(w) = v(z).

r(w)=z

2Here the calculation: we write u = u(w, W), w = f(z), w = f(Z) and differentiate. Applying first 9, then 9 and
observing that dzf = 0 and 9,0zf = 0 we get O(f*u) = f*(Owu) - Ozf and then

65(]”*11,) = f*(OwOwzu) - 0. f 8;?—{- 7 (0wu) - 0:0zf = f*(Owlzu) - aZf&z? =0.

Since 9,fdzf > 0 we deduce — this only as a side remark — that the pullback of a subharmonic function by
a holomorphic function is subharmonic. For this one uses that d0u > 0 for subharmonic u.
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The lemma is applied to yield a global version for finite (i.e., proper and non-constant) mapping
between Riemann surfaces.

LEMMA 5.2. For all finite and holomorphic mappings f: X — Y between Riemann surfaces
and all subharmonic functions u on X the function v(z) = maxy(,)—, u(w) is subharmonic on'Y.

Proof. Again we use that subharmonicity is a local property. The map f is a finite covering and
if the disk i: D < Y is small enough the inverse image f~1(D) = D xy X of D under f has only
finitely many connected components X, and all ramification points are in the fiber over the center
of the disk. The restriction f, of f to any of the components X, then takes the form as described
in Lemma 5.1 which we apply now to all the components. It follows that the function v, associated
with f, is subharmonic. We write v(z) as max, v,(z). The same arguments as in the proof of the
previous lemma then show that v(z) is subharmonic as stated.

REMARK. Our lemma can be regarded as subharmonic descent under holomorphic coverings and
v(z) can be seen as (f.u)(z). The Lemma then says that f,u is subhamonic for « subharmonic.

We apply the Lemma in the case when X is an affine curve and when Y is the complex plane C.
PRrROPOSITION 5.1. We have
p"(f) = p1(f)-

Proof. Let d be the degree of . Since f is holomorphic, N™(Dw,,7) is zero and therefore, by
the definition of the Nevanlinna characteristic function, we have

T™(r, f) = m™(r. f) = /8 B V)P < d1og ()

We know that log™ |f(w)| is subharmonic on C for f holomorphic and Lemma 5.2 implies that
h(z) = max,(y)=,(log" |[f(w)|) is a subharmonic function on C. For z = re’¥ and r < p the
Harnack inequality gives

oTr /27T i0 Y T/ + 2\ gc 0T n
h(z) < h(oe”)df < log f(z d°t = T (o, f
(2) r Jo ( ) 0—7 Jociy (1f(=)I%) r ( )

and this implies that
o+r

o—r

log™ M™(r, f) < T (o, f)-

On putting the inequalities together we deduce that

2T 1, f).

o—r

LT f) <log" MT(r, f) <

Since f is nontrivial, there exists C' > 0 such that T7™(r, f) > C'logr (see the remark following (6)
and notice that T7(r, f) and T5¢(r, f) differ only by a bounded term). Therefore the left hand
side of the inequalities shows that log™ M™(r, f) = log M™(r, f) for sufficiently large . We put o =
r + € for € > 0 and then an easy calculation gives

— loglog™ M™(r) — logT™(r, f)

"(f) = T = Tim —2T 2 = pr(f).
prf) = Jim == S e pr(f)

The order p7. depends on the choice of the covering map 7 in Section 4 whereas the order p =
max, pp with p € P is independent of any choice. However they can be compared.

LEMMA 5.3. We have pf. = max,(p,/mp).
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Proof. Since we shall not use Lemma 5.3 later we only verify it for holomorphic f. The function
(1/m(2))"/™> gives a local coordinate on a neighborhood U,, of p and then for sufficiently large r
we have

My(r) = max(|f(2)| : 2 € Up, |7 (2)| = r™7).
Since M™(r) = max|(.)=(|f(2)|) we conclude that M™(r) = max, M, (r*/™»). This implies that

P (f) = p7(f) = Tim 28los MT(r) :max(h log log M, (r 1/mp)>

r—o0 log r p \r—oo log r

and the latter is max,(pp/m,).

We point out that p(f) depends only on some smooth completion of C' and therefore is an
intrinsic notion in the case of affine curves (since a smooth completion of a smooth affine curve
is unique). However the order function p™ depends on a special exhaustion function induced by
a projection w: C' — C and is therefore an extrinsic notion. By Lemma 5.3 the order function
p(f) is finite if and only if p™(f) is finite and Griffiths uses both in [17] and [12]. However for our
purpose an estimate in terms of p(f) is essential.

Let C be an affine algebraic curve and let V' be a projective algebraic variety. Let as usual
R(V) be the field of rational functions on V. A holomorphic map f: C' — V has order < p if and
only if f*9R(V) consists of meromorphic functions of order < p. It is easy to see that the latter is
equivalent to p(f*(z;/z;)) < p.

In the next proposition we shall compare the growth of a positive divisor D = > _~ D(z) (2)
with the growth of a function. We put

=> D(2)

where the sum is take over all z € C not in the union of the sets |z,| < r~! with p € P and

7f tht/t

r—»oo logr

p(D) =

The following proposition is [17; Proposition 5.23].

PROPOSITION 5.2. Let D be a positive divisor on C. Then there exists a function f € O(D)
such that (f) = D and

p(f) < max(p(D),2g).
It is essential for the proof of the following.

LEMMA 5.4. Let fi1,...,fn be meromorphic functions of order < p on C and let S C C be
a finite set. If fi(w) # 0o for 1 <i < n and w € S then there exists a holomorphic function h on
C such that

(i) p(h) < max(p, 29);
(ii) hf; are all holomorphic and p(hf;) < max(p,2g) for 1 <1i < n;
(iii) h(w;) #0 forw € S.

Proof. By (7) we have p((fi)s) < p and this gives
P(f1)oo + -+ (fa)oo) < max p(fi)oo < p-

By Proposition 5.2 there is a holomorphic function h of order at most max(p,2¢g) on C such that
(h) = (f1)oo + -+ + (fn)oo and such that h satisfies the conditions in the statement of the lemma.
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6. Algebraic points and algebraic distributions

In this section we give the proofs of the theorems. We begin with Theorem 1.2 for which we shall
give two different proofs. As usual the first step in the proofs is the construction of an auxiliary
function F. Here we use Lemma 2.2. In the first proof we apply the maximum principle to the
function F/¢n with ¢ constructed in Lemma 3.3. The second proof is based on the Griffiths—King
exhaustion function which was constructed in Lemma 3.4 and on Jensen’s Formula associated with
the exhaustion function.

Proof of Theorem 1.2. Let f,g € {f1, f2, ..., fn} be algebraically independent over K. We define
m = |S| and choose integers r,n with n sufficiently large such that

r? > 2nmlog(n) = (r — 1)

For the construction of the auxiliary function we consider the polynomial P = Y77 ., a;;5"T’
with undetermined coefficients a; ;. They will be chosen in Ok such that the system of mn linear
equations

D @ VE(fig)(w) =0 (13)

for 0 <k <n and w € S in r? unknowns a; ; is satisfied. By Lemma 2.3 we see that the L?-heights
of the linear forms

Liw= Y ai;V*(f'g")(w)

i,j=1
in the unknowns a; ; can be estimated from above by
(K : Q] klog(r + kw) + C(k + ).

On applying Lemma 2.2 with N = r? and M = nm together with (2) and on observing that r =
O(y/nlog(n)) which gives

M < 1
N —M ~ log(n)
for n > 4 we find a nontrivial solution a = (...,a;,,...) € (9?; such that
hnax(P) < C3[K - Qln

where C3 only depends on w. Since f, g are algebraically independent over K, the function F' =
P(f,g) is not identically zero.

From (13) we deduce that the holomorphic function F on C satisfies (F)o = > ,,csn (w). We
let s > n be the largest integer such that

(F)o= Y s(w) (14)

weS

By definition V*F does not vanish at some w € S. By Lemma 2.3 the height h*(V*F(w)) is at
most A, (P)+ [K : Q] slog(r + s) + O(r + s) and this leads to

hT(VPF(w)) < [K : Q] slogs + Cys (15)

where Cy4 only depends on A, [K : Q] and w.
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Variant 1. In this variant we obtain a bound which is slightly weaker than the bound stated in
the theorem. We write m = lmy +t with m; > 0 and 2g <t <[+ 2g — 1 and we may assume that
my > 1 since otherwise |S| < 29+ — 1. Lemma 3.3 gives a function ¢, such that

_r
s

is holomorphic. We shall derive an upper bound by the maximum principle and by the Liouville
estimate a lower bound for log |E(w)| and compare the upper and the lower bound. This will
eventually give an estimate from above for |S| which is slightly weaker than (1).

We begin with the upper bound. Since f and g are of order < p we know that for all € > 0, for
a sufficiently small positive 1 and for all p € P the inequality

E

log max(] f(2p)l, 9(2p)1) < |2~

for |zp| < 7 gives
log |F(2,)| < Csn 4 21|z, = (P19,
Together with (ii) in Lemma 3.3 we conclude that
~(p+e) G
log |E(zp)| < Csn+ 2r|z,|~ " fmlslogﬁ
p

From the maximum principle applied to the complement of the union of the discs with radius 7
around p for p € P we get the upper bound

log |E(w)| < Csn + 2rp~*+9) —myslog % (16)

For the lower bound we observe that E(w) = V*F(w)/V®¢s(w) and that by (iii) in Lemma 3.3
we have
log |Vo¢s(w)| < slog s + slog Cs.

This leads together with Lemma 2.1 to the lower bound
log [V°F(w)| =2 —([K : Q] — 1)slog s — Cys.

Note that the contribution involving slogs comes from the exponents of the polynomial F' by
differentiating s times a monomial, and therefore is in Z. As a consequence one has only to account
for [K : Q] — 1 terms of size slogs.

We put the estimates together and obtain the lower bound

log | E(w)| = log [V* F(w)| — log | V"6, (w)| > —[K : Q]slog s — Cgs.

Since n < s a comparison of the upper bound (16) and the lower bound above gives
~(o+e) G
—[K : Q]slogs < 2rn~ Y7 —myslog — + Cys,
n

where C7 only depends on w, [K : Q] and A. We relate 7 and s by the equation sn?*¢ = rCL**
and find that

mi
2p + 2¢

This can hold for large s only if [K : Q](p + €) = my for all € > 0 so that

Og[K:Q]slogs< >slogs+Cgsloglogs.

[S|l=m<lim1+1)+29—1<2[K:Qpl+1+29—1<1+2[K:Q]pl+29 — 1.
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REMARK. Note that the upper bound can be improved to 2[K : Q] pl +2g—1if p > (1 —1)/2I.

Variant 2. In this variant we use Jensen’s Formula which needs an exhaustion function. We fix
a positive integer ¢ and then Lemma 3.4 gives a projection m: Z — P! with ¢l < degm < ¢l +g.
Furthermore the Lemma shows that there exists a divisor D > 0 such that () =3~ cp a(p) +D.
We put C’ := C \ supp D and replace P by P/ =suppD 2 P, S by &' = S\ supp D to obtain a
new curve such that 7 restricts to a finite covering 7’: ¢’ — C which is totally ramified above 0
with 7/71(0) = t(w) for t = deg .

Similar to the definition of E we define the function G = F*/7® on C’ with s the order of F
at w. The function G is holomorphic on C’ by construction and has divisor

Dy > stZ(u) (17)

with the sum taken over all 4 # w in §’.

We choose a local parameter z at w such that z(w) = 0 and such that V can be written as 9/0z.
Then we have F(z2)!/25t = (V*F(w)/s!)! + ze(z) and 7(2)* /2% = €/(2)® near w where € and ¢ are
units. This gives

Fw)' _ (V' F(w)

B B /s
G =y = a0y

and the lower bound
log |G(w)| = —([K : Q] — 1) tslog s — Cots

follows readily. The constant Cg only depends on w and q.

Now we are ready to apply Jensen’s Formula (9) with C replaced by C’ and f replaced by G.
Since 7 is totally ramified in w the sum }__ ,)_, log |G(2)] in Jensen’s Formula becomes ¢ log |G (w)|
and from the inequality above we obtain for the sum the lower bound

Z log |G(2)| = —([K : Q] — 1)t*slog s — Cyt*s. (18)
w(z)=0

For the integral we need an estimate from above for |G| := max(|G(z)|) where the maximum
is taken over all z € C' with |7(z)| = R. The boundary I" decomposes into connected components
T, one for each p € supp() oo for which we choose local coordinates z, = (1/7(2))"/"». We have

gg;(log G(2)]) = tgg}:(log |F(2)]) — slog R.

Since n, > ¢ for p € P the inequality (16) gives

In%x(log |G(2)]) < Cstn 4 2rtRP+I/7 _ slog R
zel'y

for p € P. This also holds for p € supp(7)s \ P since f and g are of order 0 at p. We conclude that
/ log |G? d°T < Cst®n + 2rt>RPT9/9 — stlog R. (19)
8C'[R]

We also need a lower bound for the zero divisor Dy of the holomorphic function G on C’. Since
|C'\ C’'| < g by Lemma 3.4 the number of terms in the sum is at least m — g — 1 and this leads to
the lower bound

n”(Do,r)—/DHl}st(mgl)
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for sufficiently large r. Therefore we obtain

R
N™(Dg,R) = (m — g —1)stlog —

T (20)

for some positive constant C7¢ which depends only on w and ¢ provided that R is sufficiently large
which is certainly the case if 7R(P*t€)/4 = 5. This choice makes the estimate for the integral given in
(19) a second order term of the form O(t?s). A comparison of the leading terms for n and therefore
also for s going to infinity in (18)—(20) shows that

(m—g—1)g <2[K:Q|(p+e)t

for all ¢ > 1. Since by (i) in Lemma 3.4 we have lim,_.ot/gq = [ the desired inequality for |S]
follows readily.

REMARK. By a suitable modification of Lemma 3.4 and of the second proof of Theorem 1.2 the
statement of Theorem 1.2 can be improved to give

SI<g+1+2(K:Q> pp,
peP

where p, = max; p,(f;).

Proof of Theorem 1.3. Let S C C be a finite set such that f(S) C U(K). Let 7: X — X be the
blow-up of X in X \U and let E = 7=1(X \U) be the exceptional divisor. We choose a hyperplane
section H of X which does not meet f(S) and put H = 7~ H. Then if n is sufficiently large
the divisor nH + E is very ample. Therefore ¥ = X \ (I:f U E) takes the form Spec R for some
K-algebra R of finite > type which can be written as R = K[yl, Y2, - - -, Yn). Since the rational vector
field A is regular on Y we have A(Oy ) €Oy, forally e Y and therefore Oy , = Rm, where m,
denotes the maximal ideal at y. By [20 Theorem 4.7] we have R = (|, .y Rm,. We conclude that
A(R) C R and hence there exist g; € K[yi,...,yn] such that A(y;) = g; on Y. Then the functions
fi(z) = f*(y;) satisty V(f;) = gi[f1,-- -, fn]. They are meromorphic of order < p on C and satisfy
filw) # oo for 1 < i< nand w € S. Let h be as in Lemma 5.4 and replace in the second proof
the function G = F'/n® by G = F'h?"t /7. The required estimate follows then similarly.

REMARK. Our method still works if the holomorphic tangent vector V has zeroes and we get
results similar to Theorem 1.2 and Theorem 1.3. For instance the conclusion of Theorem 1.2 holds
for S replaced by Sp = {w € §:V,, # 0}.

Proof of the Theorem 1.1. Our discussion before the statement of Theorem 1.1 shows that the
hypothesis of Theorem 1.3 are satisfied. By Theorem 1.3,

[fTHUE))| < g+ 1+ 2[K : Q] max(p, 29).

However C' is integral and this implies that ¢ (C) C U which implies desired results.

7. Singularities

It is critical to exclude poles in the formulation of Theorem 1.3. Otherwise the relation
|f71(X(K))| < oo is not generally true. We give a simple example.

EXAMPLE 7.1. Consider the map f: C — P3 = {(20 : 21 : 22 : 23)} which is given by f(z) =
(z:p(2): 9 (2) : 1) and V € T(C,7¢) where V = 9/0z. Let
20 21 23

202 = —, 212 = —, 232 = —
Z2 Z2 22
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Then we may take A as
2022%2 g2

A = z3p — 22 4 22
(202) = 232 o + 9 202212,
62’3 2 2
A(Zlg) =1- 723122 + %2’12232, A<Z32) = %Z§2 — 62’%2.

Notice that A = (0: 0 : 1:0) is in the set P(A) of singular points of A and also in P3(K) but
|f~1(A)| = |A| = oo. This occurs because A ¢ U(K).

A slight modification of the example leads to

EXAMPLE 7.2. Consider the map f: C — X = V(2323 — 42} + g22123 + g323) C P3 which is
given by f(z) = (z: p(2) : ¢'(2) : 1) and V = 9/9z € T'(C, 7I¢). Now we have

2
202212 |, 92
— + = 202212,

A(zp2) = 239 —
(s02) = 200 — “202 1 &

_ 628, g

A(Zlg) = 1 + 52122’32, A(Zgg) = %252 — 62%2

232
Although 623,/235 is a regular function at A = (0: 0 : 1:0) € X, 20227/232 is not a regular
function at A € X. This explains why we have both A = (0:0:1:0) € X(K) and |f~}(4)| =
|A| = 0.

We now change in a different way and give a slightly new proof of a theorem of Schneider on
the transcendence of periods.

EXAMPLE 7.3. Consider the map f: C — X = P! x E which is given by f(z) = ((z : 1), (p(2) :
©'(2) : 1)) where

E = V(zgzg — 42{’ +92212§ +g32§’) cP?= {(#1 : 22 : 23)}

and V = 0/0z € T'(C,7¢). One can check that f,V is regular at ((z : 1), (0:1:0)) for all z € C.
If a non-zero w € A is an algebraic number and is in K, then we will have f(nw) = ((nw : 1),
(0:1:0)) € X(K)\ P(f«A)) for all n € N. This contradicts Theorem 1.3.

8. Appendix

8.1. Schneider’s Theorem revisited. In this appendix we shall state Schneider’s theorem as
announced in the introduction, we shall comment on it and relate it to our work. We make the
same geometric assumptions as in Theorem 1.2. In particular we fix a vector field V.

In Section 4 we introduced the notion of an analytic divisor on C to be an element of the
group DivC' = lim Div Cr]. We shall extend the notion slightly and define Div C' using the same
direct system and requiring that an element of DivC is a family of divisors D = {D[r] =
> .ec PIrl(2) (2)} which as divisors satisfy D[r] < D[s] for r < s. The limit is given by
[IDiv C[r]/~ where D[r] ~ DJs] if and only if there exists some ¢ such that D[t] > D]r] and
DJt] = D[s]. This obviously is an equivalence relation and shows that the limit exists.

Translated into the language of schemes this means that if 7, denotes the ideal of D[r] in O¢
then there are closed immersions ¢[r]: Spec(O¢/J,) — C which form a direct system of schemes
and we write D = lL)nSpec((’)C/Jr). It has the property that the divisor associated with Dis D.
We identify D[r] with Spec(O¢/J,). Clearly we have DivC 2 DivC. A divisor D in DivC is
effective if D[r] > 0 for all r. There is for each r a canonical surjective homomorphism of sheaves
Ur): O — u[r],Opy,. Here O is the sheaf of germs of holomorphic functions on C. The kernel
of [r]* is an ideal sheaf J[r]. For z € supp D[r] we choose a local coordinate 7, € J[r|, at z such
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that V = d/dr, locally at z. The local coordinate is uniquely determined by this property. For D[r]
given we introduce the algebra R[r] = € K[Tz]/(TZD[r](Z)) and then T'(D[r], 1[r].Opp) = R[r]@x C.
There is a canonical identification of R[r] considered as a vector space with K PI"l and this is used to
define the h™(f) of f € R[r]. The homomorphism ¢[r]* extends to the sheaf of germs of meromorphic
functions on C which are holomorphic on D. We let now D € Div C be a divisor and define

log deg D|[r]

§ = lim
logr

Let f be a meromorphic function on C' which is holomorphic on D and which has the property
that «[r]*(f) € R[r] for all 7. Then the arithmetic growth of f along D is defined as

_ g log T (ulrF(£))
" ogdeg D]

Let D € DivC be an effective divisor such that D[r](z)log D[r](z) < degD[r] for all z €
supp D[r]. Let fi, fa, ..., fn be holomorphic functions on C' and assume that «[r]*(f;) € R[r] for
1 < i < n and r sufficiently large. We define p = max;(p;) and p = max;(u;) where p1, p2, ..., pn
and p1, pa, - . ., fby are the growth and arithmetic growth respectively of the functions. The following
theorem is an extension to Riemann surfaces of Schneider’s Satz III in [5] mentioned in the
introduction in the case when the functions are holomorphic.

THEOREM 8.1. If we have max(u, p/d) < 1 —1/n then the image of the mapping
f: (f17f27~'~7fn): Cc —C"

is contained in an algebraic hypersurface defined over K.

The proof is very similar to the proof of our main theorems but here (8) is not sufficient, instead
we need to use a version of Jensen’s Formula as formulated in [1; p.332]. In the case when the
functions are meromorphic one has to assume in addition that p > 2g where g is the genus of C.
This is needed because [17; Proposition 5.25] (see Section 8.3).

As an application which is not covered by any of the theorems in the introduction we take a
meromorphic function f on C which has the property that «[r]*(f) € R[r] for all sufficiently large 7.
Weput fi = f, fo =Vf, ..., fn = V* L f for n sufficiently large so to satisfy the hypothesis of the
theorem. Then the function f satisfies an algebraic differential equation with constant coeflicients.
As has been mentioned in the introduction the theorem does not include Gelfond’s proof of the
seventh Hilbert Problem and, as a consequence, does not include the Schneider-Lang Criterion,
even in the case when C' = C. It would be very interesting to find a criterion in the style of our
theorem above which does include our main theorems and without making the assumption that
the functions satisfy differential equations.

All theorems that have been mentioned so far deal only with the transcendence of numbers. As
already has been pointed out in the last paragraph of Schneider’s paper in [5] the methods are not
strong enough to get a criterion about algebraic independence. The only substantial contribution in
this very general direction is [21]. The techniques which are applied there are much more involved.
Any further progress in the direction opened there would be of highest interest.

8.2. Proof of Theorem 8.1. We shall give now a short sketch of the proof of the theorem.
The proof is very similar to the proof of Theorem 1.2 and depends on estimates of the same flavor
as those given there together with estimates similar to those in [5]. Therefore we shall not give
such details here which can be extracted without much effort from [5]. The main difference is
that we do not use any kind of Schwarz Lemma. Especially in the case when the functions are
meromorphic but not holomorphic the estimates which are needed there become very unpleasant.
Instead our approach goes through Nevanlinna theory and seems to be new. We reduce the proof
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to an application of Jennsen’s Formula together with the First Main Theorem. This gives a very
elegant and clean way to do the last step in the proof. For simplicity we restrict ourselves to the
special case when C' = C.

The first step is standard. We choose an integer r sufficiently large and construct on the basis
of Siegel’s Lemma a polynomial F' € K[Ty,...,T,] of degree d such that f € ker([r]* for f =
F(f1,...,fn) and ¢ taken in the analytic category. The parameters are chosen such that

(d+1)" > N(Dlr],R) > d"

and such that R = r!*€. As a consequence we have

N(DIrL B) > N(DILr) + m(Dlr) o
where m = m(D][r]) denotes the geometric degree of the divisor D[r]. This shows that the exponent
M/(N — M) which occurs in Siegel’s Lemma is of order 1/logm. An application of the Siegel lemma
shows that the logarithmic height of F' is at most O(m!/"t#+e 4 ml/ntn+€) gince the exponent
M/(N — M) kills the log m in the logarithm of the factorials. The condition on 7 then shows that
this is at most O(m'~¢) for e sufficiently small. The function f is in ker :[r]* by construction and this
shows that N(f,0,R) > m(D[r])log(R/r). We write f(z) = c.2%(z) with €(z) =1+3_ -, e(n)z"
and assume for simplicity that 0 is a component of the divisor. The general case can be treated in
a similar way.

LEMMA 8.2 (Jensen’s Inequality). Let f be meromorphic. Then
10g|Ce| < T(fa OO,T') 7N(f70371)' (21)
Proof. This is an easy consequence of Jensen’s Formula.

In our situation N(f,0,R) can be bounded from below by N(DI[r],r), we use standard
inequalities for the Nevanlinna characteristic function T to bound T'(f, 00, R) from above and
the Liouville estimate gives a lower bound for log |c.|. Comparing the upper and lower bound then
gives f € ker([r + 1]*. Since this holds for all r we conclude that f € kerliﬁu[r]ﬁ. By Schneider’s
arguments one deduces that f = 0.

8.3. Meromorphic functions of finite growth on affine varieties. In Theorems 1.1 and 1.3
the upper bound for the number of points in the set S contains the term max(p,2g) with g the
genus of the affine curve C. It is an interesting question to see whether the dependence is natural
or whether it can be removed. This turns out to be a question about meromorphic functions on
affine curves.

The field of meromorphic functions M(C) contains as a subfield the field of meromorphic
functions Mg, (C) of finite order with the order defined by using either the Nevanlinna or the
Ahlfors—Schimizu characteristic function. Both characteristic functions are based on a choice
of an exhaustion function. In Section 4 such a function has been constructed on applying the
Riemann—Roch Theorem. We have seen that the resulting order does not depend on the chosen
characteristic function. The field M, (C) contains for any p as algebraically closed subfield the
field M, (C) of meromorphic functions of order at most p and is the direct limit of this system of
subfields (see [22]).

A basic question is whether there are meromorphic functions on an affine curve C different
from algebraic functions. Another question is whether a meromorphic function of order p can be
expressed as a quotient of two entire functions of order p. It turns out that this is the case provided
that the order is > 2¢ (see Proposition 5.2) and the bound is also best possible in general as can
be found in the already mentioned articles of Griffiths.

The answer to the first question is given by the Weierstrass Product Theorem on Riemann
surfaces. In section 4 we introduced the analytic divisors Div(C') on C' which can be seen as
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maps D: C — Z. By [23; Theorem 25.5] each divisor D is principal and this shows that there
are meromorphic functions f on C' which have D a divisor. If the divisor D is effective so that
D(z) 2 0 for all z € C then we introduced N™(D,r) and D has order p if N™(D,r) = O(r?). By
[17; Theorem I there exists an entire function f on C' which has p(f) = p(D) and divisor D. As
an application a transcendental function of finite order can be constructed by choosing a divisor
D with N™(D,r) = O(r?) and p > 0 and then the function f is transcendental. An interesting
consequence is the following.

TEOPEMA 8.1. For each non-negative integer n there exists a subring L C Ms . (C) which has
transcendence degree n over the field of rational functions R(C) of C.

Proof. For n = 0 we take Ly = R(C). We proceed by induction and assume the theorem
to be true for n with subring L,. There exist fi,...,f, € L, such that L, is algebraic over
R(C)[f1,-- ., fn]. We take p = maxi<i<n(p(fi)) and choose fr41 € Ok(C) with k = p(fni1) > p.
Since O,(C) is algebraically closed in M,(C) the entire function f, 41 is transcendental over L,
and we tale L1 = Ly [fnt1]-

The authors would like to thank P. Ng from HKU for carefully going through the first version
of this paper which was part of the thesis of the first author at ETHZ in 2011 and for carefully
reading the revised and expanded final version. The second author likes to thank the Department
of Mathematics of the Hong Kong University of Science and Technology for inviting him in Summer
2010 to give a series of lectures on the first version of the paper. The final version was finished in
summer 2012 during a stay as a visiting professor at the Hong Kong University.

Bibliography

[1] S.-s. Chern, “Complex analytic mappings of Riemann surfaces 1”7, Amer. J. Math., 82:2 (1960),
323-337.

[2] A. Gelfond, “Sur le septiegme probleme de Hilbert”, Hssecmusa Axademuu wayx CCCP. VII cepus.
Omoenenue MamMeMaAMUYECKUT U eCmecmeeHHur Hayk, 1934, Ned 623-634.

[3] Th. Schneider, “Transzendenzuntersuchungen periodischer Funktionen. I. Transzendenz von Poten-
zen”, J. Reine Angew. Math., 172 (1934), 65-69.

[4] Th. Schneider, “Transzendenzuntersuchungen periodischer Funktionen. II. Transzendenzeigenschaften
elliptischer Funktionen”, J. Reine Angew. Math., 172 (1934), 70-74.

[5] Th. Schneider, “Ein Satz iiber ganzwertige Funktionen als Prinzip fiir Transzendenzbeweise”, Math.
Ann., 121:1 (1949), 131-140.

[6] S. Lang, Introduction to Transcendental Numbers, Addison-Wesley Publ., Reading, MA, 1966.
[7] E. Bombieri, “Algebraic values of meromorphic maps”, Invent. Math., 10:4 (1970), 267-287.
[8] R. Nevanlinna, Analytic Functions, Grundlehren Math. Wiss., 162, Springer-Verlag, Berlin, 1970.
[9] W. Stoll, “Die beiden Hauptsitze der Wertverteilungstheorie bei Funktionen mehrerer komplexer
Verénderlichen (I)”, Acta Math., 90 (1953), 1-115; “Die beiden Hauptsitze der Wertverteilungstheorie
bei Funktionen mehrerer komplexer Veranderlichen (I1)”, Acta Math., 92 (1954), 55-169.
[10] S.-s. Chern, “The integrated form of the first main theorem for complex analytic mappings in several
complex variables”, Ann. of Math. (2), 71:3 (1960), 536-551.
[11] J. Carlson, P. Griffiths, “A defect relation for equidimensional holomorphic mappings between alge-
braic varieties”, Ann. of Math. (2), 95:3 (1972), 557-584.
[12] P. Griffiths, J. King, “Nevanlinna theory and holomorphic mappings between algebraic varieties”,
Acta Math., 130 (1973), 145-220.
[13] I. Wakabayashi, “Algebraic values of meromorphic functions on Riemann surfaces”, J. Number Theory,
25:2 (1987), 220-229.
[14] L. Hérmander, “L? estimates and existence theorems for the d operator”, Acta Math., 113 (1965),
89-152.


http://dx.doi.org/10.2307/2372738
http://dx.doi.org/10.2307/2372738
http://mi.mathnet.ru/izv4924
http://mi.mathnet.ru/izv4924
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0010.10501
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0010.10501
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0010.10601
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0010.10601
http://dx.doi.org/10.1007/BF01329621
http://dx.doi.org/10.1007/BF01329621
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0144.04101
http://dx.doi.org/10.1007/BF01418775
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0199.12501
http://dx.doi.org/10.1007/BF02392435
http://dx.doi.org/10.1007/BF02392435
http://dx.doi.org/10.1007/BF02392701
http://dx.doi.org/10.1007/BF02392701
http://dx.doi.org/10.2307/1969943
http://dx.doi.org/10.2307/1969943
http://dx.doi.org/10.2307/1970871
http://dx.doi.org/10.2307/1970871
http://dx.doi.org/10.1007/BF02392265
http://dx.doi.org/10.1007/BF02392265
http://dx.doi.org/10.1016/0022-314X(87)90028-X
http://dx.doi.org/10.1016/0022-314X(87)90028-X
http://dx.doi.org/10.1007/BF02391775
http://dx.doi.org/10.1007/BF02391775

134

M. Wang, G. Wiistholz

[15]
[16]

(17]

18]
[19]
[20]
21]
[22]

23]

E. Bombieri, J. Vaaler, “On Siegel’s lemma”, Invent. Math., 73:1 (1983), 11-32.

A. Baker, G. Wiistholz, Logarithmic Forms and Diophantine Geometry, New Math. Monogr., 9, Cam-
bridge Univ. Press, Cambridge, 2007.

P. A. Griffiths, “Function theory of finite order on algebraic varieties. I(A)”, J. Differential Geometry,
6 (1972), 285-306; “Function theory of finite order on algebraic varieties. I(B)”, J. Differential
Geometry, T (1972), 45-66.

P. Griffiths, Entire Holomorphic Mappings in One and Several Complex Variables, Ann. of Math.
Stud., 85, Princeton Univ. Press, Princeton, NJ, 1976.

R. Narasimhan, Several Complex Variables, Chicago Lectures in Math., The Univ. of Chicago Press,
Chicago, 1L, 1971.

H. Matsumura, Commutative Ring Theory, Cambridge Stud. Adv. Math., 8, Cambridge Univ. Press,
Cambridge, 1989.

G. Wiistholz, “Algebraische Unabhéngigkeit von Werten von Funktionen, die gewissen Differential-
gleichungen gentigen”, J. Reine Angew. Math., 317 (1980), 102-119.

S. Hellerstein, L. A. Rubel, “Subfields that are algebraically closed in the field of all meromorphic
functions”, J. Analyse Math., 12 (1964), 105-111.

O. Forster, Lectures on Riemann Surfaces, Grad. Texts in Math., 81, Springer-Verlag, Berlin, 1981.


http://dx.doi.org/10.1007/BF01393823
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 1145.11004
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 1145.11004
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0269.14002
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0269.14002
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0269.14003
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0269.14003
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0317.32023
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0317.32023
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0223.32001
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0223.32001
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0666.13002
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0666.13002
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0422.10028
http://www.zentralblatt-math.org/zmath/search/?an=Zbl 0422.10028
http://dx.doi.org/10.1007/BF02807430
http://dx.doi.org/10.1007/BF02807430
http://dx.doi.org/10.1007/978-1-4612-5961-9

COBpeMeHHbIe HpO6J’IeI\AbI MaTeMaTUKN

Bemm. 17, 2013, 135-152 DOI: 10.4213/spm47

O To4YHOI 1 NPUOJINXKEHHOII OMJIMHENHBIX CJIOXKHOCTIX
YMHO>KEeHUsI MaTpuIll pa3mepoB 4 X 2 u 2 X 2

B. B. Anexkcees ¢, A. B. Cvupnos
@ Mockosckuti 2ocydapcmeernvt yrusepcumem um. M. B. Jlomornocosa
b Poccutickuti edepanvroii uenwmp cydebrot sxcnepmuss. npu MIO PO

Iamsarn Araronus AnexkceeBuda KapairyObl

1. BBeaenue

B 1960 r. A. A. Kapany6a [1] Hames ajropuTy yMHOXKEHUs JABYX N-Pa3PSATHBIX YUCEJL ¢ YIUCIIOM
onepamuii O(n'°823). Tlepsblit aBTOp y3HAT 06 3TOM pesybrare jerom 1963 r., Kora, okomuns 9-it
KJIACC, IpUexaJl Ha JIETHIOI MaTeMATUIECKYIO MIKOJIY, OPraHM30BaHHYO 1101, MOCKBOI aKa1eMUKOM
A. H. KonmoroposbiM. OHuM u3 TpernojaBaresiell B 3Ty KOy ObLI IPHUTJIAINEH MOJIOMON Toria
A. A. Kapamy6a. Ero pesyabrar mpousBes Ha BCEX OIPOMHOE BIeUaTeHue W B GOJIBINON cTere-
HU OTIPEJIe/II HaydHble MHTepechl epBoro asropa. A. A. Kapaiyba mokasas, 9To i IPOCTHIX
IIIPOKO PACIPOCTPAHEHHBIX apudMETUIEeCKUX U aareOpandecKux Olepaluii CyImecTBYIOT HECTAH-
JIapTHBIE ACUMIITOTHYECKH 0oJjiee ObICTPBIE aJaropuTMbl. [IOMCK TaKUX ajrOPpUTMOB CTaJl OTHON U3
BasKHBIX 33J1a9 B MaremMaruke. U ecjm 11 yMHOXKEHMsT YUCeJT 3a/1a9y YAAJI0Ch [IPOIBUHYTH HOYTH
JIO KOHI[A, TO ¢ YMHOXKEHAEM MATPHI] CUTYAIMs 0KAa3aJaCh HAMHOIO CJIOYKHEE.

Hannas paboTa B OCHOBHOM IIOCBAIIEHA 33[a1€ YMHOXKEHUsI MATPUIIBL pa3Mepa 4 X 2 Ha MATPUILY
pa3mepa 2 x 2. B pabore moka3aHo, YT0 OuIHHEHAS CIOKHOCTD 9TOMH 3a1a49n paBHa 14 HaI JTI00BIM
mosieM. C JIpyroit CTOPOHBI, TIOKA3aHO, UTO JJIS STON 3aJIa9U CYNIECTBYIOT TPUOIMKEHHbIE OMIIN-
HellHbIe AJI'OPUTMBI C OMJIMHENHO cIoXKHOCTBIO 13. Jljist 3a/1aum yMHOYXKEHHUsST MATPHUIBI PasMepa
5 X 2 Ha MaTpuIly pa3Mepa 2 X 2 NpuUBejeH TPUO/INKEHHBIH OUIMHERHBIN aJIropuT™ ¢ OUJIMHERHOM
CJIOKHOCTBIO 16 Ha JIFOOBIM TI0JIEM XapaKTEPUCTUKH, OTJUIHON OT 2.

IIycts ||aij|lmxn 0OO3HATAET MaTpHUIy pa3Mepa m X 1 HaJ HEKOTOPBIM IIOJTEM. 3aJada yMHO-
JKEHUsT MATPHUIBI || Qi || mxn Ha MATPHUILY ||bi|[nxp cocTONT (IO ONpEIE/EHNIO) B BBIYHCIEHUH TP
OMITMHENHBIX (POPM BUIA 2?21 ;b5 Ecim BeraucaaTh 3T GOPMBI HEIOCPEICTBEHHO 110 YKa3aH-
HbIM (POpPMYJIaM, TO HEOOXOIUMO CHEeJIATh MNP YMHOXKEHUN U MOYTU CTOJIBKO ke ciioxkeHuit. [Ipu
m = n = p Beero onepamnuii 6ombre, gem n3. B 1969 . IllTpaccen [2] mokaszau, 9ro cymecTByoT 60-
Jtee OBICTPBIE TIO TTOPSAIKY AJTPUTMBI YMHOXKEHUST MATPHUIT, TOCTPOUB AJTOPUTM C IHCJIOM OIIE€PAITH
Ha/1 JIeMEHTaMU I10JIs O(nlog2 7). K 1986 1. 9Ta oneHKa TPY/JaMI MHOTHX aBTOPOB OBLIa MOHIKEeHa
710 O(n?3%) [3] (em. 0630p [4]), omHaKo ¢ Tex T10p 3Ta OIeHKa CYIEeCTBeHHO He yJIydIeHa, HeCMOTPS
Ha OOJIBINOI MHTEPEC K 3ajIade.

Asropury IlTpaccena [2] myis yMHOMKeHUsT MATPHIL TIOPsITKA 1 co ciioxkrocTbio O(n'°82 T) ocho-
BaH HA HANIEHHOM UM AJITOPUTME YMHOXKEHUs IBYX KBaJIPATHBIX MATPHUIL MOPSAKA 2 ¢ 7 yMHOXKe-
HUSIME BMECTO 8 B OOBIYHOM ajiropuTMe. 3aTeM 3TOT aJrOPUTM PEKYPCUBHO HMCIIOJH30BAJICS JJIst
YMHOYKEHHsT MaTpPHIL, HopsaKa 2F ¢ ancioM ymuoxennit 7%, DToT mpuem nieifHo aHajorudeHn MeTo-
ay A. A. Kapary6ui j1ij1s1 yMHOMKEHUsT N-Pas3ps/HbIX 9HCeNT ¢ uucaoM oneparuii O(n!'°823), koropbrit
ceiffyac IPUHSTO HA3BIBATH “‘pas3Jiesisiii U BIACTBYL’ .

Ijtst Toro 9T00BI MOXKHO OBLIO MPUMEHSATH peKypcuto, [IITpacceH mocTpomt cruenuaabHOro BUIa
AJITOPUTM yMHOXKEHUS MATPUIL TOPSIKA 2, & MMEHHO TAK HA3BIBAEMBIil OMIMHEHHBI AJITOPUTM.

Pabora mepBoro aBropa BbINOJIHEHA IpU NOJJep:KKe Poccuiickoro ¢onma dyHIaMEHTAIbHBIX HUCCJIEIOBAHUN
(rpamT Ne 12-01-91331-HHUO-a).
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ONPEJENEHUE. Ilycts F — HEKOTOPOE KOJBIO, W IIyCTh MMEETCS 2 MHOXKECTBA ITEPEMEHHDBIX
A = {ai,a2,...,a.} u B = {b1,ba,...,bs}. Busunetnvmu anrzopummamu Haxy A u B u Koib-
Tt
oM F' Ha3BIBAIOTCS AJITOPUTMBI, B KOTOPBIX CHAaYaJIa BBIYHCISAIOTCS Mpou3BepeHns () ., ala;) X
S ty, . i )
D i1 B5bj) mexoropwix ymneiinbx dhopm (¢ kosddumentamu u3 F) oT IepBOro MHOKECTBa Tie-
PEMEHHBIX Ha HEKOTOpbIe JimHelinbie dopmbl (¢ koadbdunuentamu u3 F) 0T BTOPOro MHOXKECTBA
nepeMeHHbIx, Tae t = 1,2, ..., d, a Ha BTOPOM 3TaIe BLIYUCIAIOTCA HEKOTOPBIE TMHEHHBIE KOMONHA-
mu 3TuX d mpousBemennii. [Ipu 3ToM UncI0 yMHOXKEHUH d HA3BIBACTCS OUAUHETHOT CAOACHOCTDIO

anz2opumma.

OIIPEJEJIEHUE. Bynem roBopurb, 94T0 OUJIMHERHBIN aJIrOPpUTM HaJl KOJIBIOM F' evivucasem cu-
cmemy Ouaunetinoz gopm C, = Y0, 25:1 cf’jaibj, kE=1,...,h, tae c?j — IIPOM3BOJIbHBIE KOH-
cranThl u3 F, ecim kaxmast u3 3TUX OUIMHEHHBIX (POPM OKA3BIBAETCsI BBHIYUCJEHHON HA BTOPOM
JTale ajropuT™Ma. BUusuHetdHot CA0MCHOCTBIO0 30044 BHIYUCICHUS CUCTEMbI OMIMHEHHBIX (HhOpM
HaJT KOJIBIIOM F' Ha3bIiBaeTCss MUHMMAJbHAST OUJINHEHAS CJI0KHOCTD aJropuTMoB Hal F', Beraucis-
IOMKUX JTAHHYIO CUCTEMY OMINHEHHBIX (hOPM.

TpeboBanue GUIMHEHHOCTH IPU U3YIEHUH CIIOXKHOCTH YMHOXKEHHsI MATPULL CBA3AHO C TE€M, UTO
[PU PEKYPCUH BMECTO IIEPEMEHHBIX TIOZICTABJISIFOTCSI MATPUIIBI, KOTOPBIE MOTYT HE KOMMYTHPOBATh.

Kpome 06braubix (TOUHBIX) GHIIMHEHHBIX AJIMOPUTMOB, OIPEIEICHHBIX BBIIE, PACCMATPUBAIOT
TaK>Ke NMpUOJIMKeHHble OMIMHEeHHble ajiropuTMbl. IHTepec K HUM CBSI3aH KAK € BO3MOXKHOCTBIO
OPAKTHIECKOTO MCIOJIb30BAHUsI, TAK U € TeM (PAKTOM, YTO, UMesi ObICTPbINA pubIInKeHHbIH Guim-
HEHHBIN aJITOPUTM IS YMHOXKEHHST MATPHI], MOXKHO TOJIYy4IaTh ACMITOTHIECKN OBICTPBIH TOYHBII
AJTOPHUTM JIst YMHOXKeHUs Marpul [5] (cMm. Takxke 0630p [4]).

HanoMH#M, 9TO JIOPAHOBCKUME MHOTOWIEHAMHU OT [IEPEMEHHOI & HA3bIBAIOT BbIPAXKEHMUs], OTJIH-
YaoIInecs: OT OOBIYHBIX MHOTOWIEHOB T€M, UTO B HUX Pa3PEIIAIOTCs TAKIKe IIeJIble OTPUIATEIbHBIE
CTEIIeHN .

ONPEAENEHUE. [Tpubsustcennvim OUAUHETHDIM AN20PUMMOM HAJ JBYMS MHOYKECTBAMU TIepe-
MeHHBIX A u B u KojibioM F' HazbIBaeTcs: Jito00 OMIMHEHBINH aJrOPUTM HaJl TEMU YK€ MHOXKEeCTBa-
MH [TEPEMEHHBIX, B KOTOPOM B KadecTBe KO3(DMUIIMEHTOB BMECTO KOJIbIAa F' UCIIO/Ib3yeTcst KOJIbIIO
JIOPDAHOBCKUX MHOTOYWIEHOB OT & ¢ Ko3ddurnmenramu u3 F'. [Ipu 3roM 9ncsio yMHOXKeHMIT IMHEHHBIX
dopMm d TakKe HA3BIBACTCH OMIMHENHOM CJIOKHOCTBIO IPUOJIMAKEHHOTO aJIrOPUTMA.

ONPEAENEHUE. Ilycts 3acdukcupoBanbl MHOXKECTBa rmepeMenubix A u B u xosbiio F. Bynem
TOBOPHUTD, YTO IIPUOJIMIKEHHBI OUINHEHHDBIN aJrOPUTM PUOINKEHHO BBIYUCIISET CUCTEMY OMJIN-
Heitubix popm Ck Han F, k= 1,..., h, eciiu Ha BTOPOM 3Talle STOT OUJIUHEHHBIN AJITOPUTM CTPOUT
seipaxkenust Buga Cr + O(x) miust Bcex k= 1,..., h, tae O(x) — MHOTOUJIEHBI, COIEPKAIIIE TOJIBKO
HOJIOXKUTEIbHBIE cTerieHn 2 (Ko3dhMUImeHTaMy MHOTOY/ICHOB AaBTOMATUIECKH ABJISIIOTCSA OUITMHEH-
uble GOpMBbI).

ONPEAEJIEHUE. [Ipubausicennoli 6urunetinoti cA0iCHOCMbI0 36044t BBIYUCIEHUS CHCTEMBI O1-
JIMHEHHBIX (HPOPM HaJ KOJIBIOM [’ HAa3bIBAETCS MUHUMAJIbHAST OMIMHEHHAS CJI0KHOCTD TPUOJIMKEH-
HBIX OMJIMHEIHBIX AJITOPUTMOB HaJ F', TpUOJINKEHHO BBIYUCIISIIONINX JTAHHYIO CHCTEMY OMJIMHEHHBIX

dopwm.

W3 onpeneienusi BUIHO, YTO €CJIM Mbl paboTaeM, HAIIpUMep, B I0JIe JefICTBUTEIbHBIX UJIA KOM-
IIEKCHBIX YUCEJI, TO, BEIONPas KOHKPETHOE CKOJIb YIOIHO 6yin3Koe K () 9uc/Io &, MBI MOXKEM U3 IIPU-
OIMKEHHOTO OMJIMHEHHOTO aJrOPUTMA MOJIYIATh OOBIMHBIN OWIMHEHHBINH AJITOPUTM TOR YKe CJIOXK-
HOCTH, CKOJIb YTOJHO TOYHO BBIYHMCJISIONNN 3aJIJaHHYI0 cucTeMy OuinHeiHbix ¢opm. [Ipu srom
BBIOOD & = () MOXKeT OKa3aThCsl 3AIPENIEHHBIM H3-33 HAJIMYHUSA B KO3MUIINEHTAX OTPUIATETHHBIX
crerneHei x.

Beiie ormeueno, uro yxe 6osiee 20 jieT He yaaercs CyIIECTBEHHO yirydmuTh pe3ynbrar O(n
Kommepemura n Bunorpajia mjisi CJI0}KHOCTH YMHOYKEHUSI MATPHIL TIOPsiJIKa 1. B ¢Bs3U ¢ 9TUM BO3-
HUKAeT HeOOXOIMMOCTb PACCMOTPEHUsI PA3JUIHBIX IIOJIXOJI0B K pa3paboTKe OBICTPBIX ajrOpUTMOB

2.38)
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YMHOXKEHUST MATPUI. B 9aCTHOCTH, NHTEPECHO UCCIENOBATE (JJIsI TIOCIIETYIOIIX OBOBIEHNH ), KaK
YCTPOEHBI ONTUMAJIbHBIE AJITOPUTMbI YMHOXKEHUST MATPUI] MaJIbIX PA3MEPOB, KaK Jjis HUX CTPOUTH
AJITOPUTMBI YMHOXKEHHST C MAJIOW CJIOXKHOCTBIO M KaKHe CYIECTBYIOT MPErpajibl B BUJE HUKHUX
oreHoK. B mammoit pabore mccaemyoTcss OMIMHEHHbIE AJITOPUTMBI W, COOTBETCTBEHHO, OMIMHEN-
Hasl CJAOXKHOCTB. OTMETHM, UTO IMOJIyYeHHBIE PE3YJIbTATHI [TO3BOJIAIOT JIYUIIe MOHSITH CUTYAIUIO
B JIaHHOU 00JIACTH, HO HE JIAI0T HEIIOCPEICTBEHHO YJIYUIIEHWH B CJIOXKHOCTU YMHOXKEHUs OOJIbIITNX
MaTPHII.

Kaxk ckazano Brimie, IIITpaccen mocTpowt OUIMHERHBIH aJrOPUTM JIJIs 33/1a90 Yy MHOYKEHUST JIBYX
MATPUIL TOPSIKA 2 ¢ GUIMHENRHON CI0KHOCTBIO 7 (HaJ/ MPOU3BOJIBHBIM mosieM). Bunorpan [6] mo-
KazaJl, uYTO ITY OINEHKY HeJb3sl HOHU3UTH, T.e. OMJIMHEHHAS CIOXKHOCTH 3a/[a<U YMHOXKEHUS JIBYX
MaTpUIL TIOpsiJika 2 paBHA 7.

HecMmorps Ha IpOCTOTY ITOCTAHOBKH, 3a/1a9a OIIPE/IeIeHNs] OMINHEITHON CII0XKHOCTH Y MHOXKEHUST
JIByX MaTPUIl OKA3bIBAETCSI TSXKEJION Jlarke MPU MaJjIbIX pa3Mepax MaTpuil. 1Tak, mpo OMJInHENRHYIO
CJIOXKHOCTD 331291 YMHOXKEHUSI JBYX MATPUIL HOPSJIKA 3 Ha/L JIOOBIM [T0JIEM M3BECTHO TOJBKO, 9TO
oHa He Gouibine 23 [7] u He MenbIne 19 [8]. VIMerorcst TakyKe HEKOTOPBIE OOIIE HUYKHIE U BEPXHHE
OIIEHKU JIJIsT OUJIMHEHHOM CJIOYKHOCTH YMHOXKEHUsI JIBYX MATPHUIL MOPsiJiKa k U HEKOTOPbIe BEPXHUE
OIEHKN JIJisl OUIMHEHHOM CJIOXKHOCTH YMHOYKEHUsI MATPHUI] KOHKPETHBIX TOpsIKoB. B padore [9]
HOCTPOEH NPUOIINKEHHBIN OUIIMHENHBIN AJrOPUTM JIJIsl YMHOXKEHHUS JIByX MATPUIL HOopsaKa 3 (Hal
OPOU3BOJILHBIM T10JIEM) ¢ GHIInHEHHOM cioxKHOCTBIO 21 (eM. Takke [4]). O HuM 13 aBTOPOB JAHHOI
paborer (A.B. CMUPHOBBIM) HOCTPOEH IPUOJIMMKEHHBIA OUIMHEHHBI AJIOPUTM JJIisi yMHOKEHUS
JBYX MATDHUI] HOPsIKa 3 ¢ OMIMHENRHOH ca0KHOCTHIO 20, KOTOPBIN OyeT omyOJuKOBaH B JIPYTOit
cTarTbe.

[TockonbKy OMIMHENRHBII aJrOPUTM SIBJISETCST YACTHBIM CJIydaeM IMPUOJINKEHHOTO OMIHHEHHOTO
aJTOpUTMA, TO JJIs JII000H 3aadn TpubInKeHHast OnInHetHAsA CITOKHOCTD He OOJIbITe, TeM OnIn-
HeliHas CJI0KHOCTh. 3BecTHO, UTO MpuO/IMKeHHass OUIMHEeHHAsT CI0KHOCTh MOYKET OBITH MEHbIITE,
yeM O6uinHeRHAs CJI0yKHOCTh. OIHUM U3 IPOCTHIX IPUMEPOB sBJIsieTcs cieayoomuii. [Tycts Tpedbyer-
Csl TIEPEMHOXKUTD 2 MATPUIIBI IOPS/IKA 2, IPUYEM OJUH 3JIeMeHT B OHOM u3 HuX paBeH 0. OObIYHbBIA
asroputM (“cTpoka Ha croben’) Tpebyer 6 ymuoXKeHuit ssmementoB. Herpysmo mokasars, 4ro Jio-
60it OMTMHEITHBII AJITOPUTM I STOH 33/[a91 UMeeT OMIMHEHHYIO CJIO2KHOCTD He Menee 6. B To ke
BpPEMsI, CIIPABEJJIUBO CJIEJIYTOIEe yTBEPXK ICHNUE.

VYTBEPXKAEHUE 1. Jlas YMHOMCEHUS MAMPUYDL NOPAOKE 2 € 0OHUM HYAEBVIM INEMEHTNOM HA
MAMPULY NOPAJKG 2 HaA0 A00bM NOAEM CYULELCNEYEM, NPUOAUNCEHHBIT OUAUHETHBLT AA20PUMM
¢ OUAUHETHOT CAOHCHOCTDIO 5.

Takoit asropurm nocrpoen B padore [10] (cm. Takske [4]).

Ecin HEOOXOMMMO yMHOXKUTH MATPHUILy pasMepa m X 2 Ha MaTPHUIly pasMepa 2 X 2, TO MOKHO
pa3buTh MEPBYIO MATPHUILY Ha OJIOKH pasdMepa 2 X 2; MPHU M HEUIETHOM IOC/IeTHuT 010K OyIeT nMeTh
pa3mep 1 x 2. Torma ymHOXKEHTE MATPUITHI pa3Mepa m X 2 Ha MATPHUILYy pa3Mepa 2 X 2 cBeJeTcs K
|m /2] yMHOXKeHUsIM MaTPHUIL HOPsiAKa 2 U (IIPK M HEYETHOM) YMHOYKEHUIO MATPHILI pazmepa 1 X 2
Ha MaTpHuIly pasMepa 2 X 2 (1 HeKOTOPbIM cyoxkeHusiM). U3 pesynbrara [TITpacceHa Jjierko BbITe-
KaeT, 9TO Jisl ITOrO JOCTATOIHO |7m /2| yMHOXKEeHU, T.e. MbI IIOJydaeM OUIMHEHHBINH ajaropurM
¢ Gumneitnoii ciaoxkuocteio [7m/2]. Xoukpodr u Kepp [11] mokazanu, 4ro 9Ty OLEHKY HEJb3s
[IOHU3UTD JJIs 33/[a91 YMHOXKEHUsI TAKUX MATPHUIL HAJ| [10JIeM U3 2 3J1eMeHTOB. J[Jjis IpOon3BOIbHBIX
noJieii u IIPOU3BOJIBHBIX 1M HE U3BECTHO, fABJIAETCH JIX 3Ta OIEHKa HeyﬂquIIael\/IOfI.

B paGore omnoro uz aropos [12] 6puio nokazano, 4ro upu m = 3 060l GuuHeRHbIH aJiro-
pUTM uUMeeT OMIMHEHHYIO CJIOKHOCTH He MeHbIrne 11 Haj IPOU3BOIBHBIM II0JIEM, T.€. OMIMHeNRHAsT
CJIO’KHOCTD 3aJ1a4il YMHOYKEHUsI MaTPHUIBl padMepa 3 X 2 Ha MaTpully pasmepa 2 X 2 pasHa 11
HaJI JIFOOBIM T10JieM. B TO Ke BpeMsi CyIecTByeT MpUOJIMKEHHBIN OUJINHEHBIA aJITOPUTM JJIsT ITOM
3ajiaan ¢ OmmHeiHo caokHOCTHIO0 10. Kro MoxkHO mocTponTs cirey oM 06pa3oM.

IIycTb HYKHO YMHOXKUTH MaTpuily A = Haijﬂgxg Ha Marpuiy B = ||by|l2x2. Ilycrs MaTpuna
Ay nosrygaercs n3 A 3aMeHOU ag2, a31, asz Ha 0, a maTpuia As nosydaercs n3 A 3ameHoit aiq,
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a1z, as1 Ha 0. Torma A = Ay + As, 1 3a1a49a CBOANTCS K BBIUNCIEHUIO NpousBeienuii A1 B u A B.
ITonHOCTBIO HyJIEBBIE CTPOKHU B MaTpuiiax A; u As MOPOXKIAIOT COOTBETCTBYIOIINE HYJIEBBIE CTPOKH
B marpunax A1 B u AsB. Ilosromy 3amada GhakTUIeCKU CBOIUTCS K JBYM YMHOXKEHUSIM MATPHII
HOpsiIKa 2, IPUYeM B KazKJIOM IIPOU3BEJICHUN OJIUH JIEMEHT B 0J(HO# 3 marpul pased 0 (1 HeKOTO-
PBIM JIOIOJHUATE/LHBIM cJioxkenusM). 1o yrBepxkaenuo 1 i KasKI0ro u3 MpOU3BEJIeHUI MOXKHO
[MOCTPOUTH TTPUOJINKEHHBIM ONTMHERHBIA aJrOPUTM ¢ OUINHEIHOM CJI0KHOCTBIO 5. O0beuHsIsT 9TH
aJITOPUTMBI, ITOJIYYUM NPUOJINKEHHBI OMIMHEHHBIA aJITOPUTM IS 33129l YMHOXKEHUS MaTPHIIBI
pasmepa 3 X 2 Ha MATpHILy pazMepa 2 X 2 ¢ GunHeHHOH cy10KHOCTBIO 10 (3TOT ATIropuTM HOCTPOEH
B [10]).

Wcnonp3oBannast KOHCTPYKIHS [TOKA3BIBAET TAKIKE, UTO JJId 3aa9d YMHOXKEHUS MaTPUIILI 0-
pAnKa 2 C OJHUM HYJIEBBIM IJIEMEHTOM HA MATPHILY MOPsAKa 2 JIefCTBUTEJHHO HE CYyIIEeCTBYeT
GuinHeHHOTO anropuTMa, (06BITHOrO0) ¢ GHIIMHERHON cytoxKHOCTBIO 5. Ecsm 661 Takoil aniroputm cy-
IIECTBOBAJI, TO TaK K€, KaK BBIIIe, N3 HEN'0 MOYKHO OBIJIO ObI TI0JIyYNTh OMJIMHEHHBII aJITOPUTM JIJIsT
3aJIa9M YMHOYKEHHUST MATPUIlLI pa3Mepa 3 X 2 Ha MATPUILy pa3Mmepa 2 X 2 ¢ OMJIMHEHHON CJI0XKHO-
cTbio 10, 9TO HEBO3BMOXKHO B COOTBETCTBUY C Pe3ysbTaToM u3 [12].

OTMeTnM, 9TO €C/IM CYUTATDH MEPEMEHHBIE (;; ¥ by KOMMYTHPYIOIUMHI M OTKA3aThCs OT OUJIH-
HEHHOCTH, TO JJIs 3a/1a91 YMHOKEHHsI MaTPUIIBI pa3Mepa 3 X 2 Ha MATPHILy pasMepa 2 X 2 MOXKHO
nocrpouThb ajgropurM ¢ 10 ymuoxkenusivu [13].

Hannas paboTa B OCHOBHOM IOCBSINEHA 3a/[ad€ YMHOXKEHUS MaTPUIBI pa3mepa 4 X 2 Ha MaT-
puIiy pasmepa 2 X 2. B aToM ciiydae BepxHsisl OlleHKa OMIMHENRHON cJI0KHOCTH paBHa 14 (1Bazk bl
ucnonbsyercst aaropurm [rpaccena). B pabore [13] mokasaHo, 9T0 IPU UCIIOIB30BAHIN KOMMYTa~
THUBHOCTH MOYKHO ITOCTPOUTH AJropuT™m ¢ 13 ymMHOX)KeHuUsiMu. MBI MOKaXKeM, 9TO Jjisi OMJIMHEHHBIX
aJITOPUTMOB OTleHKa 14 Heysrydrmaema Hat JOObM mojeM. C Apyroif CTOPOHBI, MBI TIOKAYKEM, ITO
CYIECTBYIOT MPUOJINKEHHBbIE OMINHEHHBIE aJTOPUTMBI I 9TOW 3aJa4n ¢ OMIMHEHHOM CIIOXKHO-
cThIO 13.

OTmMeTnM ertie, YTO BCe PE3YJILTATHI JIOIYCKAIT 0000IIEHNE € UCIIOIb30BAHNEM JIBONCTBEHHOCTH.
3asady yMHOXKEHNST MATPUIIBI Pa3Mepa m X 1 Ha MATPHUIY pa3Mepa n X p MOXKHO 3a7aTh TPOHKOi
qucea m, n, p. Teopema o nsoiicreenHoctn [14] (cM. Takxke [4]) yTBepKIaer, 4ro OHIMHENHHAS
CJIOZKHOCTD U Ipub/nzKeHHas OHIMHeiHAs CI0ZKHOCTD He U3MEHSIIOTCS IPH JIIOObIX IePeCTAHOBKAX
qHCcesr M, M, P.

2. IIpubn>keHHble aJIrOPUTMBbI

TEOPEMA 1. [as sadauwu ymmoocenus mampuuve A = |la;;|| pasmepa 4 X 2 na mampuyy
B = ||bri|| pasmepa 2 X 2 1ad a106bim nosem cyuecmayrom npubauscernvie Gusureinbe aa20-
pummst ¢ Gusunetinot caoscrnocmuio 13. Ilpumepom makozo as2opumma AGAAEMCA CACOYOULUT
NPUOAUNCEHHBIT OUAUHETHBLT QA20DUMM:

Dy = (—za12 + agz + aa2)(—b11 + ba2),

Dy = (za12 — az2)(—xboy + b22),

D3 = (x2a1y + xa1z — xa; — azs — ag2)biy,

D4 = (—zas — za12 + aze + asz)(—bi1 + xba1),
Ds = a42b22,

D¢ = agi(—xbi1 + xba1 + b12),

D7 = (2%az1 + zazg + as2)(bia — xbay),
Dg = ((z + 2%)az1 + as1)(zbi1 + biz — 2°b21),
Dg = (zasz + a42)(—b12 + xba1 + xb22),
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D1 = (z%a11 + a22)(b12 — 2%ba1 + xb2o),
D11 = (a21 + a22)(b12 + xba1),
D1y = (zazs — zazi + a2 — aa1)b12,

D13 = ag2bi2,

Ci1 =2 %(=Dy — Dy + D3 + Ds — Dg + D11 — Dy3),
C1 = 27" (=Dg + D1y — Ds3),

Cs1 =27 %(Dy + Dy — Dy — D5 — D7 + Ds + Dy3),
Cy1 =27 (=Dy — Dy + Dy + Ds),

Ci2 = 27 *(xD3 4+ D1o — Di3),

Coa = D1 — D3 — D5 + De,

Csz = 37 %(—2D5 + D7 + Dy),

Cy2 = D5 + Ds.

1 moKazaTeIbCTBa 9TOM TEOPEMBbl HETPYAHO IIPOBECTH YKA3aHHBIC BBIYUCICHUS U IPOBEPHTD,
910 Cjj = ai1b1j + aiobej +O(x) maa Becex i = 1,...,4 1 j = 1,2, ITO COOTBETCTBYET OILPEIEICHUIO
IPUOIMZKEHHOTO aJIFOPUTMA, I YMHOKEHHAS MATPHIL.

Huke MBI ipuBeieM erre OHy KOHCTPYKITMIO MPUOINKEHHOTO OMINHEHHOTO aJropuTMa ¢ Ou-
JINHENHO CJIOYKHOCTBIO 13 71 3a/1a41 yMHOYXKEHHsT MATPHUIBI pa3Mepa 4 X 2 Ha MATPHUILy pasMepa
2 X 2, OCHOBaHHYIO Ha CJIEJIYIONIEil Teopeme.

TEOPEMA 2. /[las 3adawu ymrosrcenus mampuyst A = |la;;|| pasmepa 3 X 2 ¢ 00num nysesvim
anemenmom (nyemo age = 0) na mampuyy B = ||by|| pasmepa 2 X 2 wad arobvim nosem caparme-
PUCTNUKY, OMAUYHOT O 2, CYULECTNEYIOM NPUBAUICERHBIE OUAUNETHBIE AA20PUMMDL C OUAUNETHOT
caooicrnocmaio 8. B mo oice epems GUAUHETHAA CAOICHOCTID TROYHOZ0 YMHONCEHUSA 6 Mot 3adaye
1ad A06bM noseM PasHa 9.

JIOKABATEJILCTBO. PaccMoTpum ciieayronuit aJiropuTm:

296(111 2 az1 + " age)(=biy + b1z + xbay),

= (-
D2 (2 aze + 227 ag1) (b1 — bi2),
D3 = (way1 + a1z — 5 az1 — 3~ az2)(b11 + b1z + wbaa),
Dy = ($za11 — ar2 — $as1 + 27 "as2) (b11 + bia — abay),
Ds = (—zay; + az — v tas;)bis,
Dg = (3 as1 + 2 "ass) (—by1 + b1z + wbaa),
Dy = (—ajo+ 2 agn + 1z~ Yaz1)(b11 + b12),
Dg = (a1 + ™~ "az1)bia,

Ci1 =2 (D1 + Dy + Dy — D7 + Ds),
Ci2 =27 ' (D2 + D3 + Ds + Dg + D),
C1 = D1+ Dy + 5(Ds + Ds),

Ca2 = Dy + D¢ + %(DE) + Dg),

Cs1 = —xDs,

Cs3 = xDsg.
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ITpoBoss ykasaHHBIE BBIYUCJCHHH, HETPYIHO IIPOBEPHTD, YTO BBIIOJHAIOTCA pasencTsa Cj; =
ailblj + aigbgj + O(LU) g i = 1,2, 7 = 1,2 u C31 = az1bi; + O(LL'), C39 = asz1bia + O(,’L‘), 4TO
COOTBETCTBYET OIpPEIe/IeHUI0 IPUOJIMIKEHHOIO aJITOPUTMA JjIsi YMHOXKEHUST YKA3aHHBIX MAaTPHII.
Orcroma citestyer mepBasi 9acTh yTBEPK/IEHUsI TEOPEMBI.

Eciin pas3burs marpuily A Ha MATPHILy MOPsJIKa 2 U MATPUILY C OJHUM HEHYJIEBBIM 3JIEMEHTOM
u ucnosib3oBark ajropurMm IllTpaccena, To nmorpedyercs 9 ymuoxkenuii. C apyroit cTopoHBbI, ecyiu
OBl CyIIEeCTBOBAJ OMJIMHEHHBIN aarOpUTM i PACCMATPUBAEMON 33/1a9n C OMJIUHEITHON CJI0XKHO-
CTBIO 8, TO, MO0ABIIAT K HEMY 2 MPOU3BEICHU a32b21 U 32020, MBI TTOIYyIUIN ObI OMITHMHEHHDINH aJI-
TOPUTM JIJTsT 33/Ia9N YMHOXKEHWST MATPHUIIBI pa3Mepa 3 X 2 Ha MAaTpHUILy pa3Mepa 2 X 2 ¢ onauHeitHoi
CJTOXKHOCTBIO 10, UTO HEBO3MOXKHO B COOTBETCTBHU ¢ pe3yibraToM u3 [12]. Teopema 2 mosHOCTBIO
JIOKa3aHa.

ITycrs Temeps Hago yMHOXKUTH Marpuily A = ||a;;|| pasmepa 4 x 2 na marpuiny B = ||by|
pasmepa 2 x 2. [Tycts maTpuna A; nonydaercs u3 A 3aMeHO ags, a41, a4 Ha 0, a MaTpuna As mo-
aydaercs u3 A, Haobopot, 3amenoit Ha 0 Bcex ocTalbHbIX 3jieMeHTOB. Torna A = A; + Ao, u 3a71a9a
CBOIMTCS K Bbluucjenuio npoussegennii A1 B u As B. IlojiHOCTBIO HyjleBble CTPOKM B MaTpuiax Aj
u A NOPOXKIAIOT COOTBETCTBYIOIIME HyJieBble CTPOKU B Marpunax Ay B u AsB. Ilosromy 3amadua
dakTHIECKU CBOIUTCA K YMHOXKEHUIO MATPUILI pasMepa 3 X 2 ¢ OJHUM HYJIEBBIM 3JIEMEHTOM Ha,
MaTPHUILY HOPSJIKA 2 U YMHOMKEHUIO MATPUIIBI TIOPSAJIKA 2 C OJHUM HYJIEBBIM JIEMEHTOM Ha MATPUILY
nopsizika 2 (M HEKOTOPBIM JIONOJHUTEIbHBIM CJIoxKeHusiM). [lo Teopeme 2 u yTBepzKIeHUO 1 jijis
9THUX 3aJa9 MOXKHO IIOCTPOUTH NPUOJINKEHHbIE OUIMHEAHbBIE AJICOPUTMBI ¢ OMJIMHEAHBIMU CJI02KHO-
crsiMu coOTBeTCTBEHHO 8 1 5. OObeiuHsAsT 9TU AJIOPUTMBI, IIOJYyYUM eIle OIUH IPUOJIMZKEHHBIH
OMJIMHEWHBIN AJITOPUTM [T 3aJa9i YMHOXKEHUsT MaTPHUIbI pa3Mepa 4 X 2 Ha MATpUILy pa3Mepa
2 X 2 ¢ OUIUHEHHOH CI0XKHOCTBHIO 13. 3aMeTuM, 9TO 9TOT ajJrOPUTM, B OTJIUYHE OT ajrOpUTMa U3
TEOPEMBI 1, MOXKHO PeajiM30BaTh B JIIOOBIX TOJISIX XapPAKTEPUCTUKU, OTJIUIHON OT 2.

Ucronb3yst Teopemy 2, JErKO MOJIYYATh CJIEIYIOIINN Pe3yIbTaT.

TEOPEMA 3. Jlas 3adaywu ymmuoscerus mampuuyve A pasmepa 5 X 2 na mampuuy B pasmepa
2 X 2 Had A100bM TLOAEM TAPAKMEPUCTNUKY, OTNAUYHOT O 2, CYWECMEYEM NPUOAUHCERHBIT OUAU-
HeUHDBIT ar20pumm ¢ dusunetinot caoscrocmvio 16.

JIOKABATEJIbCTBO. Paspexem (kak Boime) marpuily A pasmepa 5 X 2 Ha 2 Marpunsl A u As.
K nepBoii oTHECEM 3JIeMEHTBI IEPBBIX JBYX CTPOK U 3JIEMEHT a31 (OCTabHbIE OOHYJIUM ), KO BTOPOI
OTHECEM 3JIEMEHT (3o W 3jeMeHTHl 4-if u 5-it crpok. Torma A = A; + As, u 3a7a4a CBOIUTCH K
BhIUKCJIeHUIO npousBesieHuii A1 B u AsB. Tlosydyaem, 9ro dakTrdecKu 3aja4a CBOIUTCS K JIBYM
YMHOXKEHUSIM MaTPHUIIbI pa3Mepa 3 X 2 ¢ OJHUM HYJIEBBIM 3JIEMEHTOM Ha MaTpuIly mopsiika 2. I[Tpu-
MeEHsisl JIBAXKJIbl aJITOPUTM U3 TEOPEMBI 2, IMOJIyYUM [PUOJIMKEHHBIN OUJIMHEHBI aJIrOPUTM ISt
3aJIa9M YMHOYKEHHUST MATPUILI Pa3Mepa b X 2 Ha MATPUIly pa3mepa 2 X 2 ¢ OMJIMHEHHON CJI0KHO-
creio 16. Teopema mokazama.

OTMeruM, 9TO UMEIOIIASICS BEPXHsIs OIEHKA JIJIs OUINHEHHOM CJI0KHOCTH TOYHOIO YMHOMKEHUST
B 9TOI1 3aj1a17e paBHa 18.

CHEACTBUE. Jlas 3adawu ymmooswcenus mampuuv, A pazmepa m X 2 na mampuyy B pasme-
pa 2 X 2 1ad A1006M NOAEM TAPAKMEPUCTIUKY, OMAUYHOT 0Mm 2, CYwecmsyem npubsuicerol
burureinul arzopumm ¢ Gusunetinot croocrocmoto [16m/5].

JIOKABATEJNBLCTBO. st m = 5k, 5k + 3,5k + 4 paspexxem marpuity A Ha k mMarpwul pasme-
pa b x2wu (g m = 5k + 3,5k + 4) 1 marpuny pasmepa 3 X 2 wiu 4 X 2 coorBercTBeHHO. s
m = bk + 1,5k + 2 paspexkem marpuity A #Ha k — 1 MaTpur| pasmepa 5 X 2 U JONOJTHUTETHHO JIUOO
Ha 2 MaTpurbl pasmepa 3 X 2, mubo 1 marpuiry pa3mepa 3 X 2 u 1 marpuiry pasmepa 4 X 2 coor-
BercTBeHHO. Jl/1sT yMHOXKEHUS MaTpHIl pa3dMepa b X 2 Ha MaTpuily B pasmepa 2 X 2 UCHOIb3yeM
IpUOJIMKEHHBITT OMITMHEHHBIN aJrOpuT™M ¢ OMIUHENRHON CI0KHOCTHIO 16 3 Teopembr 3. [t ymHO-
JKeHUs MaTpHIl pa3mMepoB 4 X 2 u 3 X 2 Ha matpuily B pa3mepa 2 X 2 UCHOJIb3yeM TPUOIHKEHHBIE
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OuiInHeHHBIE aJTOPUTMBI ¢ OMIMHENRHOH cioxkHOCTHIO 13 (13 Teopembr 1) u 10 (cm. pasmesn 1) coor-
BETCTBEHHO. JIerKo IIpOBEPUTH, YTO CyMMapHas OUIMHEeHHA CJI02KHOCTD IIOCTPOEHHBIX aJITOPUTMOB
BO BCeX CJIydasx BbIpazkaercss dbopmyioii [16m/5]. Ciencrsue JoKa3aHo.

Ormerum, 9T0 JIJIsI TOJIEHl XApAKTEPUCTUKHU 2 B 9TOM CJIEJCTBAU MOYKHO AHAJIOTMIHBIM 00pa30M,
UCIIONIB3Ys TeopeMy 1, MOyIuTh MPUOIMKEHHBIM OMJIMHEHHBIN aJrOpUT™M ¢ OUJINHEHHON CJIOXKHO-
croio [13m/4].

B zakusiouenne pasjena ykazkeM, UTO IPUBEJIEHHBIE B JOKA3aTEIbCTBAX TeOpeM 3 1 2 mpubiiu-
JKEHHbIEe aJITOPUTMBI IIOJIyYeHbl Ha KOMIBIOTEPE C IIOMOIIHI0 3BPUCTUUYECKOI'O BBIUUCIUTEIBHOTO
Meroza. Jeramm sToro MeToa IIAHUPYETCsI IPEICTABUTH B OTJEIBHOM CTaThe.

3. Huxkuaa oneHka

B sTom pazzerne Mbl mOKaxKeM, 9TO 1000 OUINHEHHBIA aJIrOpUTM (TquLIﬁ) JUId 3aJ1a49i yMHO-
2KEHUsI MATPHUITBI pa3Mepa 4 X 2 Ha MaTpUIly pasmepa 2 X 2 HaJl JIIOOBIM OJIEM UMeeT OMINHEHHY IO
CJIOKHOCTD He Menee 14 (emme pa3 ormeruM, 4ro B [11] Takoil pe3yabTar moJydYeH TOJLKO JJIs OIS
u3 2 syemeHTOB). MBI HOKayKeM, 9TO Jyisl 9TOil 3a/1a9i He CYIIeCTBYeT OUIMHEHHOIO ajropuTMa
¢ OunuHeitHo# citoxkHOCTRIO 13. Mnes moka3aTenbcTBa COCTOUT B TOM, UTOOBI M3 MIPOU3BOJILHOTO
pelleHus CJI0KHOCTH 13 ToJTyYuTh pernenne 6oJiee MPOCTOro BUJIA, & Y¥Ke JJIsl 9TOro 0oJiee mpocTo-
IO BHJIA JI0KA3aTh HEBO3MOXKHOCTB. QnuiieM CHadasa CrocoObl IPEJICTABICHNS U IIPe0Opa30BaAHUS
peIteHuii.

ITIycrs 3amamsl 2 MaTpuubl A = ||Gij||mxn & B = ||bii|lnxp; daxTudeckn 3ananst 2 nabopa mepe-
MEHHBIX: @;; (1mx mn) u by (ux np). JIioGoe BbIpazkeHue BUga . Z?Zl Dt Dot (i) (k) i Dkt
MOZKHO DacCMaTpUBaTh KaK OMIHHEHHYI0 GOPMY OT ABYX MHOXKECTB IepeMeHHBIX {a;;} i {bpi}.
Marpuna sroit 6ununeiinoit opmbl 3ajaerca KoaddunuentaMu o ;) (k). g TOro 4Todbl TOU-
HO 33J]aTh 3TY MAaTPHILy, HEOOXOJUMO YIOPAJOYUTHL BCE HEPEMEHHLIE G;; U BCE IepPeMEHHBIC by;.
MBI yHODPSIOYHAM [EPEMEHHBIE G;; 10 CTPOKAM MATDHIBL A: 11, G12, ..., Gln, 021, 022, - - -, 02n, - - -,
A1y Qm2y - « - Amp, T COIIOCTABAM UX B 9TOM IMOPSIKE CTPOKAM MATPUITHI KOI(DMUITUEHTOB OrInHEH-
Hoit popmel. Ilepemenusnie by, yIopsiiounM Mo cTo01amM MaTpunsl B: b1, b1, ..., bn1, b12, b, ...,
bn2,...,b1p,bop, ..., byp, T COMOCTABUM HX B 9TOM IHOPAIKE CTOJOIAM MaTPHUIBI KO3 duIuenTos
Gumaeitaoit Gpopmer. TakuM 06pa3oM, IEPEMEHHOI a;j COOTBETCTBYET CTPOKa ¢ HOMepoM (i—1)n+7,
a mepeMenHoit by, coorBercTByer crosber ¢ nomepoM k + (I — 1)n. Torga B maTpuie GuinHeiHOM
dopMBI Ha TIepecedeHNN CTPOKH, COOTBETCTBYIONIER a;j, M CTOJOIA, COOTBETCTBYIOMETo by, Oyaer
(kaK OOBIMHO) CTABUTLCA KOIPDUIHEHT (;j) (k) B OUIHHEIHON hopme TIpH by

Yuuoxkenue MaTpunbl A = [|ai;||mxyn Ha MaTpuiy B = ||bg||nxp COCTOUT B BbIMUCTEHHN mp G-
JIMHERHBIX POPM BHIA 2?21 a;;bj1. IlocMOTPIM, KaK BEITVIAIAT MATPUITHI STUX ONIMHEHHEIX hOpM
IpY yKa3aHHOH yIOpsamodeHHocTH a;; #u by;. Paszobbem marpuiyy OmimmHeitHo#t ¢dhopmbl pasMepa
mn X np Ha OJOKHU pasmepa n X n. Toraa ee MOXKHO PacCMATPUBAThH KaK OJIOYHYIO MATPHUILy Pas3-
Mepa m X p ¢ 6bjokamMu pasmepa n X n. [Ipu sTom B MmaTpurie OuinueirHo popMbl Z?Zl a;;bj; Ipu
bUKCUPOBAHHBIX , | €UHUIIBI CTOAT TOJBKO B KjeTkax ¢ Koopauuaramu ((i —1)n+ 4,5+ (I —1)n),
7=1,2,...,n, T.e. B il-M OJIOKe Ha TUATOHAJM CTOAT 1, & BCe OCTAJIbHBIE 3JIEMEHTHI MATPHUIIBI PAB-
uol 0. JIpyrumu ciioBamu, ¢l-it 610K SBISETCS e IMHUIHON MaTpureil F,, mopsaka n, a Bce OCTAJIbHbIE
610K — HyJeBble MaTpullbl. OBO3HAYNM TAKYI0 MATPHUILY pazMepa mmn X np npu (pUKCHPOBAHHBIX
m, n, puepes By (1<i<m,1<I<p).

Hawm myx)m0, 9TOOBI BCe mp OUINHEHHBIX (hopM Z;lzl
HAIIMI HEKOTOPBIX PA3JIOKUMBbIX OuinHeHHbIX opM Buga (Y -, Z?Zl @ijaij) (X p—q Dot—1 Bribii)
¢ k03bdUIUEHTAME U3 33JaHHOT'O T0JIs. DTO PABHOCUIHLHO TOMY, 9TO MATPUIILI 3TUX M) OuInHeH-
HBIX (DOPM BBIPAXKAIOTCH KAK JIMHEHHBbIE KOMOWHAITMN MATPHUIL PA3JIOKUAMBIX OMIMHEIHBIX (hopM.
B ¢Bs13u ¢ 9TMM BO3HUKAET BOIPOC: KAK BBINJISIAT MATPHILHI PA3JIOXKUMBIX OUINHEHHBIX (GOpM?

@3;b;; BEIPAKAJIICEH KaK JMHEHHbIe KOMOU-



142 B.B. Anekceesn, A. B. CmuproB

. T S
JIEMMA 1. Henyaesyro buaunetinyro dopmy C = 3751 > 75, cijTiyj Had npousconsvhvim no-
aem F moorcno npedemasums 6 eude npoussedenus 06YT AUHETHDIT POPM COOMBEMENGEHHO O,
T S
nepeozo u 6mopozo mmovicecmea nepemenror C = (321 oix;)(325-1 B;Y;), moeda u moavko mo-
20a, Ko20a Mmampuuya c;; amoti busunetinot dopmu. umeem pane 1.

JOKABATEJLCTBO. Eciu Ounnneitnas dopma C' pasioxkuma, T.e.

C= chijmiyj = <Zai$i> (Z 5jyj),
i=1 j=1

i=1 j=1

TO (Ci1,Ci2, -, Cis) = 04(B1,P2,...,3s), IOITOMY BCe CTPOKH MATPHUUEL ||¢;;|| Gunumeiinoit dop-
Mbl C' IIPONOPITMOHAIIBHEL U MATpHIA ||¢;;|| mMeer panr 1. ObparHo, ecanm marpmia ||c;j|| mmeer
pasr 1, To cymecrByer takoit Bektop (01, 2, . . ., fs) U TAaKue KOHCTAHTHI (ij, ITO (Ci1, Ci2y - - -, Cig) =

ai(ﬁhﬁQa o aﬁs)- TOI‘,H&

C= chijxiyj = (Zo‘ixi> (Zﬁjyj)'
i=1 Jj=1

i=1 j=1
Jlemma, nokazaHa.

Takum o00pazoM, 3ajada ONpeleseHUs OUJIMHEeHONH CJIO?KHOCTH YMHOXKEHHs MaTpuibl A =
|aij||mxn Ha MaTpuiy B = ||by||nxp (Ha1 dukcupoBanubiM mosieM F') MozkeT ObITH CBeJIEHA K ClIe-
AyIolei 3aia4de.

3a51a4A E. Haiitu d marpun, Dy, Do, ..., Dy paura 1 (wag duxkcuposanubiv tosem F), ju-
HEeHHBIMI KOMOUHALIUSMEA KOTOPBIX ABJIAIOTCS BCe YKA3aHHbIE Bbile MaTpuilbl Fj; (Ipu 3ajanmbix
napamerpax m, n, p). 910 9ucyio d OygeM Ha3bIBATH CJIOKHOCTBHIO HAMIEHHOIO PEIICHHUS.

B pesymbrare momyuaeM, ITO OHIMHEIHAs CIOKHOCTb yMHOXKeHHsS MAaTpuibl A = ||aij|lmxn
Ha Marpuity B = ||bgi|lnxp PABHA HaMMeHbINEH CJIOXKHOCTH pelteHus 3aJadu E (Ipu 3a7aHHBIX
napamMerpax m, n, p).

Hust ynobersa BBeZieM ciejyiomiee obosHadenne. B nasbHelimeM Beipaxkenue |Py|Ps|---|Py|
OyjieT 0603HAYATH MATPHILY, PA3PE3AHHYIO HA 1M BEPTUKAJBLHBIX OJIOKOB OJUHAKOBOW HIUPUHBI 7.
s npomsBosibHON MaTpuilbl P mopsinka mn u jyist aobbix 1 < ¢ < m, 1 < [ < p onpenenum
Mmarpuiel Pj; pasmepa mn X np ciaexyomum obpaszoMm. Ilycre P = |Py|Py|- - |P,,| — pasbuenue
marpuipl P Ha Beprukaabuble 610ku mupunst 1. Torga monoxum Py = (0] - - |0|P;|0] - - - |0], rue Bee
OJIOKHM UMEIOT MUPUHY N, [-it 6y10k MaTpuiisl P;; paBen P;, T.e. i-My 6JI0Ky MaTpuiisl P, a ocTaJIbHbIe
OJIOKM MATPUIBl Pj; sIBJISIOTCS HyJIEBbIMA MATPUIAMH. BaXKHO 3aMETHUTh, YTO YKA3aHHBIE BBIIIE
MaTpUNbl F;; ABIAIOTCS YaCTHBIM ciaydaeMm marpur Py npu P = E| tne E — euHTYIHAS MATPUIIA
nopsiaka mn. PaccMOTpUM CJIeIyTONIYIO 3a,1a4dy.

3AIAYA P. Haiitn nanmenbiiee 9ucyio d MaTpur; paira 1, TUHeRHBIMI KOMOUHAIIASIMA KOTOPBIX
SIBJISIIOTCST BCE YKA3aHHBIE BBIIIIE MATPUIIBI Fjj.

3AMEYAHUE 1. Eciu Dy, Do, ..., Dy — pemienne 3aja4uu P 1 Bce MaTPUIbl yMHOKUTH Ha, IIPO-
U3BOJIbHBIE HEHYJIEBbIE KOHCTAHTBI, TO, OYEBUJIHO, CHOBA IIOJIyUINTC peleHne 3aaadu P.

3AMEYAHUE 2. YKazaHHas BbIIIe 3aja9a F siBisiercs 9acTHBIM caydaeM 3aaau P npu P = E.

JIEMMA 2. Had mobvim nosem F naumenvwas caoscrhocms pewenus 3adavu P npu durcupo-
BAHHDIT M, N, P 00UHAKOBA ONA BCET HEBBLPONHCIEHHMT Mampuy, P u pasha 6usunetinoti crodcHo-
cmu ymroorcenua mampuyvt A = ||aijllmxn Ha mampuuyy B = ||bgi|lnxp. Ecau D1, Do, ..., Dq —
pewenue 3adavwu P u C' — neswpoorcdennan mampuya, mo CD1,CDs, ..., CDy — pewerue 3ada-
yu CP.
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JOKABATEJILCTBO. Ilycts C — HeBBIpOXKIeHHAsS MaTpuUiia mopsaka mn. mveem
CP =C - (|P|Py|-|Pn|) = |CP|CPs|-+-|CPy|.

Orcrona (CP); = C- P; nysi Becex i u (CP)y = C- Py npu Beex ¢ u . Tlostomy ecam marpuna Py sig-

nsiercs auHeitHoN KoMOuHanueit marpur, Dy, Do, ..., Dy panra 1, o (CP);; = C'- P siBasieTcs Toit
ke JimHelHo#M KoMOuHarmeit matpurt CDy, CDsy, ..., CDy padra 1. 9T0 3HAYUT, ITO €CTU MATPHUITHL
D1y, Ds, ..., Dy parra 1 gator pemmenue 3amaau P, o matpuret CDy,CDs, ..., CD, panra 1 gaor

pemenue 3agaan C'P. ITociennee yTsepxKenue JeMMbl 1oKazano. Ecau P u P — nBe HeBLIPOXK-
JIeHHBIE MATPHIIBI TIOPAIKA MmN, To, paccMarpubas Marpurpl C; = P7(P')~t u Cy = P'(P")71,
HoJIydaeM, YTO U3 pellleHus: 3a,1a491 P’ MOXKHO MOIy4YHUTh peltenne 3a1aau P Toit e cJI0XKHOCTH, 1
HaobopoT. OTciona caeayer neppas IOJOBUHA IIEPBOTO YTBEPXKICHUA JeMMBI. 1[0CKOILKY MATPHIIA
E HeBLIpOXKJeHHAs U HAaUMeHbIIasl CJIOXKHOCTL PelleHus 3aJa491 F paBHa OMIMHEHHOH CJI0KHOCTH
yMHO2KeHnsT MAaTPUIEL A = ||a;;||mxn Ha MaTpuiy B = ||by||nxp, TO J€MMa HOJHOCTBIO JOKA3AHA.

Jlemma 2 103BOJISIET U3 IPOU3BOJIBLHOIO pellleHus 3ana4u P mosydaTs pereHus 0oJjiee mpocTo-
ro Bujia (BO3MOXKHO JJIsi Apyroi marpuiel). Eme 3 mpeoGpa3oBaHust peleHnii OTparXkeHbl B JIeM-
Max 3-5. B masbHeiinem Mbl Oyiem cauTaTh (PUKCHPOBAHHBIM HEKOTOpOE 1mojie F', HaJl KOTOphIM
paccMaTpUBAIOTCsT BCE MATPHUIIBI, U HE OyIeM OTMEYATh ero B (DOPMYIMPOBKAX yTBEPKICHUIA.

JIEMMA 3. IIycmv D1, Ds, ..., Dy — pewenue 3adavwu P das nexomopot neswipootcdennoti mam-
puyv, P nopadka mn. Hycmo Dy = |D}|D?|---|DY| - pas6uenue xasicdoti mampuyo, Dy na 6a0xu
wupurve n. ITyemo H — nesvipoorcdennasn mampuya nopadka n. Tozda nabop mampuiy, nepeozo par-
ea D} = |D}H|D?H|---|DY H| seasemcsa pewenuem sadavwu 6uda P oas neeviposicdentioti mampu-
uol |PyH|PoH| - - |PpH|. (Bamemum, wmo paccmampusaemoe npeobpazosarue 03navaem npocmo
npedcmasaenue 6Cex 6eKMOPos OAUNYL L 6 HOGOM baduce.)

JIOKA3ATEJBCTBO. JlokaxkeMm cHaYaja KOPPEKTHOCTH (POPMYJIUPOBKH. 3aMETHM, UTO BCETIA
cToJIOIbI MaTputibl D H aBAAIOTCS TUHEHHBIMU KOMOUHAIUSAMU CTOJI010B MaTpuIlbl D. Tak Kax 1mo
OIIPeJIeJIEHUIO pellleHust 3aa49u P Bce MaTpuiibl Dy mMeoT paHr 1, TO Ipu KaxKj0M ¢ Bce CTOJIOIBI
Beex marpun, D}, D2, ... DY nponopIuoHa bHbl, a 3HAYUT, TPOHOPIMOHATLHbI H BCE CTOJIONBI BCeX
varpur, D} H, D?H, ..., DY H. CienoBatenbho, Mmatpunia D} umeer panr 1 npu xaxjom t. lasee
umeeM |PyH|PoH| -+ |PpH| = |P1| Pl |Pn| - K, tne K — Marpuia pasmepa mn X mn, pa3buras
Ha 6JIOKH pa3Mepa 1 X n, B KOTOPOH JauaroHajbHble 00K paBHBI H, a ocTaJbHbIE OJOKHA PABHDI
0. Tak xak 10 ycyioBuio Marpuiia H HeBBIpOXKeHHAs, TO U MaTpuria K HEBBIPOXKEHHAs, & TaK

Kak Marpuria P HeBblpoxkjeHHas, To u Marpuna |PyH|PyH|- - |Py,H| = PK HeBBIPOXKIeHHAS.
KoppekTaocTh (hOpMyIMpPOBKH JIOKa3aHa.

Ecsin nekoropas Jimneiinas kombunanus marput, Dy, Do, ..., Dy naer marpuiy Py = [0]- - 0|
P;|0] - - - 10|, To Takas e juHeitnas Kombuuanms marpur, DY, D5, ..., D! nacr marpumy 0] - - - |0 P;
H|0|--- 10|, toe 6mok P;H Taxxke crout Ha [-M Mecte. OTCIONA CI€yeT yTBEPKIEHUE JIEMMBI.

JIEMMA 4. ITyecmv D1, Ds, ..., Dy — pewenue 3adavwu P 0as Hexomopot Hegvipootcdennoti mam-
puyve P = |Py|Ps| - -+ |Pp| nopadka mn (6aoku wupunve n). ITyemos kaocdwis 6a0x P; samenaemcs
na 6aox P!, asamowudica sunetinol xombunayuet 6aoxo6 P;. Tozda mom oice wabop mampuy
Dy, Ds, ..., Dy asasemca pewenuem sadawu P’ dasa mampuyw P’ = |P]|P4|---| P/ |.

JIOKABATENBCTBO. Tak kak marpuna P/ spisiercs suHeiiHoii komGunanumeit marpun, P;, 1o
upu Jjio6oM [ marpuna P aiserca jmueiinol kombuuanweidt marpury Pj. Tax kak Di, Do, ...,
D, — pemenne 3amaun P, To Kaxkgast MaTpuria P gBistercst TUHEHHON KoMbuHanueir marpurr Dy,

a 3HANT, U KaxKIas MaTpulia P); aBigeTcs nuneitnoit kombumanueit marpur D;. JlemMa nokasama.

3AMEYAHUE 3. Ilpm npuMeHeHnn JeMMbI 4 Hy?KHO OyJIET CJIeIUTh 3a TeM, 9T00bl MaTpuna P’
0CTaBaJIaCh HEBBIPOZK/ICHHOM.

JIEMMA 5. ITycmv D1, Ds, ..., Dy — pewenue 3adavwu P 0as Hexomopotl Hesvuporcdennoti mam-
puywt P. Ilyemv Dy = | D} |D2|- - |DY| — pasbuenue xasicdoti mampuyse Dy ma 640%u wupuroti n.
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IIyemw odnospemenno 60 ecex mampuyaxr Dy desaemes 0dno u mo oice ne6vipooicdennoe npeod-
pazosarue ¢ O6AOKAMU: 51 = Zle Li;Di, j = 1,...,p. IIyemv mampuya 3mozo npeobpasosarus
L = ||l;;|| nesvpoosrcdenna. Toeda noayuennvie mampuyse Dy makotce A8AA10MCA peuwieruem 36064y
P 0as moti oice mampuyvr P. (Mampuupbe Dy one6udno, 0cmaomea Mampuyamu nepeozo panza. )

JIOKABATEJILCTBO. OnucanHoe npeobpa3oBaHue 03HAYAELT, ITO BCe MATPHUILI Dy YMHOXKAKOTCS
CIpaBa Ha OJHY W Ty ke Gounyio Marpuity L' pasmepa np X np ¢ 61okamMm pasMepa n X n, B KO-
Topoii ij-it 650K paseH l;; By, Tae E, — equHIYHAS MATpHUIa IOPAIKa N, l;; — HEKOTOPBIE YHCIIA.
ITo ompenenenmio permennsa 3aJaan P kaxxmasa marpuna Pj; apagerca nnmHeitHON! KoMOWHaImei

d
marpun Dy Py = >, cﬁth. VMHOXKad 3TO PaBEHCTBO CIpaBa HA MATpHIly L', mosrydmm PZ-’j =
a _
Dot c’;th, rie Pi’j = |lj1Pi|lj2P;| - - - |ljpP;|. TIockomeky marpuna L = ||l;;|| HeBbIpOXKI€HHA, TO
p .
JUIsl Hee CyIecTByeT obparHast Marpuna R = [|r;;|| Takas, aro Y ) _; 7jklks paBHa O npu j # s u
pasHa 1 pu j = s. Torna

p p
Z Tk Py, = ‘ <Z Tjklkl) P;

k=1 k=1

= Pij~

P
EE ’ <Z Tjklkp) P;
k=1
/

Taxum 006pas3oM, KazKaasd MaTpuna F;; spiigerca JuHeinoll KomOuHanueit marpur, P

ijs & CIIEJIOBa~

TespHO, U Marput D;. Jlemma mokazana.

TEOPEMA 4. Jho6ot 6uaunetinod aszopumm (mounvid) 0As YMHOMCEHUSA MAMPULDL PAZMEDPA
4 X 2 na mampuyy pasmepa 2 X 2 1ad NPou3BOALHBIM NOAEM UMEETM, OUNUHETHYIO CAONCHOCTND He
menee 14.

JIOKABATEJILCTBO. MbI moKakeM OT IPOTUBHOTO, UTO JJjIs yKA3aHHOM 3a/1a9M HE CYIIECTBYET
OommHeHOrO asropuTMa ¢ 13 ymuoxenusmu. 1o slemme 2 970 yTBEpKIeHIE PABHOCUIBHO OTCYT-
CTBUIO PEIEeHUs Y CJEIYIONEeil 3a/1a9u.

IIycts P — mpowsBoJibHAsT HEBBIPOXKIEHHAS MATPHUIIA pa3Mepa 8 X 8, pasdburasi Ha OIMATPHUITHI
pasmepa 8 X 2: P = |Py|Py|Ps|Py|. Ilycrs Pj; — marpuna pasmepa 8 X 4 Buga Py = |P;|0], a Py —

marpuna pasmepa 8 X 4 Buga Ps = |0|P;| (Bce 6oku mupuns 2). Cnpamusaercsi, CyMmeCTBYIOT
su 13 matpun, nepsoro paura Di,..., D13 padmepa 8 X 4 Takux, 4uto Bce 8 marpur, P;; u Pjo,
j=1,...,4, ABJISAOTCS JUHEHHBIMU KOMOuHAIsaMu MaTpuit, Dy, ..., Di3.

Hamo nokazars, 9To 9Ta 33/1a9a HE UMEET PEIeHNs HU I KAKOI HEeBBIPOXKIEHHON MaTpurbl P.
Wnes mokasaresbcTBa COCTOUT B TOM, YTOOBI U3 IPOU3BOJBHOIO PEIIEHUs ITOH 33 a9 MOy IUTh
pertenne 60J1ee TPOCTOTO BUJIA, & yKe JIJIs 3TOr0o 0oJjiee MIPOCTOr0 BUA JI0KA3aTh HEBO3MOYKHOCT.

HomycTuM, 9TO 77151 HEKOTOPOU HEBBIPOXKJIEHHON MaTpuiibl P pa3mepa 8 X 8 Takoe pereHne
Dy, ..., Dy3 u3 MmaTpurl paira 1 CymecTByeT. ITO 03HAYAET, ITO CYIIECTBYIOT TaKne KOIMDDUIMEHTRI
allt, aft (u3 paccMaTpUBAEMOrO MOJIst), 9TO JJid ¢ = 1, ..., 4 BBIIOJHIIOTCS PABEHCTBA

13 13
1 2
Py = E oy Dy, Py = E a; Dy
t=1 t=1

Pazobbem Bee Marpuisl Dy Ha 2 6y0ka pazmepa 8 x 2: Dy = | D} |D2|. Toria mocsie/iHue paBeHcTBa
PABHOCHIILHBI PABECHCTBAM

13 13 13 13
Pi=Y aiD}, Y a}D}=0, Y o}D{=0, P,=Y o}D}. (22)
t=1 t=1 t=1 t=1

Tax kax MaTpuiia P HEBBIPOXKIEHHAsI, TO €€ CTOJIONBI JIMHEHHO HE3ABUCUMBI, [I09TOMY, B YaCTHOCTH,

JIMHERHO He3aBUCUMBI TOAMAaTpuIsl Py, Py, P3, Py. Torna u3 nocieHero papeHcTsa B (22) coemnyer,

aro 4 BekTopa KodbdurmenTos (a2, a,...,a25), i = 1,...,4, quneiino nezapucumbl. Ho Torma
,
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U3 TpeThero paseHcTsa B (22) ciemyer, uro cpeiu Marputt D1, ..., D1, ne Gosee 9 muneiino neszasu-
cumbix. C apyroit croponst, B Marpunax Py, Ps, Py, Py mmeercs 8 JIMHEIHO HE3aBUCUMBIX CTOJIOIOB,
KOTODBIE COIVIACHO IEPBOMY PaBEHCTBY B (22) NOJKHBI OBITH JIMHEHHBIMU KOMOUHAIUSMUA CTOJIO-
nos u3 D}, ..., Di,. IlockombKy marpuist D1, ..., D1, umeror panr 1, To 3T0 03HAYaeT, 9TO Cpeun
D}, ..., D}; ecTh 8 HeHy/IEBBIX MATDUIL TIEPBOTO PAHTa, MOCTPOCHHBIX Ha 8 JIMHEHHO HE3aBUCHMbIX
cronbrax. Torma stu 8 MmaTpur uHeitHO He3aBucuMbl. [lojrydaem, 9T0 BO3MOXKHBI TOJIBKO 2 CJIydast:
MaKCHMAJIbHOE YHC/I0 JIMHEHHO HEe3aBUCUMBIX MaTpul] cpeau marpur Di, ...  Di; pasno 8 um 9.
Paccemorpum stu coygan otnesbHO.

Cuywait 1. Cpean matpun D1, ..., Di; umeercs 8 ymmeiino nezaBucHMbIX MaTpur (IIyCTh 3TO
matputbl D1, ..., DY), a marpurpt D§, ..., Di; sBisioTcs JTUHEHHBIME KOMOUHAITSMI MAaTDHIT
D%, .. .,Dé. DTO 3HAYUT, YTO CYIIECTBYIOT Takue KodbduiuenTsr b ,kf (u3 paccMaTprBaeMoro
[OJIs1), YTO BBIIOJHSAIOTCH paBeHcTsa (eM. (22))

8 8
D{=> WD),  t=9,...,13 P=)Y KD, i=1,..4 (23)
p=1 t=1

Cornacro (23) u3 cronbros marpur D, ..., D ruHeiHbIMI KOMOUHAIISMI JTOJTAKHBI TIOTY 9aTh-
sl Bee 8 JIMHENHO He3aBUCUMBIX cTosio1oB MaTpunsl P. Tak xak Bee marpurpt Di, ..., Di umeror
pasr 1, To Bce MaTpHIIHI D%, ey D% JIOJI2KHBI OBITH HEHYJIEBBIMU U TIOCTPOEHHBIMU Ha, 8 JIUHEHHO
HE3aBUCHMbBIX cToJ0ax. Kaxryro Mmarpuity Dy mepBoro pasra MOXKHO IIPEJCTABUTH B BUJE IIPOU3-
Benenusi Dy = f; - g¢, Tie f; — HEKOTOPBIt BEKTOP-CTOJIOEI, & gy — HEKOTOpas BEKTOP-CTPOKa. lorma
CD; = (Cf;)-g¢. HockoabKy BeKTOP-CTONOUBL f1, fa, . .., fg JUHEHHO HE3ABUCUMBI, TO MOYKHO HaiiTu
TaKyIo HeBbIpOXKieHHyto Marpuity C, uro Cf; = e; ipu Bcex t = 1,..., 8, rae e; — BeKTOp-CTOI6ET]
¢ omHo 1 Ha t-M MecTe W HyJIsSIMA Ha OCTAJBHBIX MecTaxX. Torma B marpurie C'D; enHCTBEHHOM
HEHYJIEBOIl CTpPOKOil Oyier crpoka ¢ HOMmepoM t. Ilo jiemme 2 marpunbt CDy, t = 1,...,8, Oy-
JIyT OISTH JaBaTh pemreHue 3aja4un P, HO ¢ 3amenoit marpunbl P wa marpuiy CP. Ilpu sTom
pasencTBa (23) ocranyrca cupasemyubiMu i Marpunbl CP u marpun, CDy. Uto6bl n3bexarsb

TPOMO3IKUX 0003HAUEHUIT, MOXKEM CIUTATD, 9TO pemtenne D1, . .., D13 yKe st NCXOIHON MaTPHUITHI
P wumeer Takoit Buj, T.e. B MmaTpurie D;, t = 1,...,8, eIMHCTBEHHON HEHYJIEBOI CTPOKOM SIBSIETCS
CTPOKa C HOMepOM t.
IlycTs
8
Ny =D, — E bep, t=9,...,13. (24)
p=1

Torya u3 (23) nomyuaem, uro N; umeer sug Ny = |0|NZ|, rae N? — nommarpuna pasmepa 8 X 2.
Tax kak cpegu mMarpur, D}, ... Di, poBHO 8 /IMHEHHO HE3aBUCHMbIX MATPHII, TO HPOCTPAHCTBO
JINHEHHDBIX KOMOMHAITHI Ztlil Dy Takux, 9To Z;il wD} = 0, umeer pasmeprocts 13 — 8 = 5.
Ho 5 nuneitnbix komOumHammit Dy — 2221 YDy, t = 9,...,13, Beipaxkatommx Ny, BXOAAT B 9TO
IIPOCTPAHCTBO U JINHEHHO HE3aBUCUMBI, IIOCKOJIbKY KaxKjoe ciaraemoe Dy, ..., Di3 BXoquT poBHO
B OJIHy M3 9TUX JUHEHHbIX KoMOmnanwmii. Cie/oBaTesIbHO, KaKas MaTPHUIA, KOTOPAs SIBJISETCS
JuHeliHoi kombunanumeii marpun Dy, . . ., D13 u umeer Bug |0|H|, aBiagercs juneiinoil komOuHarmedi
marpur Ny, . .., N13. B 9acTHOCTH, CyIECTBYIOT TaKie KOHCTAHTHI €} (13 paccMaTpuBaeMoro moJis ),
9TO BBIIOJIHAIOTCS PABEHCTBA

13 13
P =[0|P;| =) €Ny,  P;=> €N, i=1,....4 (25)
t=9 t=9

ONPEAEJEHUE. Bymem rooputs, uro marpuna N; = [0|F;| umeem mun F, ecu jyist Hee B (24)
Bee koaddurments b = 0. Byjaem rosoputs, uro marpuna Ny = |0|Gy| umeem mun G, ecan s
nee B (24) cymectsyer koadgdunuent by # 0.



146 B.B. Anekceesn, A. B. CmuproB

Hanomunm, uro kaxkaast u3 marpur Dy, ..., Dg ommasa ot 0 TOJIBKO B OJIHO# CTpOKe (KasKiast
B CBOE€Il).

JIEMMA 6. Ecau mampuya Ny = |0|F;| umeern mun F, mo pane rk(Ny) = 1. Ecau mampuya
Ny = |0|Dy| umeem mun G, mo ona modtcem 6vims omauuna om 0 MoALKO 6 MAKUT CMPOKAL,
6 Komopwx coomeememeyrowue cmporu u3 D1, ..., Di nponopyuonarvi.

JTOKA3ATEJILCTBO. B nepsom cayuae Ny = D; u panr rk(N;) = rk(G;) = 1. Bo Bropom ciy-
8
qae uz (23) umeem D} = > 1 byD) # 0 u Dj umeer panr 1. DT0 3HAUMT, UTO BCE CTPOKH B
" 8 D )l
Hell ponopiuoHabubl. 3HaunT, B cymme » o, by D)y ¢ nenyiaessiMu Kosdbduuuentamu bY moryT
y49acTBOBaTb TOJIBKO T€ MaTPUIIbI _Dzl)7 ¥ KOTODPBIX €JMHCTBEHHBbIEC HEHYJIEBbI€ CTPOKH IIPOIIOPIIN-
onambubl. Ho Torja marpuiia Di pasua 0 BO BCeX OCTAJIBHBIX CTPOKAX, a MOCKOIbKY Di # 0 u
matpunia Dy umeer panr 1, To u Bcsd matpuinia Dy paBHa 0 Bo Bcex ocTaJbHBIX cTpoKax. [Ipu sTom
8
u Marpuna Ny = Dy — szl by D, paBaa ( BO BCEX OCTAIBHBIX CTPOKax. JlemMa moKasaHa.

Tak kak B Pi, Py, P3, Py uMeercst 8 JMHENHO HE3aBUCUMBIX CTOJOIOB, TO 3 (25) u jemMMbl 6
BBITEKAET CJEIYIONee YTBEPKICHUE.

JIEMMA 7. B mampuyax NE,..., NZ umeemcs 8 aunetino nesasucumvlr cmoabyos. B wacm-
Hnocmu, cpedu Ng, . .., N3 doaoicno bvims ne menee 3 mampuy, muna G.
ITycrs gzt j = 1,2, ..., 8 marpura D; paBHa |p;|g;| B j-it cTpOKe, rJie pj, ¢j — BEKTOPbI pa3Mep-

HocTH 2 (B OCTAJBHBIX cTpoKax oHa pasHa (). st kparkocTu GyieM n306pazkaTh HAOOp MATPHIL
D1, ..., Dg ogHo#l MaTpurieit B Bujie

Di: | pr | ¢
Dy: | p2 | @
Dg: | ps | gs
PacemoTpuM HECKOTBKO CJTydaes.
1) IIycrs cpenu p1,...,Ps €CTh 5 IPOHOPIUOHAJIBHBIX. IlycTh 910 BEKTOPHI P1,. .., ps. Loria,

IIepexo/isi K HOBOMY 0a3WCy Ha BEKTOpPAaX [UIMHBI 2, B COOTBETCTBHUU C JIEMMOI 3 MOXKHO IIOJIyIYUTh
pellierne cjaoKHOCTH 13 J1y1st 3aa4u P 117151 HEKOTOPOi HEBBIPOXKIEHHO MaTpuIiibl P, B KOTOpOM BCe
9TH CTPOKU Oy/yT HPONOPIMOHAIBbHEL BeKTopy (1,0). Byaem cuurars, UTo Hallle pellieHHe MMeeT
umeHHO Takoii Bug. Torga, yauThiBasg BTOPYIO 9acTh paBeHcTs (23), mojaydaeM, 9T0 BO BCEX MaTPHU-
nax Py, Ps, P3, P, mepBbie 5 3j1eMeHTOB BTOPBIX cToJi010B paBub! (. Ho Torma crosbirer ¢ Homepamu
2, 4, 6, 8 B maTpurie P umeror panr He 6osiee 3 u MaTpuria P BbIpoKaeHHAS — IPOTUBOPEYHE.

2) Ilycrs cpenn py, . .., Ps €CTh 4 IPONOPIMOHAIBHBIX BEKTOPA, KOTOPbIE He MPOIOPIHOHATBHBI
OCTaJILHBIM BEKTOPaM U3 P1, . . . , Pg. MOXKHO CUNTATH, UTO 3TO BEKTOPLI P1, . .., P4. 1OrJa ¢ y9eToM
JIeMMbBL 3 ¥ 3aMedaHust 1 mepej JeMMOoil 2 MOXKHO CYMTaTh, 9T0 Bee oHU pasHbl (1,0). YuurbiBas
BTOPYIO 9aCTh PABEHCTB (23), ImoJlydaem

Dy: | 10 | % *0 | #0 | #0 | %0
Do: | 10 | *x %0 | 0 | %0 | %0
Ds: | 10 | *x %0 | 0 | %0 | %0
Dy: | 10 | *x %0 | 0 | %0 | %0
, P:
Ds: | %1 | *x Kk | owk | ook | okok
Dg: | *x1 | *x sk | kx| okk | okek
Dy | %1 | *x sk | kx| kx| ok
Dg: | *1 | *x sk | owk | owk | ok

O603HAYNM TOIMATPHILY MATPHUIEL P; pazMepa 4 X 2, PacIIoIoKeHHyIO B CTpoKax 1-4, qepes P;,
a TOAMATPHUILY, PACIIOJIOXKEHHYIO B CTPOKax 5—8, depe3 P;. AHAJIOIrMYHO OIpPee/IUM IO IMATPHUIIBI
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Bl

72 — =
N,;, N,, P u P. Torna u3 pasercrsa (25) nosydaem

13 13
— =52 = t:2
Pi: E eiNt, Plz E (:’Z'Nt
t=9 t=9

Matrpuna P umMeer panr 4, HOCKOJIBKY MaTpuia P HEBLIPOXKIEHHAS, HOITOMY IIEPBBIE CTOJIOILI
B MaTpuuax P; JuHeitHo HeSaBI/ICHMLI u Marpunsl Py, Py, P, P, maneiitno nesasucuMel. Crieio-
BaTEJIbHO, CPEJIN MATPUI], N . He MeHee 4 HenyseBbIx. CTos011BI ¢ HOMepamu 2, 4, 6, 8 B Mmarpurne P
JinHeiHO He3aBUCUMbL. [109TOMY BTOpPBIE CTOJIOIBI B MATPHIIAX P, IMHEHHO HE3ABACHMbI I MaTPHUIIBI

=2
Pl, P27 P3, P4 JIMTHETHO HE3aBUCHUMBI. CJIG,ZLOBaTeJIbHO cpenn marpun N, He MeHee 4 HEHYJIEBBIX.

Takum obpazom, cpean 10 maTpuir N P i N . He MeHee 8 HeHyneBbIX. Ilo 1emme 6, ecmn [Ny nmeer

tun (G, To 6o Nf = 0, ymmbo th = 0. Ilosromy mosrygaem, uto cpegu Ng, ..., Ni3 He 6osee 2
nmetor Tun G. Tlosyuaem nporuBopedne ¢ jeMMOi 7.
3) Iycre cpeau py, . .., Pg €CTh 3 HPOMOPIMOHAIBHBIX BEKTOPA, KOTOPBIE HE IIPOHOPIAOHAIBHBI

OCTAJIbHBIM BEKTOPAM U3 P1, ..., Pg. 1OrJa Tak ke, KAK B CjIydae 2), MOXKHO CUUTATH, ITO

Dq: | 10 | *x %0 | 0 | %0 | %0

Do: | 10 | =% %0 | 0 | %0 | %0

Ds: | 10 | *x %0 | %0 | %0 | %0

Dy: | x1 | *x C | | ek | ok

Ds: | *1 | *x |’ P sk | kx| kx| ok

Dg: | 1 | *x sk | kx| kx| xk

D7: | %1 | %% k% | kk | kx| ok

Dg: | %1 | *x Kk | owk | ook | okok

Tak e, KaK B ciy4ae 2), pa3o0beM BCe MATPHUIIBI HA 2 IOJAMATPUIIBL — OJIHY B CTPOKaX 1-3, APYyryro
B crpokax 4-8. TlepBbie GyjieM moMeuaTh OJHOMN YepToii, Bropbie — aByMs. V13 paBencrsa (25) onarhb
IIoJIy9aeM

13 13
— =2 = =2
PZ:E eiNt, Pl:i e:N
t=9 t=9

Matpuma P uMeer panr 3, IOSTOMy HepBBIe CTOJIONLI B Marpunax P; umeror panr 3. Cienosa-

TesbHO, cpe;u Matpur, N, He Menee 3 Hemysesbix. CTosbnp! ¢ HoMepamu 2, 4, 6, 8 B marpure P

JINHEIHO He3aBUCUMbI. [109TOMY BTOpBIE CTOJIOIBI B MATPHUIIAX P JIMTHETHO HE3aBUCUMBbI U MATPUIIBI

P1, Pg, P3, P4 nuHeitHo He3aBucuMbL. CireoBaTeNpbHO, cpenu Marpun N, N He MeHee 4 HEHYJIEBBIX.
—2

—2
ITo nemme 6, eciu Ny umeer tun G, to aubo N, = 0 ygubo N, = 0, a mo jgemme 7 cpemu Vi
He Meree 3 Marpur tuna G. IlosydyaeM, 9TO BO3MOXKEH €JMHCTBEHHBIH BAPUAHT (C TOYHOCTBIO JI0
[epeHyMePaIuu )

G 2 0 2 0
Niy=| = Ni, =
2 Gz | 1 Gz |

F
2 _ 10 2 _
’ NIO_ al ) Nll_

Ng =
? Fo 0

il

npuueMm Ng u Nyg — marpursl Tuna F', koropsie o jiemme 6 umeror paur 1. Torga momydaem, 9To
marpuns! Py, Py, Ps, P, aBisiorcs TuHeiiHbIME KoMOuHANsaMT Marputl Fg, Fig, G11. ITockosbKy
cpemn P1, Py, P3, Py ecTb 3 JMHEHHO HE3aBHCHMBIX, TO B CBOIO OYepenb Marpuinbl Fg, Fig, Gii
SIBJISTIOTCS JIMHEHHBIMI KOMOUHAImsMu Mmarpur Py, Po, Ps, P4. Torna B marpune Gi1 BTOpOit
cronben, Hynesoit u mMarpuna N7 mmeer panr 1. Ho torya B marpumax Ng,..., NZ; He Gosee 7
JINHEIHO HE3aBUCHUMbBIX CTOJIOIOB, YTO IIPOTHBOPEYHUT JIEMMeE 7.
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4) Tlycrb cpeau p1, ..., Pg €CTh 2 IMPOIOPIMOHAIBHBIX BEKTOPA, KOTOPhIE HE IIPOIIOPIMOHAIBHBI
OCTaJIbHBIM BEKTOPAM U3 P1, ..., Pg. 1OrJa Tak XKe, KaK B IPEIbIAYIIUX CIydasix, MOXKHO CUUTATh,
qTO

Dy: | 10 | % %0 | 0 | %0 | %0
Do: | 10 | =% %0 | 0 | %0 | %0
Ds: | x1 | *x sk | owk | owk | ok
Dy | *1 | *x p. K% | okok | kx| ok
Ds: | 1 | *x |’ ’ sk | owk | ok | okok
Dg: | %1 | %% k% | kk | kx| ok
D7 | %1 | *x Kk | owk | ook | okok
Dg: | ®1 | *x ok | kx| kx| xok

Tax ke, Kak B ciaydagx 2) u 3), pa3o0beM BCe MATPUIILI Ha 2 MOJMATPUIIBI — OJIHY B CTPOKaX 1-2,
apyryio B crpokax 3—-8. Ilepsoie Oyzem 0b603HaAYATH OHON U€pTOil, BTOphie — nByMs. VI3 paBeHcT-
a (25) ougarhb moJsrydaem

Marpunia P umeer paHr 2, 03TOMY II€pBble CTOJIOIBI B MaTpunax P; umeror panr 2. Cijemnosa-
—2
TeIbHO, cpenn MaTpurr N, He Menee 2 HenyseBbix. Ctonbier ¢ momepamu 2, 4, 6, 8 B marpure P

JinHeitHo He3aBucuMbL. [losToMy BTOpBIE CTONOIBI B MaTpunax P; TuHEHO HE3aBUCUMbBI U MATPHITBI

Py, Py, P3, P, nuneiino nesasucuMbl. Cirej0BaTenbHO, cpenn MaTpur N, He MeHee 4 HEHYJIEBBIX.

—92 =2
ITo smemme 6, ecim Ny mmeer tun G, To 6o N, = 0, subo N, = 0, a mo jgemme 7 cpeau N; me
Menee 3 marpur Tura G. Bo3aMoXKHBI ciiejyoniue 2 BapuaHTa.

4a) Cpenu marpui Ny, ..., N1z 1 marpuna tuna F u 4 marpunst tuna G. Torga mosrydaem, 9To
BO3MOXKEH €JIMHCTBEHHBINA BADUAHT (C TOYHOCTBHIO JI0 [IEPEHYMEPAIIUH )

0
) N121: 611 ) N122:

0

Nis =] G

70
Gia |

npudeMm Ng — marpurna tuna F| koropas mo jgemme 6 nmeer panr 1. Torma mosydaem, 9To Mar-
punst Py, Py, P3, P, siBIsiOTCS] JIMHEHBIME KOMOHHAIIAMI MaTpuIy, Fg, G1g. IIoCKOIBKY cpesti
Py, Py, P3, Py ecTb 2 IUHEHO HE3aBUCHUMBIX, TO B CBOIO O4Yepelb MATPHIBI Fyg, G1o SBISIOTCS
JIMHEeHHBIMI KOMOUHAIsIMA MaTpun Py, Ps, Ps, P,. Toraa B marpunax Gig u Fg BTopoii crosibers
mystesoit. A Tak kak Fg # 0 u MaTpuna N9 nMeeT paHr 1, To u B MaTpuiie F 9 BTODOil croJiberr
nynesoit. Ho Torna B matpunax Ng, ..., Ni; BTopbie CTOJI6HbI nMeroT panr He 6ostee 3. ITockombKy
BTOpPBIe CTONOIBI MaTpuIll Py, Py, P3, Py sSIBJSIFOTCS X JIMHEHHBIMUA KOMOMHATIUSIME (COTIacHo (25)),
TO cTosIOIBI ¢ HOMepamu 2, 4, 6, 8 B marpune P mMmeroT panr He 6ojee 3, UTO IMPOTUBOPEUNUT
HEBBIPOXKICHHOCTH MATpHUIlbl P.

46) Cpenu marpury Ny, ..., N13 2 marpuns! tuna F' u 3 marpuiet tuna G. Torga nonydaem, 9ro
BO3MOXKHBI CJIEJIYIOIIHE 2 MOJBAPUAHTA (C TOYHOCTHIO JI0 MEPEHYMePAIIH ).

461) Nmeem

9 Fio 9 0 9 0 9 0

Nz =| = Nz =| = =| = =| =
10 ’ 11 ’ 12 ’ 13
1 Gll G12 G13

Fy |
npudeMm Ng u Nyjg — marpunsl tuna F', koropsre 1o jsemme 6 mmeror paur 1. Torma mosmydaaewm,
410 MATPHIBI P, Py, Ps, P4 sIBISIOTCS JTHHEHHBIMEI KOMOMHAIAME MaTpHI| Fg, F1¢. ITocKombKy
cpenu Pq, Py, P3, P, ecrb 2 JMHEHHO HE3aBHCHMBIX, TO, B CBOIO OUepelb, MaTpuipl Fg, Fig
SIBJISTIOTCSI JIMHEHHBIMH KoMOuHanmsimu Mmatpun P, Ps, Ps, P4. Torma B Marpunax Fg u Fig
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BTOpOIt cTonber HyaeBoit. A Tak kak Fg # 0 m Fg # 0 m 06e matpumer N2, N mveror panr 1,

to B Marpunax N2, NZ, sropoit cronben mymesoit. Ho Torma B marpumax N3, ..., N7 BTOpBIE

cToJIOIBI mMetoT paur He Oosiee 3. IlockosbKy BTOpbIE cTOsONBI MaTput Py, Po, Ps, Py sBIAOTCS

ux JuHeHHbIME KoMOuHanusamu (corsacHo (25)), To croabupl ¢ Homepamu 2, 4, 6, 8 B Mmarpuie P

UMEOT paHr He OoJiee 3, YTO MPOTUBOPEUYUT HEBBIPOKICHHOCTH MaTPUILI P.
462) Nmeem

FlO 2 0 2 0

N92: = | N120: ?10 ) Nllz 611 ) N2: 512 ) N123:

Gi3
0

npudeM Ng u Njg — MaTpursl Tumna F', kKoropsle o jJeMMe 6 mmeror panr 1. Torma mosydaem,
410 Marpuipl Pq, Py, P3, P4 SIBASIOTCS THHEHHBIME KOMOHHAIMAMI MaTpurl Fg, Fig, Gi1, Gia.
Iockonbky cpequ Py, Po, P3, P4 ecTb 4 IuHEHO HE3aBUCUMBIX, TO B CBOIO OUEpEIb MATPUILI
Fy, Fi9, G11, G12 sBAsTIOTCS THHEAHLIMT KoMOnHarmaMu Marpur, P1, Py, Ps, P,. Cormacmo (23)
MaTpuipl Py, Py, P3, P4 SIBISIOTCS JHHEHHBIMA KOMOHHAIISIMA MATPHIL D§, A Dé. Tlostomy u
marpuipsl Fo, Fig, Gi1, Gia SBISIOTCS JUHEHHBIMI KOMOUHAIUSIME MATPHUIL Dé, R Dé. Ilo nem-
Me 6 Te CTPOKHU, KOTOpbIe OTJINYHBLI OT 0 B MaTpuile ﬁll, nporopimonambubl 8 D3, ... D A Tax
KakK 511 SABJISIETCST JTUHEHHON KOMOUHAIINE MaTPHI] D%, R D};, TO B 511 BC€ CTPOKU ITPOIIOPIO-
HaTBHBL 3HaunT, Matpuna N7 mveer panr 1. Torma B marpumax N2, . .., N2 me 6omee 7 mmmeiiHo
HE3aBUCUMBIX CTOJIOIIOB, ITO MTPOTUBOPEIHUT JIEMME 7.

5) Ilycre cpemu py, . . . , ps HET MPOIOPIUOHAIBHBIX BEKTOPOB. Torma 1o jemme 6 jiobas MaTpuia
N; tumta G OyzieT HEHyJIeBOI TOJIBKO B OJHOW CTPOKE U, CJIEJOBATEJHHO, OYIeT MATPHUIIEH TIepBO-
ro panra. Torma Bee marpurst N, ..., N G6yayt panra 1 u 6yayT umers He Gosee 5 JmHeiHO
HE3aBUCHMBIX CTOJIOIOB, YTO TPOTUBOPEUUT JIeMMe 7.

Curyuqait 2. Cpemu matpun, Di, ..., Di; umeercss 9 juHeiiHO HE3aBUCUMBIX MATPHUII, YCTh 3TO
matpunsr DI ... . Dd, a marpumer Diy, ..., Dl asasiores numeinbiMm KoMOMHAIMSAME MaTDHIL
D}, ..., D}. Torma us (1) BeITekaer, uTo cymectyior Takue kosbdurmentst b, kP (u3 pacemar-
PHBAEMOTrO TI0JIsI), YTO BBIOJIHSIIOTCS PABEHCTBA

9 9
Df =) "WD),  t=10,...,13, Pi=> KD}, —i=1,..4 (26)
t=1

p=1

Tak xak 8 cTosbuoB B Marpunax P; juHeiiHo He3aBucUMBbI, TO u3 (26) ciemyer, 4To Cpejy MaTpPUIL
nepsoro panra Di, ..., D§ ecTh 8 HeHy/neBbIX MAaTpPHII, HOCTPOEHHBIX Ha § JIMHEHHO HE3ABHCHMbIX
cronbrax (mycersb 310 MaTputsl D1, ..., D}). YMHoxas ciesa Bee matpunp! (P u D) na matpuiy C,
IIEPEBOJIATILY IO 3TU 8 CTOJIOIOB B CTOJIOIBI ¢ O1HOI 1, mostyunm 1o jgemme 2 pemtenne CDyq, ..., CD3
s 3agaau CP. Tlpu srom pasencrsa (26) coxpansrcd. Byjem caurarb, 9T0 HAIIE MCXOIHOE Pe-
IeHNe yKe MMeeT Takoil Bui. Torjga Tak ke, KaK B Caydae 1, MOJIydaeM, UTO KaxKjas MaTPUIA
Dy, t=1,...,8, ormrana ot 0 TOMLKO B CTpoKe ¢ HomepoM t. Ilycts B pasenctse (26) cpeqm kY,
k9, kS, kI ectb ormmunbie or 0. Bygem cuaurath, uto 3ro kY. Torma, sbrantas Pp us P, Ps, Py
C TOIXOANIIMU KO3 dUImeHTaMu, MOKHO JIJIsi HOBBIX OJIOKOB IIOJIy YUTh

kS =k = ki =0. (27)

Ilo nemme 4 Te ke marpuibl D, ..., D13 OyayT JaBaTh peleHne s MMOJTYIeHHON Toc/ie BbIun-
TaHuA GJIOKOB MaTpUIlbl P/, IpudeM JIerKo BHJIETb, 9TO Marpuna P’ ocTaHeTcs HeBLIPOXKICHHOI.
MO2KHO CYUTATH, YTO Mbl U3HAYAJILHO PACCMATPUBAEM TAKyl0 MATPHILY, T.€. YTO paBeHcTBa (27)
BBIONIHAIOTCA (ecyn uzHavaabho Bee kY, k9, kY, kI pasubt 0, To 3T0 TOXKe BBINOIHSACTCS ).

IIycrn

9
Nt:thbeDp, t=10,...,13.

p=1
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Torya u3 (26) nomyuaem, uro N; umeer sun Ny = |0|NZ|, rane N7 — nommarpuna pasmepa 8 X 2.
Tax xak cpemm matpun D}, ..., Di; poBHO 9 jmHeiHHO He3aBUCHMBIX MATDHI], TO MPOCTPAHCTBO
JINHEHHBIX KOMOMHAITHIT Ziil e Dy Takmx, ITO Zgl wD} = 0, umeer pasmepnocts 13 — 9 = 4.
Ho 4 nuneitansie komOunaruun D; — 22:1 WD,, t = 10,...,13, Bepaxkatomme Ny, BXOIAT B 3TO
MIPOCTPAHCTBO M JMHEHHO HE3aBUCUMBI, TOCKOJIBKY KaxKmaoe caaraemoe Dy, ..., D13 BXOIAT POBHO
B OIHY M3 9TUX JHUHEHHBIX KoMOuHanumii. CjeqoBare/bHO, KazKiIas MaTpPUIA, KOTOpas SBJISETCS
JMHeitHON KoMbuHanmeit marpur Dy, . .., D13 u umeer sug |0|H|, siBisieTcst TuHEHHOW KOMOUHAIM-
eit marpur; Nyg, ..., Ni3. B qacrHOCTH, CymIecTBYIOT Takne KOHCTaHTHI ! (13 paccMaTpHBaeMoro
HOJIs1), YTO BBIIOJHSAIOTCS PABEHCTBA

13 13
P =[0|P,| = > €Ny,  Pi=> €N, i=1,...,4. (28)
t=10 t=10
JIEMMA 8. Ilycmv D1, ..., D13 — pewenue 3adauu P daa nexomopoti ne8wuipootcdennot mampu-

uve P nopadka 8. Ilyemv Dy = | D} |D?| — pas6uenue xasicdoti mampuuwv, Dy na 6a0ku wupuns 2.
Toz0a wu das kaxozo t nesosmodicro D} =0 (u, anasozunno, D? = 0).

JIOKABATEJILCTBO. JlomycruM, 4To 1yist HekoToporo k Bemounsercs D} = 0. Tak Kak MbI 10-
KazaJm, 9To cyydaii 1 HeBO3MOYKEeH, TO OCTaeTcsl TOBKO BapHaHT, uTo cpeau Matput Di, ... Di,
umeercs 9 smumeiino nesasucumbix. [lockoabky D} = 0, To Di He BXoauT B uX uucio. B pasen-
crBe (26) ms Di BCe KOIPPUITUEHTDI bi OymyT paBHbl 0 U, CJIEIOBATEIHHO, JIJI COOTBETCTBYOIIEH
marpunnsl Ny moayaum Ny = Dp u Nj Oymer marpureit panra 1. Torma 4 MaTpuiibt Nt2 B paBeH-
crBe (28) OyayT mMerh He Gostee 7 JMHEHHO HE3aBUCHMBIX CTOJOIOB. B pasencrse (28) mosydnm
MIPOTUBOPEUNE, TOCKOILKY B MaTputiax Py, Ps, P3, Py 8 nmuHeiHo HE3aBUCUMBIX CTOJIOIOB. JlemMma,
JIOKa3aHa.

W3 (26) caenyer, uTo mMaTpuia
9 9
Py = kiDy = |P,j0| = Y ki|D}|D}|
t=1 t=1

umeer Bug |0|H|. B 10 ke Bpems OHa siBisiercd JmMHENRHO# komOuuarmeit marpui Dy, ..., Dis,
[TOCKOJIBKY MaTpuiia P;; siBjisiercs JTuHeHO! kombunammeit marpur, D1, . .., D13. CiemoBaresbHo,
OHA, SBJIIeTCs JIMHeHol KoMOuHanumeil marput, Nig, ..., N13. SHAUNAT, JJId HEKOTOPBLIX KOHCTAHT
ki, t =10,...,13, Bemomnusercs

9 13
Py =Y kDi+ > KN, i=1,...4. (29)
t=1 t=10

Us (28) ceyer, uto Py, Py, P3, P; BeIparkatorcs JuHeiHbIME KoMOunarmsamu 4 marpur, N7y, N,
NZ,, N2, u marpunpt Py, Pp, P3, P, ymuneiino mesasucumbl. Torma marpurst N2y, N2, N, N2,
B CBOIO OYepe/Ib BHIPAsKAIOTCA KaK JIMHeinble KomOunanuy marpur, Py, Ps, P3, Py, T.e. CymecTByIOT
TaKue KOHCTAHTHI [7, uTo

4 4
Ngzzlg’pj, Nt:Zzg’Pjg, t=10,...,13. (30)
j=1 j=1

s (29) u (30) mosy4daem, 4To CyIIECTBYIOT TAKHE KOHCTAHTBI T, ITO

9 4
Pilzzk:th-‘rZTngg, 1=1,...,4. (31)
t=1 j=1
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Torma u3 (26), (27) u (31) moayvaem

8 8 4
F)i :Zkatlv Pil :Zkat+ZT’ng2, 1227374 (32)
t=1 t=1 j=1

Ecmu cpequ 3, ri, v} ects ne pasubie 0, To mycTh, nanpumep, 15 # 0. Iycrs Torga vy = ri/ri.

Ecmu cpemu 73, 73, 71 Bee pasmbt 0, To mooxkum vy = 0. B mobom ciryuae ri — vard = 0. Samennm
B Marpune P 6iok Ps na 6iok Pj = P35 — v3Ps (3amernM, uto paseHcTBa (27) COXPaHATCH s
HOBBIX 0s10K0B). ITo siemme 4 ToT )Ke HaGOp MaTpur, D; siBisieTcs peneHneM 3aja49u P it HOBOI
HEBBIPOXKIeHHOI MaTpuiel P'. Yunrssas (32), nosmydaem

8 4
Py = P50 = Py —vsPy = » (K} — vskb) Dy + > (15 — vard) P

t=1 j=1

(kg — ngé)Dt + (7’% — UgT%)PQQ + (’I"??: — ’U3’I"§)P32 + (Té — ’U3’I‘3)P42.
1

8
t=
ITockonbky P3 = P} + v3Pa, T0 P3y = Ply + v3Pao. Iloncrasisis 970 BbIpayKeHUe B IIPe/IblyTIee

PaBEHCTBO BMECTO P39, IOy InM, ITO JJIsi HEKOTOPBIX KOHCTAHT K1, . . ., kg, Wa, W3, W4 BHIIOJIHIETCS
PaBEHCTBO

8
Py = Z ki Dy + wo Pay + w3 Piy + wa Pao. (33)
t=1
Marpunpt Pao, P4y, Pja B 1epBbix AByx croabuax passbl 0. Ilosromy B 9THX cTOI6IAX HOLYIaeM
P = Zle k. D}. Tlockonbky P4 # 0, To cpemu ki, ..., ks ecTb Hemysesble. B 3-M u 4-M crombriax
paBeHCTBO (33) maer

8
0= k:D} +wyPy + w3 P} + wy Py. (34)
t=1
U3 (32) cnemyer, uro Bee Marpunpl Po, Pj, Py ABISIOTCS JIUHEHHBIMI KOMOWHAIMSIMU MATPHIL
D}, ..., D. Tosromy us (34) mosydaem, 9To Jijist HEKOTOPBIX KOHCTaHT A, ..., hs BbITIOTHSIETCS
PaBEHCTBO
8 8
> D} +> D} =0, (35)
t=1 t=1
npudeM cpeu ki, ..., kg ecrb HeHyseBble. He orpanuumBasi obmHoCcTH, Iycrh k1 # 0. Tak Kax
st t = 1,...,8 kaxkgas marpura Dy oramaaa or 0 TOJIBKO B CTPOKe ¢ HOMepoM t, To u3 (35),
paccMaTpuBasi IEpBYIO CTPOUKY, IOJIyIaeM
kiD? +hyDi = 0. (36)
IIponenaem omHOBpeMeHHO BO Beex marpumax Dy, t = 1,...,13, cienyroiee npeobpasoBaHue HaJ
OJI0KaMI:

D, = D} + kD2,
D2 = DL

OmnpeneauTeab 9TOro Mpeodbpa3oBAHMIST —

hi k1
=—k 0.
1 0 1 #
— —1,=2
IMosTomy sT0 mpeobpaszoBanme obparuMoe U 1O JiemMe b HoBble Marpunsl Dy = |D,|D, |, t =
1,...,13, mator permenne st TOM Ke HeBBIpOXKAeHHOH MaTpunpl P’. Ilpu stom u3 (36) caemyer,

=1
uro D; = 0, uro HeBo3MoxkHO 110 JeMMe 8. Teopema 4 IOIHOCTLIO JOKA3aHA.
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TEOPEMA 5. Had 4100vim nosem OUAUHETHAA CAOAHCHOCTD KAHCOOT U3 30004 YMHOHCEHUA:
MAMPUUDBE pazmepa 4 X 2 Ha Mampuyy padmepa 2 X 2, Mampuub, pazmepa 2 X 4 Ha mampuny pas-
Mmepa 4 X 2, mampuyst pasmepa 2 X 2 wa mampuyy padmepa 2 X 4, pasra 14.

JIOKABATEJIBCTBO. Tak Kak s 3a/a4i YMHOYXKEHUs MaTPHUIBI pa3Mmepa 4 X 2 Ha MaTpHUILy
pasMepa 2 X 2 MOXKHO IIOCTPOUTH OUJIMHEHHDIH aJropuT™ GuiuHeHol ciox)uocTr 14 (JocTaTodno
JBaXk bl TpuMeHnTb ajroputM llltpaccena OumHeHON CJIO2KHOCTH 7 JjIt YMHOYKEHUS JBYX MaT-
pHIL OPsAIKa 2), TO U3 TeopeMbl 4 ciieiyer, 9T0 OuanHelHas CJIOKHOCTD 38189l YMHOKEHHsT MaT-
putisl pa3mepa 4 X 2 Ha MaTpuily pasmepa 2 X 2 pasua 14. Jlna apyrux AByX 3a/7a< yTBEPXKICHUE
TeOpPEeMbI BBITEKAET U3 PABEHCTBA OUIMHEHHON CJI0KHOCTH JJIs JBOMCTBEHHBIX 339 yMHOKEHUS
marpu [14] (em. Takxe [4]).
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IIpumapHbIe 3/1eMeHThI B (POpPMaJIbHBIX MOJIYJISIX

C. B. Bocrokos, U. JI. Kinvosurkmit

Canxm-Ilemepbypecruti 2ocydapcmeernvili ynusepcumem

BamevyaressbHOMY YYEHOMY H 9€JI0BEKY MOCBSIIIIAETCST

B apudmernke GopMaabHBIX MOJyIIEli, TOCTPOEHHBIX HA MIEAJIaX HMOJHBIX JAUCKPETHO HOPMU-
POBaHHBIX MOJIEH € TIOMOMIHI0 (POPMAJILHBIX TPYTIIOBBIX 3aKOHOB, CYIECTBEHHYIO POJIb UTPAIOT TAK
Ha3BIBAEMBIE TIPIMAPHBIE JJIEMEHTBI, KOTOPBIE JAI0T HEPA3BETBICHHbIE PACIINPEHNs. B HacTosmeit
paboTe MBI TIOTy9aeM IIPAMAPHBIC JEMEHTBI B ITPOU3BOJIBHOM (DOPMATBHOM MOJLYJIE JIOKAJIBHOTO
HOJIST ¢ COBEPHICHHBIM IOJIEM BBIYETOB. 1Ipm 9TOM B KadecTBe (hOPMATBHBIX IPYIIIOBBIX 32KOHOB
MBI PACCMATPHUBAEM Tak HasbiBaeMble (popmaiabable Og-MOILYIbLHBIE IPYIIIBL.

B pasuene 1 cTpositcd IpuMapHbBIE 3JEMEHTBI THIA Xacce, B ONPEJIEJEHHE KOTOPBIX BXOJIUT
3JIEMEHT W3 KOJIBIIA MEJIBIX TIONOJHEHUST MAKCAUMATILHOTO HEPA3BETBJICHHOTO PACIIUPEHUsI JAHHOTO
HOJISI.

B paszesie 2 KOHCTPYHPYIOTCs IPUMADHBIE SJIEMEHTBI, AHAJOTUIHBIE TEM, KOTOPBIE BIEPBbIE ObI-
s Hadinensl B paborax [1], [2] u B onpesienerne KOTOPBIX BXOJAT JIUIIb SJEMEHTHI HCXOHOTO TOJIS.
st aToro u3naraercs reopust XoHbI 71t hopMasbHbx Og-MOIyIIel, a 3aTeM Ha OCHOBAHUM 3TOM
TEOpHUN JOKA3BIBAETCS TeopeMa O IpejcTapjeHun jorapudma dopmaabHoro Og-MOILy/Is B BHUIE
NPOM3BEICHUs AByX MHOXKHTeNeil. Jamee crposres Gynxmnn Apruna—Xacce 1y yHUBEPCATBHBIX
dbopmanbabix Og-MOyIeli 1, HAKOHEIL, JOKA3BIBAIOTCS OCHOBHBIE TEOPEMBIL.

1. ®opmasbHbIE MOTYJIN

1.1. ®opmasbubie Og-MoayiibHble rpynnsl. [lycrs Ky — joKaibHOe Tosie (KOHeYHOe pac-
mupenre Q) ¢ xomboM neisix Op U IPOCTEIM dileMeHTOM 7o. IlycTs, manee, K — kKoHedHOe pac-
mupenne o Ky, O := Og — KoJblo 1eJbIx 1o K u m — upocToii sjieMeHT B K.

ONPEJAEJNEHUE 1. @opmanbuyo rpynny F(X,Y) max xoasnom O ¢ sorapudbmom A(X) €
K[X] nazsosem gopmanvroti Og-modysvholi 2pynnoti, eCiu ONpeJesieH KOJIbIEBOH roMoMOpdu3M
[']FZ 00 — Endo(F),
a = [a]p(X) = A7 (aA(X)).
Bamerum, uro eciu f: ' — G — romomopdusm dopmaibabix Op-MoayabHbIX rpynin F u G Haj,
O, o
f(X) elalp(X) = [ala(X) o f(X)
(mompo6Gree cum. [3; . IV, §27]).

1.2. Bricora ¢dopmanbuoit Og-mopynbaoi rpynusl. [Iycrs F(X,Y) — dopmanbhas
Oo-moznynbaast rpymmna Hag O Beicoter h um = (Ko : Qp).

OIPEJAEJIEHUE 2. @opmanvhot Og-evicomots epynnv, F Had O Ha30BEM 4YHCIIO

PaGora Boinosnnena npu dunancoBoil nogaepxkke Poccuiickoro dona by aMeHTAIBHBIX UCCIeN0BaHmii (rpaHT
Ne 12-01-33057).

© C.B. Bocrokos, U. JI. Kiimmosunkuii, 2013
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MozkHO TPOBEPUTDH, UTO h( SBJSIETCS HATYPAJbHBIM YUCJIOM WU OeCKOHEeYHOCTBIO. IIpm sToMm
ho = 0O TOTZIa U TOJBKO TOT/A, KOTIA

TeA(X) =0 modmO,

rie e = e(K/Ky) (em. [3]).

1.3. ®yuknusa Apruna—Xacce popmasibaoii Op-monynbHoM rpynnsbt. [Iycrs FI(X,Y) —
dopmanbras Og-momysbhaas rpymmna #Hag O KoHeunoit dopmaibaoit Op-BbicoThl hg. [lycts L —
HEKOTOpPOe MOJIHOe JUCKPETHO HOPMHPOBAHHOE II0JIe C COBEPINEHHBIM T10j1eM Bhraeros L. Cunraem,
4gro L comepxur K u, tem cambiM, Ky. Ilycts T' — MakcumanbHOe abCOMOTHO HEPa3BeTBJIEHHOE
uaz Ko nogmose 8 L/ Ky ¢ xoabiom nesbix Op. Ilycrs TP — nonoiHeHre MaKCUMAJILHOTO HEPas3-
BETBJIEHHOTO pacinupenust moJjist 1, ¢ — aBromopdusm Ppoberunyca B Tnr /Kop; TakumM 06pasom,

pla) =a?=a? modmng

st BeeX a € Oz, (371eCh ¢ — 9HCIO 37@MEHTOB T/ BEIeToB Ko ).

IMycrs M := 9M; — MakcuMaJIbHBIA Wjeas Kojbla HeJbix nois L u F(IN) — dopmasibhbii
Og-MOJyJIb, HATSHYTHINA Ha ujeast I

a,feEFOMN) —a+rf=F(afp) € F(IM),
a€ 0y, a € FM) — [a]lp(a) € F(IM).

IIycte A(X) — aorapudm F' u A\y(X) — morapudm Op-rummtdeckoit popMaibHOil rpymmsl Fy, n30-
mopduoit F. 3amerum, uro F, oupenenena ne ognosHagno. Hanpuwmep, B kadecrse Ay (X) MOKHO
6parh psijt

A(X) = X + ¢ X0 FepX? 4o,

rae
MX)=X4+eaX +eX? 4+

uitn psst Ag(X) = v(A)u(A)~1(X) uz reopun Xouwt. Torga psax (A~ o A,)(X) € O[X] u zanaer
usomopdusm us F B F, (cm. [3]).

ONPEAEJEHUE 3. s sroboro sstementa o € O, OIPEIeUM psiil, KOTOPBI HA30BEM (hyHk-
yuet Apmuna—Xacce:

Er(aX)=X"YaX + cyp(a) X + cngpz(a)qu +--0)

(B MyspTHIZIMKATHBHOM ciydae pan E(X) onpenesen B pabore [4]).

I[IPEJUIOXKEHUE 1. Jas a06020 saemenma 3 € F(IM) aaemenm Er(al) xoppexmmno onpedeaen

u 3adaem anemenm us F(IM), 2de M — marcumarvrod udean 6 xoavue ueavx noas LT . Ipu
amom

Er((a+B3)3) = Er(ald) +r Er(83), @B € Ofn,
Ep(aa3) = [a]r(Er(a3)), ac€ Oy, a€Og,,,
Ep(a3)=a3 mod a3?, a € Oz,

JTOKA3BATEJIBCTBO. 1) Ilycrs R — MyibruIIMKATHBHAS cUcTeMa IpejcTaBureseil Teixmroiie-

pa B T"". Torma snement o € Os,, TMPEJCTABAM B BUIE

a =00+ 0170+ 0mg + - =Y 6wy, 0 €R,

i>0
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npu srom ¢(0;) = 07, tne ¢ = # Ko — 1mcso snemenToB noust Boraeros Ko nons K. Iostomy

Ep(a3) =\ (Zc (803)" +Wochi<913)qi+...>

1<gcqi(903)qi>+}7i;} <§c (6,3)4 >
=" (1) [mk]r (Er(6:3)) € F(ON).

k>0

2) Ecu o = Ei>0 O, B = Ei>0 07, vae 6;,0, € R, To u3 Ipe/blIyIero paBeHcTsa B 1. 1)
MeeM

Ep((a+5)3) =Y () [m]r(Er((6x + 6;)3)).

k=0

C apyroit cTOPOHBI,

Er(a3)+r Er(83) =Y (m[m§]r(Er(0:3) +£ Y () [m6]r(Er(0x'3))

k>0 k>0
= (»[§]r(Er(6k3 + 64'3)) = Er((a + 5)3).
k>0

3) Cueyer u3 Toro, uto ¢(a) = a, ;s a € Oy.
4) BriTeKaeT HENOCPEICTBEHHO U3 OIpeieeHnsl (DYHKIUN

Er(X)=M"1o))(X)=X modX?.

1.4. TIpumapssble ssieMeHTHI B dopmanibHoM Ogp-monyste F(91). [lpumem Bce 06o3HaE-
nus 1. 1.3. TIpeanonoxum, uro mose L cogeprT siipo m3orennu [w(]r. HasoBem snemeHT w €
F(9M) w8 -npumaprovwm, ecn paciuiupesne L( = w)/L uepa3BeTBIEHHOE, TJIE 71-16" w obo3Ha"aeT pe-
menne ypasHenust (1| p(X) = w. fcno, uro n3 ycnosus ker[nj|p C L cremyer, 910 pacumpe-
HUE L(iw) /L abeneso. Ilyctb 3 — HEKOTOPBIHA 1epBOOBPA3HBL /1eMeHT U3 Aapa ker[n(]r, T.e.

[Wg]F(S) =0u [rp Y r(3) # 0. Daement 3 € F(M), u uz onpeenenus bynknun Fp crenyer,
YTO CYIIECTBYET TaKOI?I snement € € F(M), uro 3 = Ep(€) = (A1 o X)) (€).

st moboro anementa o € Or naiigerca amement A us xKombna O, Takoit, 9To

A¥Y —A=aq.

Tonosnenne pacimpenust T'(A)/T siisiercsi, coracHo Teopun Burra, nonossennem [-pacimpe-
HUsI, U €CJIU 0 — 00pazyromuii 3jeMeHT rpynnsl Lasya sroro ['-pacmupenust, To

A% — A=3€Oy.

31ech u gajee MpOdOJIKEHIE 0 Ha T 0Bo3HAMIM TOH Ke OyKBOIt 0.
OnPEAENEHUE 4. Oupenennm Hiz (o) = Ep((mo™A)€E).

TEOPEMA 1. 1. Daemenm Hsz(«) asanemes mo™ -npumaphvim 6 gopmanvrom Og-modyae F(ON),
m.e.
a) Hz(a) € L;
b) pacwupenue L(
HUEM.
2. ITpumaprwti anemenm Hs (o) ne sasucum om ewbopa saemenma A uz ypasnenus A? —A = «.

L H3(a))/L acasemcs Koneumvim abeaesvim HEpaseemeaeHHbLM PacCUiUpe-
™o ~
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JOKABATEJLCTBO. [lyis mokasarenbersa 1. 1 HaM MOHAIOOUTCS CJIEIYIOITAs

—_—

JIEMMA 1. Iyemov © € T(A) uo(x) = x; moeda x € T, 20e f(\Z) — nonoanenue T(A).

JIOKA3ATENBCTBO. Ilycre 1T /T — anreGpandecKkast 9acTh PACIIUPEHIST T( )/T. Kak yxe Gbl-
JIO OTMEYEHO BblIIe, 910 I'-pacimpenne. Terneps mycTh 6 — HEKOTOPBIN TpeIcTaBUTENb TeHXMIOI-

nepa B T(A). Torma sicHo, uro 6 Takzke Oymer npejcrapureseM TefixMioepa B KOHEYHOM pac-
mupennn nosig T’ (¢ moem seraeros 1(0)), koropoe mommo. Takum obpasom, 6 — anrebGpamdecKuit
sstement uag T, sexamuit 8 T /T

Paccmorpum pasiioxkenue

r =0y + 017 —|—027r§ +

Torna
2
o(x) =0o(bp) + o(01)mo + o(O2)75 + -+ .
BameTumM, 4TO mOJ JeficTBreM aBToMOpduU3Ma IIpeAcTaBuTebh TeitxMioiepa nepeiiieT B 3JIeMeHT,

U3 KOTOPOTO TaKKe M3BJIEKAIOTCS BCE KOPHU P CTENEHH, T.e. B MPEICTABUTEIb 1eiXMIoJLIepa.
Takum obpazom,

o(x) = 0 + 01m0 + 0575 +

Ecmn x = o(z), 10 0; = 0, = 0(0;) nus Beex @ > 0. Ho rorma 6; € T (Benp 0 — TOmosOrnIeckast
obpasyiomast Gal(Tr/T)). Takum obpaszom, x jexur B 7.

fcno, uro € ABIAETCS KOPHEM H30TeHnH [7)]p, (OHa MMeeT KOHEUHYIO BBICOTY, PABHYIO BBHICOTE
usorennu (73] F), nexkamum B F(9N); rakum obpaszom, € spisiercst anrebpandeckum Ha K.
—_
2
Mo mocTpoeruio H3( ) nexut B K (€&, A) (kak psagor €, A, A¥, A¥"|...) 1, TeM caMbIM, B IIOLOJI-

HEHUN KOMIIO3UTA KT(@, A). 3amerum, uro K /Ky xoneuno u Ky C T'; cnegosareasno, KT(€)/T
koneuso. Ilycrs Torma KT(€) = T(¢).

Bamernm reneps, uro T(€¢') /T — BrosHe PA3BETBJICHHOE DACHINPEHHE, TOTIA KaK T( )/T — ue-
pa3BerBiieHHOE. TakuM 06pa30M, UX IepecedeHneM saBjsieTcs B ToaHocTu 1. VI MbI mostydaeM, 910 B
pacrmupernnn T(A, €)/T(¢') rakxke gefictyer obpasyomuii asromopdusm o. W gis Toro, 9robbl
Hs(«) nexan B L (u paxe B T(€')), mocrarouno coryacuo jgemme, arodbl Hz(a)? = Hz ().

eiicTBUTETHHO,

H3(04)U = EF(ﬂ'g "(’3) = EF(T&'SLA@) +r EF(WSL%QE)
= H3(a) +r 752 r(Er(€)) = H3(a) +r [#]r([mg]r(3)) = H3(a).

Jlis1 mepBOro paBeHCTBA HAM HEOOXOIMMa KOMMYTHUDPYEMOCTh 0 U ¢ Ha A. DTO Tak B CHUJIY TOrO,
aro A%Y = A+ a + = A¥°.
ITokazkeM Tenepb, 9TO pacHIupeHue

L(71_16LH3(a)> /L

ycts t = %Hﬂa) = Ep(A€). U3 cpoiicrs dyukmuun Ep cieayer, 94To t JIeXKUT B F(ﬁ)

HEPa3BETBJICHHOE.

Ho npu s1oMm ¢ siBaisiercst KopHeM ypasHenust [ p(X) — Hz(a) = 0. Pag [n}]r uMeer KoHEUHYIO
BBICOTY B Jr0060M paciupennn K, B yactHoctn B KT'(€). Duement H3 (o), Kak GbLIO yCTAHOBIECHO
Bbiie, jexkur B noje KT(€) u upu 370M uMeeT B HEM IIOJIOXKUTEJLHOE HOPMHUPOBaHUE (TaK Kak
aBisercs sHadenneM Gyukuun Er). Taknm obpasom, pax [1f] (X ) — H3(«) mMeeT KOHEUHYIO BbI-
cory Hax nosem KT(€). U, ciesoBaresbHo, ¢ KAK €10 KOPEHB C TIOJOXKHUTEIbHBIM HOPMUPOBAHUEM
siBsisteTcst asreGpandeckumM Hag K T(€) (coracHo moaroroBuTesbHOM gemme Befieprirpacca).
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ITokazkem jyist HAYAIA, ITO PACIIUPEHUE
KT(A,&)/KT(€)

HepasserBienHoe. [lycrs, kak u panbme KT(€) = T(€'). Dmement 7y — upocroii 8 T, a 7' —
npocroii B T(€). Tak kax paciieperne T'(€")/T BruosHe pa3sBeTBIEHO, TO

e = e(T(¢')/T) = deg(T(€)/T).

Takum obpasom, 7'°/m — emuruma B T(€'). Ho Torja 9T0 OTHONIEHUE SBAAETCS TaKKe eMHUICT
B T(A, ¢"). Tenepnr paccmorpum 7 kak npocroii ssuement B T'(A). Mbl nosnyannu, uro B T(A, &)
HaImescs saeMenT 1 Taxoit, uto 7' /7w — eqununa. Takum obpaszom,

e(T(A,&)/T(A)) > e.

Ho oueBugno, 9TO

deg(T'(A, &')/T(A)) < deg(T(€)/T).

Wrak, Mbl mostyauan
o(T(A, €)/T(A)) > ¢ = deg(T(€)/T) > deg(T(A, €')/T(A)) > o(T(A, &)/ T(4)).

DTO BO3MOXKHO TOrJa U TOJIBKO TOLJA, KOLJa BCE HEPABEHCTBA OOPAIAIOTCA B DABEHCTBA.
B uactnocru, e(T(A,€)/T(A)) = e, u3 4ero ciemyer, 9r0 7' SABJISETCS HPOCTBIM 3JIEMEH-
ToMm B T(A, €"). Takum obpaszom, pacumpenne T(A, €)/T (&) nepassersientoe. CoOTBETCTBEHHO
KT(A, €)/KT(€) nepasBerBieHHOE.

W3 nokazamsoro HemnocpejacrseHHo cieayer, uro KT(A, €)/KT(€) nepassersienHoe. [lo mo-
crpoennio byukiuuu Ep snement t = Ep(A€) nexur B nose KT(A, €). Takum obpasom, pac-

mupenne KT(€,t)/KT(€) asnserca noppacmmupennem KT(A, €)/KT(E) u, TeM caMbIM, TOXKe
Hepas3BeTBJIEHHOE.

Mycrs N = KT(€). Boime mbr gokazasu, yro N(t)/N mepassersiennoe. [lycrs f — crenennb
uHeprpn sroro pactmpenns (rorga deg(N(t)/N) = f). dcuo, aro mone L(t) conep:kur mose
N(t) u, Tem campiM, N(t) C L(t). B cury Toro, uro N comepxutr T, pacumpenue L/N Brosme
passerBiteno u L = N. lraxk,

deg(L(t)/L) = f.
Ocrajoch 3aMeTuTb, 9TO
deg(N(t)/N) = deg(L(t)/ L),

1 MbI IIOJIy49aeM

f=deg(N(t)/N) > deg(L(t)/L) > deg(L(t)/L) > f.

DTO BO3MOKHO TOT/Ia U TOJILKO TOT/IA, KOT/Ia BCe HepaBeHCTBa 00pamaioTes B paencTsa. B gact-
nocru, deg(L(t)/L) = deg(L(t)/L), aro o3Hauaer HepasBeTBIeHHOCTH pactmmpenns L(t)/L, T.e.
nepasgsersientocts L(- Hz(a))/L.

0
3aMeTHM, UTO yTBEP:KJEHH: TEOPEMBI OCTAIOTCS BEPHBI, KaKoil bl 13 s1eMenToB —- H3(cr) it
0

1
™
)

Ol B3AT. [leficTBUTENBHO, OUeBUIHO, UTO JIH000I 1eMeHT B — H3(a) mpeacraBisieTcst Kak

Er(A€) +r ¢,

rae ¢ € ker[rl]p. OTKyZa MBI OTyH9aeM, 9TO BCe 3TH JIeMeHThI jiexkar B F(IN), a 3HauwT, sB/is-
forcs anrebpamdeckumu Hag L. 3uanrt, nosme L(Er(AE) + 5 ¢)) HOIHO U COOEPKUT STIEMEHT

(Er(A€) +r 1) —r ¢ = Er(A€).
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To ecTn
L(Ep(A€) +F ¢) = L(Ep(A€)).

ITpucrynum K JIOKA3aTeIbCTBY II. 2.

Paznuunble A, yjoeierpopsironue ypasHeHunio AY — A = «, ommyaroTcs JApyr or Jpyra Ha
sstemenT 13 Koabia Og. ITosromy ecin Hs (o) 3amaercs anementom A, a Hy(a)' — snemenrom A,
npuaem A’ = A + a, e a € Op, TO

H3(04)l —F HB(OZ) = EF(WSA/@) —F EF(T('SA/Q) = EF(T((T)L(A/ - A)@)
= Er(nga€) = la]r([75]r (Er(€))) = [a]r([75]F(3)) = 0.
Urak, H3(a) = Hs(a).

2. llpumenenune Teopuu XoH/bI AJs (POPMaJTbHBIX MOIYJI€i

2.1. Teopusi Xouap! ais popmanbabix Og-MoayiabHbix rpymir. IIyers N/Kj — Hepas-
BETBJIEHHOE PAaCIIUPEHUE JIOKAJIBLHOTO ToJist K, my — mpocroit jmemeHT B Ky, ¢ — aBroMOpdusM
Dpobenuyca B N/Kp:

p(a) =a? modmg
it Beex a € Oy, TJie ¢ — YUCI0 JIEMEHTOB 10JIs BhIdeToB K mosts K.

ITycte On[A]’ — HekoMMmyTaTuBHOE KOJbIo Po66a oT mepemeHHOi A, KOTOpOe COBIAJIAET
¢ ON[A] xax JsieBblit O N-MOJYJIb U UMEET MECTO COOTHOIIEHNE

nga jioboro a € Oy .
Bagamum neiicreue oneparopa A Ha psimax u3 Oy ((X)):

A(Z aiXi) = Zg@(ai)Xqi.

TEOPEMA 2 (cm. [3], [5], [6]). 1) Hyemo A(A) = 14+ 1A+ -+ € N[A]. Tozda pad \(X) =
A(A)(X) asasemes aozapudmom mo-munuueckols gopmasonots Op-modyavnot epynnv. F nad Oy
mozda u MoAvko moezda, K020a

A= 7T0U_1

dns mexomopozo pada U = my + ar A + aaA? + - -+ us xoavua Pobba On[A]'.
2) Jlas mo60t dopmanoroti Og-modyavnot epynno, wad O ¢ aozapupmom Ap(X) cywecmeyrom
pad h(X) =X+ - € ON[X] upad U = mo + @A + - -+ u3 xoavya ON[A] maxue, wmo

Ap(X) = moUH(R(X)).

3) Psodwvi A u A coomeemcemeyrom cmpozo usomopdrvim Popmanvrivim Og-mo0YysbHbLM 2PYNNAM
nad Oy mozda u moavko moezda, ko20a
U' =eU,
edee=1+cA+--- € On[A].
4) Pad f(X) = aX moddeg?2 szadaem z2omomoppusm gopmanvrvr Ogp-modysvrux epynn F u
F' nad Oy mozda u mosvko mozda, kozda cyuecmsyem ¢ € On[A] maxod, wmo

CU =U'a.

5) Hycmo padw A u A" uz N[A] ydosaemsoparom cpasnenuro A = A mod mg. Tozda A’ 3adaem
aozapugpm gopmanrvioti Og-modyasvroti epynnoe F' nad On mozda u moavko mozada, xozda pad
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A 3adaem nozapugpm nexomopoti gopmanvroti Og-modyavroti epynnoe F nad Oy . IIpu smom F’
cmpozo uzomoppmra F.

6) B kastcdom xaacce uzomopdrox gopmanvroe Og-mo0ysvhux epynn Gopmasvrot Og-6vicomoy
ho umeemes kanornuueckut npedcmasumend Feay ¢ nozapudmom

n(X) = (1= 28 ),

To

2de A(A) = ay A+ -+ ap, A npu smom ay, ..., ap,—1 = 0mod g, ap, € O

2.2. Teopema o mnpejacraBieHun jgorapudma dopmaabHoii Og-MOAYIJIBHO T'PYIIIBI.
ITycrs K — koneuHoe paciupernne Ky, N — nozanose nnepiun 8 K/ Ky n o — aBromopdusm @po-
Genuyca B N/Ky:

o(a)=a? modnyOy, a € Oy,

rae ¢ = #K.
ITycts A — oneparop ua xoubie Oy (X)):

A (Z aixi> = Z o(a;)x?,

W = On[A]’ — mexkommyTarnsroe Kosbo Po66a ¢ oneparopom Aa = o(a)A, W' = N[A] -
AHAJIOTUYHOE KOJIBIIO.

Ecmn f € K[A], g € N[A], 1o
F(A)g(A) =) N (a; A7) =Y cio () AT,

ITycre t — nepemennas u o(t) = t4. O6oznaaum A = O [t], u nycrs A[A]’ — xonbio Po66a, kKak
B . 2.1.

IMycrs F(X,Y) — dopmanbnas Og-momysbhas rpyiua xagn O c jgorapubmom A(X) = X +
X9+ @X‘f + -+, ¢; € K, KOTOPBII 3aIuIleM B BHUE

e A(A) =14 1A + A% + - € K[A].

TEOPEMA 3. Psad A(A) wmoocho npedcmasums 6 eude

2de
v(A) = o + 1A+ A%+ - € K[A],

w(A) = o + a1 A + apA? + -+ ap, A" 4. € W = Ox[A],

nPU IMOM A1, . . . Ape—1:T0, Apy € OXry ho — Popmanvran Oy-evicoma F'. Kpome mozo, Wéﬁqu(A) €
O[A], I = [log,e/(q —1)].
JIOKA3BATEJIbCTBO (haKTUUECKH IOBTOPSET J0KA3aTeIbCTBO npeiozkenus 1.4.1 uz paborst [6].

2.3. ®yuknusa Apruna—Xacce dpopmanbHoii Og-MoayIbHOI rpynibl. [lycrs K — komed-
Hoe pacimpenue 1o Ko, N — noxnose unepryu 8 K/ Ky, ¢ — aBromopduzm @pobennyca B N/ Ky
n F(X,Y) — dopmansnas Op-monynbHas rpymnma Hag O = Ok dopmanbroit Og-seicotst h. IlycTs

g9: Ox[t] — O,

t—m,
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— KOJIbIeBO# roMoMopdusM (31ech m — npoctoii snement B K). Torma u3 cBoiicTB yHUBEPCATH-
soro Og-dopManbHoro 3akoHa [3] cremyer, uro maitnercss dpopmanbubii Op[t]-MomybHbI 3aK0H
Fi(X,Y) rakoit, aro

F(X,)Y) = g.(F:(X,Y)),

TJe g, O3HaYaeT IpuMeHeHne romomopdusma g Kk kodddurmentam. [Ipu srom sorapucdm

Ar(X) = g«(Ar, (X)),
[a]p(X) = g«([a] . (X))

Jytst Jiroboro sjiementa a € Oy.

s dopmambroit Og[t]-momynbroit rpymmsr Fy(X,Y) corsacHo Teopeme 2 u3 1. 2.1 HaiimgyTes
pan h(X) € X + XOn[t][X] u pax U(A) = np + On[t][A]A Taxue, aro

Mg, (X) = moU(A) " h(X).

ITycte N’ — mepasserssienHOe pacmupenue nonst N, Oy — kosbro nensix. Ilyers f(X) €

O [XT[X
Af =AY ayx't) = pla) X,

ONPEAENEHME 5. 3amannm dyukimio Apruna—Xacce Er, (f) u o6parayto K well Iy, (f) ciaeny-
IOIIIM 00Pa30M:

Er,(f) = Mg (mU(A)71f),
lFt (f) - 71—O U(A))\Ff (f)

IIpoBepum ocHOBHBIE cBolicTBa dyHKIWMI Ep, u lf,.

ITPEATOKEHUE 2. Hmeem:

1) Er(f), lr,(f) € ON/[t][XT;

2) Er,(Ir(f)) =1r(Er(f)) = f;

3) EFt(fl + f2) = EFt(fl) +F EFt(f2)7 EF{, (af) = [a]Ft,(EFt(f))7 ac OO;
4) Ir,(f1 +F f2) =k (f1) +IF,(f2), IF,([a]r f) = alF,(f), a € Oy.

JIOKA3BATEJIBCTBO. IIpoBepum cuauasa coiicrsa 3) u 4). 113 onpenesenns byHKIMA 10y YaeM

Erp(fi+ f2) = A5 (mU(A) " (fi + f2))
Ap (MU (D) f1) 45, AR (moU(A) 7 f2) = Bk, (f1) +£, Er, (f2).

AHanornYHO U3 ONpEEIeHnsT TPOBEPSIETCST BTOPast IaCTh CBOWCTBA 3) M CBOHCTEO 4).

HemnocpeicTBeHHO U3 OUpeieieHus Caelyer CBOHCTBO 2).

Ocramock nposeputh cgoitcto 1). Ecim f = 0X™t", rue 6 — upencrasurens Telixmroiiepa
B On/, Torga Af = (X™t")? = f9, u cpoiictBo 1) miust f BbITekaer u3 cpoiicTBa 1) s X.
SamMernm, ITO P A F, = moU(A) "L X asnsercsa morapudbmom GopMaTbHON IPYIIBI, H30MOph-
noit Fy. Teneps us oupenenenust Ef, acno, uro Ep, (X) € Oy pasnocuibio tomy, uro Ep, (X) €
On'. Ho Ep, (X) = X, nosromy B JJaHHOM CJIydae CBOHCTBO 1) IpoBepeHo.

Ecrmm f = mk0X™, To cpoiictso 1) ciemyer u3 cpoiictsa 3).

Ecm f = aX™, rae a = Y. wf0},, To

Ep (aX™) = g[7]r (Er (0:X™)) € O

Ecm f =313 50 @mit'X™, To coficTso 1) ceyer us croiictsa 3).
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st nposepku cpodicrBa 1) dyHKIMA [F, OCTATOYHO 3aMeTuTh, 90 FF, copbekTusHo. [leil-
CTBUTEJIHHO, AHAJIOTUYIHO YK€ ITPOBEJIEHHBIM IITAaraM MOYKHO YBHUJIETH, UTO

Er, ( 3 Zamﬂxﬂ =S astiXS 4o

m>S i>0 i>0

T.e. KO3DDUIMEHT IPU HAUMEHBIIEH cTerneHn X COXPaHsSIeTCs.

Wrak, Mbl nostyumin, 4To B obpase Ef, ecTb HAOOP psi/IoB CO BCEMU BO3MOYKHBIMHM MUHUMAJIb-
HBIMU CTEIICHAMN X n KOS(I)dPI/IL[I/IeHTal\H/I Ipu HUX. TOF):L&, OY€eBU/HO, U3 HUX MblI MOXKEM IIOJIYyIUTH
onepanueil +p, oboit pax uz On [ X][t]X.

2.4. IIpumapHbIe 3JIeMeHTHI JJisi PopMaIbHbIX (Jg-MOAYJILHBIX Ipyil. B 1. 1 6putn mo-
CTPOEHBI TPUMAPHBIE JIEMEHTBI, B OIPE/IEJIEHIe KOTOPBIX BXOJUT JIEMEHT A M3 MOMOTHEHUS MaK-
CHMaJIbHOTO HEPA3BETBJIEHHOrO paciupenus mosst N. [ NCIoIb30BaHNS IPUMAPHBIX 3JIEMEHTOB
B sIBHOI KOHCTPYKIIMY TEOPHUU I10JIeil KJIACCOB M 3aKOHOB B3AMMHOCTU TPEOYIOTCsI IIPUMAPHBIE 3JIe-
MEHTBI, B OIIPEJIeJIEHAE KOTOPBIX BXOIST TOJIBKO 3JIEMEHTHI MCXOMHOTO 1oJjisi. [locTpoeHne Takmx
IPUMAaPHBIX JIEMEHTOB U SIBJISETCS IIEJIBI0 HACTOSAIIETO IIYHKTA.

ITycrs K — koHeuHOe paciimpenne 1oJist Ko ¢ KosbuoM nebix O = Og n F(X,Y') — dopmanbHast
Op-momynbaas rpynmna wvag O. [lycrs, kak u panee, F; — coorBercrByromuii rpytie F (hopMasbHbIA
Op-MOITyIbHBII 3aKOH, MOJIYIE€HHBIN ¢ TOMOIIHI0 ToMOMOpdU3Ma ¢ u3 1. 2.3.

ITycrs L — pacmmpenue nons K, copepxariee Bce KopHU msorenun [n)|p(X) u 3 — onun us3
nepsoobpasubix Kopueit: [18]#(3) = 0, [15 ] r(3) # 0.

ITycrs T — noxnone unepruu 8 L/ Ky, N C T u II — mpocroii ssmeMeHT B L; TOra pasiokeHuo
3= Zi>1aiﬂi, a; € Or, coorBercrByer psiz 3(X) = Zi>1aiXi € Or[X]. Takum ob6paszom,
oupesener psaf lp, (3(X)) € Or[t][X]. B

IIycts ¢ — aBrOMOpdu3M Ppobennyca B nomogHeHN: 1 MAKCHMAJILHOTO HEPA3BETBJIEHHOTO PAC-
mupenus moss 1, T.e.

p(a) =a?  modmy, a € O,

rae ¢ = #Ko. Torpa gust moGoro a € Op naiigercs snement A u3 O, yIOBICTBOPSIONIHI yCIOBHIO
A¥Y — A =a.
Ompesesum cHAYANA T -TIPEMAPHBII djeMeHT 11 popManbhoit Og-MOmLynbHON rpymmsl Fy:
Hi(a) = EF, (75 AlFr, (3(X))).

Hna dopmanbroit Op-MOLYJIBHON I'PyINbl F' OIpeNe/uM 7 -IPUMAPHBIA 3IEMEHT CJIELyIONIIM
obpaszom:
HF((I) = Ht(a)| t=1 -

ITycrs M = M, — MakCUMAIBHBIN Heal Koublia 1esbix nosst L u F(9) — dbopmanbHbLil MOsyIb,
HATAHYTHIH Ha 1.
ITycrs, Kak u panbIle, o — obpasyromuii s7emenT rpynnel Lasnya pacmmpenust T(A)/T'; Torna

A% — A =3€ 0.

IIponoimzxenne o Ha T 0603HAYNM TOI *Ke OYKBOIL 0.

TEOPEMA 4. 1) Saemenm Hp(a) asasemes mf -npumapivim 6 modyae F(IM), m.e. Hp(a) € L

u L(2 Hp(a))/L - xoneunoe abene6o Hepaseemeaenoe pacuiupenue.
0
2) IIpumaprvis snemernm Hp(a) we saagucum om evibopa ssemenma A.
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JTOKA3ATEJIbCTBO NPOBOJIUTCS AHAJIOIMIHO JIOKA3aTEIbCTBY TeopeMbl 1 (IIpuBejieM Jnib Ha-
GPOCOK).

C momornipio feiicTBus aBTOMOPGMU3MA ¢ MBI yOEXKIaeMCsi B TOM, 9TO KOI(MDMUIMEHTHI psia
Hy(a) nexar B noste L.

BareM MBI 3aMeYaeM, YTO

1
il Hp(a) = Ep, (Alp,(3(X))) ’)t{::’ﬁ

—~— P

aexur B noste L(A), Koropoe, B CBOIO 04Yepejib, sBJIsSETCs Hepa3BeTBiaeHHbIM Has L (Tak kak T'(A)
HepasBersieHHoe Has T).

Hamee, Hatra 3ajata — MOJYIATh TPUMAPHBIN 3JIEMEHT, B OIIPEJIe/IEHEe KOTOPOTO BXOJIAT TOJIHKO
3JIEMEHTBI UCXOJIHOTO TIOJISI.
Nrak, nycrs Hi(a) — mfj-nupumaphslil asement rpynust Fy. Jlorapudwm Ap, rpynmsr Fy 3anaercs

pagom U(A) = mg — A(A), rae A(A) = a1 A + A% + -+ a; € On[X].
JIEMMA 2. Hmeem mecmo pageHcmso

— Hy(a) = By, (Al (3(X)) = B, (Z el <3<X>>) 5 A (AR (3(X)),

T
0 i>1 0

edea; =a+a®+---+ a*”ifl, © — asmomoppusm Ppoberuyca 6 N/ K.
JTOKA3ATEJ/ILCTBO. U3 oupenenenns dbyukiun Er, cienyer, 4To
A(A _
B (1= A2 ) s (3000 ) = A (AA GO0,
Orciona nosydaeM
A(A)

o

EFt<Ath<3<X>>>=EFt(A<1— AB)) L (3(x >>)

e g s (300)) —, (1= 22 ) ann 311

To

= i (3 2= (300)) A AN (B

0
k3
Ocrajioch 3aMeTuTh, 9TO U3 paBeHcTBa AY — A = a ciepnyer, ato A¥Y — A = a;.

IIycts Temepsn

t=m

X=II

Prt@) = B, (x5 () an (3000

izl

Tora nMeeT MECTO CJIEIYIONIAsT TeopeMa.

TEOPEMA 5. Bwnoanerno Hp(a) = Pr(a). H, mem camvim, mvi 0041 onpedeserue npumapHo2o
2AEMEHMA, OO KOMOPOE NOATOOAM MOALKO INEMEHMDBL UCTOOHO020 TLOAS.

JIOKABATEJILCTBO. CorjiacHo jieMMe HaM HaJI0 IPOBEPUTH TOJIBKO CJIEIYIOIEe PABEHCTBO:
-1
AR (5 AN, (3(X)))| y—r = 0.
X=0
Tlocste TOCTAHOBKY MOJIYIUM HEOOXOJINMOE PABEHCTBO
/\F(WSLA)\F(:)))) = O,

KOTOpOe B CBOKO OYepe/b CJlejlyeT M3 TOrO, YTO 3 KaK KOPEHb M30TeHUH [71]p sIBISIETCSI TAKIKE
KOpHEM Jiorapudma.
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O HyaaX JUHENHBIX KOMOWHAITAM
CIIENMAJIBHOTO BUAa (PYHKIUI, CBI3aHHBIX
¢ L-dbyukimusavu 'ekke MHIMBIX KBaJAPaTUIHBIX IOJIEN,
JeXKalnX Ha KOPOTKNX MPOMEXKYTKaxX
C. A. I'punerko, B. /1. /lemmnos

Benzopodckutl 2ocydapcmeenmuill yrusepcumem

Iocesimaercs cer/ioi naMsiti
Amnaronms Annekceesuua Kapalryopr

1. BBenenue

ITycrs No(T) — aucno myneit (1/2 + it) va upomexytke (0, 7.
B 1921 r. Xapau u Jlurrasyy [1] mokazanu, aro

No(T) > 1T, c1 > 0 — abcomoTHAA TOCTOSTHHAL.
B 1942 r. Cesnnbepr [2] nosyumi npaBuwibHyIo 10 nopsiaky oneaky No(7T):
No(T) = 2T log T, c2 > 0 — abCoJIIOTHAST IOCTOSTHHASL.

st apudmerndeckux psaos upuxiie, yIoBIeTBOPSIONNX (DYHKIMOHAJILHOMY YPaBHEHUIO PH-
MaHOBa THUIA, HO He UMEIONUX diJIepoBa MPONU3BeJIeHNs, TPABUIIbHBIE TIO TOPAAKY HUZKHIE OIEHKT
IUIsL 9UCJIa UX HyJlell Ha OTpe3Kax KPUTHYECKOH npsamoii Re s = 1/2 noka He 110JIydYeHBL.

IlepBBIM, KTO TIOKA3aJ1, 9TO HA KPUTUYECKON IIPSAMOIl JIE2KUT aHOMAJIbHO MHOI'O HyJeil apudme-
Tuveckoro psja lupuxse 6e3 siteposa npousseseHus, o6b11 Boponun, kotopsrit B 1980 1. j1oka3an
[3], aTo

1
No(T, f) > 03Texp<20\/10g log log logT)7 (1)

rie No(T, f) — ancno myneit p dbynkuun Issennopra—Xeinsbponna f(s) takux, aro Rep = 1/2,
0<Imp<T, cg >0 — abcosoTHasT TIOCTOSTHHASI.

B 1989 r. A. A. Kapaiy6a [4] paspaGoras HOBBII MeTOJ OIEHOK CHU3Y UYHCJIA Hysell HEKOTOPBIX
psamoB Jlupuxite Ha OTpe3KaxX KPUTHIECKON MPsMOil, ¢ TOMOIIBI0 KOTOPOrO JI0KAa3asl CJEIYIONIee
HEPABEHCTBO, CYIIECTBEHHO YCUJIMB TEM CaMbIM pe3ysbrar Boponuna (1):

NO(T7 f) =T IOgT(lOgT)_E, (2)

rJie € — CKOJIb YTOJHO MAaJIoe TOJIoXKUTeIbHOe uncio, T > Ty(e) > 1.
Mycrs Z(t, x) = X L(1/24it), rie byukmus 0(t, x) momobpana Tak, aro Z(t, x) BelecTBeHHA
upu BenjecTBenubix t. Torna Z (¢, x) upencrasisger coboit anasor dyukimu Xapau (CM., HaIpuMep,

[5; rur. 2]).
Ilyctn
G(t)=arZ(t,x1) + - +anZ(t, xn),
riue aj,...,ay — IPOU3BOJbHBIE BEMIeCTBEHHbIE YHCIA.

Pabora Boinoninena npu noaaepkke PIIIT «Hay4unble n HaydHO-TIeJarorniecKue KaJpbl MHHOBaIOHHON Poccum»
rockouTpakT 14.A18.21.0357).
P

© C. A. T'punenxo, B. /1. Temumgos, 2013
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B 1991 r. A. A. Kapamy6a [6] mocrasun u pemmt csouM Metomom 1989 r. 3amady o HuKHeld
onenke uncia Hyieit G(t) Ha orpeske (0, 7.

D1y 3a7a9y MbI HasbiBaeM 3adayel A.A. Kapayyobol.

B 1991 r. Cenbbepr [7] oupenesnui kiace S psaaos Jupuxiie u BbICKa3aJl PsiJi TUIIOTE3 O CBOHCTBAX
dbyukIwmit u3z S.

B knacc S momumo m3era-dyskimn Pumana, L-dyakumii Jlupuxie BXomdT u Japyrue apud-
Merryeckue psiapl Jupuxie, B gactHocTH, Takue paasl F(s), npubmmkenubie BbyHKIMOHAIbHBIE
yPaBHEHUSI KOTOPBIX cojepzKar nopsaaka |Im s| ciaraembix. B coorBercrBun ¢ kiaccuduraimeii,
upeIozKeHHoi B [8], Takue psiybl u3 Kiaacca Cesbbepra UMeIOT creneHn 2.

B 1996 r. I'punenko pacemorpen Borpoc o uucie No(T, f) myneit Ha orpeske [0,T] bynknnm

N
F) =) a;Z(t,F)), (3)
j=1

rOe aj — IPOU3BOJIbHBIE BEIeCTBEHIbIe uncia, a Z(t, Fj) — anamoru dyuxmun Xapiu, COOTBETCTBY-
fomue GyHKnuaM Fj(s) n3 xkiaacca Cenpbepra cremenn 2, j = 1,..., N.

B [9] mokasano, 9TO IpHM yCJIOBAM CIIPABEJIMBOCTH HEKOTOPBIX TUIIOTES, SIBJISAIONIAXCS THIIOTE-
samu CesibOepra U UX CJIerKa YCUJIEHHBIMU BaPUAHTAMH, CIIPABEJIUBA OIEHKA

No(T, f) > T exp{+/logloglog T'}. (4)

Ompenenum nonknace kiacca Cenpbepra, cocrosmmuit u3 psgoB dupuxie cremenu 2. Ilycrtb
K= Q(\/E) — MHAMO€ KBaJIDATHIHOE TT0J1e, Z — KOJIBIO TesbiX ajredpandeckux ducen K. Cire-
JLys1 TEDMUHOJIOTUH KHUTH [5], 6y1eM Ha3bIBATH XapakTepaMu [ €KKe rPyInoBble XapaKTePhl IPYIIIThI
KJIACCOB UJIeaJIOB KOJblia Zk . IlycTh 1) — xapakTep 'ekke. L-dyuknneit I'ekke nHazoem ps Jlupu-
XJ1€

L(s,¢) = Zw(a)N(a)*s, Res > 1,

rjie CyMMUPOBaHUE BEJIETCs 110 [eJIbIM HeHYJIEBbIM ujeajiaM o Kojbla Zy, N(a) — Hopma ujeasa d.

Hamr nogximace xkiacca Cenbbepra cocront u3 L-dyukiuit ['ekke MHUMBIX KBaIPATHIHBIX MMOJIEH.
L-dyuknun 'ekke, cooTBeTCTBYyIONNE HETJIABHBIM XapakTepaM [ekke, aHaJIUTHIECCKU TPOJIOJ-

JKAIOTCs Ha BCIO KOMILIEKCHYIO IIJIOCKOCTh ¥ Y/IOBJIETBOPSIOT (DYHKIIMOHAJIBHOMY YPABHEHUIO BUJIA

1 /Vor ' 72T —s)
L = L(1— = — (MK i Sal 4
s =t -so). o= (9r ) ST
rae g — paucKpuMuHaHT nosist K, 6y — KOMIIJIEKCHAs KOHCTAHTA, 3aBUCAIIAd TOJIBKO OT 1), MOYJIb
Koropoii pasen 1 (cm., Hanpumep, [10; rr. 7]).
Oupenenum dyuxuuu 0(t, ) u Z(t,):

expiote, ) = (o3 + t)>/ )

2(t.) = explio(t, )L (5 + it ). )

Jlerko BuzieTh, 9TO NpH BeriecTBeHHbIX ¢ Gynkuuu 6(t, 1) u Z(t,1)) UPpUHAMAIOT BENIECTBEHHbIE
SHAYCHUS.

B 1997 r. I'punenko [11] nokasan nepasencrso (4) 6e3ycioBHo B ciaydae, Korma Fi(s),. .., Fy(s)
— L-dyuknuu ['ekke, oTBevaronine KOMILUIEKCHBIM XapakTepaM ['€KKe OJHOTO U TOTO K€ MHUMOTO
KBAJPATUIHOTO OJI.
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B 2010 r. Pespsikosa [12] mpumennia k nociesnei 3agade meton A. A. Kapairy6er [4] u mosyamnna

OILIEHKY
No(T, f) > T(og T)*"=P) exp{—c+/loglog T },
rae h(—D) — nopsiZiok rpymiibl KJIaccoB Uueasos, ¢ > 0.

B nacrosiugeii crarbe pernaercs 3ajada o HyJsx dyukimn f(t), onpeessemoil papeacreamu (3),
(6), Jeskamux Ha KOPOTKHUX IIPOMEXKYTKAX.

151 TOro 9ToOBI CBECTH K MHHUMYMY TPY/HOCTH, JOCTaBJIsAeMble apu(pMeTUKO KBaJIpATHIHOTO
[OJIs1, MBI OPPAHUYUBACMCS YACTHBIM ciydaeM, korga Fi(s), ..., Fn(s) — L-dbyuxiuu Texke, orse-
YJaloIye KOMIIEKCHBIM XapakTepaM [eKKe OIHOrO U TOro ke MHUMOTO KBaJIPATHIHOTO TOJIS BHIA
K = Q(\/=po), Ta€e pp — IPOCTOE YUCIIO, CPABHUMOE C 3 O MOJLYJIO 4.

Ormerum, uro mosist Q(y/—po ) MHOTOKJIACCHBI IPH Py OOJIBIIMX HEKOTOPOil KoHcTaHThl. Tabimia
q1CesT KJIACCOB UJIEANIOB JJIsl HEKOTOPBIX U3 HUX MPUBOAUTCS B MOHOrpadun [13].

CdopmynupyeM OCHOBHOI PE3YJIbTAT CTATHHU.

TEOPEMA 1. ITycmov € > 0 — npoussosvro manoe wucno, TH/10H55 < H < T,

ITyemov Fy(s), ..., Fn(s) — L-pynxuyuu T'exxe, omsewarouue komnaexchvm rapaxmepam Iexke
00H020 U MO20 dHCE MHUMO20 Keadpamuyurozo noas suda Q(v/—pg ), 2de pg — npocmoe wucao, cpas-
Hnumoe ¢ 3 no modyao 4, a pynxyus f(t) onpedesena pasencmeom (3), 6 Komopom ay,as,...,an —
NPOUZEOALHBIE BEULLCTNEEHHDLE HUCAA.

ITycmov No(T, f) — wucao nyaet gynxyuu f(t) na ompesxe [0,T].

Tozda cywecmeyem ¢ > 0 makoe, ¥mo

No(T + H, f) = No(T, f) > H(InT)*/he-cVininT,

20e h(pg) — wucao xaaccos udeanos noas Q(r/—po).

B nanbreiinrem 6ymeM MOIL30BATHCS CJICAYIOMAMA O003HAICHUSIMU:

® Py — IPOCTOE TUCJIO, CPABHUMOE C 3 IO MOMYIO 4;

o K =Q(y/—po) — MHUMOE KBaJPATUIHOE 1I0JI€, Z ) — COOTBETCTBYIOIIEE KOJIBIIO LEJIbIX ajred-
PAMYECKUX YHUCET;

e 0y = —po — JUCKpPUMUHAHT 1ot K

h(dx) — amcyo knaccos umeasos noss K;

L(s,v) — L-dyuxiusa lekxke,

(o)
= Z a(n)n™?, Res > 1;
n=1

b ﬁ = <n2) E Z2
e A Ay, Ay — cuMMeTpPUYHBIE MATPUILI pazMepa 2X2 ¢ HeJIbIMUA KO3DMUIMEHTAMIT;
e Q(m), Q1(M), Q2(M) — GuHAPHbIE IPUMUTUBHBIE KBaIpaTHIHbIE (DOPMbI JUCKPUMUHAHTA K
cBsi3anuble ¢ Marpuniamu A, Ay, As dopmynavu
— Ly, — | — Ly,

Qn) = 37 An, Q1(n) = 37 A, Q2(n) = 37 Aam;
o Q'(7), Q) (@), Q4(W) — xBagparmanbie hbopmbl ¢ Marpuramu po A=, po AT, poAy s
e G(q,u,m) — cymma laycca, orBevaromas kBaaparudanoii hopme Q(7),

— 7t7
G(q,u,m) = Z exp (27riuQ(g) +m g),
7 (mod ) e

G1(q,u,m), Go(q,u,m) — cymmnbl Taycca, orsedaromume KpajaparudabiM dopmam Q1 (7)),

Q2(M).
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2. BcmomoraresnbHbIE YTBep2XKIAE€eHUA

B merone A. A. Kapany6s! [6] BaxKHY 0 poJib UrparoT npubimKkeHHble byHKINOHAIBHbIE YDABHe-
uust psiio Jupuxie. dus L-dyurnnit [ekke n3BecTHO, HATPUMED, TPUOINKEHHOE (DYHKIITNOHATb-
Hoe ypasuenue Jlaspuka [14]. Oguako nanudaue B ero ¢hopMysie 0OCTATOYHOIO YjI€HA, KOTOPBIN [pH
s = 1/24it moxer pactu Kax log? |t|, korma |t| — 0o, He 1aeT BO3MOXKHOCTH IIPHMEHHETE ee K HAIIeH
3agate. Mbl BbIBegeM MpubamKkennoe pyHKIINOHAJIbHOE ypasHeHne L-dyHkinn ['eKkKe HECKOIbKO
nHOTO BUJa, deM y JlaBpuka. Ero mpenMymmecTBo COCTOUT B MAJIOCTH OCTATOYHOI'O HJIEHA.

JIEMMA 1. IIyecmov € > 0 — npousdsosvHo manoe wucao, ¥ — xomnaekchowi rapaxmep Iexxe,
L(s,v) — coomeememeyrowan L-pynryus Texxe. Hycmo T > Ty > 2, H = T15/16+e  x — 70.001
T—-1<t<T+H+1, P=P(t) =t\/|o|/2m. Hycmo v1 u Vo — HAMYPAALHBIE YUCAG, MEHD-
wue X, s =1/2 4+ it.

Tozda cnpasediuso pasercmeo

L(s, ) = g:l a(n)n™* exp (—Zf’yl) + p(s,9) ni a(n)n®~1 (1 —exp (—]T;”)) + O(TE=D/2),

1

JOKABATEJILCTBO. Haunewm ¢ paBencrBa Mesmaa

2+i0c0 w
nvy 1 Pu,
LT Pw) (2 dw.
exp( PV2> 2mi /Zfioo (w)(nyl) v

Yumu0xKUM 06€ ero wactn Ha a(n)n~* ¥ IPOCYyMMHPYEM HOJIYIMBIIEECs PABEHCTBO 110 1 OT 1 110 00:
oo 24100 w
nyv 1 Pv
E a(n)yn~*exp( ——+ ) = —/ T(w)( =2 L(s +w, ) dw.
vt Puy 2m8 Jo_ oo 141

Bynem npeobpa3oBbiBaTh HHTErPAJI, CTOAIIUI B IIPABOI YaCTH, KOTOPbI 0603HaunM depes I. [Tosb-
3ysichb cefcTBreM u3 (popmysbl CTup/mHra

D(2+iv) < (2 + [v])?/2e=mI/2

1oJIy4yaeM

1 2+ilog? T P
T(w) <V2

)wL(s +w, ) dw +O(T™1).
vy

2mi 2—ilog2 T

ITonb3ysich HEPaABEHCTBOM
L(o +it,9) = O((|t| +2)' " log®(J¢| +2)),

soiosHstonMest pu —1/log(|t] + 2) < o < 1+ log(]t| + 2) u npsiMo ciremyromumM n3 npuGIHKeH-
HOTo (DYHKIIMOHAJIBHOIO ypaBHEHUs JIaBpuKa, llepeHeceM OTPE30K MHTErPUPOBAHUS Ha

Rew = —fy, —1og2T<Imw<log2T,

rie fo = 1/2 + 1/2logT. TIpu sTom “npoiiziem” uepes3 mpocToii mosoc B Touke w = 0 ¢ BBIYETOM
L(s,); no Teopeme Ko nmeem

I=L(s,9)+ L +O0(T"),
e

1 —Bo+ilog? T P
I I'(w) (”2

141

)wL(s + w,¥) dw.

21 gy —ilog2 T
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Bocmonbsyemcest dynknmonaibabiM ypaBHerueMm L-byukmun [exkke
L(S + w, ¢) = p(S + w?'(/J)L(l — 85— wﬂ/’%
rre

1-2s—2w
o5+ w, 1) = (5K> Ml —s—w)

9¢ F(S + w)
W3 dopmysibr Crupsunra, ciieryer, 910
p(s +w,p) = p(s, )P~ (L+ O(T™H) + O(|w[*T™1)).
Orcroga nmeem
1 Bo+ilog® T Vo w
I :p(S,z/))—,/ F(w)( > L(s +w, ) dw + O(TE1/2),
271 —Bo—ilog2 T Pl/1

Jlasee, pacipocTpaHsieM OTPE30K MHTErPUPOBAHES Ha BCIO IPAMYI0 Re w = — [y, mpeacrapisem
L(1—s—w,) B Bune cymmsl paaa Jupuxie (yaursiBas nepaBeHcTBo Re(l —s—w) > 1) u mensiem
HOPSAI0K CyMMUPOBAHUSA ¥ WHTETPUPOBAHUSI:

e 1 —Bo+ioco

b} —Bo—ioo

Teneps yTBEprKIeHUE JIEMMBI CJIEJyeT U3 PABEHCTBA
1 [Potieo nvo \ " Puv.
—/ F(w)<2 dw = —1+exp _t7),
270 ) _ gy —ico Py nyy
CnenCTBUE 1. ITyemo |u| < 1. Tozda cnpasedauso pasercmso
P i(t4u) L ny
e "exp| ———
P PVQ

E R ) o

n=1

Z@+mw._¢/§:

JOKABATEJLCTBO. [lonoxkum B paBeHCTBE JieMMbI 1 ¢+ BMECTO ¢, BOCIIOJIb3yeMCst (DOPMYJIOi
Crupsmara n HepasercTBoM |a(n)| < 7(n) (cm., mHampumep, [11]).

Cnencrue 1 mpescrasisier coboii mpub/mKeHHOe (DyHKIMOHATBHOE ypaBHEHUE JIJIsi AHAJIOTra
byuknun Xapau. Ham morpebyercs: mpubiinzkeHHOe (DYHKIMOHAJBHOE YpPaBHEHUE JJIsl aHAJIOra
dyukiuu, nazsannoit A. A. Kapary6oit dyukiueii Xapau—Cennbepra.

IMycrs B(v) — BeriecTBeHHbIE YUCIA, HE MPEBOCXOsIme T(V), 3HAYEeHNs] KOTOPBIX OYIyT yTOYHE-
uel nozzxke. Ilycrs ¢x(s) = >, oy B(v)v~°, roe X — napamerp, onpenesennsiii B semme 1. ITycrs

2

F(t,4) = 20, w\d»X (5+#)

JIEMMA 2. B ycaosuazr semmor 1 cnpasediuso pasercmeo
i(t+u)
./ AN (P it A
F(t+u,¢) = ;W by e " exp -

—i(t+u)
O ) Ry

A
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2de
A()\) — Z a(n)ﬂ(yl)ﬂ(VQ)

1%
nvy/va=A>A 2

(cymmuposarue 6edemces no HAMYPAALHBM V1 U Vo, MEHLWUM X , U NPOUSBOALHbIM HATNYPAAL-
HOLM T).

JIOKABATE/IBCTBO. YMHOXKHM 00€ YacTH PaBEHCTBA U3 CJIEJCTBUSA 1 Ha

1 IIPOCYMMUDPYEM IIOJydUBHICECAd PABEHCTBO II0 HATYPaJIbHBIM V1 U Vo, MEHBIINM X.

B caencrBum 2 dhopmysia ieMMbl 2 TPUBOAUTCS K BUY, O0jiee yI0OHOMY JJIs TPUTOXKEHUIA.

CHEACTBUE 2. ITyemv Py = T+\/|dk|/27. B ycaosuax aemmovs 2 cnpasediuso paseHcmeo
F(t+u,9) = 05" Wit +u,v) + 0, P Wat + u,9) + 0,2 Wa(t +u, )

+ 0,2 Wit +u . v) + 023 S Wt u v, )

v=1 pn=0r=0
pu+v>0
+ 0,2 Walt ) + 0,173 N Wit w1, v)
=1 p=0v=0
pu+v>0
+ 0,23 S Wt + g v) + O(TFD2),
p=1v=1
2de
B P Py . A
WAt + o) = Ay (A) “on(-5 )
)\<Pglog2T
AN (P\ "/ P .
e n = Y A0 (2Y ()
) )\;0 VLA A
AN

e E ) (3) ()

Pylog=2 T<A< P,
—at & 71u6it (_1)1/ B v
A V! A

)

Wit +u,pv) = 3 A(A)G
e 2 BV () (-}
A

Po<A \/X
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AN (P\ P\ T, P,
W3(t+u’w7u, y) = Z ( ) ( et exp| ——
Pylog 2 T<A< P, \/X A A A

% l —iu P - PO " P - PO v

v\ pu P A ’

w5 ) () EE ()

% Fo
JOKABATEJILCTBO. U3 memmbr 2 mmeem

AN (P
Forwn=a)* 3 SR(T) e
A< Py log? T

A ~1/2 AW (P
3 exp <_P> + 9¢ Z A3 e

—i(t+u)
RIS A(A)(l:) eitexp(_P)

Polog 2 T<A< P, \/X

_ A(N) (P p _
9 1/2 it 1 _ - T(BE 1)/2 .
+ PEO\ 7\5 ()\) e exp 3 + O( )
0

Tenepb yTBepxgeHHe CJIG,HCTBI/IH HpHMO cnegyeT n3 paBeHCTB
+iu 0o . m
) : P — P, ) +iu P — P,
P:I:zu _ P:I:lu 1 0 _ P:i:zu 0
0 < N PO 0 Z 1% PO ’
pn=0
. A ol A - A P—PR
P\TP) TP TR )P\ TP
M =1/ A\ [/P-PF\" )
(= A< Pylog?T),
wo(-5) S a(n) (F5)  venin)

DS e

v=1

3. AanuTuBHa" 3agada

JIEMMA 3. yems Im7T > 0, T € R%, Q(W) — nosostcumenvro onpedesennan K6a0pamusHas
Popma duckpumunarma o ¢ mampuued A,

QQ T ZL’ E e27rzTQ(n+a:)
nez?
Tozda cnpasedauso mootcdecmeo

meZ?

) T
Oo(T,T) = exp(—mtA_lm—i—Qm'mtx).
o) = 1= 3 (T

JIOKABATEJIbCTBO ¢M., Hanpumep, B [15; 1. 7].

CNEACTBUE 3. ITycmyImT > 0,7 € R2, 7 € R?2,Q(n), Q' (M) — norosicumenvro onpedesertivie
xeadpamusroie Popmus ¢ mompuyamu A u poA~1 coomsememesenno, det A = pq
Tozda cnpasedaueo moscdecmeo

nez?

: o
> exp{2nitQ(m +T) + 2mig' (M + T)} = ! > ex p{—m Qm—7)+ 2m':vtn}.
nez2 Ty/Po ~ TPo
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HOKABATEJLCTBO. Ilo onpernenenuro nmeem

Q-9 =m- y)t%poA‘l(ﬁ —9) =Q' ™) +Q' () —poy' A",

II03TOMY

Bocmomns3yemcs sremmoit 3:

. o
! > exp{—7TZ Qm—7) + 27m'a:tn}
T TPo

Po £

nez?
_17
= eXp{—mQ (y)} Z exp{Qm'TQ<n+x+ A y) }
TPo ner? T
Hautee,
A~y ") 1
Q(n—i—w—i— y) =Q(ﬁ+f)+Q2(y) +-7'(n+7),
T<Po T
I03TOMY

. ! Z exp{—f_;i Q' (m—7)+ QWixtn} = Z exp{?m'TQ(n—I— z)+ 27Tiyt(n+x)}.
0

Po nez? nez?

Crnencrsue n0Ka3aHO.

JIEMMA 4. ITycmov € > 0 — ckoab Yy200n0 Manoe wucio, @ U b — HamypasoHbie 83AUMMHO NPOCTIIBIE

yucaa, 1 < a,b < y°, k <y — namypasvroe wucao. Ilycms p — xomnaekchould rapakmep 2pynnoi
KAACCO8 Udea.n08 Koavua L ,

Ji(y,a,b) = Z 1/)(a)ﬁ(b)e*(GN(ﬂHbN(b))/y’
b
aN(a) abN(b) k

2de CYMMUPOBAHUE BEIEMCA IO UEAbIM HEHYAEBBIM UDEANAM KOALUA L .
Tozda cnpasedauea ouenxa Ji(y,a,b) = O(y>/4+5).

JIOKA3ATEJILCTBO cuM. B [16].

IMycrs Xo — X7 > 1. Onpegesnm dyuxuuo g(z, X1, Xs):

0, ecm v < Xy wm x > Xo + 1,

1 Xi+1l<z <Xy,
g(mvxlaX2> = ' cem 1t 2

Z*Xl, ECJ'II/IXl\ <X1+1,

Xo+1—2, ecmm Xo << Xo+ 1.

JIEMMA 5 (dysknpoHasbHOe ypaBHeHHEe HeHoJHON Tara~-bynkuuu). [Iyems Y > 10, z € R,

leZ,qeN,beZ,
S L 2
= q 2rY T

ITyecmw N1, No, N3, Ny — yeave wucaa, P — npamoyzosvrur suda (N1, No] x (N3, Nyl.
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Tozda cnpasedauso mootcdecmeo

Zexp(Zm(—é—x—&-ﬁ)sz( ))
nep
c e
/ / Glon, N, Na)ii(v, N, Na)

o _
X Z exp(—;rZ Q2 (n— ;ﬁ))Gg(q, —bl, ) dvrdvs.

JIOKABATEJIBCTBO. MeeM TOXK]IeCTBO

> exp( 27rz<; —z+ ﬁ)b@z( )>

nepP
> D 9(n,Ni,Na)g (nz,Ng,M)exp(?m(; —z+ ﬁ)sz( ))

n]=—00 N1=—00

27r\/>7'

Beipasum dbysakmuio g(z, X1, X2) depes ee npeobpazosanue Pypre:

> Y gl Ny, Na)g (n27N37N4)€XP(27”(—2 —r+ ﬁ)sz(n1,n2)>

n]=—00 N1=—00
1 “+oo “+o0o
=90 / g(v1, N1, N2)g(va, N3, Ny)

X Z ex 2m( ! Q2 (M) | ex (2m'vtn) dvydv
p q 2 p om 1002,

neZ?

= (M1 5 — (V1
F’He n= (’I’LQ)7 v= (’Uz).
[Tocnemaroro cymMmmy pazobbeM 1o apuMETHIECKON ITPOrPECCun ¢ pa3HOCTHIO §:

%:2 exp (2m'( )b%( )) exp (2m”2;> donduy
= > eXp(—%i”)Q;(S)) > eXP<27TiTQ2 (n+ 2)) exp(ZﬂW)

Ssmodgq nez?

Bocmonb3yemcs ciaencreuem 3:

> exp (27riTQ2 (n + Z) ) exp <2m’W>

nez?

i ( 27 ( qv) ) (ZWints)
= Z expl ——Q2|m— — | | exp .
Po A TPo 2m q

nez?

yTBep)K,D;eHI/Ie OpAaMO CJaeayeT U3 IIPUBEACHHDBIX BbIIIE TOXKIECTB.

JIEMMA 6. ITycmos € > 0 — ckoawv y2odHo manroe wucao, y > 10, a u b — namypaasvroe wucaa,
1<a,b<ys, (a,b) =1, k — namypaavhoe wucao, mervuee y,

W(y,a,b k) = Z a(m)a(n).
am—bn=k
mIy

Tozda cnpasedrusa ouenka
Wy, a,b, k) < yT/5+6.
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JIOKABATEBLCTBO. Ilycrs Y = y'+e. Onpenemam

a<bn+k>:0 pu 7bn+k¢N.
a a

ITonb3ysick npeobpasosanreMm AbGesist, UMeeM

3 (M)m) exp(_%”;’f) exp<2bny+k>

am—bn=k, m<y

/ly 3 a(m)a(n)exp(am;b”) dexp<2bRY+’“)

am—bn=k,
m<R

- a(m)a(n)exp<—c””;b”>exp(2by;k).

am—bn=k,
m<y

N
s
&)
IS
S
i

TeHepb JAO0CTATOYHO OIIEHUTHL CYMMY

Yo am)a(n)exp (_ am;bn)

am—bn=k,
m<R

npu R < y.

Kak u Ipu J0Ka3aTe/JIbCTBE JIEMMbI 4, CBOJUM 3a/1a9y K BBIYUCJICHUIO aCHUMIITOTUKH CyMMBbI

I(R,a,b, A, B) = Z exp (_ an(m); bQQ(n))’
aQ1(m)—bQ2(n)=k
Q2(n)<R

rae Q1 () u Q2(T) — Te MOJOKUTEILHO OlIpe/IeJIeHHbIe GUHAPHBIE KBAIPpaTHIHbIE (POPMbI, KOTOPbIE
MIPEJICTABJISIOT HOPMBI HJIEAI0B U3 KIaccoB A 1 B COOTBETCTBEHHO.

Ecim Bmecro ycnosus Q2(7) < R mbt 661 umenn yciosue Q2(7) € P, rie P = (N1, Na]x (N3, Ny,
TO, IIO CYIIECTBY IIOBTOP#AA JJOKa3aTEJIbCTBO JIEMMBbI 4, OPpUIINA 6bI K OIICHKe

DD U(A(B)I(R, a,b, A, B) = O(Y /475, (7)
A B

EnuncrBennoe orimvme COCTOUT 3/I€Ch B TOM, UTO OJHA M3 TPUTOHOMETPUIECKUX CYMM, BO3-
HUKAOIINX P IPUMEHEHNN KPYTOBOIO METO[a, BEIPAXKAETCsT Yepe3 HEIOJIHYI0 TITa-(PyHKIUO U3
semmbl 5. [lpumensist kK Hell mpeoOpa3oBanme U3 JIEMMBL D, & 3aTe€M JOCJTOBHO ITOBTODsisi PACCY K 1e-
HUS U3 JIOKA3aTeJIbCTBa JIEMMBI 4 U MOJIb3YsCh HEPABEHCTBOM

+o0
/ 19(v, N1, N)| dv < log(Nz — Ny +2),

— 00

npuxomuM K (7).

Ecin nokasarb, uTo BHyTpeHHOCTH sjumuiica (Q2(7) < R MoxKer OBITH IIpejCTaBI€HA B BHJE
obwemunenus O(Y1/8) npsaMoyrosbHIKOB ¢o CTOPOHAMM, TIAPAJIIETLHBIMI KOOPJMHATHBIM OCAM, 1
HEKOTOPOT'0 KOJIIYIECTBA KPHBOIMHEHHBIX TPEYIOIbHIKOB, OOIMIAS ILIOMaIh KOTOPEX ecth O (Y 7/8),
sgemma 6 OyzmeT JoKasaHa.

BHayTpeHHOCTD 3/1IMIICa MOXKHO Pa3bUTh HA KOHEYHOE YHCJIO IPSMOYTOJBHUKOB CO CTOPOHAMH,
rapaJjiieJIbHBIMA KOOPJAUHATHBIM OCSIM, ¥ KPUBOJIMHEHHBIX TPEYrOJIbHUKOB. DTU (PUTYPHI [TOIAPHO
HE TIePeCeKaTCsl.
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Bes orpanmdenus o6IIHOCTH CYUTAEM, YTO KPUBOJIMHEHHDIH TPEyTOJbHAK IMEeT B
a<m < B, w < mg < f(ma),

rie

—const - VR < a < [ < const - \/E, |w| < const - \/E,

a f(x) — MoHOTOHHO BO3pacTawomast quddepernupyemast GyHKIHs, TPOU3BOHASI KOTOPOI Orpa-
HuveHa Ha (o, ]

Ecmu  — o < R%/8, To miomanps kpuBosmHeiioro Tpeyrombunka ecth O(R3/4).

ycts 3 — o > R3/3. Pazobbem oTpesok [, 8] Ha orpe3ku JyMHBL R3/® i paceMOTpHUM HEKHIO
uHTerpasbHyto cymmy Jdap6y dyukmun f(z), cooTBeTcTByONIyI0 3TOMY pastuenuto. HikHsist cyM-
Ma JTap6y paBHA CyMMe ILIOIIAeii MPSIMOYTOJIBHIKOB, YHCIIO KOTOPBIX He MpeBocxoauT const- RS,
Pazmocts Mexmy fa f(x) dz n auxueit cymmoii JapOy pasHa cymme mjomazeil KpUBOJIUHERHBIX
TPEYTOIBHIKOB, OOIIAs ILIOMA/ b KOTOPBIX He IPeBOCxoauT const - R7/8.

Tem caMbIM, HYKHBIN (DaKT JOKA3aH, & BMECTe C HIUM JOKa3aHa u JeMMa 6.

4. JloKa3zaTeJIbCTBO OCHOBHOII T€OpPEMbI

Crnenyem cxeme paccykaennii pabotel [17], BHOCS B Hee HEOOXOAMMBIE U3MEHEHUSI.

[Iycts P; — MHOYXKECTBO IPOCTBIX YHCEJ, SBJIAIONIUXCS HOPMAMU MPOCTHIX [VIABHBIX HJEAJIOB,
npuueM pg € P;.

XOopoIIIo U3BeCTHO, UTO

lim ( l=——
x—>oo ZZ;C po)
pEP

(cMm., mampumep, [18]).
Bcee dbyHKIMM, cymMmMa KOTOPBIX CTOUT B TIPABOH 9acTh (3), MMEIOT OOIIUIA MHOXKHUTEIh

[Ta-p"

peEP

Onpenenum nocienosarensuoctu av) u B(v):

Za(y)u_s = H (1-p7%), Res > 1,

peEP:

1
a(y)<1 — I;)gg)l/(), ecim 1 < v < X,

0, ecn X < v,

e X = TO.OOIE.

Honoxum ¢x (s) =Y, x B(v)r~*. Torma nynu mederHoro nopsxa yHKImit

Zaj t, ;) ¢X( +zt>

ABJIAIOTCA HYJISIMU HEYIETHOT'O IMOPAJIKaA (byHKLLI/II/I

N
> a; Z(t,
j=1

2
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Beenem nmapamerpsl ¢4, h, hi, «

1 1
— = (log T)'2/"(=P0) exp(y/loglog T), h = log o
4

C4 cqlogT

1 Cs

c4 “= Vioglog T’

cs > 0.

IIycTb

hl hl
I (%) :/ ez_(”/h)2\F(zf—l—u)|alu7 L(t) = ‘/ e_(“/h)zF(t—l—u)du .
hi

—}L1

ITycrs E — muOXKecTBO ToveK ¢ mHTepBana (T, T + H) rakux, uro I (t) > I2(t).
W3 onpejiesenuil ciie/lyeT HEPABEHCTBO

Is < I + I,
rie
T+H T+H
I = / oM d, I = / g, I = / 19(t) dt.
E T T

JI0CJIOBHO TIOBTODsisl COOTBETCTBYIONIEE PAacCy kjieHne n3 [17], npuxosuM K HepaBeHCTBY
I3 > cgH ha cg > 0.

Onernnm [; cBepxy. [Ipumenum mepaserncTso [Enbaepa:

T+H

e <Rt [ PP

Ilonb3ysich ciaegacTBUEM 2 U HEPABEHCTBOM

/TT+H |F(t))?dt <e /_o; exp (— (t_HT)2> |F(t)|? dt,

IoJry1aeM

T+H
[ irepa
T
A(Al)A@z)(Az)-” ( 1( 1og)\2>2)
< H — exp| —= (| H
2. 2 NYERV2Y Y PUT2\ 7 log
A A) (A7 log A2\ * _
2 A2 (3e—1)/2

+HFS Y Y 5 et A Hlog)\l +O(HT ).

Boigenny “nuaronasibabie”’ ciiaraeMblie U3 CyMM, CTOSIIUX B IIPABON YACTH:

T+H
/ F() dt

T
A2 (N
<H)> 3

A< P,

DI

4T 2
& exp —} Hlog A2
4 log A1
A <Aa<P

) AQ - 1 log AQ 2 (3e—1)/2
ZZ 3/2 3/2 N exp ~1 Hlog)\l +O(HT ).

Po<A1 <2 1

+ HP?
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OrneHuM TIEPBYIO CYMMY “HEIMArOHAJIBHBIX cjlaraeMbix. 1lycTsb r — paruoHabHOE YUCTI0, OO0JIb-
mee 1/ X2, X\ =\ = nv3/vg, A+ 7 = X\ = muy /vy, 3adburcupyem vy, va, V3, Vg, ' B PACCMOTPHM
CyMMY

S1(U,r) = Z A(nvs/va) A(nvs/va + 1) <m/3/y4 + 7") —iT
, U/2<nvy Jva<U \/TLZ/3/V4 \/an/V4—|—7' n1/3/1/4

2
1
X exp<—4(Hlog(l + :;:))) ),

rme U < FPy. Bes orpanmyenust oGITHOCTH MOXKHO CUATATH, UTO

—27. -2 1 U, »
HX “log °T < U, ﬁgrgﬁlog T.
Mycrs ¢ = (vivg,vev3), ivs = agq, vavs = bq, k = rvory/q. Cunraem, aro k € N, unage
PaBeHCTBO My /v —nvs /vy = T He BhinOJHsIeTCs. [Ipumenss npeobpasoBanue AGesist U NOJIb3YsICh
HEPABEHCTBOM

0 (_1 () (<3 (s 22)) )
on ——(H1 1+ —
on < Vnwsva \/nvs[vg + 7 ( nvs /vy P\ ©8 nys

Tr 1 5
MR

1oJIy4yaeM

> a(ma(n)
am—bn==k
U/2<n<U;

?

Tr 1 5
|51 (U, r)| < (U2 + U)X

e U; < U. Teneps u3 slemMbl 6 ciemyer, 910

logT (U/H)log® T T15/848:  pT/848¢
—&
EU: Z [S1UN € =+ = — < T,

TaK Kak 10 ycjopmio H > T15/16+5¢
Taxkum 06pa3oMm, repBasi CyMMa “HeIMaroHaIbHbIX ciiaraeMbix oneHeHa. Ouenum sropyo. [IycTsb
Py<U,

SQ(U, ’I“) =

3 A(nws/vy) Alnws/vy +1) (ny3/y4+r)—m

(nvg/vy)3/2 (nvs /vy + 1)3/2 nvs /vy

2
1
X exp<—4(Hlog(1 + :;Z;)) )

Paccyzkmas tak ke, kak 1upu onenke Sq(U,r), IpuxoauM K HEPABEHCTBY

U/2<nvy [va<U

(U/H)log®T

Y 15U <

T

U15/8+7s U7/8+75
2z T HUT

U3 KOTOPOro mMeem

oo (271 Po/H)log? T z 15/8+8¢< ,
—1 —2—¢
ZZ; ; ‘52(2 Pg,’/’>| < W <7T .
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Nrak,
T+H A2 by
/ [Ft)Pdt < H Y AN | e
- A
A< P,y

Cymma “ImaroHaIbHBIX” CTaraeMbIX ONEHUBAETCS TI0 CYIIECTBY TEM Ke CIocobom, ato u B [6], [17].
O1enka uMeer BUI,

2
> AN i/\) < (log T)1=2/h(=po), (8)
A< P

Ionpobuble BeruuCcTeHNs comepKarcs B [12]. [okazano, uro
I < (u(E)) = 2h* H/? (log T) (1 —2/h(=po))e/2,

s 15 cipaBe;InBO HEPABEHCTBO

T+H hi R 2
e < HQ/LH/ ‘/ WM Bt 4 u) du| dt.
T —h1

W1 3nmeck naTErpas cocTouT u3 ‘nuaroHaJbHON’ U “HeauaroHasibHON” acreit. Cymma “HequmaroHab-

HBIX CJIArae€MbIX OIIEHMBAETCs TaK 2Ke, KaK 3T0 cuesiano mpu orenke I1. [Tosromy

2 2
122/04 < H2/a Z A ()‘))\d ()‘) +H2/o<—5’
A< Py

h1 2 (P \"™
d(\) = / e(w/h) (0) du.
n A

ITosropsist paccykaenust crarbu [17] ¢ yuerom (8), momyuaem

rie

1
I < 5137 wE) > C7H(10gT)7(172/h(7p0))a/2a

rje ¢; — abCOJIFOTHASI TIOCTOSTHHASI.
VrBepKaeHne TeOpeMbl IPAMO ciieayeT u3 onenku u(F).
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Toumbie opsa KU
KOMIBIOTEPHBIX (BBIYUCINTEHHBIX) MONEPEIHUKOB
B 3aJIa4aX BOCCTAHOBJIeHUs (DYHKINI U AUCKPETU3aIuN
perrieHnit ypaBHenusa Kuieiitna—T'opaona
nmo kKoadpurnuentam Pypne

H. Temuprames ®, K. E. Illepanssos °, M. E. Bepnxxanosa,

¢ Unemumym meopemuieckots MaGmemMamuky U HAYYHOET 8bHUCAeHU,
Fepasutickuti nayuorasvunt yrusepcumem um. JI. H. I'ymunesa
b Kasazcruti nayuonasvrud yrnusepcumem um. asb-Dapabu

Iocesimaercsa namsitu A. A. Kapaiy6br,

CO3/TaHHEM HEPBOro OBICTPOIO METOAa BBIYHCJICHHUI
Pa3pYIUIUBIIETO 4-ThICSYe/IeTHee 3a0JIyXKIeHHe YeI0BEYECTBA,
00 yMHOX>KEHHH IHCeJT

1. BBenenue

UccnenoBanust siBIeHUit JeHCTBUTEIHLHONO MUPA MATEMATHIECKUME METOJAMU IPOBOJATCS 110
CXeMe: OT HAOIIONEHNI 1 SKCIIEPAMEHTOB K MOCTPOEHUIO MATEMATUIECKON MOJIEIH C TIOCIIE Ty FOTIM
U3yUeHNEeM MATEMATHIECKUMHA CPEJICTBAMH, 3aBEPIIAIOIIIXC BHIBOJAMU B PAMKAX MOJIEJU U CPa-
BHEHMEM UX C peajbHbIMU dakTaMu (cM., Hapumep, [1]-[6] u umerontyrocst 8 Hux 6ubimorpaduo).

B mamHoit npobGieMaTnke HEOOXOIUMO MCXOJUTH U3 TOrO, YTO KOMIIBIOTED JA€T BO3MOXKHOCTDH
3AIIOMHUTH ¥ OIIEPUPOBATH ¢ GOJIBIIUME KOHEYHBIMU MACCUBAMU YUCEJ U HPOU3BOAUT HAJ, HUMU
Yerbipe apudMETHIECKUE OIIEPAIIUN.

Boruuciienue GbyHKIMOHAIOB — OCHOBHBIX HOCATEJICH YUCIOBOI HHMOPMAIMY — KaK [IPABUIIO, He
MOKET OBbITh MaTEMATUIECKU TOYHBIM, M, OJHOBPEMEHHO, M3JIMIIHSA TOYHOCTh BBIYUCJICHUN [PH
peanm3anuy aJTOPUTMA MPUBOIAT K HEONPABIAHHOMY YBEJMIEHNIO 00bEMa MAMITH U KOJMIECTBA
apudMeTHIECKNX OTepaIuii, MOCKONBKY He YIIyHIIaeT 3aJ0XKEHHOTO B AJITOPUTME TOPSIKA TOTHO-
CTH.

MareMaTHIeCKIM SKBUBAJIEHTOM THX MOJIOYKEHUH SBJIAETCs MpeyoxkeHHbli B [7]-[13] (cm. Tax-
ke [14]-[24] u umeromytocs B Hux 6ubmuorpaduio) B 19962003 rr. komnovromeproid (6ouciument-
HoLll) NONEPeYHUK, CMBICJ KOTOPOTO COCTOUT B HAXOXKJICHUU HAMJLYUIIEr0 CPEIU JAHHOIO KJ1acca
BBIUUCJIATENLHBIX CPEJICTB B YCJIOBUAX UCKAXKEHHBIX MCXOJIHBIX JAHHBIX.

Ecsin obparurbes K cylecTByromieil ureparype, TO UMEIOTC 110 Kpafinell Mepe Tpu BapUaHTa
O0Ielt MOCTAHOBKY 33/Ia9i ONTUMAJBHOTO BOCCTAHOBJIEHHS! IO HETOIHOH WHMOPMATIUH.

OB1uM B 9TUX TPEX [IOCTAHOBKAX sIBJIAETCS IIPOMEXKYTOYHAS 33/1a9a BOCCTAHOBJIEHHSI OLIEPATODA
Tf(-) BBIYUCIUTEIHHBIM arperaToM

on (21, 2ns ) = en (W) + AW V) + 80l ),

_ (1.1)
|’7](\j[)|<17 j:1>"'7N7

olpe/iesisieMbIM I1apoit (Z(N), ©N) ¥ IIOCTPOEHHBIM 110 € — HeTouHOi uHpopManuu o6 f (noscHeHust
0003HAUEHNIT JTAHBI HIKE).

© H. Temupranues, K. E. I[llepausazos, M. E. Bepukxanosa, 2013
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Wrak, mycrs JJaHbl HODMUPOBAHHBIE IPOCTPAaHCTBa X U Y 49nCIOBBIX (DYHKIHIA, OIpEeIesI€HHBIX
na muoxkecrBax () u 0y coorBercrsenHo. Ilycrs F' C X u orobpaxkenue Tf = u(y, f) neiicrByer u3
FsY.

Jlas xazkoro meaoro N > 1 uepes {(IV), pn)} 0603HAMIM MHOXKECTBO BCEBO3MOKHBIX AP
(IMN) o), cocTostmux u3 nabopa N byHKIHOHATIOB

(B cayuae TpeGOBaHUs JHMHEHHOCTH Z%) pedb OyIeT UATH O JIMHEHHOCTH Ha JMHENRHON obosouke F)
u HYHKIAN

@N(le"vTN;y): CN XQl — C

— aJIrOpuTMa TIepepaboTKn dncIoBoit nadopmariun oobema N. Ilpu aToMm ipesiosaraeTcs, 9To Ipu
bUKCUPOBAHHBIX T1, . .., TN GYHKIUA YN (T1,...,TN;Y) Kak byHKIUA or y € )1 npuHaexur Y.
Taxxke nosaraeM @y (0, ...,0; - ) = 0, T.e. TOXKJECTBEHHO PABHO} HyJII0 NHGOPMAIIN COOTBETCTBY-
€T TaKo# »Ke arperaT BOCCTAHOBJICHUSI.

Iycrh TaKsKe JaHa YHCI0OBAs HEOTPHUIATE IbHASA KOHEUHas T0cIe10BaTenbHocTh £(N) = {55\3,) } ;V: 1

st mamsoit mapst (IV), @) momoxmm

SN (UM, on); T F M)y

= sup lu(-; f) = en(z1,- - 285 - )|ly
 feR
(21,--,2N) 2 |l§\]])(f)—zj|§e§\][), j=1,...,N
1 1 1 N N N
= swp Jul ) - en WD) VR LIV AR Oy (12)

- fer
W I<1, j=1,...,N

Iycrs teneps {(IMY) pn)} ects muoKecTBO Beesosmokupx nap (IN) o), u nyers Dy C
{(I™), oN)}, Te. Dy ecth HEKOTOPOE MHOMKeCTBO BhrancanTenbubx arperatos (V) o).

B yc/1oBuSIX IpUBEIEHHBIX ONPEEICHNN 1 0003HAMEHNIT OCHOBHON O0HEKT MCCIE0OBAHUS B JIaH-
HOIT cTaThe (B Gosiee OOIIEM MOHUMAHUN — B TEMATHKE) €CTh BEJTMIHHA

on(EeM)) = 65 (DN T, F; M)y = inf Sn (I  on ) T; Fy M)y (1.3)
(1M on)EDN

— IIOTPENTHOCTh BOCCTAHOBJIEHUs! onieparopa T'f B MeTpuke Y 110 BCeM BBIYUC/IATETHLHBIM arperaram
u3 Dy 1o madopmanun 06 f uz F, nomyuensoii ¢ ¢ V)-rounoctsio. B caygae

ENEEE\}) :55\2,) :-~-:5§\],V)
sesnmunny (1.3) 6ymem obosHadars Takxke dn(en) = On(Dn; T, Fien)y-

Hpu e™N) = (0,...,0) € RY) pesrmamnsr (1.1)-(1.3) onpeesIsior IOrpeImHOCTh BOCCTAHOBICHIST
110 TOYHOM nHMOPMAIUH.

OrmpeiesuMcst ¢ TepMUHOJIOTHEH JaHHOM cTaThu: B ciaydae 1f = f peus Oyzer maru o Boccra-
Hopsenuu Gyukuumii, eciu ke Tf = u(y, f) ectb pemenus quddepeHnnalbHbIX yPABHEHUIT ¢ TeMu
WM WHBIMYU HAYAIbHBIMU U IPAHUYHBIMU YCJIOBUSIMU, TO — O JUCKPETH3AINHN STUX PEIIeHUH.

Tenepb cdhopMyIupyeM 3a1ady HAXOXKJAECHUS [IPeJIeIbHOIl IIOrpeImHOCTH HeTOUYHON nH(MOpMaIu
[pU ONTUMAJIBHOM BoccTaHoBJeHHN (3amucu A < B u A < B coorBercrBeHHO 03HauaioT |A| < ¢B
U OJIHOBpeMeHHOe BbInoaHenne A < B u B < A).

B cityuae, eciiu u3BecTeH TOYHBII MOPSIJOK BOCCTAHOBJEHUs 110 ToUHON nHbopMaimu {¢(N)},
zakJIfodaonuiicss B BoioaHernn coornorenus oy (Dy;T5 F;0)y < ¥(N), N — 400, 3a1a4a Ha-
XOKJICHHSI ITOCJIC/IOBATEILHOCTH &N = (515,1), .. ,EIE,N)), N =1,2,..., — npedeavroli noepeunocmu,
HEMOUHOT UHPBOPMAUUY NPU ONMUMAALHOM B0CCTNAHOBAEHUU, COCTOUT B CJIEJIYIOIIEM: BBITIOJTHEHO
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ON(Dn;T; F;eN)y < ¥(N), N — 400, U, OJIHOBPEMEHHO, JJIsl BCIKUX BO3PACTAININX K +00 U
Bo3pacTanuu N TIpU KaxKJOM ¢ MOC/IeI0BATEILHOCTEH {n%)}, N=12...,t=1,2,...,N, umeer
MeCTO PaBEHCTBO

~ N)~(N
= DN T F ey g e )y

N —+o00 6N(DN;T;F;0)Y

= +o00. (1.4)

IIpu sToM Tpebyemasi HEIYBCTBHTEIHLHOCTH K BOCCTAHOBJIEHHIO 10 HETOYHON WHMOPMAIUU E N
(B cpaBHEHHH C BOCCTAHOBJIEHUEM II0 TOYHON MH(MDOPMAIMN) CJIeyeT U3 HEPABEHCTB

ap(N) <In(Dn; T F;0)y < On(DN;T5 Fien)y < catp(N).

Eme pa3 moguepkHeM, 9To ueM ¢ GOJIbIIeil HOTPEITHOCTBI0 MBI MMeeM BO3MOXKHOCTH BBIUNC-
JISTh BEJIMYUHBL, (DOPMUDYIONIHE BBIUNCAUTENbHBI arperar, TeM Jjydine. [ToaroMmy npejcrasisier
0COOBIl MHTEpEC HAXOXKJIEHHUE IIPEJIEJBHON BEJMYNHBI OTPEITHOCTH, €Ie COXPAHSIONIEH MopsiIoK
BOCCTAHOBJICHHUSI 110 TOYHON UHMOPMAIIH.

B urore npuxoamum K 3a/1a9€ ONTUMAIBHOTO BOCCTAHOBJICHHSI 110 HETOIHOH nadopmanun, ohopm-
JIEHHOTO TIOJ HA3BAHUEM KomnviomepHod (sviuuciumenvnond) nonepewnuk (koporko — K(B)II),
3aKJIIOYAOIIEroCsl B MOCIIE0BATEILHOM BBIIIOJHEHUA TPEX JeHCTBHil:

K(B)II-1°: maxomurcs = dn(0),
K(B)II-2°: naxomurca {€n} Takoe, uro dn(0) < In(En),

K(B)II-3°: V | _
( ) 77NT+OO N—lg-loc 5N(gN)

(1.5)

= 4-00.
B camoM KOpPOTKOM M3JIOKEHUU Pedb OYIeT UATH O HAXOKICHUN =< 6N(O) UEpN.

2. Kparkmnii cpaBHUTEJbHBII aHAJIN3 U3BECTHBIX PE3yJIbTATOB
B 33/1a9aX BOCCTAHOBJIEHUS

Obparmmasicb K 00ITeil TeMe BOCCTAHOBJIEHUS 110 HETOYHON MHQOPMAINN, OIHA M3 ITOCTAHOBOK
koropoii B (1.5) npusenena B Buje K(B)II-1°-K(B)II-3°, ormernm criesyroree.

[Ty6uukalmu 1o 9Toit TeMe, ecyiu pa3bUTh UX Ha TPYIILL, OTHeCsd B epsyto — [7]—[13], Bo Bropyio
— [25]-[30] u B Tpernio rpyumy — [31]-[35], pasangaioTcs Kak 10 MOCTAHOBKAM, TaK U, YTO HHTEPECHO,
[0 YIOTPEOIIsIeMbIM HA3BAHUSIM 110 CYTH OJHUX M TE€X K€ MATEMATHIECKUX O0HEKTOB, M, KOHEUHO,
1o GOpMyIUpPOBKAM PE3YJILTATOB.

Bosnbmas cepust paboT Ha JAHHYIO TeMy BblnosiHeHa Tpay6om, Boxuskosckuwm, Ilinackoroit
(em. [31]-[35] u mmeromyrocst B HEX OuGanorpaduio), X COaBTOpaAMM ¥ IIOCJE0BATENSAME, TJe
B TIEHTD MCC/ICI0BAHMIT ObLIA TOCTAB/ICHA 33,1aa MUHEMHA3AIIE cyMMapHoi cmoumocmu c(eMV)) =
Z;V=1 c(s%)) [0 CTOMMOCTH c(sg\J,)) HAXOXKIEHNs] [IPUOJIIKEHHbIX 3HaYeHn z; (HHbOPMAIMOHHO-
ro “myma’) B mocranoBkax tuma (1.1)—(1.3), rue c¢(e) — 3amannas HeoTpUNATENbHAA QYHKIHA £
(e 20).

BamernM, 9TO JaHHAsi ONTUMH3ANUS U ontuMmusanus (1.5) npejacrasisiior coboil pasauiHbie 3a-
Jauan. JIefcTBUTeNIbHO, DU OJJHUX M TeX ¥Ke MCXOMHbIX jaHHbIX B (1.1)—(1.3) mocranoBka 3ajaun
B [31]-[35] cymiecrBenHO 3aBuCHT OT BBIGOPA DYHKIMH CTOUMOCTH ¢(£), U B 9TOM CMBICJIE [OJTyYa-
eMble DEIleHus] JIOCTATOYHO IIPOU3BOJIbHBI, B TO BpeMs Kak pemenus 3anadn K(B)II-1°—K(B)II-3°
OJIHO3HAYHBI.

Jpyroe HampaBjeHne UCCIeI0BAHNI TTPeACTaBIeHo B paboTax Tuxomuposa, Marapun-Inbsesa,
Ocumnierko nu Mapuyka (cum. [25]-[30] u numerormytocst B Hux 6ubamnorpaduo), nx cOaBTOPOB U MOCIe-
JoBaresiei, Tae JaHbl To9Hble pemenud 3amadn (1.1)-(1.3).
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ITpu sToM 3aja4n HOPMYIIUPYIOTCA B CJIEAYIONIUX HA3BAHUAX COCTABJSIONAX 00EKTOB (B 060-
sHadeHnsix (1.1)—(1.3)). Cornacuo [25]-[30] auist kKaxoro f € F MHOKeCTBO

Iéva {(21,...,2’]\[) : |l](f) _Zj| <€j,j: 1,,N}
Ha3BIBAIOT UH@OpMayuet, a 0ToOparkeHne
I=1M) = (..., Iy): F—CV
— ungopmayuorrovim. OTobparkeHue
QDN(Zl,...,ZN;y)Z CN X Qy — Y
HA3BIBAIOT MEMOJOM B0CCTNAHOBACHUA, & €€ NOZPEULHOCTIHIO — BEJTMINHY

sup{||Tf(~) —on(z1,. 2N )y fE€F, (21,...,28) € IENf} (2.1)

Hasee, undumym or (2.1) 10 BceM @y HA3BIBAIOT N0ZPEULHOCTDIO ONMUMAALHOZ0 BOCCIMAHOBAL-
nus u obosuavator yepes E(T, F, IEN ), a MeTOJ P, HA KOTOPOM JIOCTHIAeTCH 9Ta HUXKHss I'DAHb
(eco TakoBasl CyIIECTBYET), HA3BIBAIOT ONMUMAALHbIM MEMOJOM BOCCTaHOBJeHUs! (onepartopa T
na xyacce F' o madopmanym 1Y),

[TpuBenem aBa ciaydasi TOYHOTO PEIIEHUsS 331491 BOCCTAHOBJIEHUS.

Sajaua ONTUMAJIBHOIO BOCCTAHOBJIEHUsT (DYHKIMI O TPUTOHOMETPUIECKUM KOI(DDUIIHEHTAM
Dypbe umeer caegyoniee ToqHoe pemenue (cM. [25]).

~

ycrs I = {f(m)}m|<n; TOTIA
E(Tf = fiW3(0,1); I2NTh) = \/e2 + (N +1)-2" = 4, (2.2)
qr0 B 0603HaveHnsx (1.1)—(1.3) osnauaer
O (DN Tf = f; W3 (0.1):Ex =€)z = A, (23)
e
DY = {ln($) = flm) :m € Z, |m| < N} x {on}.

To 2Ke caMoe MMeeT MeCTO B OTHOIIEHWHM BOJHOBOTO YDABHEHUS C HEHYJIEBBIMU I'DAHUYHBIMU
YCJIOBUSIMH M HYJIEBOH HAYAJIBHON CKOPOCTHIO (CM. [26])

Ut = Uy, u(0,t) = u(m,t) =0, wu(x,0)= f(z), wu(z,0)=0. (2.4)

Kaxk uzBecTHO, TOUHOE pellieHre 3Toi 3a/ a4 UMeeT BH]L

u(z,t) = i am (f) cosmt sinmz, am(f) = 2 /7r f(z)sinma dx.
T Jo

m=1

Crasurcst 3a/1a9a NOMCKA ONTUMAIBHOIO MeTO/a BOCCTAHOBJIEHUsI pereHns 3azaqu (2.4) B Mo-
MeHT BpeMeHM T Ha Kuacce W3 (0,7) npun=1,2,...

dp = 0n(7) = inf sup lu(-,7) = (21,5 20 Tl L2(0,m)

@: R*—=L2(0,m) fewy (0,m)
y=(21,..,2n)ER™: o7 _ | |am (f)—zm|><e?

10 HeTOo4HOI nHbopManuu o TpuronoMerpudeckux Kosdbunuenrax Oypoe an, (f).

TouHoe 3HaUeHUE Jy,(T), B 3aBUCUMOCTH OT COOTHOIIEHUH MeXKJy OCHOBHBIMU 7, T, € M BCIIOMO-
raTebHBIME P, ¢, Sk IIapaMeTpaMu 3aJa49u (KOTOPbIE 31eCh IPUBOIUTH HEe OyIeM, OTChLIasd K CaMoii
crarbe [26]), umeer paznugnblii BU (paay 9ero Mbl MO3BOJMIM cebe OOIMIUPHOE IUTHPOBAHNE):

|cos g |cos p| sprie?—1 1—e2sin
Op = ——, Op = , On = | 55, COS% 8k T + —5———5— COS% 5 41T .
n n n _ o2n 2n  __ 2n
9 p Skr1 Sk Skt1 ~ Sk
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3. Koukpernzanus obineii 3agaumn, (popMyJInpPOBKN TeOpPeM
U KOMMEHTApUU K HUM

JlaHHast cTAThsl MOCBSIIIEHA CJIEIYIONNM JBYM KOHKPETU3AIMIM CHOPMYINPOBAHHON 06IIel 3a-
naun (1.1)—(1.3) BoccTaHOBJIEHMS 110 HETOUYHON MHMOPMAIUYN U IOy YCHUsI PEIEIbHBIX MOIPEIl-
HOCTEH.

IlepBasi KOHKpeTH3alys COCTOUT B BoccTaHoBjenun dyuxnuit Tf = f u3 kmacco F = Ef
Kopo6osa u F' = SWJ(0,1)% CobosieBa ¢ JOMUHUPYIONIEH CMEIIAHHON IIPOU3BOIHOI (OIpe/ieieHust
KJIacCOB JIaHbl HUzKe pasjen 4) B merpuke Y = L2(0,1)%.

Bropasi KOHKpeTH3aIusi COCTOMT B JUCKPETH3AIUN pemeHnil 3ajaun Komm st ypaBHEHUsT
Kaneitna—T'opnona

Pu  0%u 0%u s
wzﬁiﬁ—'——i_@_u’ U:U((ﬁ,t), 0<t<oo, z€eR? s=1,2,3,..., (31)
0
u(z,0) = fi(z) € FO, 6—1:(90,0) = folz) e F®, gz eR®, (3.2)

peleHne KOTOPOii ONMCHIBAET, B 9ACTHOCTH, CBOOOIHYIO PETATHBUCTCKYIO (IICEBIO)CKAIAPHYIO Ya-
cruiy maccwt 1, B cityuae xmaccos Cobosesa F1) = W3 (0,1)° u F(?) = W32(0,1)%, B MeTpuke
Kjacca Y = L2,

1/p
lgllLp.oe = supvrai(/[ | lg(z, t)|P dx) . (3.3)
0,1]¢

=

B usyuaemom 371ech cayuae 3agada (3.1)—(3.2) umeer siBHOe pereHne B BUJE CyMMBI aGCOTIOTHO
CXOJIAIIErocss KPaTHOrO (PyHKIMOHAIBHOTO Psijia, KOTOPBI MOJHOCTBIO ONpeJIessteTcst Habopamu
{fi(m)}mezs u {f2(Mm)}mezs Tpuronomerpuuecknx xoaddupenros Pypre. ITosTomy Bo3HHKAET
upobsiema npubiuzKenus pemenns (06beKTa GECKOHEUHOr0) M0 KOHEYHON YuCc/I0BON nHMOpMauy
3aJlaHHOr0 06beMa IV, oJLydeHHol oT PyHKuMii f1 u fo, MaTeMarudeckas (OPMYJINPOBKa KOTOPOI
COJIEP’KUTCs B OOITelt 3aj1ade BOCCTAHOBJIEHUSI.

Bo Bcex cirydasix B 9TOH cTaTbe BOCCTAHOBJICHHE ITPOU3BOJUTCS 110 MHMOPMAIINHU, Oy IEHHON
OT TpUroOHOMeTpUIecKux KoddpdurmerToB Pyphe ¢ MPON3BOJIHHBIM KOHEYHBIM CIEKTPOM, C JIajIb-
Heiieil mepepaboTKOM 0 TPOU3BOJIBHBIM AJTOPUTMAM QN :

~ ~

Dy = {li(f) = fF(mW),.. . in(f) = F ™) :mW e zs, ... om™ € Z°} x {pn},  (34)

rjae

f(m) _ /[O)l]s f(x)672m’(m,a:) dz,

upudeM oy = ¢(z1,...,2N;2) B ciaydae BoccraHoBiaenus Gynkuuit, on = ©n(z1,...,2N; T, )
B CJIydae JUCKpeTH3aIuy pereHuit 3a1aqn (3.1)—(3.2).

CrpaBeyIUBLI CJIAYIOMKE ATh TeOpeM. llepBble /B U3 HHUX IOCBAIIEHBI BOCCTAHOBJICHHIO
dyHKIU U3 KJIaccoB.

TEOPEMA 1. ITyemwv dawnve wucaa s, s = 1,2,..., u r > 1/2. Tozda dan Dy us (3.4) u dan
wuca060t nocaedosamesvrocmu €n = (In N)’"(S_l)/Nr7 N =2,3,..., 6epHdlL COOMHOWEHUSA

. n In N)"(s=1
K(B)II-1°: 6n(0) =65 (Dn; Tf = [ EL;0) 2 < (NT)%W
{ln N)e-D)

K(B)II-2°: dn(0) < dn(En) = On(Dn;Tf = i EL;En) 2 < EnVN = Nr—1/2
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npusem 0as 6caroli 603pacmaouels k +00 nososrcumenvnot nocaedosamesvrocmu {Nn }¥_, ume-
em Mecmo pasercmeo

Sn(DN;Tf = f; Esven = na (In N)"6=D /NT)) s

K(B)H-?) ' ]\}Enoo ON(Dn;Tf = f; ET;en = (lnN)r(Sfl)/NT)Lz
TEOPEMA 2. ITycmwv danw wucaa s, 8 = 1,2,..., ur > 1/2. Toeda dasn wucrogol nocaedo-
samenvnocmu Exy = (InN)—D /N2 N = 2.3, eepun, coommowenus (Dy onpedenenoi
cozaacro (3.4))
. B ] (ln N)r(s—l)
KB)I-1%: 0n(0) = on (D3 Tf = ;. 5W3(0,1)% 0) 12 =X ——m——, (37)

K(B)II-2°: én(0) < on(EN) = ON(Dn; Tf = f1SW5(0,1)%EN) 12 < EN - VN
npusem 0As 6CAKOT 603PACMaouel K +00 nosodcumesvshoti nocaedosamesvrocmu {Nn }¥_, ume-
€m MeCcmo paseHCImeo

Sn(Dn;Tf = f;5W5(0,1)% nnvEn = ((In N)™ =D /NTH2)) 2

K(B)II-3°: i = .
( ) Ngnoo 5N(DN;Tf:f;SW2T(O,1)S;gN = (IHN)T(Sfl)/NT*H/Q)LQ +oo
(3.8)
OcrajibHbIe TPU TEOPEMbI OTHOCATCS K JUCKpeTu3anun ypasaenus Kieitna—Topona.
TEOPEMA 3. ITycmo danw, wucaa s, s = 1,2,..., ury > 2+ s/2. Toeda dan “wucao6ot nocaedo-
samesvrocmu Ex = N~"/5712 N =1,2.3,..., eeprunv. coomnowenusn (D onpedeaeno 6 (3.4))
K (B)II-1°:
02 0
5N(O) =N DNa 7(“ = AU*U, U(ZL',O) = fl(x) € VV2T1 (07 1)57 —u(gj,O) =0;0 = N7T1/57
8t2 at L2,
K(B)II-2°: (3.9)
=~ aQu T S
On(0) <N (EN) = 0N | Dn; 2 = Au —u, u(z,0) = fi(z) € W5'(0,1)%,
ou

= (2,0) = 0; &y = N—ﬁ/s—l/2> = EnVN,
c% Lz,oo

nputem 08 8CAKOT 603Pacmaowell ¥ +00 noaoscumenvrot nocaedosamerviocmu {nn -, ume-
em Mecmo paseHcmeo

K(B)II-3°:
82“’ T1 S
oN DN;@ = Au — u, u(z,0) = fi(x) € W5(0,1)°,
ou ~ i Js—
57 (@:0) = 0; nxén =y N~/ 1/2)
J\}im 7 3 L2 — oo
— 00 u u ~
o (D G = B, e, 0) = ae) € W (0.1)%, 5 (0,0) = 0: 2
2,00
(3.10)
TEOPEMA 4. ITycmo danw, wucaa s, s =1,2,..., ury > 1+ 5/2. Toeda dan “wucaosot nocaedo-
B8AMEALHOCTIU
N—(r2+1)/s npu s =1,
En =En(s) = ¢ N=(r2+D)/s(1n N)~1/2 npu s =2, N=23...,

N—(r2+l/s—(l/2—l/s) — N—T2/5_1/2 npu s > 2,
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sephvi caedyrowue coommowerus (Dy uz (3.4))

K(B)IL-1°;
2
Oon(0) =0n | Dn; Ou _ Au —u, u(z,0) =0, @(m,O) = fa(z) € W52(0,1)% 0
ot? ot L2.00
~ N—(ra+D)/s.
(3.11)
K(B)I1-2°:
on(0) = on(En(s))

0%u Ju - s ~
= by (DN; O = Au—u, u(2,0) =0, 9 (2,0) = fofa) € W32(0, 1) sN<s))L2 .

nputem 0As 6CAKOT 603pacmaouel x +00 nososcumervrotl nocaedosamesvrocmu {Nn }¥_, ume-
em Mecmo pageHcmeo

K(B)II-3°:
2
o (Divs G = B, e, 0) = 0.5 0.0) = fli) € WE*(0.1)% min(s) )
lim L2 _ 1o,
N—oo 0%u ou - ~
on DNy o7 = Au — u, ’LL(LE,O) =0, 7(37’0) = f2($) € W22(0a 1)57 6N(S)
3t2 6t [,2,00
(3.12)

13 Teopem 3 u 4 ciemxyer

TEOPEMA 5. Ilycmov 3adanvl 4es0e NOAOHCUMENDHOE YUCAO S U YUCAG T1 U To MAKUE, YIMO
r1>248/2,70 > 1+ 5/2. Toz0a umerom mecmo coOmHOWEHUSA

K(B)II-1°:
— ) 0%u - s
5N(0N) = 5N DNv w = Au— Uu, U(Z,O) = fl(x) € W2 (071) 5 (313)
u s 5. N —min{ri;ra+1}/s
—(x,0) = fa(z) € W32(0,1)%; Op =N 1572 ,
at L2,
2de O — nyaesoti N -meprolii cexmop,
K(B)II-2°:
on(On) < On(E ENO NO)
=on(D u_ A (,0) = fi(z) € W3 (0,1)°
= 0N | Dyo yos gz = Au = u, ulz, = fi(z) € W5'(0,1)%,
ou o ~
E(%O) = fo(z) € W52(0,1)%; N(o) NGO = G Nfo)’ENéo))
L2,oo
= inf sup

N17N26Z+ mM L m N eWw I (0,1)% f,eWI2(0,1)°
NitNe=N 1) <N2> &o
5 N ISL G1=1,0 N,

<PN ;
792 1<, jo=1,0., N2

w5 f1, f2) — on (i(mD) +4§)E0,  fi(m ™)) 4 A IEN,

R™) + )G ™) £ s

N> ; HLzoo (10,1]5 x[0,400))

(3.14)
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2de das N1 u No (N1 + Ny = N)

gNl,NQ = (gNugNz) = (glgf];)7gjg/'2l)7 cee 7g1E/']1Vl)ag1£/'12)ag]S/'22)a s 7%’]&[]2\]2))

ecmb N-meproill 8eKMOD ¢ KOMNOHEHMAMU

g]&ll) :N1_7-1/S_1/27 jl :172a"'7N17

N;(T2+1)/S npu s =1,
g]&[];) _ N;(T’2+1)/S(1n]\/‘2)—1/2 npus=2,75=1,2,...,Na,
NQ—(T2+1)/S—(1/2—1/3) - ]\72_’"2/3_1/2 npu s > 2,

napa Nl(o) U N2(0) (Nl(o) + NQ(O) = N) - 00na u3 nap, Peasu3yOUUL MUHUMYM NOZDEUHOCTNU GOC-

CIMANOBAEHUR, NPUNEM 0AA 6CAK0T 803pacmalowels K +00 NOA0HCUMENLHOT NOCAEIOBAMEABHOCTIU
{nn}F_, umeem mecmo pasercmeo

K(B)IL-3°:
82u T1 S
o (Do s 2 = A, ula,0) = fu(x) € W3 (0,17,
ou , s ~ ~ ~
E(:C’O) = fo(x) € W32(0,1)%; NINE N © N = 77N(5N1(o),6N2(o))>
Aim 92 L2= — too.
—00 u
oN (DN; e Au —u, u(z,0) = fi(z) € W3 (0,1)%,
ou - s =
O (@.0) = (o) € WE(0.1)% Ox
12,00

(3.15)

BuiBoabl 1 KOMMeHTapuu. 3ydaercs 3aja49a ONTUMAJIBHOTO BOCCTAHOBJIEHUS B IAIBOEPTO-
Boil MerpuKe dyHKNuit n3 Kiaccos Kopobosa E, 2r > 1, no undopmaryy, oIyueHHOil OT Tpu-
ronomeTpudeckux KodddunnenToB Pypre u nepepadboTaHHOI 110 IPOU3BOJIBHOMY AJITOPUTMY QN .

CHauaJia uccsie Iyercst 3a/1a9a OITUMAJIBLHOTO BOCCTAHOBJIEHUs 110 ToUHON nHdopmaimn =< Jy (0).
3arem HAXOIUTCS Takag BEJUYUHA € MOIPENTHOCTU BBHIYUC/ICHUs] TPUTOHOMETPUYECKIX KO3(hdhu-
nuenToB Pypbe, 9T0 HOpsIoK Oy (£ ) ONTUMAIBHOIO BOCCTAHOBJIEHUS 110 TOYHBIM KO3 dumenTam
Oypoe ey OyAeT TOT Ke, YTO W IO X TOYHBIM 3HaTeHUsAM. HO HE TOJBKO, HA MOCIEI0BATETHHOCTE
€N HAJIAraeTCs eIre OJTHO TpebOBaHMe: 3aMeHa &y Ha NEN CO CKOJIb YTOIHO MEJIJIEHHO PACTYIIUMI
K 400 YJIeHAMU TOCJIEeI0BATEIbHOCTH 1)y UMEET MOCJIEJICTBIEM IIOTEPI0 TOYHOCTU BOCCTAHOBJIEHUSI
(SN(gN) = (5]\](0)

Camu ke momydenubie B Teopeme 1 Bemmauubr ciepyiomue: O (0) =< (In N) (=1 /N7=1/2 ¢
&y =< (InN)"G=D/N" nocremmss semranna < 6x(0)/v/ N ects “mpefenphas morpentHocTs’, u
MMEHHO C Heil CBA3aHO JAJbHENIIee PAa3BUTHE TEMATAKN BOCCTAHOBJICHHUS.

To e camoe B kitaccax SWy(0,1)%: dy(0) < (InN)"~1D/N" ¢ npeebHoii TOrpenHocTbHo
En =< (In N)r(s=1 /NT+1/2 (peopema 2).

Tem cambIM, 331841 BOCCTAHOBJACHUsT (DYHKITUHI IO TPUTOHOMETPHUUIeCKUM Kodddurmentam Py-
pbe u3 KiaccoB Kopobosa u u3 kjaccop CobosieBa (pyHKIMI ¢ JOMUHUPYOMIEH CMEIIaHHON Ipo-
U3BOJIHON B MCCJIELYEMOM MOJIETHHOM CJIyYae PeIeHbl B TIOJTHOM OObeMe.

OcraBiimecs Tpu TEOPEMbI OCBAIIECHBI IOJHOMY pemnienuto B nmocranoske (1.1)—(1.5) ¢ koukpe-
ruzanueit (3.1)—(3.4) zamaun guckperusanum pemenuil ypasuenus Kieitna—Topmgona, B cuiy ee
JHeliHocTH pa3buToil Ha JBa ciaydas (910 TeopeMbl 3 U 4) C IOCIEIAYIONMM UX O00beIMHEeHUEM
(B Teopeme 5).

®@opmympoBku TeopeM u3 crareit [25]-[30] m Teopem 1-5 oTparKkaroT pasinmune B IIOCTAHOBKAX
387144 BOCCTAHOBJIEHMUSI.
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Ecuu B [25] TouHOe BoccTanOBAeHNE byHKINI n3 ojHOMEpHOTO Kiaacca CoboJieBa IPOU3BONTCSI
o niepBbiM 2N + 1 koadppunuenram Oypbe, TO B MHOrOMEpHBIX TeopeMax 1 u 2 — nmo N koaddunn-
€HTaM C MPOU3BOJBHBIMEA FAPMOHUKAMU C MOCJIELYIONMM yCTAHOBJIEHAEM TIPEIEIbLHON TOTPeITHO-
¢t BeraucaeHns Koagdunuentos Pypbe, erme COXpaHsIONIX TOPII0K BOCCTAHOBJIEHNS 110 TOTHOM
nHMOPMAITIH.

OTmMeTnM Tak:Ke, 9TO B MOPSIJIKOBOM OTHOINEHUH pe3yabrarsl (2.2)—(2.3) u3 [25] u (3.7) npu
s = 1 u3 TeopeMbl 2 COBIAJIAIOT.

U 371ech To ke, ecou B [26] auckperuzanus pertennii quddepeHnuanbHoro ypasuenus (B JaHHOM
CJlydae OJHOMEPHOIO BOJHOBOIO) IIPOU3BOJUTCS B (DUKCUPOBAHHBI MOMEHT BPEMEHU T, TO B MHO-
TFOMEPHBIX TEOPEMaxX 3—H ONTUMU3BAIISA TPOU3BOIUTCS 10 BCEMY IIPOMEXKYTKY BPEMEHH, C OJHOBPE-
MEHHBIM YCTAHOBJIEHUEM TPEJIEJIbHON IIOTPENTHOCTH BhIUUC/IeHHs Ko dunmentos Pypbe, OnsATH
7K€ COXPAHSIONMX HOPSJIOK BOCCTAHOBJICHUS 110 TOYHONW MHMOPMAIUH.

B nenom B mamnoii pabore B nocranoBkax (1.5) JaHbI HOJIHBIE PENIEHUs HCCJIEILYEMbIX 3aa4
B CJIydae, KOTJa IUCI0Bas NHMOPMAIAs CHUMAETCS ¢ OJIHOTO U3 BaXKHEAINX NCTOYHUKOB — TPHTO-
HoMeTpuueckux Kodddunuenros Pypoe (oTMeruMm Takzke, 4To B paborax [7|-[19] perensr 3amauu
BOCCTaHOBJIEHNS B 9acTsaAX =< On(0) u On(En) == 0n(0) ¢ HETPUBHAIBHBIME £, HO O€3 yCTAHOB-
JIeHUsI MX HEYJIydIIaeMOCTH).

4. HeobxomuMble onpeaesieHnus U BCIIOMOTATEeJbHbIE YTBEP2KJICHUS

S
Bce paccmarpuBaembre dyHKImu Oy/ieM CYNTATH ONPEIETEHHBIMU Ha BCeM mpocTrpaHcTBe R®
l-mepuomaeckuMu 0 KaxKJIof U3 CBOUX § IEPEMEHHBIX W CyMMHUDPYEMbIMH Ha KybHe MepHOOB

)

[0,1]*. Hust mosnoxurensHoro R nox I'p = I’g Oy/ieM OHMMATh MHOXKECTBO (TaK Ha3bIBaeMblii

eunepboauneckuti Kpecm,)
FR:{mz(ml,...,ms)EZS:mznmng}, (4.1)
j=1

rae (Kak u BCIOLy jaJiee)

m; = max{1, |m;|}, m =Ty Ms.

Ilycts s — menoe mosjoxkurenabHOoe wmcenao, 2r > 1. Uepes E. 0003Ha4a0OT MHOXKECTBO BCEX
1-nepuonuueckux 1o Kaxkzoi nepemennoii gynkuuit f(x) = f(x1,...,xs) u3 xiuacca L(0,1)*, rpu-
ronomerpudeckue Kodbburmentsl Pypoe—Jlebera xoropeix g Bcex m = (mi,...,ms) € Z°
YJIOBJIETBODSIIOT YCJIOBUIO

Fom)| < (1 )" = ()~
[fim)| < (mq---ms)” " = (m)™".

IMycrs s — mesnoe nosoxkuresnbuoe uucso, r > 0. Kiace SW3(0,1)* Cobosnesa ¢ 10MUHUPYIO-

el CMEeNIaHHOM TTPOU3BOIHON €CTh MHOXKECTBO BCeX 1-TIEpHOJIMYECKUX 110 KaXKJION IepeMeHHO#

bysxmmit f(x) = f(x1,...,%s), IPEICTABUMBIX B BUJIE
f)= 3 Fampermonn S | flm) P < L.
meZs meZLs

IIycts s — nesoe nosoxkurenasbHoe gucao, r > 0. Knace Cobosesa W3 (0,1)® ecTb MHOXKECTBO

BCEX 1-TIepHOsnYIecKuX 110 KaxKIoi nepementoit Gyukimit f(x) = f(r1,...,xs) Takux, 410
> 1Pl 4 +mi) < 1.
mezLs
Hopwmy npocrpancrsa L? = L9(0,1)%, 1 < ¢ < 00, Kak 00bI4HO, OyieM 0603Ha4YaTh Yepes || - ||,

wm || - ||q, a ox L°°[0,1]° 6ynem seroxy nornmars C[0, 1]°
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CupaBeIMBbI CJIEYIOIIE ISTh JIEMM.

JIEMMA 1 (cem. [5]). Hpu aobvix deticmeumenvior o > 1 u t > 1 enpasedausa oyerka

1 (1+Int)s?
Z (mq - sC toa—1 ’

20e CYMMUPOBAHUE PACTPOCTNPAHEHO HA, 6CE CUCTNEMDL UEADLT NOAOHCUTNEALHOLT YUCEA T, . . .y Mg,
0AA KOMOPHLT NPOU3BEdeHUE My -+ Mg BOADWE UAU PAGHO T .
JIEMMA 2 (M. [5], [6]). Hyemo danos wucaa s, s =1,2,..., u R > 1. Tozda

> 1xR(R)*!

my-ms<R

B cnemyromux aByx teMmax 6osiee obIre yTBEpK IeHUsT IPUBEIEHBI B (OPMYINPOBKAX, VIOOHBIX
JUTsl IPUMEHEHU ! B JI0Ka3aTesIbCTBax TeopeM 1—4, B wacTHOoCTH, D)y onpesesneno, kax B (3.4).

JIEMMA 3 (cm. [20]). Hyemo dawve wucaa s, 8 = 1,2,..., u 2r > 1. Toeda eévnoarero coommo-

weHue (s—1)
- (In N)s—
On(Dn;Tf = f; Ey; )LZAW7 N=23,....

JIEMMA 4 (cwm. [14]). Hyemos danve wucaa s, s = 1,2,..., u 2r > 1. Toeda svinoaneno coommo-

wenue (o—1)
1 N r(s—
S (DT = f:SWI(0,1)%50) e = N0y o5

NT
JIEMMA 5. Hycmb 3adarvl UENOE MONOHCUMENDHOE HYUCAO S U NMOAOHCUMEADHBLE YUCAA T1 U T2
maxue, 4mo

S S
T1>2+§, 7"2>1+§

Toz0a dasn wasicdoti napw (f1, f2): fr € Wat(0,1)%, fo € W32(0,1)%, sadaua (3.1), (3.2) umeem
Kaaccuueckoe pewenue u(x,t; f1, f2), npedemasumoe 6 eude abcoarommo crodause2ocs pada

u(z,t; f1, f2) = Z [fl(m) cos(tr/Am2(m,m) + 1) + fo(m) sin(¢ 4::(11”7;17;11*1 1)

mEZLS

2mi(m,x)

(4.2)

HeiicTBuresibHO, yeaoBus 11 > §/2 4+ 2 u ro > §/2 + 1 obecneunBaoT CXOAUMOCTD KPATHOI'O

IHUCIOBOTO Psfia R
> A m)|(m,m) + | fa(m) |/ (m

mEeZs

OTKYZIa CJIellyeT BO3MOXKHOCTH o4jieHHOro aud depenimposanus psaja B (4.2) U ABaxKpl Helpe-
poiBHast auddepeHIIPyeMOCTh €ro CyMMbI 110 KaXKIOi U3 IepeMeHHbIX ¢ u x;. Ilocie sroro
nowieHHbIM MudHepeHInpPOBAHIEM TAKXKe JIETKO TIPOBEPHUTD, ITO (4.2) sIBJIsIeTCs PEIlleHneM yPaB-
Henust (3.1), yIOBIETBOPSIIONMM HAYATIBHBIM yCJIOBAAM (3.2).

5. JlokasaTejbCTBa TeopeM
JIOKABATEJIbCTBO TEOPEMBI 1. Cravasa pokaxkem (3.5). Hanmomuum, uro BCiogy HuzKe

. (InN)rG=D
EN = 7]\” .

(5.1)
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HauneMm ¢ onenku csepxy. Ilycrs dynkiua f npunannexxur kinaccy . Torma nockomeky 2r > 1,
u3 onpesestenus Kiacca BT ciemnyer f € L?(0,1)%. Tem cambiv, 3aada BoccTanoBIeHns (hyHKIAiT
f € E” 5 L*(0,1)*-HOpMe TIoCTaB/IeHa KOPPEKTHO.

OueBngno, coorHomenue (3.5) gocraTouno mokasarh st Beex N suma N = |['g| npu npons-
BOJBHBIX R > 1, rie runepGoamyeckuii Kpect I'g onpenesien B (4.1) (31ech u BClomy HEXKe depes
|E| 06o3HAUEHO KOJIMYECTBO TOYEK KOHEYHOro MHOXKecTBa ).

Urak, mycrs pano R > 1, nojoxkum (cM. Takzxke jemmy 2)

N = N(R) = |Tg], N < R(lnR)*™*. (5.2)

Torma In R < In N (uem nuzke GyjieM HEOJHOKPATHO MOJIb30BaTLCsA), n moromy R =< N/(In N)s~1.
Corutacuo oupegenennio Dy monoxum (¢ yuerom N = |['p| u oueBHIHBIM B3aUMHBIM 11€Pe060-
3HAYEHNeM IIePeMeHHbIX 2j, j = 1,..., N, 1 2, m € I'g)

By = {mW;.. . ;mM}, By =Tk,
In(f) = Flm), 2 =Tn(f) +En v(’”), WVl<L meTg, (5.3)

(21,2 e) = oy ({In(f) + 5N'YN }meFR; x) = Z Zme2m(m’m).
mel'r

Torma

||f(ff)SDN(Zl,~~~aZN;$)||L2—Hf(fﬂ) S (Fim) + i) - )| <1 v avD, (5.4)

melr

L2

rje

I = Hf( Z f 2m(m x) 2m(m x) (5_5)

el'r

HmEFR L2

Hasee, B cuity onpejesennst Kiacca ET, semmbl 1 u coornomrennii (5.2) umeem

R 1/2
I = Hf( Z f 2m(m z) H Z f 2m(m ) — < Z |f(m)|2)
L2

L2

melp meZs\T'g meZs\I'g
1 1/2 In R)s—1! 1/2 In R)(s—1)/2 In N)r(s—1)
< Z ——. < % < (In )7 = (In )7 .
R (ml ce ms)2r R2r—1 Rr—1/2 N7—1/2
my---ms>R
B cuny pasenctsa IlapceBasisi, HepaBeHCTB |'yN | <1 uaemmbr 2 quis Is umeem
1/2 1/2
| X e <(Sner) < (S0) =nn 6o
mEFR melgr mel'r
B wurore (cMm. takxke (5.1))
17(@) = 2x (T (1) + Ev N Ymeri @)
N\1'm NYN SfmeTgs L2
- InN)" =1 In N)7(s=1)
<11+€N12<<(]\7+1/2 ENN1/2X(]V+1/2

Takum o6pa3oM, B cuily npousBoJbHOCTH ycsosuii B (5.3) B orHomenuun f € E7 u |'yN | <
m € ', mosrygaem

(h’l N)r(sfl)

Z(N)
Nr—1/2

on(ENn) < an(( NiTf = [ EGEN)e < (5.7)
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Hauee, u3 HepapercTsa Oy (0) < Oy (En) u Jiemmbl 3 cireyeT

(ln N)r(s—l)
Nr—1/2

(ln N)r(s—l)

< on(0) < dn(En) K Nr—1/2

nJjm, 9TO TO 2Ke caMoe,
(ln N)r(s—l)

T.e. coorHomenue (3.5) jpoKazaHo.
Ocrasnocs gokaszars coorronenue (3.6). Ilycrs mambl mesioe mosozkuTeabHoe 9uciao N u 1pous-
BOJIbHOE MHOXKeCTBO B,

By = {m®;..;mM} c 7z (5.9)

Cormacuo Beibopy Dy B (3.4) onpemenum dbyrknmonassr (mabop V)
L) =Fm™M), o In(f) = Fm™). (5.10)
ITycrs Takxke mana byHKIWA N (21,...,2N;T) — IPOU3BOJIBHBIA aJIlOPUTM 11€pepabOTKUA WH-

dbopmarym.

ITycrb nana BO3pacraroiasi K +00 HOJI0KATENbHASI T0CIe0BaTeIbHOCTb {7y }. Joist dukcupo-
BaHHOI BO3pacTaoieil K +00 HEOTPUIATENBHOI Toce10BaTebHoCTH {ty }, HanpumMep ty = In N
(aro u GymeM peaIoaaraTh B JajbHeIeM), TaKon, 4To

Jim tNENVN =0, (5.11)
ITOJIOZKUM
ny = C-min{ny;itn}, (5.12)

rje nocrosaiast C' = C(r,s) € (0,1] nogobpana Taxoii, 4T0 i KaxKJa0ro N > 2 BBIIOJIHSIETCS
HEpaBeHCTBO
0< ey < 1. (5.13)

Hoxaxkem, aT0 st Bcex [N > 2 mMeeT MECTO HEPABEHCTBO

1-1/2- (In N)rs=1)

OnN(DN;Tf = fiEgmnen) e > (1) N 172

(5.14)

JL1s1 3TOr0 MOJIOKUM

gn(r) = D Vemme), (5.15)

mel'r

re it Kaxaoro nejaoro N > 2 coorsercrsyiomiee R = R(N) > 1 Boibpano rak, urobst N < |I'g|,
R(InR)*~! < N u uucna T](Vm)(m € I'r) oupenesieHbl paBeHCTBAMA

= min{nj‘vgN; (ml)} - min{ (nN (mz;;)sl)’“; (%)T } e (n)" =1k (5.16)

Cuauasia nokazkeM, 410 st (5.15) BBIIOJIHAIOTCS CJIE/LyIONIUe COOTHOICHHS:

. 1 .
g (m)| < m "€ z, (5.17)
! (s—=1)
e (N
lgnllz20,1) > (Tn) UQW (5.18)

Coornomtenne (5.17) crenyer u3 (5.16), orkyna gy € E7.
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Hautee, coruacuo (5.16)

! ec ! < NNE] <77 (In N)(Sl))T
= JIA = N — x| >
m) ) (m)" (m)" N NN
™ = )
n;‘VgN’ ecJin ﬁ 2 7]7\/2;1\[

Ob6parmasick 371ech K cirydato 1/(m)" = niEn, mocenoBaresbHo uMeeM pun N > 2

(ﬁ)r < (n;{VgN)_l7 1 < m < (U?VgN)_l/Ta

— (In N)r(s=D\ /" N7 r N
(nxen) V"= (v —5— ) =
NT x5 (I N)r==1) Ty (InN)G=D)

Orxyma ¢ yuerom ty =In N n 7y = ()" < (tx)"7 = (In N)!/7 mueen
Inl(nEx) /7] = I N — In((1n N)*~V7) < I N,

B wurore (cM. Tak:ke jeMMmy 2)

lonlZ20.1)» =

melg lﬁﬁg(ﬁfv~1\/)_l/r

n (s—1) 2r—1
() /)2 (I V) = (nN“N’) (In N)*~!

X

N
— (ﬁ)erl (11’1 N)QT(Sil)
(N)Qr—l ’

re. (5.18) mokazamo.
Cornacuo (5.15) u (5.16) umeem pu k =1,..., N

1
i St E (k)
) ming ——;NyEN ¢, ecamm m e g,
li(gn) = gn(m™) = T](V ) = {(m) N }

0, ecim m®) & T,

Torma aas m*) € I'p umeror Mecto HEpaBEHCTBA

(9N )| < MNEN < INEN.

Orcrona, nmonarast st k, k=1,..., N,

_lk(gi\f) . ecim mF) € T'p,
75\],“) = NINEN

0, ecit m*) ¢ T'g,

nmMeemM

T <1 lgy) +nvénTy =0, k=1,...,N.

Crasno ObITh,

on (l(gn) + WNgN%Ezl), cIn(gn) + UNgNVJ(VN);x) =0.

ITosromy B cuuty (5.16) u (5.18) BBIIIOJIHEHBI HEPABEHCTBA

lgn () — on(li(gn) + nvEnTa s - In(gn) + nvEnTa s M 201y

ro1y2 (I N)7C—D

= [lgnllz2(0,1s > (Mn) Nr-1/2

Sy > (ry™?2 > (nxen)?(en) Y In(nien) /7

1
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Takum obpasom, mst Beskoit maper (I(N), o) u3 Dy umeenm

SnN((I™N), on); Tf = f; ELsnnén) 2

z ~ (N
= fsug Hf(.)_QON(ll(f)+77N8N7]E]1)7-~-alN(f)+7]N5N'7]S[ ). ')HLZ(Ol)s
€E® :
v ®I<1, k=1,...,N
> |lgn(+) —en(l v ® S (),
Z ||gN QON( l(gN) +77N8N'7N yee ey N(gN) + 77N5N’YN : )||L2(0’1)S
r(s—1)
= \r—1/2 (InN)
> (77N) TNz
Hakonen, B cuity npoussomsnocta m(), ... .m™) u oy orciona creayer
- In N)"(s=1
oN <DN;Tf = f§E§§nN5N — ”N(]\)[T>
L2

In N)’I"(Sfl)
= inf Sn (1Y) ST — £ B e = r—1/2(7
(l(N),glarzlv)GDN N(( a‘pN)v f f7 3777N5N)L2 > (nN) Nr—1/2 ’
re. (5.14) nokasaHo.

B wurore cormacuo (5.8), (5.14) mist Besskoro N BBINOIHEHO HEPABEHCTBO

On(Dn; Tf = f3 Byinnen)ez (My) /2 (In N)rs= /N7 =1/2

— (7. \r—1/2
On(Dn;Tf = f5ET;0) 2 (In N)r(s=1) /Nr=1/2 (M) )

410 ¢ yaeroM (cM. (5.12) u (5.16)) y — +00 u HepaseHCTBa 7 > 1/2 IPUBOJUT K COOTHOIICHUIO
(3.6). Teopema 1 mokazaHa MOJHOCTHIO.

JOKABATEJIBCTBO TEOPEMBI 2 TIOBTOpSIET PACCYZKJIEHHUS TPEbIIyIell TeopeMbl 1 ¢ m3MeHe-
HUSIMU, COOTBETCTBYIOIIUMU OOCY2KIAEMOMY CJIYYalo.

OusiTh ke, cooTHOIIeHHE (3.7) JOCTATOYHO J0Ka3aTh JJIs IeJblX 1ojoKuTesbubix N Buga N =
ITr|, N < R(In R)*~! npu npoussosibabx R > 1.

B coorBercTBUm ¢ onpenenennem Dy MHOXKeCTBO By, OYHKITHMOHAJIBI Z(N) U BBIYKUCJIATEILHBII
arperaT @, OIDEJIEeJNM Tak XKe, Kak B (5.3) u3 jokasarenscrsa Teopembl 1 (¢ yaerom N = [T'g| u
OYEBHUIHBIM B3aHMHBIM I€PEOGO3HAUCHIEM IEPEMEHHBIX 2, j = 1,..., N, u z,, m € I'g).

HamomuuM, 9T0 3716Ch U BCIOJLy HUXKE

(h’l N)r(sfl)

i (5.19)

EN =

ITycrs f € SWJ(0,1)°. Torna B o6o3nadenusx (5.3) u (5.4) umeem

2

If:Hf( 3" Flm) - emitm) H e2mi(m.z) = S fm)?
melg L meZs: M>R
. e (In V)=
_ Z |f(m)|2(m)2r(m) 2T Rzr Z ‘f( )‘ ( )2T<< R2r <n) ,

meEZs: M>R mezs

orkyza B cuiy (5.3)—(5.6) u (5.19) moxyvaem
. _ m InN r(s—1)
sup | f(z) — Bn{lm(f) +5N71(v )}mepR;xHL2 < (I N)™>7 0 ]\)[ +&n - N2
FESW(0,1)°
(m)
vy I<1, meT R - (lnN)T(Sfl)

NT‘
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Takum obpazoMm, B cuiy upoussosbHoctu f € SWI(0,1)° u |'y](\,m)| < 1, m € T'g, anajoruano
JoKa3aTeabeTsy (5.7) numeeM

(ln N)r(sfl)

In(En) = on(Dn; Tf = f:5W5(0,1)% En) 1 < 7
IMonbaysics nepasencTBoM Oy (0) < dn(En) U TeMMOit 4, OTCIONA Oy UM

(In N)7(s=1)
Nr

~ In N r(s—1)
< (5N(O) < (51\](6]\1) < %,

TEeM CaMBbIM,
(ln N)r(s— 1)
NT

Ocranocs okazats coornorrenue (3.8). Ilycrs onaTs ke, Kak U B JOKA3aTeIbLCTBE COOTHOIIE-

On(0) < dn(EN) =< (5.20)

Hust (3.6) TeopeMbl 1, IS BCSIKOTO IEJIOTO MOJIOXKUTETBHOrO unciaa N JaHBI IIPOM3BOJIBHOE MHO-
xecrso By, By = {m®,... . m™} c Z*, nabop bymxumonanos (N I1(f) = FimD),
In(f) = f(m(N)), U IPOM3BOJILHBIH anroputM nepepaborku naGopMarmmu oy (21, ..., 2n;2) (CM.
(5.9)-(5.10)).

ITycTh aHa BO3pACTAIONIas K 400 MOJIOXKUTELHAS MOCIEI0BATEIbHOCTE {ny }. B cooTBeTcTBINI
¢ (5.19) onpenenum mocaenosareabHocTs Ny = C - min{ny;tny}, 0 < C' < 1, 418 KOTOPOI BBIIOJ-
Hensl (5.11)—(5.13).

JlokazkeM, 9TO UMeeT MeCTO HEPABEHCTBO

(ln N)r(sfl)

On(Dn;Tf = f;SW5(0,1)°snNeEN) L2 > 1y NG )

N=23... (5.21)

ITycts mamno neioe N > 2, n myeth R = R(N) takoe, uto [Tr| < Nu R= R(N) < N/(InN)*~1,

rje I'g — runepGosmaeckuii Kpect (cM. jgemmy 2).

ITostozxum 4
gn(r) = D emme),

mel'r

) mm{\/ﬁtwﬂﬁva\]} — min{\/lﬁ<nll>r; Tlﬁ (nNM]\)[(Sl)y}

ol (8 ) )

u T = ny. Anamormuno pokasarenscrsaM (5.17), (5.18) n3 Teopemsl 1 MOXKHO IIOKa3aTh, ITO

rie

1/2
lonllsws oy = ( 3 <r§m>>2<m>2r) <1, (5.22)

mel'r
lgn (m)| < myeEn < nnen, (5.23)
1/2 r
m (1 o
gl o0y = ( G >)2) > T (R(N)) < ThEn V. (5.24)

melr

U3 (5.22) caenyer, uro gy € SW3(0,1)%. Hanee, onpemuessis Wji,k), |7§\;€)| <L k=1,...,N, u3
YCIIOBHSA

) " _g

Ik(gn) + UNgNWS\f = gn (m™) + nEnTy
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9TO BO3MOXKHO B cuiy (5.23), mosryanm

~) (1)

on (li(gn) +NENTN - - In(gn) + UNFEVNWzE/N);x) =0.

Orcrona ¢ yaerom (5.24) nmeem

(1) (N)

o . (lnN)r(sfl)
llgn —en(a(gn) +nnEnTn -5 In(gn) +nEnTy 5 2)|| e = llgnlie = (y) ——7—.

N7
Taxum o6pasom, st Besikoit napst (1Y), o) w3 Dy BBIIOIHEHB! COOTHOMICHM
SN((IMN), on); Tf = f;SW3(0,1)% nnEN) 2
~ 1 N N
= sup Hf_<PN(ll(f)+’,7N€N’Y](V)""’ZN(JC)+17N€N’Y](V);:I:)HLQ
feswy(0,1)°
&<, k=1,...,N

(ln N)r(s—l)
NT '

> |lgn — en(li(gn) + nN'EVN%S;l% cooln(gn) + nNgNVIEf ;)| . > ()"

Hakomner, B cuty mpou3BOJILHOCTH mW, . omWV) g PN, OTCIO/Ia UMeeM

, s . In N)7(s=1)
N (DN;Tf = [;5W3(0,1)%;nnen = WN(NT-)H/Q)LZ

= int an((A™ o) Tf = f5SW5(0,1)% nEN) 1o
(™M) pn)EDN
. (ln N)r(s—l) . (ln N)r(s—l)
NT = N NT )

> ()
re. (5.21) mokasaHo.
B wurore u3 (5.20) u (5.21) caexyer coornomenue (3.8). Teopema 2 jnokasaHa.

JIOKABATEJILCTBO TEOPEMEI 3. Hadnewm ¢ JIoka3aTebCTBa OIEHKU CBEPXY
on(EN) K EnVN = N/s, (5.25)

rJe
By = N/s71/2 (5.26)

ITycrs dyuxuus fi npunageskur kiaccy Wa'(0,1). Torna B cuity yciaosus 2rp > 4 + s coryac-
HO JieMMe 5 perene ypasuennst Koefina—T'oprona (3.1), (3.2) uMeeT Bu (CX0ANMOCTD aOCOMIOTHAS
HOTOYEYHAs], PABHOMEPHAsI TIPH JIIO6OM CIIoco6e CyMMUPOBAHUS)

u(z,t; f1,0) Z F1(m) cos(t\/4m2(m, m) + 1 )e2mi(m)
meZs
HyCTb JaHO IIeJI0€ ITOJIOZKHUTEJIbHOE YUCJIO M. Tlomoxxum
N =N(n) = |I,| = 2" + 1),
e
n=200[-2"2" = {m e Z° : |m]| = max [m;| < 2}, (5.27)
J »S
IMomoxxum (¢ yaerom N = |I,,| 1 OUE€BHIHBIM B3aUMHBLIM Iepeo0O3HAUEHHEM IEPEMEHHBIX Zj,
j=1,...,N, 1z, me )
By =1, = {mW;...;m™M} c 7z, (5.28)

Dn(z1,- -, 2N; 2, 1) Z Zm cos(t\/4m2(m, m) + 1)e?™i(me), (5.29)
mely
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Hasee, B cooTBercTBUM C OmpejeserneM Dy 3aJauM COOTBETCTBYIONMI HAOOP (DyHKIMOHA-
7 (V)
Jgop [~ ':

In(f) = f(m),  mel,. (5.30)

Torga mas Beaxoro fi € Wo*(0,1)® u Beaxoro mHabopa |’yj(vm)| <1,me€l,, upuz,, = Z,n(fl)—kg]v%(\,m)

nMeeM

||’U/(337 t7 fla O) - @N(zh e 3y RN T, t)||L2v°°
— . _ N ~ (m) 2 2mi(m,x) ~
= |u(z, t; f1,0) Z (fi(m) +Enyy ") cos(t\/4n2(m,m) + 1)e < J1+éenda,
mely 2,00
(5.31)
e
h= H 3" film) - cos(ty/AmE(m,m) + 1))
mezZs\1I, L2o0
Jy = ‘ Z 7§Vm) cos(t\/4m2(m, m) + 1)e?mi(mo)
mel,, 2.0

Ouennm csepxy Ji. B cuny onpenenenns xinacca Wit (0,1)° umeem (em. (5.27))

~ ) N 1/2
R T ———
mezZ\I, L2 mezs /1,
1 N ) 1/2 1
< 7]\77‘1/5 ( Z |f1 (m)|2(m1 1 + .o+ m527"1)> < W . (532)
meZs\Ip,

m
Hasnee, B cuity pasencrsa [lapceBasst u HepaBeHCTB |’y](\, )| < 1 BBITOSTHEHBI HEPABEHCTBA

1/2
Jy = sup( Z \wfvm) cos(tv/4m2(m,m) + 1)|2>

20 \er,
1/2 1/2
< (m))2 / < 1 / =17 1/27N1/2 5.33
<( > bl < X = [In]"7" = N/~ (5.33)
mel, mel,

Urak, B cuny (5.26), (5.31), (5.32) u (5.33) mua Beskoit dyukmuun fi € W3'(0,1)° u Besikoro

Habopa \’yj(vm)| <1, m € I, nmeem

lue.t: £1,0) = 7 (Fu(m) +Enay"”) cos(t/An2(m, m) + 1™ 0] ,
mel,
< Ji+EnTy K N7/ N2 < N7/s,

B wurore coryacuo Beibopy muoxkecrBa By B (5.28) u, coorsercrsenno, dyunknuonasos (5.30) u
BBIYHCINTEIBHOTO anroputMa (5.29), B cuty npousBosnbHocTH dyuknun fi € Wi (0,1)° u nabopa
ancen 0, (™M) < 1 1

v s lvn <1, m e I, nomyunm

du

2 10) 0520 = )

(N 0%u , )
on ((z( Lo G = Au—u, u(@,0) = fi(x) € W3 (0,1)",

L2,

ul,t; f1,0) = Y (fi(m) +En ") cos(ty/4n2(m, m) + 1)e2m i)
mel,

= sup
few;(0,1)°
[v{™<1, mel,

2.0

< N—rl/s’
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OTKyZa
~ 0?u - s
5N(5N) =on| Dn; FIe) = Au — u, u(x,O) = fl(ZIT) e W, (O, 1) s
ou
=0 &y = N—rl/s—1/2
g (+:0) = 0: v .
(V) 0%u

JBN); Froie Au —u, u(z,0) = fi1(x) € W5*(0,1)°,

@(%0) =0;en = N_T1/5_1/2>

(% Lz,oo
< N_Tl/s.
Tem cambiM, HepaseHCTBO (5.25) T0KA3aHO.
Teneps g0KaxKeM OIEHKY CHU3Y B CJIydae BOCCTAHOBJIEHUs 110 TOYHON MHMOPMAIUN:
On(0) > N~™/s, (5.34)

Iycrs 3agans: negoe N > 2%, mpomusBosibHoe Komednoe Muozkectso By = {mM) ... . mMN} c 72,

coorBercTByomuii Habop dynkumonasos (V)
n T (N
W(f)=Fm®), .. In(f) = Fm™)

u bysrwmst o (21, ..., 2N; 2, t) — AICOPATM TepepaboTKu 1ucsIoBoit uudopmarmu obbema N. Ilo-
JIOZKUM

An — (2n7 2n+3]s7
rae n = [logy VN, [-] — menas gacth ducia.
YauTsIBast O4eBUHBIE COOTHOIIEHHS
(mi+---+m)"" =22 meA,, || <[4, \ By| =< N=<2",

JIEPKO YOeAUThCs, 4TO 1IpU HeKoTopoM nostoxkurensaoMm C' = C(r, s) dyHkuus, onpejesseMas pa-
BEHCTBOM
g (.Z') — C2—n(s/2+r1) § : 6271'12(m,:1c)7
meA,\Bn

npunajexur kuaccy Wit (0,1)%. Kak 910 HenmocpecTBeHHO ciaeayer u3 oupeenenns g u (5.26),

hig) =gi(mM)y=0, ..., In(g)=5(m™)=0 (5.35)

1/2
lg1llz20,1)s =< gN( > 1) = En|An \ By|V2 < NT/sm 2 NVZ < NTs 0 (5.36)
meA,\Bn

Iocte ipoBeennoit moaroroskn s seaxoit maps (V) o) us Dy umeem (em. (5.35) u (5.36))

2
5 (1 on)s T8 = A, u(a,0) = () € W3 (0,1)°, 22 (2,0) = 05 0
atQ at L2,oo

= sup SupHu(x,t, flao)_LpN(fl(m(l)L’fl(m(N))ax7t)HL2(0 1)s
f1EW,1(0,1)s t20 ’

= igg”u(%t;gl,o) - WN(?l(m(l))7 e 7./g\1(m(N));m7t)HL2(0’1)s
> sup [u(z,t;91,0) — on(0,...,0;2, )| L2(0,1)s
t2

= sup ||U(.’E, t; g1, 0)||L2(071)5 > ||U((E, 0; g1, 0)||L2(071)5 = ||91 (z)”LQ(O,l)S = N_Tl/s. (537)

=
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Haxkoxerl, B Ciily Ipou3BOJILHOCTH MHOXKecTBa By, nabopa dyukimonasos [(N) u Gynxuun ¢y u3
(5.37) 3akurouaeM, 4To
0u

e o
In(0) =N (DN, proie Au —u, u(z,0) = fi(x) € W, ’E(%O) =0; 0)

L2,oc

ou

= Au —u, u(z,0) = f1(z) € Wy, E(Jc,O) =0; O)
L2,oo

0%u
= inf x| (™), on); =
(1) or)e Dy N<( oN): B

> N*T‘l/s’

Te. (5.34) IEHCTBATEIBHO BBIIOJIHEHO.
U3 (5.25) u (5.34) cieiyer BbIIOJHEHHE CJIEAYIONMX YCJIOBUN U3 OIPEIeJIeHIs KOMIILIOTEPHOIO
(BBIYHCIIUTEIILHOIO) TIONEPEIHUKA!

K(B)II-1°: 6y (0) < N~"/5,
K(B)H—ZOZ (SN(gN) = 5N(0)

Octasocs okasars soinosnsenne yeiaosusd K(B)II-3° (eum. (1.5)), T.e. cupaBeinBOCTb PABEHCTBA
(3.10).
ITycrs nana moIoKHUTEIbHAS TIOCTIEI0BATEIBHOCTD 1) = {7y }, BO3pacTaomas K +00, i MyCTh

n}‘v :min{nN;tN}, tN =InN.
ILJIH IIE€JIOTO ITOJIOZKUTEJIBHOI'O 1 ITOJIOZKNUM
A, =[1,2"°NZ°, N =N(n)=|A,| =2".

IToBTOpSIst IpeABLAyIIIIE AHAJIOTUYHBIE PACCYXKIEHS, 8 UMEHHO, CIUTasl Halepel, 3aJJaHHBIMUA MHO-
m L
KecTBo By m3 Z° m GynKnmio ¢y, onpeaemuM GYHKIO g(z) = Y 4 TJ(V ) e2mi(m,a) ¢ K03bdu-
n
IHEeHTaAMI

m _ ] ( ! )Tl. . = }
Trn | = ming —— N
N {x/N 2t w2 VN

= ming —F— y —/— - 5 .
1/N m%++m§ \/N nNQn

e Ty = (k)" . Torma uMeoT MecTo HepaBeHcTBa

lgllwr oy = [ D (FW)2m3 + - +m2)n < 1, (5.39)
meEA,
G(m)| <nvén,  me Ay, (5.40)
1/2
||g||L2<o,1>2_( 3 <T}J">>2) > (7y)" /%N VN, (5.41)
meEA,

Coornomennst (5.39) u (5.40) oueBnansbl, a s gokasareascrsa (5.41) 3amernm, aro u3 (5.38)

cjlelyeT

m 1 1\" 1
TI(V)=<77N2n> , ecm /s <y/mi+-+m2< —2"

VN NN
Torna

m 1/ 1\™)°
ol = 3 (") > X (b))
meA, ﬁ<m<2n/ﬁ]\j
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1 1 2ry 1 1 2ry 1 s
> —(y— > 1> —(y— —on
2ns <T)N 2n> > 2ns <17N 2n) <77N )
VESy/mit+m2<(1/7 )2

2r1—s —2nr; _ —=2r1—S8 —2r1/s
=Ny -2 =Ny -N ,

IIOCKOJIBKY S-MEpHBIiT 00ben mrapa pagmyca R pasen wmcay 7%/ 2R /T'(s/2 4+ 1).
Crao 6bITh (HATIOMHAM, 9TO 211 — § > 4),

lgllz20,1)s > ([n)" 2 NS = nEn VN,
e Ny = ﬁ;\?—s/?' Hepagencrso (5.41) nokazano.

Hamnee, anasormano (5.36), (5.37) mrs Besxoit mapsr (1Y) on) w3 Dy ¢ yaerom (5.39)(5.41)
uMeeM

(N) 32u
v (U, on)s G = A=, u(a,0) = i) € WP (0,17
0
u(x 0) = 0; nnEn = nyN"/e71/2
8t L2,
= sup Sup||u(ac,t; f1,0) *@N(ll(f1)+7]N€N’}/](V),...,
fiew,t(0,1)* =0 ~ (N
V&<, k=1,..,N In(f1) +nNENTN ;xvt)H[ﬁ(o’l)s
~ _(N
> ig}gHU(x,t;g,O) — on(li(g) + vEnTs L In(g) + nnENTY );x,t)HLz(O?l)s
=sup u(z, t; g,0)|| 20,1)s = llu(@,059,0)l[z2(0,1)s = llgllL2 > AvN"/%.

Hakomner, B cuty Tpou3BOJIBLHOCTH TTap (Z(N ), ©n) 13 Dy oaydInM ONEHKY CHU3Y

~ 0%u -
(5N(77N€N)E(SN(DN;:A’LL 0 :fl(l‘)EWQl(O,l)

8t(

52 — u, u(z,0) x,0) = 0; nNsN)

L2,

> ﬁNN—rl/s.

B utore, orcroa u U3 J0Ka3aHHOrO BbIme cooTHomeHus dy(En) < dn(0) < N —1/s cpemyer
(3.10). Teopema 3 j0Ka3aHA TOJHOCTHIO.

JIOKA3BATEJIbCTBO TEOPEMBI 4. Jlokaxem (3.11). Haunem ¢ onenku cBepxy
On(En) < N=(r2H1)/s, (5.42)

HamomuamM, 9ITO 37€Ch U BCIOY HUXKE

N—(r2+1)/s mpu s =1,
En =En(s) = N=(r2AD/s(In N)=Y2  npu s = 2, (5.43)
N—72/5-1/2 npu s > 2.

ITycry dyukims fo npusamiexur kiaaccy Wi2(0,1)°. Torma B cuity JieMMbl 5 U YCIOBUU
r9 > 1+ s/2 pemenne ypasrenus Kieitna—Topyona (3.1), (3.2) umeer Buj

smt Ar2(m,m) +1) o iim
10, f2) = 3 Falm) ) 1) ot

e 4d72(m, m) + 1
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[IycTh faHo 1es10€e moJIokKuTeIbHoe unco n. [ogowum I, = [—2",2"*NZ*, |I,| = (2" T1+1)% =
N(n) = N. Torja no anajoruu ¢ 0603HAYECHAAMHE ¥ OLPEICICHUAME U3 JI0Ka3aTeIbCTBA TEOPEMBI 3
nosokuM (¢ yaerom N = |I,,| 1 OUeBHAHBIM B3aUMHBIM IE€PEOOO3HAUEHIEM IIE€PEMEHHBIX Zj, j =
1,...,N, u 2z, m € I,, 31ech u najee)

By ={mW;....mMY =1, czs, N=2, (5.44)

1 )
EN(Zl,...,ZN;ajt Z mSln ( )+ )e2m(m,x).

(t
el \/47T2(m m)+1

Iasee, B cOOTBETCTBUHU C ompeeserHneM Dy 3a1auM COOTBETCTBYIOMIMI HAOOD (DYHKIIMOHAJIOB

(5.45)

] (N)
B BHUJIE

lm(f) = f(m),  mé€ I, (5.46)
Torpa nis Besikoro fo € SW52(0,1)° u Beskoro Habopa |7](Vm)| <1, m € Iy, upn 2y, = Ly (f2) +

(m)

EN7Yy  UMeeM

U(.I, t; 0, f2) _ Z (,fZ( ) ,_Yl(vm))bln(t 47r2(m,m) + 1) 627Ti(m~,$)

< Js+Enda, (547
472(m, m) + 1 3tEndy, (547)

mely, L2,00
riue
~ sin(t\/4m2(m,m) +1) o iim
J3: u(xat707f2)_ Z fz(m) ( ( ) )62 (m,x) ,
mel, 47'('2(’[’)’1,, m) + ]- L2,
H V) sin(ty/4m2(m, m) + 1) srim,e)
mel, 47T2(m7 m) + ]- 2,00

B cuiy oupeznenenus xiaacca W52 (0,1)° umeem

~ sin(ty/472(m,m) + 1)
fom) 4m2(m,m) + 1

2\ 1/2 R 1 1/2
n=sw( X ) (P )
20\, ST, meZo, 4dn2(m,m) + 1

n 2 2 2 1 L i
- 7 272 77 272 .
-~ ( Z |o(m)]"(m" + -+ )712”_’_”. = 212 (m12+...+m2)>

meZ\I, +mg s
1/2
er/s—i—l/s ( Z |f2 127‘2 +oee +ms2r2)> < Nﬁ(r2+1)/s~ (548)
mezs
Hanee, B cuy paencta [lapceBasiss 1 HepaBeHCTBA, |’yN | <1 monyvaem

- 2
— H Z V(m) Sln(t 4m (m7 m) + 1) e2mi(m,x)
4dr2(m,m) + 1

mel, L2000

1 1/2
<<( 2 m§+~~~+m§+1) '

(m%+---+m§)1/2<\/§2"

1 1/2
( 2 mi+ - +m2+1>

(m2+ +m2 1/2<f2n

1
/ / 5 dry...dxg
(224 4a2)1/2< /520 = R‘Tl etz 41
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R 1 1 upu s = 1,
x/ rs_lﬁdrx InR 1pus=2,
! R*~% 1pm s > 2,

OTKyZHa
1 npu s =1,
Ji < {vVIn2" < /n < vVInN upu s = 2, (5.49)
2n(572)/2 - N(572)/25 _ N1/271/s pu s > 2.

Tem cambiM, B cuaty (5.43), (5.47), (5.48), (5.49) must Besikoit dyukuuu fo € W32(0,1)° u Besikoro
(m)

Habopa |yy | < 1, m € I,,, umeem
sin(t\/472(m,m) + 1)
472 (m, m) + 1

e27ri(m,w) ||L2»°°

u(z, 10, f2) — > (Ja(m) +Enr YY)

mel,

< J3t+ens K N—(r2+1)/s

B wurore, corsacuo BbiGOpy MHOXKecTBa B, = I, B (5.44) u, coorBeTCTBEHHO, (DYHKIMOHAJIOB

(5.46) u BeramCARTENBHOIO anropurMa (5.45) B cuity nponssosibHocTH GyHKIUN fo € W52(0,1)% n
(m)

Habopa uuces vy , m € I, nmeem
2
o (1™ n) 28 = A u(a,0) = 0, 2(2,0) = fala) € W32 (0,1)"; B
at2 315 Lz‘oo

= sup ||U(I,t,0, f2) 7¢N(Zla"'aZN;I7t)”L2’°C < Nﬁ(r2+1)/s'
fQGWZTQ (071)8
2e—lk(f1)=En )

W I<L, k=1,...,N

Orciona cienyer (5.42).
Tenepb j10Ka’KeM HEPABEHCTBO

on(0) > N—(r2H1/s (5.50)
— OIIEHKY CHU3Y B CJIydae BOCCTAHOBJIEHUsI 110 TOYHON MHMOpMAIUU.

IIycts 3amamsr memoe N > 2°, mpom3BOJIbHOE MHOXKECTBO By = {m(l), coomIY )} C Z?, coor-
sercrByromuii mabop dynkmuonanos [N: 11 (f) = f(mM), ..., In(f) = fF(mN), u bynkuus
on(z1,-..,2N;x,t) — anropurM nepepaboTku 4ucsoBoi nndopmaimu obbema N. Iomoxum

A, = (2" 2" P35 N 78, (5.51)
g2 ((E) _ Z TI(\/'m) e27ri(m,a:),
meA,\BNn

rme n = [log, VN| u

(m) _ _1
™~ _\/N.(mf—k""“mQ)m/z, m € A, \ By.
OueBupHO, 9TO
lo2lwgzome = | Do (ND2mE 4+ mdre < 1.

meA,\Bn
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Kpowme Toro, yunrsiBas BoiTekatonue u3 (5.51) HepaBeHCTBA

1
g<tn\/47r2(m§+---+m§)+1<1, m € Ay,

B TOYKe
L 1 1

"7 Vdmsnts | 22

OyIeM UMeThb

) 3 1/2
) B Z (m) 2SI (tn\/4m2(m,m) + 1)
tn, ) -
lru(. 20: 0. g2) .2 <meA \BN(TN ) 4m2(m,m) + 1

> . 1 Z 1 1 1 1/2
sin — —
8 N (m3+-+m2)24r2(m? +---+m2) +1
meA,\Bn

1 1 1/2 1 1/2
(v, 2 ) < (e, XY

meA,\Bn meA,\By

1 1/2 1 1/2 1
= (N,NQ(T2+1)/S|An\BN|) = <N,N2(r2+1)/s N> = Nat)/s

Torma

2
o (09,0 G = A=, . 0) = 0.5

) (2,0) = fo(z) € W32(0,1)%; O)

L2,oo

= sup  sup [|u(x, 0, f2) — pn(li(fa), -, IN(f2); 2, )|l L2(0,1)5
f2E€W,2(0,1)s 120

= igg lu(z,t;0,g2) — @N(fq}(m(l)), . ﬁz(m(N));I,t)HL?(o,ns

= SI>110) ||U(£C, t; 0, 92) - @N(Oa 05z, t)”LZ(O,l)S
t=

= s1>1%) lu(z,t;0,92) 20,1y = llu(@,t0; 0, 92) [ 20,1y > N—(r2+1)/s

=

Haxkomer, B CHIIy MPOM3BOIBHOCTH MHOZKecTBa By, Habopa dyukmmonanos [(N) u dynxmun ¢y
orciona caeayer (5.50).

N3 (5.42) u (5.50) ciemyeT BBINOJHEHNUE MIEPBBIX JBYX yCJoBuii u3 onpenesnenus (1.5) koMbro-
TEPHOTO (BBIYMCIIUTEIHHOTO) TIONEPEIHNKA:

K(B)I-1°: 4§y (0) < N—(rz+1)/s,
K(B)H-QOI 51\](%}\]) = (SN(O)

Ocrasocs jokazars soimoanenne K(B)II-3°, t.e. cupasenimBocrs paseHcrBa (3.12). st sToro
PaCCMOTPHM MHOZKECTBA

Sg={meZ°:8k+1<+/(mm)<8k+2}, k=0,1,2,....
,HJIH KOJIn4eCTBa TOYEK B MHOXKECTBE Sk nMeeT MeCTO OLCHKa
|Sk| < (8k +2)° — (8k 4+ 1)* < k1. (5.52)

Hamee, B cuty COOTHOITIEHUIT

21/ (m, m) < \/4m2(m, m) + 1 <27r\/(m,m)+£, m € Z°\ {0},
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tst to = 1/8 mpm smobom k = 0,1,2,... st moboro m € S, MMeeT MecTo
sin(tg/4m2(m,m) + 1) > sin L . (5.53)
327
ITycTs maHa MOJIOXKUTESIBHAS TOCJIENOBATEILHOCTE ) = {1y }, BospacTatomas Kk +o00. I[lonoxum

ni = min{ny; (In N)/?}. (5.54)

[Iycrs manee N > 2 — dukcuposanHoe nesoe qnciao. Oupemeanm GyHKIHIO

n—2
gn(@) =Enny Y Y e, (5.55)

k=0 meESyg

rje n noabepeM Tak, 4Tobbl GyHKIWs npuHaiexara Wa2(0,1)%. Umeem

n—2 1/2
o gz 0.0 = Exvivy| 3 3 (s < By ) (mm)" )
k=0 m&Sy meZ®: 1</ (m,m)<8(n—2)+2
1/2

8n
= ENn;‘V </ p2r2 _ps—ldp) — gNn}kVn(2r2+s)/2’
0

a
gNn}kVn@rngs)/Q - 1’
U, HAKOHEII,
n=n(N) = (Exnk) Y@=t (5.56)
ITockonbky s Bcex s = 1,2, ... BbinoHEHO En(S)NN = Enfy — 0 upu N — oo (em. (5.43)

u (5.54)), To (gNnj‘v)_Q/(Q“"'s) — oo npu N — 00, T.e. HaUMHAs ¢ HeKoTOporo Ny(s,ra) auis Beex
N > Ny(s,r2) B (5.56) Boinonusiercst n = n(N) > 2. Tem cambimM, onpezenenne (5.55) ¢ n = n(N)
Jutst Becex N > No(s, re) KoppekTHO 1 gy () npuHamekut kiaaccy W52 (0,1)%.

Paccmorpum coorsercrBytoniee pemienue u(x, t; 0, gn) ypasuenus Kaneitna—Topuona. 113 (5.53),
(5.52) u (5.56) caenyer, uTo

lu(-,t0;0,9n8)|£2(0,1)¢

<Z 3 sin’ 4Jm)>”2

k=0 meSy *(m,m) + 1
1/2 1/2
2a0i(L Y m) oL 3 i)
k=0 meSyg mm+1 k=0 mesSy 8k+2
n—2 1 1/2 - 1/2
= 5N(£)U7\/<Z ®ht2? |Sk|) > gN(S)U7v<Z kS?’)
k=0 k=1
En(Dny = N-=2 40 sy npu s = 1,

o JEN @i (nn)/? = Ex(@ni (I V)2 = N=CE /s npi s =2,
En(s)nk (n)5=2/2 < En(s)nk Bn (s)nhy) ~ (52 (Grats)

= N /s () GradD/Grats)  p s > 2,

Orcroza ¢ ygeTom
[g(m)| < nyven < nneEw,
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YTO UMeEET CJIeJCTBHUEM

on (Gn (mD) +nEnT Y G (™) + a2, t) = 0
[IPU HEKOTOPBIX 7N , |7(’C |<1,k=1,...,N, noayaum
0? 0 ~
5N DN; 7“ = Au— u, U(I7O) = Oa l(x70) = fQ(x) S W2TZ(O7 1)3, TINEN
at2 875 L2,oo
0? 0
on [ Dy g = Au— u, ul, 0) = 0, S (2,0) = fo(x) € WJ2(0,1)%;0
3152 at L2,oo
N—(rat1)/s ,,7* a(s) . ol
= —(r (1Ns) :(77N) ()a
N—(r241)/
rjie
1 mpu s =1um s =2,
a(s) =9 2, +2
2
9+ s apua s > 2,

orkya cienyer (3.12). Teopema 4 JoKa3aHa HOJIHOCTBIO.

JOKABATEJILCTBO TEOPEMBI 5. Orenka cuusy. [lycrs mansr nessre N > 2, 1
nycts Ny = N — Np. Torma st mo6bix duxcnposannbix ny = 0, m), ... ;1) n(l) . ,n(N2)
7 N BBIIOJHEHO HEPABEHCTBO

1 1 2 2
sup (-5 fi, f2) — o (21", Zz(vl) 2 )7'"’Z;\/'Q))HLQ*‘”([O,I]SX[O,Jroo))
FLEWST(0,1)°, f2€W52(0,1)°
120 = Lm0 |[<nnEGY, j1=1,2,..., N1

\2(2)—)“ (m(J2))|<’r/Na(72) j2=1,2,...,No
. (1) (1) .
> _sup w5 f1,0) =N (21 755 2n]50,00505 )] L2000 (0,175  0,4-00)) -
f1€W21(0’1)S_, f2=0
|Z;i)*fl(m(“))KﬂNg,E;Jll), J1=1,2,...,N1

TTOCKOIBKY 3TO HEpaBeHCTBO BhIIOHeHO mpr mobsx mD, .. mN) n)  pnN2) 4 PN, TO
OHO BBIIIOJIHAETCH U JIJIsI HTHMPUMYMOB 3TUX BEJIMYNH, T.€.

0%u -
6N1,N2 <DN1,N2§ ﬁ = Au— u, u(x,O) = fl(l') S W21(071)S7

Ju - s ~
E(I’O) = fa(x) € W52(0,1)%; 77N€N1,N2>
Lz‘oo
= in sup [u( -5 f1,0)
(1) m(N1) 1 s
f1eEW,1(0,1) 1 1 2)
a0 pewti ot —on (a2 A 2 )l o x o toc)
=5, = Fi (mO) <y
|22~ Fa(n02) | <nnE 2
. 1 1
m®, inf m(N1) fiew; 1?5111:)) 220 ||U(,f1,f2)_§0N(Z§ ),"'aZ](V1)707"'70; ')‘|L2*°°([0,1]S><[0,+oo))
(1) “’ (Ng) | (1) f (m(“))|7<7]12\/~(“)
<PN
. 1 1
= nf - j Vsulrz ) lu( -5 f1,0) — o (2 >,...,z§v1)70,...,0; 22 (0,1) x [0,+00))
mh,..,m 1€ 5 (0,1 s
YN |z;1)—1?1(m<j1))|<77N31§,j11)
0%u ou -
=08 | Dy 55 = Au —u, u(z,0) = fi(x) € W3'(0,1)%, —(x,0) = 0; nneEn, . (5.57)
ot "ot 2,00
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Anajiormano JOKa3bIBalOTCA HEpaBE€HCTBa

0%u -
0Ny N, (DNth; ol Au —u, u(z,0) = fi(x) € W5 (0,1)%,
ou ~
O (0.0) = alo) € W(0.1)% v, v, |

0%u ou
Froie Au —u, u(z,0) = O’E

Lz,oo

> 0N, <DN25 (x,0) = fa(x) € W52(0,1)%; nNEN,) 200 (5.58)

ITpu ny =1 u3 (5.57)—(5.58) u u3 Teopem 3 u 4 ciegyer, 9TO

: ) (1) (1 2 (2),

1m sup Hu(~,f1,f2)—LpN(Zl 7"'7ZN17ZI 7...,ZN2, ~)‘|L2,oo([071]sx[0’+oo))
m(l),...,mu\’l) f1EW2Tl (0,1)*
n® .. a2 F2EW22(0,1)°

YN ‘Zj(i)_ﬁ(m(j1))|<gjsjﬁ'11)
|2§2 — Fa (n12)) |<E ()
> max{N; /% Ny (2051 5 max[N—T1/s; N=(ratD)/s) = = min{ry/si(ra+1)/s}

IlockonbKy TIOC/IeTHEE HEPABEHCTBO BBLITIOJHAETCS MPU JIIOOBIX IEJIBIX MOJOKUATEIbHBIX N1 1 No
Takux, 910 N1 + No = N, TO OHO CIIPaBEJINBO U JJIT MUHUMAJJIHLHOTO 3HAYEHUS TTOTPEITHOCTH, T.€.

0%u -
6N DN; YO A’U,—U, U(JI,O) = fl(l:) € W21(071)S7

ot2?
ou - s ~
o (x,O) = fg(x) SR (0, 1) ; €N1(0)7N2(0)
12,00

> N~ min{ry /s;(7-2+1)/s}.

B wacraOCTH, coorHomeHus (5.57) u (5.58) cupaBeyIMBBI TakKe B CJydae BOCCTAHOBJICHUS IO
TOYHON MHQOPMAIWH, T.e. IPU €N, N, = On. [TosTomy B cuimy (5.34) n (5.50) cnpaBeyIMBO TakKe
COOTHOIICHNE

0%u - s Ou
on (DN;atQ = Au —u, u(z,0) = fi(z) € Wy'(0,1)*, 5t

> N~ min{ri/s;(ra+1)/s} .

(£,0) = fo(x) € WE*(0,1)%; oN)

L2,oc

Ouenku camsy B (3.13) u (3.14) moxkasaHsbl.
Jst nokazarenbeTBa oneHOK cBepxy B (3.13) m (3.14) quist 3amansoro N > 2 nosmoxuM Ny =
[N/2] u Ny = N — [N/2], rue [z] — nenas gactb yucsa. Torpa oneparop

_ 1 1) (2 2 _,.a 1 _(2),.(2 2
gaN(zE ),...,zl(vl),zi ),...,z](VZ);x,t) = @181)(25 ),...,z](\,l);m,t) +g0]£,2)(z§ ),...,z](\,z);w,t),

_@ _(2
rie o Jgh) up ]%2) — Te YKe OIEePATOPBI, UTO U IPHU JOKa3aTeIbCTBaX OIEHOK CBEPXY B TeopeMax 3

ndcN=N;uN =N, coorsercreerro (cm. (5.25), (5.26) u (5.42), (5.43)), peanusyer ONeHKY
cepxy B (3.13) u (3.14). D10 ciemyer U3 paBeHCTBA

u(zvt;fl7f2) = u(x,t; flao) +U($,t;0,f2),

a TaK2Ke U3 HEpaBEHCTBa TPEYTOJIbHUKa 1 JOKa3aTEJIbCTB OIIEHOK CBEPXY B T€OpEMax 3 u 4.
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Taxum o6paszom, yreepxenust K(B)II-1° u K(B)II-2° B Teopeme 5 nokasanbl. Teneps pokazkem
K(B)II-3°. U3 (5.57) u (5.58) caemyet, 9ro
0%u - s
= Au —u, u(z,0) = f1(x) € W5'(0,1)%,

D .

6N1,N2< N1,N2; atQ
ou . s ~
a(x»o) = fa(x) € W32(0,1)%; 77N€N1,N2>

L2,

82u T1 S au g
> max? Oy, | Dny; e Au —u, u(z,0) = fi(xr) € W5'(0,1) 7E(x,0) =0innem ’
2,00
a2u ou T s =~
5N2 <DN278t2 :AU_U7 u(x70) :0,@(‘%,0) :fQ(x) S W22(071) ) nNENQ)LzoO}.

(5.59)

ITycrs npu 3azannoM N > 2 MEHEMYM BEJIMUUHBL O, N, 110 BCEM LEJIBIM [IOJIOXKUTEJILHBIM HapaM
Ny u Ny takuMm, uro N1 + Ny = N, peasnnsyercd npu N, = Nl(o) n Ny = NQ(O). Torga uz (5.59)

caemyer
i O ( Dot o = Au—u, u(e,0) = fu(a) € WEH(0,1)°
NleZir,uIJ%/QEZ.;. N1, N2 N1, Nz 8t2 o v U, UL, R 2 ’ ’
N1+No=N ou 7 s ~
6*(9570) = fa(z) € W52(0,1)% 77N€N1,Nz>
t Lo
82u r s
= Au —u, u(z,0) = fi(zx) € W5'(0,1)%,

= (SN (DNl(O),Nz(O); w

ou o s N

=7 (2,0) = fa(x) € W3 (0,1)% nnEy o yo©
1 V3

a )
0? 0 ~
Yo Au— u, u(z,0) = fi(xz) € W3 (0,1)%, %(x,O) = 0; T]N€N<o)> ;
1 L2,oc

L2,oo

> maX{(SNl(o) (DNl(o); w =

02 0 ~

= A a0) = 0.5 (0.0) = (o) € WP, mEyp )}
2 L2,oc

6N2(0) (DNZ(O) H w
(5.60)

N3 nokasarenscrs coorrommenuii (3.10) u (3.12) B Teopemax 3 u 4 (em. (5.38)—(5.41) u (5.52),

(5.56) 1 moc/IeIyIOIUe 338 HUME BBIKJIQJIKHA) UMEEM

8%u
5N1(o) <DN1(0); ﬁ =

> Gy (N /s 2 Gy N

ou -
A=, u(z,0) = fi(x) € W5 (0,1, 5 (2,0) = 0 nNst)
1 Lz,oo

02 0 ~
: =0, 55 (0.0) = faa) € WP 0,155 myp )

6N§0) <DN2(0); ﬁ = Au — u, u(x, 0) = 0, ot .
* \a(s 0)\—(r s * \a(s —(r s
> (i) O (NS (2D s 5 (g yals) y=(rat1)/s.
B wnrore n3 (5.60) 1 HOCIEHAX COOTHOIIECHUI Oy IaeM
i o, (Dt S A, (@, 0) = fi(x) € W (0,1)°
N1€Z£I,1HJ%72€Z+ N1, N2 N1, Nz 8t2 a Y Uy s =\ 2 ’ ’
Ni+Na=N ou - s~
= (@,0) = fa(z) € W32(0,1)% UNENl,N2>
L2,

ot

> mein{rl;rz%»l}/s min{ﬁN; (n}k\f)a(S)}'

Orcrona caenyer (3.15). Teopema 5 MOJHOCTBIO JIOKA3aHA.
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