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Some recent results obtained with the participation of the author are discussed.

The spectrum of a periodic group G is the set ω(G) consisting of the orders of all elements
in G : a natural number n lies in ω(G) if and only if G contains an element of order n. If ω(G)
is finite, then it is uniquely determined by the subset µ(G) of elements of ω(G) maximal with
respect to the divisibility condition.

Suppose that a group B acts on a group A. We say that B acts freely and this action is a free
action if A 6= 1 and the equality ab = a for a ∈ A, b ∈ B holds only for a = 1 or b = 1.

1. Known results on the structure of periodic groups with given spectra.
1.1. The positive answer to the question on the local finiteness of groups of a given period n is

known only for small n.
Groups of period 2 are abelian and hence locally finite: the equality x2 = y2 = (xy)2 = 1

implies obviously xy = yx.

W. Burnside already knew about the local finiteness of groups of periods 2 and 3. Later, F. Levi
and B.L. van der Waerden [1, 2] have showed that every group of period 3 is nilpotent of class 3.

It has been proved by I.N. Sanov [3] that groups of period 4 are locally finite. The solvability class
of finite groups of exponent 4 grows unrestrictedly with the growth of their number of generators [4].

Groups of period 6 are also locally finite [5]. Their 2-length and 3-length are equal to 1. In
particular, they are solvable of length at most 4.

At the moment, nothing is known about the local finiteness of groups of period 5.
A group whose period is sufficiently large can be not locally finite [6–9]. In particular, it is

proved that there exists a not locally finite group of period n for every odd n ≥ 665 [6] and for
all n ≥ 8000 [9].

1.2. Let G be a group with µ(G) = {2, 3}. Then G is an extension of an elementary abelian
p -group A by a cyclic q -group acting freely on A where {p, q} = {2, 3} [10].

1.3. If µ(G) = {3, 4}, then G is locally finite [3] and one of the following holds:
(3.1) G = V Q where V is a non-trivial normal elementary abelian 3 -subgroup, Q is a 2 -

group which acts freely on V and is isomorphic either to the cyclic group of order 4, or to the
quaternion group of order 8;

(3.2) G = T 〈a〉 where T is a normal subgroup of nilpotency class 2 and a is of order 3;

(3.3) G = TS where T is an elementary abelian 2 -subgroup and S is isomorphic to the
symmetric group of degree 3.
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In particular, G is solvable of class at most 3 [11].
1.4. If a group P of period 5 acts freely on an abelian {2, 3} -group, then |P | = 5 [12].
1.5. Let µ(G) = {2, 5}. Then G is either an extension of an elementary abelian 2-group A by

a group P of period 5 acting freely on A, or an extension of an elementary abelian 5-group by a
group of order 2 [13]. In the first case |P | = 5 by 1.4, so G is locally finite in all cases.

1.6. Let µ(G) = {2, 2m + 1, 2m − 1} where m ≥ 2. Then G ≃ L2(2
m) [14].

1.7. Suppose that ω(G) = {2}∪ω′ where every member of ω′ is odd. Then one of the following
assertions holds:

(7.1) G is an extension of an abelian group A by a group 〈t〉 of order 2 and at = a−1 for
every a ∈ A;

(7.2) G is an extension of an elementary abelian 2-group A by a group containing no involution
and acting freely on A;

(7.3) G ≃ L2(Q) for some locally finite field Q of characteristic two [15].
Groups in (7.1) and (7.3) are locally finite. There exist groups in (7.2) which are not locally

finite [16].
1.8. If µ(G) = {3, 5}, then either G = FT where F is a normal 5-subgroup of nilpotency

class 2 and |T | = 3, or G is an extension of a 3-group of nilpotency class 3 by a group of order 5
([17] and 1.4). In particular, G is locally finite.

1.9. If µ(G) = {4, 5}, then one of the following holds.
(9.1) G = TD where T is a normal elementary abelian 2-group and D is a non-abelian group

of order 10.
(9.2) G = FT where F is a normal elementary abelian 5-group and T is isomorphic to a

subgroup of the quaternion group of order 8.
(9.3) G = TF where T is a normal 2-subgroup which is nilpotent of class 6 and F is a group

of order 5 ([17] and 1.4). In particular, G is locally finite.
1.10. If µ(G) = {3, 4, 5}, then G is locally finite and either G is isomorphic to the alternating

group A6, or G = V C where V is a non-trivial elementary abelian normal 2-subgroup and
C ≃ A5 [18].

1.11. If {1, 5} 6= ω(G) ⊆ {1, 2, 3, 4, 5}, then G is locally finite. This follows from 1.1-1.3, 1.5,
1.6, 1.8-1.10.

1.12. Suppose that a periodic group G acts freely on an abelian group and contains a non-
invariant subgroup X of order 3. Then 〈XG〉 is isomorphic to SL2(3) or SL2(5) [19, 20].

1.13. If µ(G) = {5, 6}, then G is a solvable locally finite group and one of the following
assertions holds:

(13.1) G is an extension of an elementary abelian 5 -group by the cyclic group of order 6;
(13.2) G is an extension of a 3 -group of a nilpotency class three by the dihedral group of

order 10;

(13.3) G is an extension of the direct product of a 3-group and an elementary abelian 2-group
by the group of order 5 [21].

1.14. If µ(G) = {3, 4, 7}, then G ≃ L2(7) [22].
2. On groups of period 24. In this section we consider groups G with the spectrum of the

form ω(G) = {3, 2i| i = 0, 1, . . . ,m}. If m = 0, then G is nilpotent of nilpotency class at most 3
[1, 2]. If m = 1, then G is an extension of an elementary abelian group by a group of prime
order [10]. If m = 2, then G is locally finite [3] and its structure is described in [11]. We prove
that for m = 3 G is also locally finite.

Theorem 2.1. Let G be a group with ω(G) = {1, 2, 3, 4, 8}. Then G is locally finite and one
of the following conditions holds:

(1) G = V Q where V is a non-trivial normal elementary abelian 3 -subgroup and Q is a
2 -subgroup which acts freely on V and is isomorphic either to the cyclic group of order 8, or to
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the generalized quaternion group of order 16;

(2) G = T 〈a〉 where T is a normal 2 -subgroup which is nilpotent of class 2 and a is of
order 3;

(3) G = TS where T is a normal 2 -subgroup which is nilpotent of class 2 and exponent 4
and S is isomorphic to the symmetric group of degree 3.

In particular, G is solvable of class at most 4.

Locally finite groups G with ω(G) = {3, 2i| i = 0, 1, . . . ,m} have a similar structure for all m.
Theorem 2.2. Let G be a locally finite group with

3 ∈ ω(G) ⊆ {3, 2i| i = 0, 1, . . .}.

Then one of the following holds:

(1) G = V Q where V is a non-trivial normal elementary abelian 3 -subgroup and Q is a
2 -subgroup which acts freely on V and is isomorphic either to a locally cyclic group, or to a union
of an ascending series of generalized quaternion groups;

(2) G = T 〈a〉 where T is a normal 2 -subgroup which is nilpotent of class 2 and a is of
order 3;

(3) G = TS where T is a normal 2 -subgroup which is nilpotent of class 2 and S is isomorphic
to the symmetric group of degree 3.

In particular, G is solvable of class at most 4.

If m is large enough, then examples of not locally finite groups G with the spectrum of the
form ω(G) = {3, 2i| i = 0, 1, . . . ,m} are available.

Theorem 2.3. For every m ≥ 48, there exists a not locally finite simple group G with ω(G) =
= {3, 2i| i = 0, 1, . . . ,m}.

Proof of Theorem 2.3 can be easily extracted from by D.M. Sonkin’s results. In his Ph.D.
Thesis [23] for every family of groups Gα, α ∈ I, without involutions, where I is an arbitrary set
of indices, and for every even integer n ≥ 248 that is a multiple of 29, Sonkin has constructed a
group G =

∏n
α∈I Gα with the following properties: every factor Gα is embedded into G, G is

generated by its subgroups Gα, α ∈ I, and every element x ∈ G either is conjugate to an element
of some group Gα, or satisfies xn = 1. Moreover, if every Gα is generated by the n -th powers of
its elements, then G is simple (Theorem 4.2 in [23]).

Now, take I = {1, 2}, G1 = G2 of order 3 and n = 2m where m ≥ 48. Then G is simple
and ω(G) = {3, 2i| i = 0, 1, . . . ,m}. By Theorem 2.2, G cannot be locally finite. This proves
Theorem 2.3.

In his proof Sonkin used the construction by S.V. Ivanov [8] allowing to prove the infiniteness
of a Burnside group with at least two generators that has the period 2m for m ≥ 48. Probably,
using the construction by I.G. Lysenok [9], one can reduce the bound in Theorem 2.3 to m = 13.
It is interesting to find the exact upper bound for m such that all groups G with µ(G) = {3, 2m}
are locally finite.

Question. Is G with ω(G) = {3, 1, 2, 4, 8, 16} locally finite?
3. The local finiteness of some groups with elementary abelian centralizers of invo-

lutions. Results of this section are obtained in collaboration with A.Kh. Zhurtov.
Theorem 3.1. Let G be a group for which

2 ∈ ω(G) ⊆ {1, 2, 3, 5, 9, 15}.

Then one of the following assertions holds.

1. G is an extension of an abelian group of period 3, 5, 9 or 15 by a group 〈t〉 of order 2 and
at = a−1 for every a ∈ A.
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2. G is an extension of an elementary abelian 2 -group A by a cyclic group B of order 1, 3, 5, 9
or 15 which acts on A freely.

3. ω(G) = {1, 2, 3, 5} and G ≃ A5.

In particular, G is locally finite.

Proof of Theorem 3.1 is based on results of papers [15–20]. The proofs of the following facts
are similar.

Theorem 3.2. Let G be a group with ω(G) = {2, 3} ∪ ω where every element in ω is either
coprime to 6, or equal to 9. Then one of the following holds.

1. G is an extension of an abelian group of period 3 or 9 by a group 〈t〉 of order 2 and
at = a−1 for every a ∈ A.

2. G is an extension of an elementary abelian 2 -group A by a cyclic group B of order 1, 3
or 9 acting freely on A.

3. ω(G) = {1, 2, 3, 5} and G ≃ A5.

4. µ(G) = {2, 7, 9} and G ≃ L2(8).

In particular, G is locally finite.

Theorem 3.3. Let G be a group with ω(G) = {2, 3} ∪ ω where every member of ω is odd. If
ω(G) contains a prime p ≥ 5 such that 3p /∈ ω(G), then G is locally finite and isomorphic to the
simple group L2(Q) for some locally finite field Q of characteristic 2.

Notice that L2(Q) satisfies the assumptions of Theorem 3.3 for every locally finite field Q of
characteristic 2.

Open questions.

1. Let µ(G) = {5, 6, 11}. Is G ≃ L2(11) ?
2. Let µ(G) = {6, 7, 13}. Is G ≃ L2(13) ?
3. Let µ(G) = {8, 9, 17}. Is G ≃ L2(17) ?
4. Let µ(G) = {6, p} where p is a prime. Is it true that G is locally finite?

4. Recognition of finite simple groups by orders and spectra. The results of this section
are obtained in collaboration with A.V. Vasil’ev and M.A. Grechkoseeva.

In 1987 Wujie Shi has conjectured that every finite simple group is uniquely determined by
its spectrum and order in the class of all groups. The conjecture appeared in Kourovka Notebook
[24, Question 12.39] in the following form.

Shi’s Question. Is it true that a finite group and a finite simple group are isomorphic if they
have the same orders and sets of element orders?

We obtained a positive answer to Shi’s question.
Theorem 4.1. Let L be a simple group, G be a finite group such that ω(G) = ω(L) and

|G| = |L|. Then G is isomorphic to L.

Since every finite abelian simple group is isomorphic to a cyclic group of prime order and
uniquely determined by the order, the theorem has to be proved for simple non-abelian groups only.
When stating the question, Shi checked out his conjecture for all sporadic groups [25]. J. Bi and
Shi proved the conjecture for the simple linear groups [3], for the Ree and Suzuki groups [27], and
for the alternating groups [28]. Next Shi handled the exceptional groups of Lie type [6], the simple
unitary groups (jointly with H. Cao) [30], and, finally, the simple orthogonal groups D2n+1(q) and
2Dn(q) (jointly with M. Xu) [31]. Results of the articles [26, 27, 29–31] that concern groups of
Lie type were obtained on the base of the technique developed by Bi and Shi in [26]. An attempt
to transfer this technique to remaining simple groups, namely, Bn(q), Cn(q) and D2n(q), faced
substantial obstacles related with structural peculiarities in spectra of these groups. We develop
another approach that enables us to establish the recognizability of groups Bn(q), Cn(q), D2n(q)
by spectra and orders and therefore to give a complete answer to Shi’s question.
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We study Shi’s conjecture in a wider context related to the problem of recognition just by
spectra. Two groups are said to be isospectral if they have the same spectra. We say that two
distinct primes from ω(G) are adjacent if their product lies in ω(G). Denote by t(G) the maximal
number of pairwise non-adjacent primes from ω(G). It follows from the results of K. Gruenberg,
O. Kegel, and J. Williams [32], A.S. Kondrat’ev [10], A.V. Vasil’ev and E.P. Vdovin [34, 35] that a
finite group which is isospectral to a simple finite group of Lie type other than A2(3),

2A3(3), and
B2(3), has exactly one non-abelian composition factor and the spectrum of this factor satisfies a
number of conditions.

Lemma 4.1. Let L be a finite simple group of Lie type other than A2(3),
2A3(3), and B2(3),

and let G be a finite group with ω(G) = ω(L). Then there exists a simple non-abelian group S such
that S ≤ G = G/K ≤ AutS, where K is the largest normal solvable subgroup of G. Furthermore,
if r1, . . . , rs, where s ≥ 3, are distinct pairwise non-adjacent primes from ω(L), then at most one
of these integers divides |K| · |G/S|; in particular, t(S) ≥ t(L) − 1.

For a proof of Theorem 4.1, one can assume that L is a simple orthogonal or symplectic group.
It is not difficult to check that the assertion of the theorem holds when L = B2(3). For other groups,
applying Lemma 1, we have S ≤ G/K ≤ AutS, where S is a simple non-abelian group and K is
the largest normal solvable subgroup of G. Now it is sufficient to show that S is isomorphic to L.
Indeed, this isomorphism and the condition |G| = |L| will yield the isomorphism of G and S and
hence the required isomorphism of G and L.

The largest difficulties arise in proving that S cannot be isomorphic to a group of Lie type over
a field of characteristic other than the defining characteristic of L. This proof essentially relies on
the equality of orders of G and L and is based on the following known properties of groups of Lie
type.

Lemma 4.2. If L is a simple symplectic or orthogonal group of rank n over a field of characte-
ristic p and order q, v is a prime other than p, then the order of a Sylow v -subgroup of L is at
most (2(q + 1))3n/2.

Lemma 4.3. If S is a simple group of Lie type of rank m over a field of characteristic v and
order u, then the order of a Sylow v -subgroup of S is at least um2/2.

Lemma 4.4. If L is a simple symplectic or orthogonal group of rank n, then t(L) ≥ (3n−4)/4.

Lemma 4.5. If S is a simple group of Lie type of rank m, then t(S) ≤ 3m. If, in addition,
t(S) > 4, then t(S) ≤ 3m/2.

Lemma 4.6. If S is a simple group of Lie type of rank m over a field of order u, then orders
of elements of S are at most 2um.

Proposition 4.1. Let q be a power of a prime p, L be one of the simple groups Bn(q) with
n ≥ 2 and (n, q) 6= (2, 3), Cn(q) with n ≥ 3, and Dn(q) with n ≥ 4 even, and let G be a
finite group with ω(G) = ω(L) and |G| = |L|. Then a group of Lie type defined over a field of
characteristic v 6= p cannot be isomorphic to a composition factor of G .

After proving Proposition 4.1, it remains to check that S can be neither an alternating group
nor a sporadic group, and if S is a group of Lie type in the same characteristic as L, then S is
isomorphic to L. As stated above, we consider Shi’s conjecture within the framework of a more
general problem of recognition by spectra. For that reason, the check is carried out for all symplectic
and orthogonal groups and does not use the condition |G| = |L| unless it is necessary. Applying
methods developed in our study of the recognition-by-spectra problem in [36–38], we obtain the
following results.

Proposition 4.2. Let L be one of the groups Bn(q) with n ≥ 2 and (n, q) 6= (2, 3), Cn(q)
with n ≥ 3, and Dn(q), 2Dn(q) with n ≥ 4. Then there are no alternating groups among non-
abelian composition factors of finite groups isospectral to L.

Proposition 4.3. Let L be one of the groups Bn(q) with n ≥ 2 and (n, q) 6= (2, 3), Cn(q)
with n ≥ 3, and Dn(q), 2Dn(q) with n ≥ 4. Then sporadic groups and the Tits group 2F4(2)

′
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cannot be non-abelian composition factors of finite groups isospectral to L.

Proposition 4.4. Let q be a power of a prime p, L be one of the simple groups Bn(q) with
n ≥ 2 and (n, q) 6= (2, 3), Cn(q) with n ≥ 3, and Dn(q), 2Dn(q) with n ≥ 4, and let G be a
finite group with ω(G) = ω(L). Suppose that there is a factor S isomorphic to a group of Lie type
over a field of characteristic p among composition factors of G.

(1) If L = B2(q), where q > 3, then S is isomorphic to one of the groups A1(q
2) and B2(q).

(2) If L ∈ {B3(q), C3(q),D4(q)}, then S is isomorphic to one of the groups A1(q
3), B3(q),

C3(q), D4(q), and G2(q).

(3) If n ≥ 4 and L ∈ {Bn(q), Cn(q), 2Dn(q)}, then S is isomorphic to one of the groups
Bn(q), Cn(q), and 2Dn(q).

(4) If n ≥ 6 is even and L = Dn(q), then S is isomorphic to one of the groups Bn−1(q),
Cn−1(q), and Dn(q).

(5) If n ≥ 5 is odd and L = Dn(q), then S ≃ L.

If, in addition, |G| = |L|, then S ≃ G ≃ L.

Now, a proof of Theorem 4.1. follows immediately from Propositions 4.1–4.4.
Supported by Russian Basic Research Foundation (projects № 08-01-00322-а, 10-01-00026-а,

10-01-91153-GFEN-а, 10-01-90007-Bel-a.)

Литература
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