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ON T H E ALGEBRAIC DEPENDENCE OF THE COMPONENTS OF

SOLUTIONS OF A SYSTEM OF LINEAR DIFFERENTIAL EQUATIONS
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Ju. V. NESTERENKO

Abstract. A description is given of the set of algebraic equations that connect

the components of the solutions of a system of linear differential equations. The re-

sult thus obtained is applied to the proof of a theorem on the estimates of the orders

of the zeros.

Introduction

Consider the system of differential equations

with coefficients that are rational functions in the field C(z). Let φ = (φ0,· · · , Φ )

be a solution of this system. Assume that the functions φ0,· · · , φ are algebraically

dependent over C(z) and that P{yQ,· · · , ym) i s a polynomial with coefficients in C[z]

such that Ρ(φ0,- • · , φη) = 0. Differentiating this equality with respect to ζ and re-

placing the result ing derivatives φ^ by the right-hand sides of the corresponding

equations of system (1), we obtain the new equation

which connects the functions Φ$ι· · · > Φη·

The fact that the functions under discuss ion form a solution of the system of dif-

ferential equations (1) enables us, knowing one equation connecting them, to construct

new equations of the same type. This property was used by Siegel [6] to prove that the

Besse l function lQ(z) and its derivative IQ(z) are algebraically independent over C(z).
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This result was related to the investigation of the arithmetic nature of the values of

these functions.

Problems in number theory and in what follows were stimulated by the development

of the methods of proving that solutions of differential equations are algebraically inde-

pendent. The next thrust was made in 1955 by Sidlovskil [17], [18], who proved a theorem

that reduces the numerical problem of the algebraic independence of the values at the

algebraic points of functions belonging to the c lass of so-called Ε-functions to the func-

tional problem of establishing that the functions themselves are algebraically indepen-

dent.

Attempts to apply this theorem to various Ε-functions generated a whole ser ies of

papers devoted to proving that specific functions satisfying differential equations are

algebraically independent over C(z) and developing appropriate methods ( see, for ex-

ample, [ l9 j , [14] and LlJ), Of the papers in which propositions of a general nature were

obtained one can point to [ l 5 l , [ ΐθ] and [2].

Formalizing the procedure described above, we introduce the differential operator

which acts in the polynomial ring C(z)[yQ, · · · , y m l - The set of all polynomials of this

ring that vanish at the solution φ = (φ0,· · · , Φη) forms, as i s easy to see, an ideal in-

variant under the operator D (a D-invariant ideal) . In general, different £>-invariant ideals

correspond to different solutions φ whose components are algebraically independent.

If we examine the ideals consist ing of all the polynomials that vanish at each solution

of some fixed set, we see that these ideals are also invariant under D. It will be shown

below that any D-invariant radical ideal of the ring C(z)[y0,. . . , y ^ ] can be generated

in this way. Consequently each D-invariant radical ideal can be regarded as the set of

al l algebraic equations that are satisfied by some fixed set of solutions of system (1).

This approach enabled the author [12] to prove a theorem on the algebraic indepen-

dence of the solutions of nonhomogeneous linear systems of differential equat ions.

Suppose that the functions fo(z), • · · , fm&) form a solution of system (1) that are

not connected by any homogeneous polynomial over the field C(z) and are analytic in

some fixed set of points a . j , . · • , a . For each polynomial P{z, yQ,· · · , y m) e

C[z, y 0 , · · · , y ] homogeneous in the variables y 0 , · · · ; ym we denote by the symbol

O(P) the sum of the orders of the zeros of the function P{z, /QCz),· · · , /m0z)) at the

points a . j , . . . , ap.

In [13] the author outlined a method that makes it possible to estimate O(P) from

above depending on the degrees of Ρ with respect to ζ and with respect to the se t of

variables yQ, · • • , ym, and on the number of points p, and to apply this est imate in the

theory of transcendental numbers. The present article is devoted to a detai led proof of

one of the auxiliary resul ts of [13]· Along with this we obtain here a description of the

set of al l D-invariant radical idea ls of C(z)[yQ,- - . , y m L which makes it poss ib le to
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reduce certain problems on the algebraic independence of the components of the solu-

t ions of a system of linear differential equations to problems in the theory of algebraic

groups. The proof of Theorem 1 stated below i s a perfect example of using arguments

of this nature.

When / i s an ideal of the ring C[z, yQ,· • · , ym^i in [13] the symbol 0(1) denoted

minQ€ j O(Q). In addition, we denoted by t(z) a common denominator of the coefficients

qki of system (1).

The derivation of the estimate for 0(P) is based on the following theorem on the

estimate of 0(1) for ideals / of a special form.

Theorem 1. Under the above mentioned conditions on the functions fAz),· ·· , f (z)

and on the points a j , · · · , a
p there exists a constant C depending only on the system

(1) and the functions / Q ( z ) , · · • , fm(z) such that O(l) < C for any radical ideal I of

C[z, y 0 , · · · , yml that is homogeneous in the variables y 0 , · · · , ym and invariant under

the operator t(z) · D.

Multiplication by t(z) is necessary for the operator not to carry elements out of the

ring C[z, y 0 , . · · ,ym].

To prove Theorem 1 we establ ish in §2 a one-to-one correspondence between ho-

mogeneous D-invariant radical ideals of C(z)[yQ , . · · , y m l and certain algebraic subvari-

e t i e s of the projective space Pm over the field of complex numbers C. The set of al l

the variet ies occuring in the correspondence is described by Theorem 2 by means of the

Galois group of the system of differential equations (1), whose properties are dealt with

in § 1 . Using the facts that we establish, in § 3 we investigate the set of D-invariant

ideals of C(z)[y0 , · · · , y^J under the condition that system (1) has a solution whose

components do not satisfy any homogeneous algebraic equation over C(z). The result

of this investigation is contained in Theorem 3. Finally, in § 4 we prove Theorem 1.

It should be noted that the proof of Sidlovskil 's main lemma ([18], Lemma 6) is

based on the p roper t i e s of D-invariant linear subspaces of the space of all linear forms

over C(z) in the variables y^i· · · > y m\ in particular, on the connection between these

subspaces and the solutions of system (1) (Ll8J, Lemma 5)· The linear analog of Theo-

rem 1 can be found in [18}. All these results serve as the starting point for the present

invest igat ion.

In subsequent art icles the author intends to publish detailed proofs of the resul ts

of [13], in which Theorem 1 is used, and, in particular, est imates of the degree of alge-

braic independence of the values of Ε-functions, where both the height and degree are

allowed to increase .

Let us adopt some conventions here that are needed in what follows to shorten our

notation. Since the ideals with which we must deal will all be homogeneous, let us

agree to designate a homogeneous ideal by the word " i d e a l " each time unless other-

wise s tated. Note that the radical of a homogeneous ideal is a homogeneous ideal and

that all the prime components of a homogeneous radical ideal are also homogeneous.
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The proofs of these facts can be found in [5], Chapter VII, Theorem 8(b), Corollary of

Theorem 9.

We shall sometimes denote the polynomial P(y0,· · · , y ) briefly by P(y~). Then

Ρ(Φ - F ) , where Φ is an {m + l) χ (m + l ) matrix and x~ = (xn,· · · , χ ) i s a vector, will

denote the result of replacing y ^ by the kth component of the vector Φ · χ~ in

If @ and % a r e fields, where ® ^^, then the transcendence degree of this exten-

sion will be denoted by d&/%-.

In § § 2 and 3 we shall speak of an algebraic group G as being irreducible, having

in mind that it i s irreducible as an algebraic variety.

§ 1 . The Galois group of a system of linear differential equations

In the first three sect ions we shal l develop our arguments in a somewhat more gen-

eral setting than in the Introduction.

Let % be a subfield of the field of functions that are meromorphic in some domain

U of the complex plane (U can coincide with C). Assume further that $ * s closed un-

der the operation of differentiation, contains the field C of complex numbers, and is

different from C.

Let

1=0

be a system of differential equations with coefficients qki £ %. By the uniqueness theo-

rem for system (1) there exist a domain V C U and a fundamental matrix of solutions

Φ = | | ώ . . | | . . - , such that all the functions φ., are analytic in V. The restric-
z; i,j—υ, ι , . . . , π i]

tion of functions in % to V defines an embedding of % into the field of all meromor-

phic functions on V. For the image of % under this embedding we also keep the nota-

tion 2 · ^ e denote by ® = %(φ..) the extension of Q by all functions Φ-. Obviously

® is a subfield of the field of meromorphic functions on V and is closed under the op-

eration of differentiation (a differential extension of £5)·

Definition 1. An automorphism ο of the field ® over % i s called a d-automorphism

if for all κ € ® the equality (κσ)' = (κ')σ ho lds .

We shall need some information about the group of all i/-automorphisms of the field

® over J5 (the Galois group of system (1) over y ) . Below we shal l show that the exten-

sion ® 3 J 5 belongs to the c lass of so-called Picard-Vessiot extensions, for which sim-

ilar groups are described. Let us recall the definition of a Picard-Vessiot extension,

referring to L9J and L7J for the deta i l s .

Definition 2 (see [9]). A field 2 is cal led a Picard-Vessiot extension of the field

§ if it satisf ies the following conditions:

a) There exis t s a homogeneous linear differential equation

L i.y) --= y{n) +· Pi • yin~l) + • · • -t- Pn · y = ο (« > l ) ,

Pi e 5 ,
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with a fundamental system of solutions η^,· · • , f]n such that the field obtained by ad-

joining to % all the η. and all their derivatives coincides with Q.

b) The constant field of δ coincides with the constant field of 2 ·

We now show that the extension ® 3 ^ has these properties.

Lemma 1. The extension @ ^>% is a Picard-Vessiot extension.

Proof. Property b) obviously holds s ince the constant fields of <3 and % coincide

with C.

First we show that there exist elements ^ 0 ' ' " " ' a

m

 e ο such that the functions

m

_
ψ. = (α, Ψί) = 2 α* " tp*i> » = 0, 1, ... , m,

ft—ο

a r e l i n e a r l y i n d e p e n d e n t o v e r C .

Arb i t rary e l e m e n t s K Q , · · · , * m i n @ a r e l i n e a r l y i n d e p e n d e n t o v e r C if a n d o n l y

i f t h e i r W r o n s k i a n

l m

vanishes (see [7], §10).

Consider the polynomial

D (z, ? , . . . , 5(m)) = W ((2, φ0), . . . , (ζ,

which is obtained by making the substitution K; = (ζ", φ^ί = Σ^_ο z^ki in W(̂ o>· • · > ^m)

formally differentiating, and replacing each occurance of φ^ ; by Σ™_0 ^^. · 6̂̂ . in sys-

tem (1). D 4 0 since there exists a collection of functions tQ(z),· • • , tm(z) such that

D(T, Γ ' , · · · , F ^ m ' ) ^ 0. For Γ we can take, for example, a solution of the following

system of linear algebraic equations:

m

2 4-<P« = e f a, / = 0, 1, . . . , m.
fe=o

This system is solvable s ince its determinant is equal to Det Φ and Φ is a fundamen-

tal matrix of system (1) and hence nonsingular. It follows that

D(J, ?,..., 7(m)) = W {{t, %) (7, φ™)) = W{\, <?, .. . , ^ ) # = 0 .

Thus D έ 0.
Since % is different from the field C, there exists (see [8], §3) a vector a =

(<z0, — , β π ) , β . e § , such that D(J, <T ' , · · · , S"^m)) ^ 0. With these functions aQ,· · • ,

am for Φί = Σ£= ο ak<f>ki we have

= Ο(α,ά', . . . , α</η))=ϊί=0.
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Consequently φ0,·· • , Φη are elements of the field $ that are linearly independent

over C.

With these functions aQ,· · · , am we denote by Τ = Σ™ akyk a linear form in the

variables yQ, · • • , ym- Consider the forms T, DT, · · · , Dm+ T, where

is the differential operator t h a t we constructed in terms of system (1) (qki

 e %). Since

m + 2 linear forms in the m + 1 variables y o > · · · 5 ym are linearly dependent, there ex-

ist qQ, · · · , q . € ft, not all equal to 0, such that

m+i
2 qm»-kDkT = 0.
k=o

Consider the differential equation

<7o · y{m+1) r ft · i/m) V . . . !- qm+iy = 0. (2)

If φ is one of the functions φΛί = 0, 1,· · • , τη), then φ - Σ™ a^^, where φ =

{φ0,· · • , φη) i s one of the solutions φ{, i = 0, 1,· · · , m, of system (1). We have

ψ(*> ,= D{k)T |___

and hence

fc=e *=o

Thus each of the m + 1 linearly independent functions Φο,·· · , φη sat i s f ies

equation (2).

It follows, first, that qQ Φ 0 and, second, that Φο,· · · , Φη form a fundamental

system of solutions of the equation

L (y) = j,<"«> -!- P l i,«"> + . . . -u P m + l i / = 0,

where

Furthermore, s ince all the φί satisfy (1), we can find vectors ul (I = 0, 1,· · · , m)

with elements in the field p; such that φ\ ' = ia ρ φ{). Then for the matrix A whose

rows are vectors a p 1 = 0, 1, · · · , m, we have

W = A • Φ ,

where W = | | ^ . ° | | . Since Det W = W(^ Q , . . . , Φ J+- 0, it follows that the matrix Λ is

nonsingular, and hence Φ =Λ~1 • W, i .e . φ{. e ^(φ1-^) and ® C ^{φ^). But by
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construction Φk € ®, so that © = ^ K ^ ) and ® is a Picard-Vessiot extension of %.

This proves the lemma.

We denote by C the group of all ^-automorphisms of the field <S over %. From Lem-

ma 1 and the Picard-Vessiot theory it follows that the following propositions are also

valid:

I. The group G is isomorphic to an algebraic matrix group over C. Here if the ma-

trix corresponding to the automorphism σ is denoted by the same letter, then Φ =

Φ - σ, where Φ is the result of the action of σ on a fundamental matrix Φ of system

(1) (see [7], Theorem 5.5 or [9], § 1 7 ) .

II. The dimension of the group G, as an algebraic variety, coincides with the tran-

scendence degree of the extension ® 3 ^ : dim G = d^>/% (see \9\, $20) .

III. For each element κ € ® with κ fc ^ there exists an automorphism σ € G such

that κ £ κ. In other words, the subfield of elements in ® fixed inder G coincides with

ft (see [7], Theorem 5.7).

In addition, we shall need a proposition from the general theory of differential field

extens ions .

IV. For each ideal 0. e ®[x ,. . . , χ ] there exists an ideal <? C C[x n , · - · , χ J
\J m υ τη

such that the extension of 4 to the ring <B[xQ,- • • , χ ] contains a., and the zero s e t s

of a a n d C\ in the constant field of any differential extension of the field © coincide.

In particular, if ζ^,· · · , ζ are constants in some extension of ®, then

(see [9], §14, Theorem 2).

§ 2 . D-invariant ideals and G-invariant varieties

We denote by ΰ a subfield of ® closed under differentiation and containing π C

S3 c ® .

Lemma 2. Suppose that an ideal I C C [ y 0 , · · · , y J is such that DI C /.

1) If \Jl denotes the radical of I, then D\Jl C \JT.

2) If I is a radical ideal and I = /j f\ · · · f] I is an irreducible decomposition

into the intersection of prime ideals, then DIk C /fe, k = 1,· · · , t.

Proof. 1) Let / = \JT. Then for each Ρ ε / w e have Pn € I for some n. We shall

show by induction that

* * e / , 6 - 0 , 1, . . . , n.

For k = 0 the assert ion is valid. Assume that pn~k(DP)2k e /. Since DI C / , we have

that D[Pn~k(DP)2k] el. We have

D [Pn-k (DPfk] = (n — k) Ρ " ' * " 1 · (DPf+l + 2kPn'k • (DPf-1DtPe /•
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Multiplying the last inclusion by DP and using the induction assumption, we find that

(n-k) • Pn-k~ HDP)2k+2 £ /, as required. For k = n we have (DP)2n £ / and hence

DP £ J, i .e . D] C /. This argument is due to Raudenbush (see the lemma in § 2 of [16]).

2) Let / be a radical ideal . Since the intersection / = / j Π "" • Π I i s irreduc-

ible, there ex i s t s a polynomial Q £ / 2 Π · • • Π '»> Q £ ^ι· Then for each Ρ £ /j we

have Ρ . Q £ /j f| · • · Π *, = 7> a n d s i n c e DI c Λ w e h a v e D(P · Q) e I or DP · Q +

Ρ · DQ £ / C / j . But Ρ £ / χ ; hence D P · Q £ / j . Since / χ i s prime and ρ j e/ j , we have

DP e / · The assertion for any ideal /^ i s proved similarly.

Let Pm be an m-dimensional projective space over the field C. For each homogen-

eous D-invar iant ideal / C Q[y 0 , — , ym] we denote by 31(1) the set of all points ( c Q :

cy · · · : cm) € Pm such that a solution / = Φ · Έ, c" = (cQ, C j , · · · , c ^ ) , of system (1)

i s a zero of the ideal /. Since system (1) and the ideal / are homogeneous, 5ft(/) i s

well defined. From a lemma in [12] it follows that ?l(/) is a nonempty s e t . Below we

shal l prove this by a different method.

Lemma 3. 1) 3ΐ(/)

2) // / is a radical ideal and if I - I j f| · · · f) 11 is an irreducible decomposition

of I into the intersection of prime ideals, then

The proof is obvious.

The following lemma on the properties of se t s of the form ?l(/) i s l e s s trivial .

Lemma 4. 1) ?l(/) is a projective algebraic variety in Pm.

2) dim 3t(/) = dim / (the dimensions of the variety and the ideal are projective).

3) // / and J are radical ideals of the ring Q t y 0 , — , y ] that are invariant under

D, then from 31(1) C Jl(/) it follows that I DJ.

Proof. Since by Lemma 2 the ideal \JT i s D-invariant and, in addition, 9t(I) =

%l(\I) (Lemma 3) and dim / = dim y/I , assert ions 1) and 2) can be proved by regarding

/ as a radical ideal . We denote by le the extension of / to the ring ®[y Q , · - - , yml·

Since the field ® has characterist ic zero, Ie remains a radical ideal (see the corollary

to the lemma in Chapter 7, § 1 1 of [5])·

Assume that the assertion of the lemma has been proved for ideals of the ring

® l y 0 , · · · , ym]· Since Ie is obviously a D-invariant homogeneous ideal, it follows that

We) i s a projective algebraic variety and dim JH/ e ) = dim le. But 5l(/) = 9U/ e); hence

3ΐ(/) is a lso a projective algebraic variety. Consequently together with the fact that

dim le = dim / (see [5], Chapter 7, § 1 1 , equation (2) and Theorem 36) we have dim 31(1)

= dim/. If / and / are D-invariant radical ideals of the ring Qt>'o»""»>'m-1 a n

C ft(J), then, since 31(1) = 3l(Ie) and 3l(J) = 3l(]e) and since the lemma i s valid for

®[yo,-.-,yJ, we have IeOJe. But s ince / = / e Π % 0 , · · · , yj and / = ]e f]

Q [ y o , - - - , y J (see [5], Chapter 7, § 1 1 , (1)), we have / D/.
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Thus to prove the lemma it suffices to regard / and / as radical ideals of the

ring ®Ly0, · · · > ymU and in view of the proof of 1) and 2) of Lemma 3 it can be assumed

that / i s s imple. Under the assumption that / i s a simple ideal, we denote by rj =

^ 0 ' ' ' ' ' ^π) the res idues of the elements ) Ό ' " " " ' 5 Ί η * n t ' l e ^ a c t o r IlnS ® t y 0 , · • · , ymVl·

Since Dl C /, differentiation from the field @ can be continued to the field @{η0,··-, ηη)

by sett ing η = Q · rj, where Q = \\iki\\ is the matrix of the system of differential equa-

tions (1) (see [ l l ] , Chapter X, § 7 , Theorem 7). We set

1 = O-^, I = (6, &„), & £ β ( η , X]m).

Since ( Φ " 1 ) ' = - Φ " * · Q, we have

f = (Φ"1)'η + Φ"Ϋ = — φ-^+φ- 'Οη = 0

and hence ζ0,· · · , ζη are constants of ®{η0,· · · , η^.

Proposition IV in "s 1 now yields

But ?= Φ~ ιη for φ .y e 0; therefore $(f0,· · · , £m) = ®(η0, • • • , Vm), but then

d C (ξ,, . . . , U/C = d® (η0, . . . , η,»)/». (3)

We denote by p the prime ideal of the ring C[xQ,· • · , x^] whose generic point is
ζ0,· • · ; ζη' Obviously )3 is homogeneous.

Equality (3) shows that the projective dimensions of / and p are equal: dim )3 =

dim /.

We denote by \f the extension of the ideal )p to ® [ x 0 , · • - , x m l . The following

assert ion holds :

P e / c z @ [ 2 / 0 , · · · . ym\&P{<$> · ^ ) e p e c : @ l - v -•• , χ«Α· (4)

For if Ρ(Φ · Γ ) € \f, then Ρ(Φ · ?) = 0, and s ince Φ · ~ξ = η, we have P(iy) = 0.

But 77 is a generic point of /, and hence P(y) e I· Conversely, assume that P(y~) e /.

We set R(x) = Ρ(Φ · 5") £ ®[* 0 >· · · > *„,]• By proposition IV in § 1 there ex i s t s an ideal

p C C [ X Q , · · · , * m J such that R £ <f and such that the zero se t s of R and Q in the con-

stant field of any differential extension of the field $ , for example ®(η0,· · · , 77^),

coincide. Since R(T) = Ρ(Φ · ? ) = P(J?) = 0 and f 0 , · · · , ξη are constants of

®(7?0'" *" ' ^m^' ^ 0 ' " " ' £m

 l s a z e r o o f t h e i ^ e a l ^· B u t ^ o ' " ' ' ' %n? i s a g e n e r i c

point of the ideal £ C C [ x Q , . . . , i ^ ] ; hence <TC ^, and then Ρ(Φ · F ) = R(F) e ^ e .

We now show that the zero variety of the ideal fc in P m coincides with ft(/). Let

( c n : · · · : c ) be a zero of b. Then ( c n : · - - : c ) is a zero of \f, and by v i r tue of

(4) / = Φ • c\ Έ - ( c 0 , · · · , cm), i s a zero of the ideal /, i .e . (cQ: · · · : cm) e ?l(/). Con-

versely, if ( c Q : · · · : cm) € Ϊ1{ΐ), then / = Φ - Έ i s a zero of /. For each Q(x~) e ^), by

virtue of (4) we have P(y ) = ρ ( Φ " X · y) e I. But then P(f) = 0, i .e .
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Q(c) = Q(Φ-1Φ · C) = Q(dTL - /)=0.

Thus c is a zero of ^).

As we proved earlier, dim £= dim /, so that dim ?l(/) = dim £> = dim /. This proves

assertions 1) and 2).

Now let / be a D-invariant radical ideal. We can associate with / a homogeneous

radical ideal £ C C[xQ, · · · , xm] such that:

a) ϊΐ(/) coincide with the zero variety of the ideal >̂; and

b) (4) holds .

For if / = /j Π · · · Π 11 and fy, · · · , fy are the homogeneous prime ideals of the

ring C[xQ,· · · , xm] associated with the ideals / j , · · · , l( as described above, then we

define £ = fy f| " " ' Π fy· Property a) obviously holds in view of Lemma 3 and the

fact that ^ ( ^ ) i s the zero variety of fy,. The validity of b) follows from the equiva-

lences

Ρ Q) (Ξ / Φ* Ρ (y) e /* yk ^ Ρ (Φχ) s vi yk <H> Ρ {$>X) e η Λ
fc=l

and the fact that \>e = $* f] -· · Π \>° (see [5], Chapter 7, § 1 1 , (2)).

Now let / and / be radical ideals of @[y 0 , · · · , ym] such that ?H/) C ?fl(j). As we

just proved, there exist radical ideals \i, ^ C C[xQ,- · · , x ^ ] whose zero variet ies are

3ΐ(/) and Ώ(/), respectively. Since 3t(/) C 3i(/), by H i l b e n ' s theorem on zeros we have

q C )p, and hence <?e C ^J e. It now follows from (4) that / C /. This proves Lemma 4

in full.

Corollary. Let I C Q[y Q , . · · ,y Λ be a D-invariant radical ideal. If a homogeneous

polynomial Ρ € Q[y 0 , · · · , y ^ ] vanishes at all solutions of system (1) that are zeros of

I, then Pel.

Proof. We denote by & the ideal generated by the polynomials P, DP, D2P,· • ·.

Obviously D&C <X, It is also obvious that 5Ί(/) C3i(a)# From Lemma 4 we now obtain

yfci C Ζ and hence Ρ e α c /.

The following lemma descr ibes the set of variables in Pm of the form 5ΐ(/) for

ideals / of the ring @[yQ,- · · , ymi·

Lemma 5. For each protective variety S C P m there exists a D-invariant radical

ideal ] C ® [ y Q , . . . , y m ] such that 3t(/) = ft .

Proof. We denote by \s the radical ideal in C[x Q , · · · , xmi consist ing of all poly-

nomials that vanish on the variety 5ΐ. The equivalence (4) suggests how to define the

ideal / . Let / be the set of al l polynomials Ρ of ® [ y 0 , · - · , ym1 such that Ρ(Φ · χ")

£ Ίρε—the extension of the ideal ^ to ®[xQ, — , * m l .

Obviously / is a homogeneous and radical ideal (\$e is a homogeneous and radical
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ideal) . We shall show that it is D-invariant. For each polynomial P(y ) e $ [ y Q , · • · , y ^ ]

the following equality holds :

•£-[Ρ(φ.ί)]=ϊ£>ρ|_

In fact,

ί · Φ/Ϊ

dP_

ϋΖ

Let P(y) ej. Then by definition Ρ(Φ · χ) € pe. If TjOT), . · · , T N ( x ) is a bas is

of the ideal £, then

Ρ ( Φ · Λ : ) = 2 s β [χ0 xm]. (5)

Differentiating both s ides with respect to ζ and using the equality es tabl i shed above,

we find that

DP(<D -χ) = | · Tt{x)

t=l

But then, again by the definition of /, we find that DP e J and hence £>/ C /.

Let us show that ?l(/) = 3Ί . Let ( c Q : . · · : c j 631. For each P(y") € / we have

(5). Replacing x" by the vector Έ = (c Q , c^,· · · , cm) in (5) and using the fact that

Γ (c") = 0, we obtain Ρ(Φ · c") = 0, i .e . / = Φ · c~ i s a zero of the ideal / , and hence

( c o : - - - : c m ) e f t ( / ) . Conversely, let ( c Q : · • · : c m ) e 3ΐ(/). For each Q(5c")e£C

C [ x 0 , · · · , x ^ ] , by the definition of / we have ρ ( Φ ~ χ · y") € / . But then ζ)(Φ~ 1 · ΦΕ")

= 0, i .e . Q(c") = 0. Now ( c Q : · · · : c ^ ) i s a zero of the ideal ^ ; thus ( c Q : · · · : c ^ ) e ? l .

This proves the lemma.

Our goal is to study the D-invariant ideals of the ring T^[yQj · · • > y m l · Accordingly

the rest of this section is devoted to a description of varieties of the form 3t(/) for ideals

ί ^ S[>O'" "" ' ym^' ^ e description is given in terms of the Galois group G of the sys-

tem of equations (1) over the field 2 , whose properties were establ ished in § 1 . We

can assume that G a c t s in the projective space P m if we multiply on the left the rows

of the homogeneous coordinates of points of Pm by the matrices corresponding to the

elements of G.

Lemma 6. Let 1 C $[yQ,· · · , ym] be a homogeneous D-invariant ideal. Then G5l(/)
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Proof. Let σ e G. For an arbitrary point ( c Q : · · · : cm) e Ji(I) we have that / =

Φ · Έ i s a zero of the ideal /. Since σ i s an automorphism of © over % and / C

· · · > ymW σ i s a l s o a z e r o of '· B u t Γ σ = * · σ · <?· T h u s σ · c~ eR(O, i.e.

Lemma 7. Suppose that the group G is irreducible. Then for each radical ideal

] C ® [ y 0 , . . . , y J such that Gft(j)CR(j) there exists a radical ideal I C g [ y 0 , . . . , y

/ = / e (as previously, Ie denotes the extension of the ideal I to the ring

Proof. We shall first show that the irreducibility of the group G signifies that the
field 5 i s algebraically closed in the field @. Suppose that κ e S is algebraic over

5 · Obviously the field ι$(κ) is closed under the operation of differentiation. We denote

by Η the subgroup of G consist ing of all «^-automorphisms of the field © that leave

$(K) fixed. It follows from propositions I and II in § 1 that Η i s an algebraic group and

that dim Η = <9@/§(κ). But κ is algebraic over S> and hence <?©/§ Μ = d®/% = dim G.

By hypothesis G i s an irreducible group, so that from the dimension equality dim Η =

dim G and the fact that G 3 Η it follows that G = H. Thus for each κ e G we have κσ

- κ. Proposition III in § 1 now yields κ e j$.

Fi r s t we shall prove the lemma regarding / a s a simple ideal . For each

Ρ =
F

and σ € G we denote by Ρ σ the polynomial Στ- ̂ jg-yQ · · · y m. We shall show that for

each σ € G and Ρ 6 (/) the inclusion Ρσ e / holds . Let ( c Q : · · · : c m ) € 3l( /) . Then

Ρσ(Φ · c) = ' σ ό σ

Since by hypothesis G>Mj) C &(/), we have σ" ^ e3l(/) and hence Ρ(Φ · σ " 1 ^ ) = 0.

Thus Ρ σ ( Φ · c~) = 0 for any F e &(]). The corollary of Lemma 4 now yields Ρ σ 6 / .

We denote by r the projective dimension of the ideal / . Then obviously we can

find r + 1 variables, say y0,— , yr, such that there does not exist a polynomial Ρ in

/ depending only on y 0 , · - · , yr, and for each j > r we can find a polynomial Q € ]

depending only on yQ,· · · , yr and y ·. We. can assume that it i s the smallest on the lexi-

cographic l ist ing of such polynomials and that the coefficient of i ts highest term is

equal to 1, i .e .

Q - y p y ) r . . . yt + ΣMy!y\r ••• y\>^J.

ι
As we have proved, for any ο € G we have Qa £ /, and so Q — Qa• € /. But since Q —
Qa- has a highest term less than Q and depends only on yQ,· · · , yT and y., we have
Q - ζ)σ = 0, i .e . Αγ = Α γ for each σ € G. Proposition III in § 1 now yields Α γ e ^

for al l / , so that Q £^[yQ,---,ym]. Thus the ideal I = J f] %[y0,..., ym] is nonempcy,



DEPENDENCE OF SOLUTIONS OF DIFFERENTIAL EQUATIONS 513

and for each j > τ there exis t s a polynomial Q £ I depending only on y 0 , · · · , y r, y ..

This means that dim / < r. Since / i s a simple ideal and the field Q i s algebraically

closed in ®, Ie i s also a simple ideal (see [5], Chapter 7, §11, formula (5) and the remark at

the end of the section). In addition, dim Ie = dim / (see [5], Chapter 7, § 1 1 , Theorem

36). We have obtained that / e and / are prime ideals of the ring ®[yQ,· • · , ym], Ie C

/ , and dim Ie < dim /. It follows that J = le ([5], Chapter 7, § 7 , (2)).

Now assume that / is a radical ideal . By Lemma 3, if / = / j f] · · · f] J t i s an

irreducible decomposition into the intersection of prime ideals , then 3l(/) =\J \^(]k)·

It follows from the proof of Lemma 4 that the ideals ^ are prime and hence that their

zero var iet ies 3l(/ k) axe irreducible. We now show that G¥t(j k) C ift(/fe)· By what we

already proved it follows that there exist prime ideals /fe C ^iy0,· · · , ym1 such that

}k = le

k, and then for / = I1 f] ••• Π ' , we have (see [5], Chapter 7, § 1 1 , (2))

Thus to complete the proof it suffices to show that for each k we have Gift(/fe) C

We take any σ € G and we examine the regular mapping o: ^ ( / j ) -»Sft(/) defined by

σ: c" -» σ · F . Since the image of an irreducible variety must be irreducible, there ex i s t s

an index / such that σ . ΪΚ/j) C 5Π(/ ;).

For each Z= 1 , · · · , i we denote by H ; the subset of G consist ing of al l σ such

that σ · 3U/j) C 3l(/j). By what we just proved, U i ^ ; = G· It follows from 13] (the prop-

osition on p. 97) that all the Η t ate c losed subsets of G. But s ince by hypothesis G

is an irreducible set, there exis t s a number k such that G = Ηfe or G!ft(/j) C ?H/ f e)· In

particular, the identity automorphism belongs to G. This means that 3t(/ j ) C 3xC/^/-

Lemma 4 now shows that Jk C / ^ but for & ̂  1 this contradicts the fact that the rep-

resentation ]=]ι Π · · · Π Jt i s irreducible. Hence k = 1, i .e . GiftC/j) C JK/j) , as

required.

Theorem 2. Suppose that the Galois group G of system (1) zs irreducible, and let

3 t C P m 6 e Λ p r o t e c t i v e v a r i e t y . F o r t h e e x i s t e n c e o f a D - i n v a r i a n t r a d i c a l i d e a l I C

< 5 t y 0 ' " " * ' J ' J 5 a c ^ ^ Λ / ^ ) = ^ i l i s n e c e s s a r y a n d s u f f i c i e n t t h a t G i f t C ? l .

P r o o f . T h e n e c e s s i t y f o l l o w s f r o m L e m m a 6 . N o w a s s u m e t h a t G i f t C i f t . B y L e m m a

5 there exis t s a D-invariant radical ideal / C ® [ y Q , . . . , ym] such that ΪΗ/) = ift, and

by Lemma 7 there exists a D-invariant radical ideal / C $iy0,· · · , ym1 such that ift(/) =

Ϊ1(/) = ift. This proves the theorem.

§ 3 . On the set of D-invariant ideals

The existence of a solution of system (1) whose components are algebraically inde-

pendent over the field j$ is reflected in the properties of the set of D-invariant i d e a l s .

Theorem 3. Suppose that system (1) has a solution f = (/0> — , fm) consisting of

functions not connected by any homogeneous polynomial over Q. Then in the set of
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homogeneous radical ideals of the ring $[y o> · · · , ym] that are invariant under the oper-

ator D there exists a unique minimal ideal I..

Proof. We shal l show how to reduce the proof to the c a s e when the Galois group

of system (1) over $ is irreducible. Assume that the theorem has already been proved

in this c a s e .

As before, let G be the group of ^-automorphisms of the extension @ 3 ^ . We de-

note by GQ the irreducible component of G containing the unit element. It is a normal

subgroup of G of finite index (see [3]> the proposition on p . 86).

Consider S j = ® J the subfield of @ consist ing of the elements that are fixed under

the group G Q .

It follows from Lemma 3.2 in [7] that ^ D$ i s an algebraic extension of finite de-

gree ( < {G: GQ)). Since qki £ % C %χ and the field $ j is closed under differentiation,

being algebraic over %, we can speak of the Galois group of system (1) over the field

J5J. It follows from [7], V22, that it coincides with GQ, i .e . is irreducible.

Since ^ j D ^ is an algebraic extension, the functions / 0 , · · · , fm are not connected

by any homogeneous algebraic equation over tfj. Our assumption now shows that there

is a unique minimal D-invariant radical ideal ]0 in the ring ^ t y o » · · · > y m 3-

Again, s ince 3 i ^ S is an algebraic extension, the ideal IQ = ]Q f) %ly0,··· , y ]

is nonempty. It is obviously h o m o g e n e o u s , radical , and D-invariant.

Let / be an arbitrary ideal of $ [ y o > · · · •> yml having al l the properties just enumer-

ated. Then its extension Ie to the ring 5 j [ y 0 , - · · , ym] a lso has these properties (the

field $ h a s character is t ic zero). Since the ideal J Q i s minimal, we have Ie 3 / Q , and

since le Π S[y o , --- ,yJ = /, we have / 0]0 f] Sty0, ··· , y J =/„.
Thus Theorem 3 can be proved by assuming that G is an irreducible group.
Suppose that the point Έ0 = (cQ0: cQl: • · · : cQm) € Pm corresponds to the solution

/ , i . e . / = Φ · c " 0 . Consider the orbit Gc Q C Pm. It i s a quasiprojective variety (see

the proposition on p . 98 of [3]), i . e . G"c 0 = 3tj yft 2 , where 31 j and ^ 2

 a r e projective

var iet ies . Since Gc~0 i s an orbit, i t s closure iftj i s invariant under G: G?lj C 5l j . As-

sume that 31 j ?£ P m . Then by Theorem 2 there ex i s t s a homogeneous D-invariant radical

ideal / C ^ [ y 0 , · · · , y m l such that 3l(/) = 31 χ . Since c~ Q e 3i j, th is means that / =

Φ · c~0 i s a zero of the homogeneous ideal / C ^ [ y Q , · · . , ym]> which contradicts the hy-

pothes i s . Consequently 9ij = Pm, i . e . Gc 0 = Pm\k2 and s ince G F Q i s an orbit, G^-2

By Theorem 2 there exists a homogeneous D-invariant radical ideal IQ in the ring

l o - - , y m ] such that «(/„)=« 3 l 2 .

Now let / be an arbitrary homogeneous D-invariant radical ideal in <Hy 0, · · • J ym->·

Since G3t(/)C3U/), we have GFQ f] 3l(/) = 0 . Otherwise Gc 0 C 3 l ( / ) and d i m J l i / ) ^

dim Gc'0 = dim Pm = m, which is impossible in view of Lemma 4.

Thus ΪΚ/) Π G r 0 = 0 , and hence 3Ί(/) C'Jl2 = 3t(/ 0). By virtue of Lemma 4, / 3

/ Q . The theorem is now proved in full. As a corollary we now obtain the nonhomogeneous

analog of the theorem just proved. The ideals with which we shall deal are arbitrary

radical ideals of the ring ^ilyj,- · · , ymi·
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Corollary. Suppose that the system of equations

m

has a solution (fl,··· ,f) consisting of functions algebraically independent over $,

and let

(

be the differential operator constructed for this system.

There is a unique minimal ideal in the set of Ό ̂ -invariant radical ideals of the

ring Sty χ , - - · ,ym]·

Proof. Consider the homogeneous system of differential equations

00 = 0,

m

Dk = 2 Qkii/i, k=l, . . . , m,

and i t s corresponding differential operator D. This system obviously has the solution

/ = ( l , /j , · · · , / ) , which is not connected by any homogeneous polynomial in the ring

?j[y 0 , · · · ) y m l · By Theorem 3 there is a unique minimal ideal IQ in the set of homo-

geneous D-invariant radical ideals of th is ring.

We shal l use the notation al and / in [5] (Chapter VII, § 5 ) for the operation of

pass ing respectively from homogeneous ideals of $[y0,· · · , y ] to ideals of the ring

$ [ y j , · · · •> y m l and, conversely, from idea l s of ^ [ y j , · · • , ym1 to homogeneous ideals in

p5[y0,· · · , y m l · With this notation let ]0=
 aIQ.

Assume that & is an arbitrary D j-invariant radical ideal in oly j , · · · , y J. Then

obviously the ideal ha is D-invariant. By Theorem 17 of [5], Chapter 7, § 5 , h& is a

radical ideal, and hence by Theorem 3 the inclusion & ~^IQ holds . It now follows from

equality (6) of the same section of [5] that &= aho.DaI0 = / 0 , and from Theorem 18

(loc. c i t . ) that / 0 is a radical ideal . The fact that ]Q i s D j-invariant is obvious.

§ 4 . Proof of Theorem 1

For Ĵ we take the field C(z) of rational functions. Recal l that in the Introduction

a common denominator of the coefficients qkj of system (1) was denoted by t(z). The

following lemma is the analog of Theorem 3 for the ring C[z, y0,· · · , ym\ and the oper-

ator t(z) • D acting in i t .

Lemma 8. Suppoes that system (1) has a solution f consisting of functions not

connected by any homogeneous polynomial over the field C(z). Then among the radical

ideals of the ring C[z, y 0 , · · • , y ] that are homogeneous in y^i· · · > ym and invariant

under the operator t(z) • D there exists a unique minimal ideal.
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Proof. By Theorem 3 there exists a unique minimal D-invariant radical ideal L· in

C(z)[yQ,-.. ,ym]. Let J1=l0 Π C [ Z , y 0 , · · · , y ^ ] . The ideal / χ i s obviously homo-

geneous in the variables y o > · · · > y m , radical, and invariant under the operator t(z) • D.

If i(z) = (z - /3j) 1 · · · (z - jS^)'' i s an irreducible factorization, we set biz) =

(2 - / 3 j ) . . . (z - /? r). The principal ideal (biz)) C C[z, yQ,· • • , y j i s also radical and,

obviously, invariant under the operator t(z) · D. Finally we set / „ = / , f) (b).

Let / be a radical ideal of CU, y0,· · · , ym] that i s homogeneous in yQ,· · • , y

and invariant under the operator t(z) • D, and let / = /j |~l · · · Π It be a prime decompo-

sition of /, where lk f] C[z] = (0) for k <s and /fe f! C[z] ^ (0) for k > s. We denote

by Μ the multiplicative system C[z]\0 in the ring C[z, yQ,... ,ym]· Then the ring of

quotients of C[z, y Q , . . . , y^\ with respect to Μ coincides with C(z)[y 0 , — , ym], and if the

extension or the ideal / of C[z, y Q , . · . , ym] to C(z)Ly0 , · · · , y ] i s denoted by ]e,

then le - /* f| · · · Γ| /" is an irreducible primary representation (see [4], Chapter 4,

§10, Theorem 17). Here all the ideals le

k are prime (see Theorem 16 in the same place),

and hence le i s a radical ideal . Obviously it is invariant under the operator D, so that

le 3 / Q . Theorem 17 now yields

h η . . . π / . = 3 / 0 η c [ z , 0 O — # „ ] = J.ZDJC-

We set / s + 1 ( ! · · • Π ' , ΙΊ C [ z ] = ( « ( r ) ) C C b L Since / ^ + 1 Π · · · Π ' , i s radical,

(a) i s also a radical ideal of C[z], and hence a(z) has no multiple roots . Since / =

1χ Π · · · Π lt

 l s an irreducible representation, there exis ts a Q £ 11 f] — Π ' t

 w " h

Q 4 lk for k = s + 1, . . · , t. It follows that Q · α € I and hence iOz) · D(Q · a) € I C / s + 1

Π · · · Π ^ · But r U ) · D(g · a) = i(z) · DQ · a + Q • t(z) • Da. Since a £ / j + 1 Π · •· Π

lt, we have Q • t(z) · Da £ / J + 1 Π Π ' , . and s ince Q 4 /fe for ^ = s + 1, · · · , t, we

have tiz) • Da £ Is+l f] · · • f] / (, and hence a(z) divides tiz) · D(a) = /(z) · a\z). As

already stated, the polynomial a(z) has no multiple roots, so that a(z) and a (z) are

relatively prime; but then a(z) divides t(z). Since a(z) has no multiple roots, we obtain

that a{z) divides b(z). But then fc(z)e/s+1 Γ1 · · · Π 11· And if (b) i s a principal ideal

in C[z, y Q , · . · , ym], then

/ « n · · · n / / 3 (

Thus

This proves the lemma.

We now proceed to the proof of Theorem 1.

By Lemma 8, in the set of ideals that interest us there exis ts a unique minimal

ideal JQ. Therefore for any ideal / described in the hypothesis of the theorem the in-

clusion / 3 / 0 ho lds , and hence Oil) < OijQ). Since the ideal JQ is defined only by sys-

tem (1), it remains to show that O(/ 0 ) is bounded by a constant not depending on the

points a.j, · · · , α-ρ.
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We fix any b a s i s P j , — , Ρ of the ideal / Q consisting of the polynomials homo-

geneous in yQ,...,ym. If the order of the zero of the function P{z, fQ(z), · · ·, f (z))

at the point α is denoted by 0a(P) for any polynomial Ρ e C[z, yQ, — , ym] homogen-

eous in y , then for α τ̂ /8 ̂  , · · · , β (the zeros of t(z)) we can find a bas i s polynomial

Pt such that Oa(P.) = 0. For if Οa{P.) > 0, i = 1, · · · , N, then for any Ρ e JQ we have

Oa(P.)>0. Let Q e / 0 be such that 0α(β) = m i n p e ; o O a ( P ) . Since i(z) · D]Q C]Q, we

have Ρ = ί(ζ) · DQ e ]Q, and s ince

P( Z > /0(2) fm{z)) = /(2) · J-Q(Z, fo(z), . . . . /m(2))

and Oa(t{z)) = 0, we obtain that 0 a{P) = O a(Q) - 1 < 0 a ( Q ) , which i s impossible.

For each / = 1, · · · , ρ we denote by R, the zero polynomial if a . coincides with

one of the /3 fe, and a polynomial equal to any of the polynomials Ρ i such that Oa ( P ; )

= 0 if a.j i s different from the zeros of t(z). By the uniqueness theorem for system (1),

for each a

{ ^ βι, · · · > βΓ we can find a function / ; (z) such that fiko-j) Φ 0. We choose

integers r / so that for α / ^ β^ the polynomial y ^ ' . /?^ h a s degree

with respect to the set of variables y~, · · ·, y . Obviously for α . ^ β , . . . β we have

° a / y z / · Rj) = 0. We set

yv

R = 2 λ ' · Ι / Η · R i *

w h e r e A j , · · · , A ^ £ C . W e c h o o s e t h e c o n s t a n t s A j , — , A ^ s o t h a t 0 a ( R ) = 0 f o r

α ^ β ,.. · , β Th i s can obviously be done. The polynomial R i s homogeneous in

the variables y* and belongs to the ideal / 0 · Hence

ρ r

= 2 oa.{P)s

the latter sum extends to all the points βί at which all the functions / 0 ( z )> · · ·» fm^

are analyt ic . The degrees of the b a s i s polynomials Ρ j , . · · , P N with respect to ζ and

y~ depend on the ideal }Q and hence ultimately on the system (1). Therefore the degrees

of R with respect to ζ and y~ are bounded by constants depending only on system (1).

To complete the proof it remains to apply Lemma 2 in [18]·
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