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AJQUABATHYECKHE HHBAPHUAHTbI CHCTEMBI J]HHEﬂHb!X
OBbIKHOBEHHBIX THMMEPEHIHAJIbHLIX YPABHEHHH

HaflzzeHbt HOBbiE a1HAGATIYECKHE HHBAPIAHTBI 1715 CHCTEMbI OOLIKHOBEHHKIX Miiddepen-
UHANBLHBIX ypaBHennft X + B(é‘l),\‘ =(), t € R,roe B - peficreutebas matpiua Xopaasa

¢ Pa3/YHBIMI CODCTBEHHBIMH JHAYEHISIMIL @ € - Manbifl N0/10KuTebHbI napamerp. It

UHBAPHAHTHI COAEPXKAT 3HAMEHATENN. CTPEMALLIECS K HYJUIO APH CTPEMCHIN K HYJIO pa3-
HOCTH COBCTBEHHbIX 3HAUEHNTT (pe3oHaHC). TTONYYEHB OLEHK I IIBMEHEHHTT THX HHBAPHAHTOB.

§1. OcHoBHble pe3yabtaTbl. AAHa0aTHYECKHM HHBAPHAHTOM (DUIMUECKONH CHCTEMBI
Ha3bIBAETCS BEJIMUYHHA, KOTOPask MAsl0 MEHSIETCS NPH MEUIEHHOM (HO He 0053aTe.1bHO Ma-
JIOM) MIMEHEHHH mapameTpoB cicrembl. Mubimu cioBamu, aanabaTHYecKuil MHBApHAHT
eCTb NPHOIMIKEHHDIIT NEPBbIH UHTEPBLT CHCTEMDI.

PaccmoTpum cucteMy n ypasHeHiiit BTOporo nopsaka (cucreMa ¢1ado cBS3aHHbIX OC-
UMAIATOPOB):

x+S(er)x=0,reR, (1.0)
rae S - aeiicTBHTENbHAS CHMMETPHUHAS 11 XN Mquuuil, a €- Maablii NO10XXHTEIbHbIH
napamerp. B [1] Ha MaTpHy S HAJaraloTcs HEKOTOPbE YCIOBHS H OKA3bIBAETCH, YTO
/18 HEKOTOPbIX PELUEHHH x(t) CHCTEMb! (~l.0) PyHKUMH

l 2 . 2 . . 2 -
Jk(t,e)=;g—2:—(-tj[ﬂ;(t)<jk,x>' +< fi,x >-].15k5n, rae < f;,x >= .zlf“"l-
2Q, s

a f; (t) - COOCTBEHHbIE BEKTOPbI MATPHLbI S(t), €CTb a1HadaTHUYECKHE HHBAPUAHTDI, YA0B-
J1€ETBOPAIOLLIHE OUEHKE
Ji (€)= J,(o0,€) = T (—o0,€) = 0(8'") npu € =0,

rfe m - HaTypaJbHOE YHCJIO, 3ABHCALLEE OT YC/IOBHIl, HAT0XKEHHBIX Ha S.
PaccMOTpHM Tenepb CAEAYIOLLYIO CHCTEMY 11 YPaBHEHHH:

X+ B(er)x=0,1€R, (1.1)
rae € > 0 - manbiii napamerp, x = .t(t) ecTb N BEKTOp, a
wl -l 0 0
0 w3 0 0
B= :
0o « wo, -l



Mycts x = x(t) - pewenne cucremsl (1.1). Oyukuns J(r,€) = I(1,x,%,€) Syner agnada-

THUECKHM HHBApHAHTOM cHcTembl (1.1) ecan cywectsytor € u i 2 1 Takue, yto

V(e .€)-J(r: €] < Clr, 0 )e

415 M00bIX £E, € (-—oo;oo), O<e<ée (em.[2)).
"
Mycrb yacToTl {wk (1’)}k_| , fde T = €, YAOBIETROPAIOT CACAYHUM YCTOBHIM:

N
1. w, (T) eC ( ) ITH q’)yHKllliH NOTOXKHTEILHLI H PAVTHYHDI,

2. W, (T) HMCK)T KOHEUYHbIE Npeaec.ibt W (+°°), NOAOKHTEbLHDIE H DA /IHYHDIC,

3, jw{. '(r)dt <oo =12

BseaeM 000 HaUEeHHS:

" 0, k< j,
< f,x>= E./}m Su= I, . k=j
(-1) k>
\(w_f-—uf ,) ( _jlf_“’i)’ )
E, =wi(er)< f, x> +< f,,%>7, (12)

rae j,k =1,...,n. Moxho nposepitb, uto E, - nepsuie nurerpan cictenmbi (1.1), ecau

n
{”‘k (t)} i1 ABIAIOTCH KOHCTAHTAMIL,

B AaHHOII ¢TaThe JOKASBIBAETCH, YTO €CH YCA0BHs 1-3 BBINOTHEHDL, TO 178 HEKOTO-

phix pewsenuii cucrembt (1.1) (pynkunn

E

kb =
Jo=—k=1...,n

w,
YAOBAETBOPS KT CICAYHOWIHM YC.IOBHSM:
1) cywecrsytor C,€” Takue, uro

AR ENA(NYS He (1.3)
A9 WO0bIX 1,15 € (-—°°;°°). O<e<e’,
2) J (€)=J;(0,€) = J, (—o0,€) = O(€), ecm € - 0. (1.4)

§2. AcumnrorHueckHe peluenns cucrembl (1.1). Mepennwem cucremy (1.1) B nepe-
MEHHOIi T = &I ’
B(r)
2

(2.1)

rie u= u(t) = x(t). [TpeoGpa‘iyeM Ty cHCTEMY BTOPOro NOPsiAKa B CHCTEMY NEPBOro
nopsiaKa:

. A
U=(_—T)U,teR,
A



cae A(t)= [_Z'('T) ; ) u(:):[;(z)], @2)

n

0, u [, - HyneBas u eQHHHYHas (n Xn) MaTpHUbl COOTBETCTBEHHO. KOpHAMH XapakTe-
PHCTHUECKOrO YPaBHEHHS

2
n 5 w:
det(ﬁ—/l])=0 wwm [[| A7 +—=<|=0
£ j=1 &
apasores Ay, = (i/s)wk, Ay = —(i/é)wk, k=1,...,n.. CoBGcTBeHHble BEKTOPDLI

2n
{ N m }m- . YAOBJAETBOPAKIT CHCTEME

(i - A’m l)Nm = O’
£

T.€. HX KOMNOHEHTDLI YAOBJIETBOPAIOT CHCTEME
. m nem __
—iw Ny + N5 =0,
2 Arm n+m

. m+1 . - ., — . .
w, Ny =Ny, +iw Ny =0,km=1,...,n, j=1,.:.2n,

i =N
N3y =Ny

2n
Boibmem {N } B BUAOE
m o=\

"

: N5 ——= i<k

l, _ - S
koIk 0, Jj>k.

hvllnk

HUssectHo [3], uto N = (Nl ,...,NZ")- MaTpHua, npeodpaiytowas mMarpuuy A /€ B aua-
FOHA TbHBbIH BHA

N“ﬁN=Amm4ﬂklﬁmwﬁlfﬁﬂ
£ £ E € £
3amenoii U = NV cucremy (2.2) npeodpa‘syeM B cHcTeMY
V= [A(‘t)— N (T)N(T)]V, TeR (2.3)
Jlemma 1. Dnements Matpuust N~ (‘t) BbipaxaloTcs popMynaMu
%, k <n,
@bj=.ﬂb" 1<j<n, 24
—, n+1<k<2n,
2Ziw,
Nyl =My, 1Sj<n, 1Sk<2n, (2.5)

rae fjk onpeaenexnbi B (1.2)

Hoxaszamenscmeo. Ucnosbiyercs cieaytowas, Xopowo wiBecTHas opmy.ia 4as
00paTHOH MATPHUBbI:



-1 (_'l)k“l MA'.Zj—l

Mjia = (2.6)
/ detNV ’
rae Mk.z j-1 - MHHOpbl Matpuubl N, nosnyueHHble nyTem BbYEPKHBaHHS K CTPOKH M
2j =1 croadua. Mocne pana Bblunc/IeRHii no.TyvaeTes cleayrowas dopmy.ia:
0, ISk<jsn,
(-1)"" dewv, k=j<n,
(")J-I k | .
-—Tdc!Nn el T 1S j<k<n,
J
Mo, =S 0, n<k<j+n,
= (_l)j+n—l
———detN, k=j+n,
2iw;
(_I)jw:-l . ]
———dewW][] e ———. Jj+n<k<2n.
2iw, Cowimw,

Moacrasus nonyuentvie s M, ;| Boipaxenus (I <k<2nl<j< n) B (2.6), no.y-
ynm (2.4). HeTpyaHo 3aMeTHTb, 4TO
V.., ={-Mmj_,, ISk<n,
" M5, n+1<k<2n,
OTKYAa C1eayeT, 4To . ‘
. ”5},;- - _("])k 'Mk.lj ={ "2-131.1" ol ;k sn’
detN =Ny 4, n+1<k<2n

Noactasnss 8 ary hopmyay (2.4), notyuimm (2.5) 1 3aBepluNM A0KA3ATEIbCTBO.
Tepenuwem (2.3) B BHAE

V= [A(r)— A (7)- Q(r)]V, TER,

W, W W .
rae A, = diag| L = O=N 'N—A,.
2M'l 2”,1 2M’n 2M)u
D.1eMEHTHI MaTpPHLbl Q(r) BbIPaXAKTCH (POPMY.TaMH
 J— . w, . W, : .
=¥ fll, =1 =K1 | ek,
q2j—l.2k—l =q21,2k = 2 Z.\=l-fj.\( ~k wj sk W,' (73 J (2.7)
0, J=k,
|1 & . w, . w
apt T Grign == [l =21, ——%1 |, 2.8)
92j26-1 = G2j-124 2\Z=|f ( sk wj'.A w, ok (
rae j,k =1,...,n. YunTbiBas ycaosus 1-3, MOXHO J€rKO 1aKIIOYHTD, YTO
| "Q(,t)“dt < oo, (2.9)

2n
CaepoBarenbHo [4, ra. 5, §7], cyliecTsyor peweHus {Vk" }k_l cHcrembl (2.3), umelowwue

BHA
V: = E‘k F,‘ ’ \



-I/" -V

rae iy, (7,€)=w; expj—-e—dt,, iy (t.€)=w ”expj' bdr,.

0
r In 2n
3pechb 2n BEKTOPbI { k(T'E)}k=I OrpaHHYCHbLI, a HX JJIEMEHTDI {}’ jk (T’s)},,m yAaoB.1€T-

BOPAIOT CHCTEME umerpanbnux ypaaueuuii

Vi (1.6)= Iexpjyﬂ, t-,,e)dr,Zq/‘ T )y u(rie)dry, jk=1,...2n, (2.10)
T T s=|
iw, iw, W, w W, iw, W, W
J k J k J k J k
rae Mojoipp1 =——— + Hyjyy =——+——-——+——
= e € 2w, 2w~ T € € 2w, 2w’
iw, iw, W, W, w,  iw W, W
i k j k i k i k
MPyigpy =—————2—-—L Ly =-—L+ 4L &
2.2k e € 2w, 2w € € 2w, 2w,

J>k=1,...,n. Ycranosum Tenepb oueHkn ans Y, npu € +H0u T 400, U1 (2.7) u
(2.8) caenyer, uto '
"y

2w

i

92j-12j = 9492j2j-1 =~ s 921261 TD2j-12k T D2j2k-1 T D22k T 0, ecan j> k.

[Monb3ysch yC/I0BHEM 3, MOXKHO NOKA3aTh [5, cTp. 664), uto w ( ) 0,k=1,..2n
YunTbiBas BCE ITO, B PE3y IbTATE HECIOXKHBIX BbIUHC/IEHHI MONYUAEM CIIEYIOLIKE OUEH-
KH AR Y i
. =0, +E0 ,, rae |a.. t,eXSC, limo ,(7,6)=0

Yie =84 +€0, rae |0, ( .m #(7€)=0,

J,k =1,...,2n. Urak, pewenns {vk* } MOrYT ObiTb NpeaCTaBAEHbl B BHAE
k=1
Vi =iy (e, +€0,), rae "c‘. (r,e)|| <C, !i_r’rlok(t.e) =0.

3nech e,,0, —2n BeKTOpbI, (e,,...,ez”)= I, - eaunnuHas Matpuua. Coiea0BaTe 1bHO,

2n

. 2n
cywectBylor pewenns {U CHCTEMBI (2.2), HMEKOWHE BHA
y YIOT pe kS,

Ut =i, (N + Ry ), rae |R} ()| <C, lim R} (z,6)=0. @.11)
T~doo
) 2n
Hcnonbiys ycnosue (2.9), MOXHO Tak XK€ A0Ka3aTb CYLIECTBOBAHHE PELLEHHIH {U N }H:

Up =i, (N, + Ry ), rae |R; (e < C. lim R;(r,€)=0.  @12)

2n
Taxknm 00pa3oM Mbl 10Ka%a M CyLIECTBOBaHHE {U f (‘t,e‘)}l‘_I CHcTeMbl (2.2), KoTo-
pble npeacTaBastoTcs popmyaamu (2.11) 4 (2.12). 1o 03HAYAET, YTO CYLIECTBYIOT pe-
2n
LUEHHS {u‘ (‘l’,e)},‘_l cucremy (2.1), umerowme Bua
t !
u ~ 3
()t (s e0t). e, | |
eu, - :

-

o (z.eff < C u lim pi(z.) = lim pj (5.€) = 0.



§3. OueHKH H3MeHeHHH aaHabaTHYCCKHX HHBApHAHTOB. [lo.1b3ysch xopowo u3-
BecTHOii popmy.oit Jluysnans

'det(U,t(T,e), U,,,(r £))= lim det(U} (zy.).....Us, ( to,e))expj

Tomte To
N )

noJyuuM del(Uf(T,e),. U,,,(t E)) (- I)_l—(Zi)". 3.0
U3 2TOro BLITEKAET, YTO {U‘+ }: " {U; }:'_'l - (‘DyH;laMCHTi;.'leble CHCTEMBI peﬁenuﬁ
cuctembl (2.2). JTiooe pewenne U cuctembi (2.2) MOXET ObITb NPEICTAB/IEHO B BHAAX
U=a/U++a3,U;, =a; U +-+a;,U;,, (3.2)
rae af =af(£), j=1,...,2n. CaepoBare.bHO, pelwenns u cucrembl (2.1) moryr
ObITb NpeaCTaB/IEHbl B BHAaX

u=aju +-+ay,us, = a;u; +ay, U, (3.3)

Onpeaesum 2n X 2n mMaTphuuy a = (a ]) = (a,.i (8)) CIeAYIOWHM 00paIoM:

(07,05, )= (U7 ..., U3, ) (3.4)
W3 dopmy-bi (3.1) cneayer, uto detar = 1. Tloacrasass (3.4) 8 (3.2) nonyunm
Ll U +raq,Us, = (U7 U3, Yo ++az,as, ),
rae (al ,~~-,az,,)= a. Orcroaa
a;
a’ =ou”, rae at=| | 3.5)
aZtn

Jdemma 2.Ecau ycaosus 1-3 BbinoHEHbI, TO
a;, =6, +0(£), ij=1...2n. 3.6)
Jokaszamenvcmeo. N popmy:in (3.4) nmeem
U =(U7 U3 Jag, G =12,
Pewas aty cHCTEMY OTHOCHTEIbHO @ (i, Jj= I,...,2n), Noy4uM
det(U; ..U, U; Uy, U3, )
a; =
det(Uy ....,U3,)
) i, det(Nyo...uNo N NN, )
ﬂAdel(N,, ,,N,,,)
rae '9 (t ex < C. Usaroro caeayer opmy.ta (3.6).

+ se{.i(‘r,e),

Teopema. [yctsb ymoaua 1-3 BLINO.THEHDI, pewelme tucremsl (2.1) nmeer sua
2n
(3.3), roe { a; }k | OTPAHHUEHbI B HEKOTOPOM HHTEPBAE (0,80). Torpa {Jk(x,e)}‘ |

yaoBAeTBOPSAIOT Ye10BHAM (1.3) u (1.4). -
Hokaszamenscmao. U popmy.nl (3.2) caeayer, 4ro



t_qlet(u,*,...,u? U U}, U3,)

at = j=1 J+loe 2n _
! det( f,...,Uf,,)
N det(N|,...,Nj_|»U9Nj+|!""NZI:) +
= ﬁjdet(N,,...,Nl,,) +EK, (3.7)
u
rae U=(u.), u=| : |,
Eu
: “n
a Ixf(r,eﬂgc. rl_ifgff(f,&:):0, j=1...2n.

2

Ucnonbays copmyasi (3.5) 4 (3.6), Buaum, uto {a,:' }‘ , OFPAHHYEHBI B HEKOTOPOM HH-

2n .
TPEpBaJie (0,81 ), TaK Kak {ak }k-l s COrJTAaCHO YC/I0BHAM TE€OPEMbI, OFPAHHUCHDI B HHTEP-

j=v

BaJie (0,80). Pa3znaras det(N,,...,N

Ne0BaTEbHO BbiOHpas j = 2k — 1,2k n ncnonwiys (2.6), MOXKHO yBHAETD, 4TO

U,NN,...,NZ,,) B (3.7) no j cronduy, noc-

-1
m n.ll-l,n-rm i}

-1 .
< um"Zk—l.m +é&u + 4
=dyy —EKy

2

m= Uy

-1 . -1
< “mnlk,m +€um”2k,ﬂ+m

) p = ay, — €K
m=1 “u
TMonb3ysack Tenepb hopmyiaMu (2.4) u (2.5), nonyuyaem
J(1,€) = 4a5,_ a3, + €K (1,€) = a3, a3, + €K} (1,€), (3.8)
~t . ~t — —
rae |xk(t.e)lsC, Il_n’rgnx,‘(t,e)—o, k=1,..,n
U3 popmya (3.5) 1 (3.6) iMeem
n
3183 = X8y 18240, G = Ay,8y +O(€). (3.9)

‘

ij=1
U3 popmy (3.8) 1 (3.9) nerko MoxHO no1yunTb ouenku (1.3) u (1.4).

Hm ;-IAPA Mocmynunia 27.12.1996

JTHTEPATYPA

1. (hegopiox M. B. AmiaSatuyecknil HHBAPUAHT CHCTEMbI HEIMHENHBIX OCUN/LIATOPOB it TEOPHA PACCESIHHA. -
Inddepenu. ypaBuenus, 1976, 1. 12, N06, ¢. 1012-1018.

2. Apuosiba B.H. MatemaTitueckne mMeroant kaacciueckolt mexanuxn. M.: Hayka, 1979.

3. FanTmaxep, Teopua matpiu. M.: Tocrexnsaar, 1954.

4. lemunonnu B.II. Jlexwin no MatemaTiueckoit Teopin yctoftunsocti, M., 1967.

5. Kyapsnuen JI.1. Kypc MateMaTHueckoro anamsa, M., 1988, 1.1,



